
ON THE REPRESENTATION OF BOOLEAN ALGEBRAS 

G a n t e r B r u n s 

( r e c e i v e d Oc tobe r 1, 1961) 

1. Let B be a Boolean a l g e b r a and l e t ^ t a n d ^ ^ b e two 
s y s t e m s of s u b s e t s of B , both conta in ing a l l finite s u b s e t s of B . 
Le t us a s s u m e f u r t h e r tha t the jo in 1 \ / M of e v e r y se t M c ??Zs 
and the m e e t / \ N of e v e r y set N € /*• ex i s t . S e v e r a l a u t h o r s 2 

have t r e a t e d the ques t ion unde r which condi t ions t h e r e e x i s t s 
an i s o m o r p h i s m ^ b e t w e e n B and a field £^of s e t s , sa t is fying 
the cond i t ions : 

i f M e ^ Z , t h e n ^ ( \ / M ) = v ^ r ( M ) , 

if N € *z,t then y{ A N ) = r ^ ( N ) . 

An obvious n e c e s s a r y condi t ion for the e x i s t e n c e of such an 
i s o m o r p h i s m is the following d i s t r i b u t i v e law: 

.If { x l i e J . } €^^2>for a l l i € I, { N / x . l i c 1} € n* and 
ij * j e j V 

i 
{ x. ,.% li € 1} € ?%, for a l l a € TT J . , then 

ior(i) ' . i 
1 € I 

A VV V A^. 
i € I j € j . J ac-rrj. i c i 

i i 

Howeve r , t h i s d i s t r i b u t i v e law i s - in g e n e r a l - not sufficient . 
In fact , t h e r e e x i s t / ^ ^ - c o m p l e t e (-***- a c e r t a i n t r a n s f i n i t e c a r d i n a l ) 
Boolean a l g e b r a s 3 which sat isfy th i s d i s t r i b u t i v e law for a l l 

1 We denote by " X / j A " t n e l a t t i ce t h e o r e t i c a l o p e r a t i o n s , by 
^\u9 /*\lf the c o r r e s p o n d i n g set t h e o r e t i c a l o p e r a t i o n s . 

2 See S i k o r s k i , Boo lean a l g e b r a s , B e r l i n - G ô t t i n g e n - H e i d e l b e r g 
1960, pp. 79 ff and the l i t e r a t u r e c i ted t h e r e . 

3 See S i k o r s k i , loc . c i t . p . 9 3 , D). 
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families (x ) „ with III < ^ ^ a n d I J. I <+*v for all iéî, and, 
ij i € l f j 6 j . - i 1 -

yet, have no representat ion of the above mentioned type. So 
far, it seems to have remained unnoticed that a slight modifi­
cation of the distributive law yields a necessary and sufficient 
condition for the existence of such a representat ion. 

2. For an a rb i t r a ry set N C B let N1 = { x1 jxcN} be the 
set of all complements xf of elements xcN. For a system -yo 
of subsets of B d e f i n e s 1 = { N! [No*,} . There is no loss of 
generality if we t rea t our problem only in the case *TL =yi~* . 
For , as is easily seen, if the equality Y(\/M) = O >*(M) holds, 
we also have ¥{/\M f ) =C\ }*(Mf ), and dually. Therefore , if re 
is an a rb i t r a ry system of subsets of B, we mean by an 7%. 
representat ion of B an isomorphism ^between B and a field £"" 
of sets which satisfies the condition: 

if N c ̂ i . ' then V(AN) = 0 ? ( N } . 

An ^ - r e p r e s e n t a t i o n then automatically fulfills also the 
condition: 

if Men1 then Y{\/M) = U ^ ( M ) . 

, A system yi of subsets of B is called closed if it has the 
following proper t ies : 

(a) If N , N _ € ^ then N v ^ N c / 1 , 
1 c 1 2 

(b) If A A = A N , N e ^ and for each xcN there exists an 
a c A with a < x, then also A e <H. 

Obviously the intersect ion f/\ ^ ^ of an a rb i t r a ry family of 

closed systems yi is again closed. Therefore , for an 
a rb i t ra ry system A o f subsets of B there exis ts a smallest 
closed system ~yZ which contains yi. Moreover, if the meet of 
every set N c n exists then Tx has the same property . 

Finally, we need the distributive law 
(D^) If the family (x..). . has the proper t ies { x . . | j c j . } 

i 
t>tî for all i € l , { \ / x - . l i d } en and { x. . . J i c l } en for all 

i 
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ac TT J. , then the join \ / / \ x. ... e x i s t s and the equality 
i c i ^«TrJ i € l 

i 

A Vx.;= V Ax. ... 
i « I j . J . 1J « . J . i . l l û ( l ) 

1 1 

holds . 

3. Now we obtain the announced n e c e s s a r y and sufficient 
condition by postulating distributivity not only for the s y s t e m s 
but for the system^? . That i s , we prove the following 

Theorem. Let B be a Boolean algebra and n a s y s t e m 
of subsets of B which contains al l finite subsets and has the 
property that the m e e t A N of every set N c / 7 e x i s t s . Then 
the following two conditions are equivalent: 

(1) B has an /7 -representat ion , 

(2) B sat i s f i e s the distributive law (D^). 

Proof. (1) -> (2). Let y b e an n - representat ion . Define 
the s y s t e m < n b y < ^ = { N | N C B , A N e x i s t s and ? ( A N ) = C\9 (N)} 
Obviously the sy s t em (Tu is c losed in the above defined 
s e n s e . Since tts C <tl/ holds , we have &X* C 0v. Therefore 
the image of the m e e t of any set N€<̂ F under the mapping 9* 
i s the set theoret ical intersect ion of the s y s t e m S*(N). If the 
family (x . . ) . . fulf i l ls the assumpt ions of (£>/f)> we infer: 

i 

*<A v v - n u *(*„>« u n **ift(i)> 
i c i j c j . J i d jcj. J a c i r j i € l x ' 

1 1 1 

ûr€irJ. i c i 
i 

By this equality the union I J 9( x. ,.%) be longs to V(B) . 
a c i r j . i c i x 

itfoiiow... LJ (̂Ax ) = V ^ A \ ( i ) ) = H V A W -
a c i r j tfCirJ i c i <**ir j . i c l 

i i i 
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-1 
If we apply the i s o m o r p h i s m Y to the equality Y[/\ \ / x. . ) = 

i € j j c j . 1J 

W \ / / \ x , .) we obta in the conc lus ion of the d i s t r i b u t i v e v . ; iû'(i) 
atirj i € l v 

i 
l a w ( D - ) . 

(2) -*» (1). To p r o v e (1), i t i s suff icient 4 to show tha t for 
e a c h b 4 o in B t h e r e e x i s t s a m a x i m a l ( p r o p e r ) f i l t e r F 
conta in ing b and n - c l o s e d in the following s e n s e : if N zyt and 
N C F then / \ N c F . We f i r s t show tha t t h e r e e x i s t s a m a x i m a l 
f i l t e r F in B which i s ^ i - c l o s e d , in fact , even ?x - c l o s e d . To 
do t h i s , we w r i t e the set of a l l t hose t w o - e l e m e n t s u b s e t s of B 
which c o n s i s t of two c o m p l e m e n t a r y e l e m e n t s a , a ! cB a s a 
fami ly : ( { a . , a f . } ). . Le t <£> be the set of a l l m a p p i n g s or, 

which a t t a c h to e a c h e l e m e n t i c i one of the e l e m e n t s a. o r a! . 
i l 

We a s s e r t : if for a fixed a € <±> the se t A = { xl x > a (i) for 
*• a 

s o m e i € 1} i s not a m a x i m a l f i l t e r which i s ^ l - c l o s e d , then we 
have { # ( i ) J i € l } e i t and / \ a{i) = o. Le t u s a s s u m e f i r s t tha t 

the set A i s not i7 - c l o s e d . Then the se t A = { xl t h e r e 
a a 

e x i s t s a se t N c ^ ? , N C A wi th x > /\ N} i s , >? sa t i s fy ing the 

condi t ion a ) , a f i l t e r which p r o p e r l y con t a in s A . But A 
a a 

a l r e a d y c o n t a i n s ' o n e of e a c h two c o m p l e m e n t a r y e l e m e n t s of 
B . So A = B m u s t hold . T h i s i m p l i e s the e x i s t e n c e of a se t 

a 
Ne ri wi th N C A and A N = o. By condi t ion b) we ob ta in 

— a 
{ a(i) | i c 1} e j? and / \ a(i) = o. Le t u s a s s u m e nex t tha t the 

se t A i s ^ - c l o s e d . T h u s , in p a r t i c u l a r , A i s a f i l t e r . 
a a 

By h y p o t h e s i s , A i s not a p r o p e r f i l t e r , i . e . o c A . T h e r e -
a a 

fo re t h e r e e x i s t s an e l e m e n t i c i wi th a(i) = o, which aga in 
i m p l i e s { ^(i) l ie 1} € n and / \ a(i) = o. We conc lude : if A 

' i € I a 
i s not a m a x i m a l ( p r o p e r ) f i l t e r which i s 5? - c l o s e d then we 
have { a(i) | i c 1} € Yi and / \ a(i) = o. Now, if none of the s e t s 

A w e r e a m a x i m a l ( p r o p e r ) f i l t e r wh ich i s H - c l o s e d , our 

4 S e e S i k o r s k i , loc . c i t . , p . 80, 2 4 . 1 . 
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d i s t r i b u t i v e law (Dji) would lead to the con t r ad ic t ion : 
1 = / \ ( a . v a|) = \/l S \ a(i) = o. We infer : t h e r e e x i s t s a 

l € l 1 1 <*€<£ l € I 

m a x i m a l (p rope r ) f i l t e r in B which is / z - c l o s e d . We s t i l l have 
to show that each e l e m e n t b 4 o i s conta ined in such a f i l t e r . 
To do t h i s , we c o n s i d e r the new Boolean a l g e b r a [ o ,b ] and the 
set Ji of a l l those e l e m e n t s of Ftwhich a r e conta ined in [ o , b ] . 

b r T 

Obviously the s y s t e m yi i s c losed with r e s p e c t to L0>bJ and the 
Boolean a l g e b r a [o ,b ] sa t i s f i e s the d i s t r i bu t ive law (Dj{ ). As 
we have j u s t shown, t h e r e e x i s t s a m a x i m a l ( p r o p e r ) f i l t e r F 
in [ o , b ] which i s Ft - c l o s e d . We comple te the proof by showing 

b _ 
that the f i l t e r F g e n e r a t e d by F in B i s n - c l o s e d . Le t N C F 

b r ^ — 

be an a r b i t r a r y e l e m e n t of n. By p r o p e r t y a) the se t { b } w N 
a l s o be longs to >7. But the set {b } KJ N h a s the s a m e m e e t a s 
the set { b A X | xe N} , and e v e r y e l e m e n t of the f i r s t h a s a l ower 
bound belonging to the second. So by p r o p e r t y b) the set 
{ b A x | x € N } be longs to Fi. But th i s se t i s obviously conta ined 
in F . By hypo thes i s the m e e t - ^ ^ (b A x) be longs to F , and 
f rom th i s we obta in that A N > / \ (b A x) be longs to F , 

comple t ing the proof. 

4 1 
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