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SOME CLASSES OP SEQUENTIAL SPACES

SERGEY A. SVETLICHNY

By means of defined concepts all metric spaces of given weight or cardinality and
their quotients are characterised. An example of a sequential space having weight
w\ which is not a quotient of any metric space of weight u>i is provided. The well-
known classes of sequential spaces are also obtained as images of metric spaces by
particular kinds of maps.

1. INTRODUCTION

The purpose of this note is to give some new approaches to the theory of sequential
spaces. We shall introduce and consider the concept of a sequential base which may
deserve to be better known.

Originally, the results of this paper were stimulated by the following question of
Arhangel'skii that was formulated at Moscow Seminars on Topology:

QUESTION 1 . 1 . Is every sequential space X oi weight T a quotient of some
metric space M of weight T ?

It is easy to show that, whenever T" = T, the disjoint union of T copies of the
converging sequence will serve as a metrisable space M of weight r for a space X of
weight T. However, as we show below, Question 1.1 cannot be answered affirmatively
using no axioms beyond ZFC.

It may also be of interest to point out that not every countable sequential space is
a quotient of some countable metric space. This follows, for instance, from the following
result:

EXAMPLE 1.2: [7] There exists a countable sequential space which is not a quotient
of any metric space of cardinality less than 2W.

In this paper we shall use the terminology and notation from [2]. As usual, an
ordinal is equal to the set of all smaller ordinals, w is a>o and a cardinal is an initial
ordinal. We use MA and CH to denote Martin's axiom and the continuum hypothesis
respectively. All spaces are assumed to be regular, hence T\, all maps are continuous
and onto.
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378 S.A. Svetlichny [2]

2. METRIC SPACES OF GIVEN WEIGHT OR CARDINALITY

AND THEIR QUOTIENTS

First let us define the following main concept.

DEFINITION 2.1: For every topological space X, a collection V of subsets of X is
called a sequential base if for every point x G X one can assign a collection Vx C Vu

such that:

(i) if (Pn) G Vx, then x G f\Pn and P n + 1 C P n for each n G w,
n

(ii) a set V is open in X if and only if for every point x G V and every

(Pn) G P* there exists m G w such that P m C V .

PROPOSITION 2 . 2 . A space X is sequential if and only if X has a sequential

base.

PROOF: The collection of all converging sequences (including their limits) of a
sequential space X provides the sequential base for X. The converse implication is
evident. D

THEOREM 2 . 3 . The following are equivalent for a space X and any cardinal r:

(a) X is a quotient of a metric space having weight r .
(b) X has a sequential base of cardinality r .

PROOF: (a) => (b). Let B be a base of cardinality r for the metric space M and
let / : M —•> X be a quotient map. For each x G X and ( G / - 1 ( x ) , let {Bn({): n G
w} C B be a countable base at £ G M and denote P n ( 0 = /(-Bn(O) f°r all n G w. It
is easy to check that V = {f(B): B G B} satisfies the conditions of Definition 2.1 if the
collection Vx = {(PnU)) £ P u : f 6 f~l{x)} i s assigned for each * G X. So X has the
sequential base V of cardinality ^ T. Then X has some sequential base of cardinality

T.

(b) => (a). Suppose X has a sequential base V of cardinality r ^ w (the case
r < a; is evident) and endow V with the discrete topology. Then Vw is a metrisable
space of weight r . Now for every x G X, let P ; be the set of all (P*) G ? w such that
s e f l ^ ' f o r a l n e u and there is (Pn) G P« with P^ = P n for all but finitely many

n

n G w. Let M = \J{T*: x G X} C P u and define the map / : M -> X by the rule:
f((P*)) = x if (P^) G "P;. Then, evidently, our map / : M -» X is onto. To prove that
/ is continuous let U C X be an open set, (P*) G M and f((P*)) G tf. Pick m G w
such that P^CU. Consider the following open set U Wn C Vw: Wn = V if n ^ m,

and Wm = {P^}. Then /(M n ft ^ n ) = ^A Q ^ . So (M n II ̂ n ) C /-x([/) and

f~1(U) is open in M.
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It remains to show that / is quotient. Suppose U C X and f~1(U) is open in
M. Consider any x £ X and (Pn) £ Vx. Since (Pn) £ f ' 1 ^ ) , find {n<: t < *} C w
and n Wn C Vu such that Wn = {Pn} if n £ {m: i < k}, Wn = V otherwise and

n

( M n n w O C /-H^)- Let m = max{n;: i < fc}. Then Pm = f(ii nJlW^j C
J7. So t/ is open in X.

We have proved that X is a quotient of the metrisable space M having weight
< T . So X is a quotient of the disjoint union of T copies of M, which is a metrisable
space having weight T . D

COROLLARY 2 . 4 . A space X is a sequential No-space [2] if and only if X has
a countable sequential base.

COROLLARY 2 . 5 . Each of the following two conditions implies that X is a
quotient of a metric space having weight r ;

(a) X is a first-countable space having weight r.
(b) X is the one-point comp&ctific&tion of an uncountalbe discrete space of

cardinality r.

PROOF: (of (b).) Let X = {a: a < T } , where the point T is non-isolated. For any
limit /3 < r , cof (/?) = u> choose a sequence (a£) converging to /? in the usual order
topology and define

V = {{a}: a < T} U {Pf: n £ w, /3 < T, cof (/?) = u}.

For every a e X, let Va = {(an): a n = a} if a < T and Va = {(P%): P <
T, cof (/?) = w} if a = T. It is a routine verification to show that \V\ = r and V is a
sequential base of X if Va is considered to be the assigned collection for a < T as in
Definition 2.1. D

Now we shall consider quotients of metric spaces of given cardinalities. In [7] a
countable sequential space which is not a quotient of any metric space of cardinality
less than 2U was exhibited.

DEFINITION 2.6: Let V be a sequential base of a space X. Then the fan-number
of V, denoted fn(V), is the smallest cardinal r such that for each x £ X, the collection
Pa, from Definition 2.1 may be chosen of cardinaltiy < r.

REMARK. If X has a sequential base with finite fan-number then X has also a sequen-
tial base V such that fn(V) = 1.

THEOREM 2 . 7 . The following are equivalent for a space X and any cardinal r:

(a) X is a quotient of a metric space having cardinality r.
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(b) \X\ ^ T and X has a sequential base V such that fn(V) < T .

PROOF: (a) => (b). As in the proof of (a) => (b) in Theorem 2.3, we consider
the quotient map f:M—*X and the sequential base V = {f(B): B G B}. Since
| / - 1 (as ) | ^ T for every x G X, it follows that fn(V) < T .

(b) => (a). Suppose X has a sequential base V such that fn[V) ^ T . Since
|X | ^ T and /nCP) ^ r , it follows that \V\ ^ T . By the construction from (b) =>
(a) in Theorem 2.3, we have the metric space M = \J{V£: x £ X} and the quotient
map f:M-*X. From |7>| ̂  T it follows that \V*\ < r for each a; G X, so |M| < T .
Hence X is a quotient of the disjoint union of T copies of M, which is a metrisable
space having cardinality T . D

Using Definition 2.6 we say that a space X is g-firat countable [1, 6] if X has a
sequential base V with finite fan-number, or fn(V) = 1 (see Remark), and a space
X is weakly-quasi-first-countable [6] if X has a sequential base V with countable fan-
number, or fn(P) = w.

COROLLARY 2 . 8 . If X is a g-fiist countable space of cardinality T then X is

a quotient of metric space of cardinality T.

COROLLARY 2 . 9 . [6] A countable space X is a quotient of a. countable metric

space if and only if it is weakly-quasi-first-countable.

3. AN EXAMPLE

The purpose of this section is to construct an example which answers Question 1.1

in the negative. We first record the necessary definitions.

As usual, "u denotes the set of all functions from the natural numbers u into the

natural numbers. For any f,g€ "w, we write / <* g if /(n) < g{n) for all but finitely

many n £ u .

DEFINITION 3.1: A system {/a: a < T} C "« is said to be increasing if f\ <* fp
for all A < /? < T .

DEFINITION 3.2: A function g G ""<*> is called a majorant of a system {/<*: a <
T} C UW if fa <* g whenever a < T.

LEMMA 3 . 3 . (MA + -> CH) Suppose each function of the system {gp: f3 < u>i} C
uw is a majorant of an increasing system {fa: a < u\} C "w. Tien t iere are <p G uo>

and an infinite {n*: k G w} C w which satisfy the condition:

(i) for any a,/? < u\ there is k(a, /3) G w such that / (n*) < y'(nk) < flr(ni)
forali Jfc>Jfc(a,/3).
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P R O O F : Let

Aa = {(*, j ' ) G w x « : j > /«,(*)}>

Bp = {(*• i ) € w x w: j < gp(i)},

Ea,p = (Aa ("I Bp) C w x w.

Since 5̂3 is a majorant of {fa: a < u>i} for any /? < u>i and {/«,: a < wi} is increasing,
we have that B.afi is infinite whenever a,/3 < u>\.

Now consider the collection H = {Ha%p C w x w : o , j 3 < U i } and any Haltpx G H,
Sa3,02 G W. Let a = max{ai, a2} and g(n) = min{^,(n), gp2{n)} for all n G w.
Then /„ , <* fa, faj <* fa and fa<* g. So there is k G w such that {(i, /«(*)>: * >
k} C ( J Q ! ,^! 0 Ha3tp3). Hence the intersection of any finite subcollection of H is finite
and, by (MA + ->CH) [5, Corollary 8], there exists an infinite set L C u x u> such that
L \ Hatp is finite for every a,/3 < a>i.

Let Ti — ({i} x u) C w x w. It is clear that I t ("1 Ja,/3 is finite for every a,/3 < u>i,
k G w. Thus L D T/t is finite and we can find an infinite {n*: k G w} C w and ip G ww
such that {(njt, v(njt)): fc G w} C i , so (i) holds. D

EXAMPLE 3 . 4 . (MA + ->CH) There exists a countable sequential space X of
weight u>i with one non-isolated point which is not a quotient of any metric space of
weight wi.

PROOF: Let X — {x}l)(u xu). By (MA + -iCH), any subcollection of uu> having
cardinality ^ wj has some majorant function from "w [5, Corollary 11]. So we can
choose an increasing system {/„: a < u>i} C "w such that for any (t, j) G w x w there
is A < wi with j < f\(i).

We topologise X as follows: points of u x u are isolated and the collection
{Ba: a < Wi} is a neighbourhood base at x G X, where Ba = {(», j) G w x o>: j >
fa(i)}- The construction of {fa- a < Wi} implies {x} = P|{BQ: a < a>i} and hence
the defined topology is regular T\. Besides, since x(-^0 < 2'1', the space X is sequential
[3, Theorem 1.1].

Let us assume that X is a quotient of some metric space having weight u>i. By
Theorem 2.3, X has a sequential base V of cardinality u>\ which must consist of all
points o f w x u and some collection {P C X: x G P}. Let g G "ot be any majorant of
{fa: a < u>i} which always exists as noted above. For every P G V such that x G P,
we define gp G "u as follows:

np(t) =
\g(i)

where i,j G w, Ti = {i} X u>.

https://doi.org/10.1017/S0004972700015203 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700015203


382 S.A. Svetlichny [6]

Pick the subcollection V* C V consisting of all points o f u x u and the collection
{P £ V: x £ P, gp is a majorant of {fa: a < wi}}. We shall show that V* is a
sequential base of X. First note that for any (Pn) £ Vx (see Definition 2.1) there
is m G w such that <jpm is a majorant of {/a: a < wi}. If not, then for all n £ u
there exists a(n) < u>i such that the condition /<»(„) <* £pn is not satisfied. Choose
a < wi with a(n) < a for all n G w. Since /<*(„) <* fa for every n € a;, the condition
fa<* 9Pn is not true for all n G w. Hence Pn C JBa does not hold for all n G w which
is a conradiction. So there is m £ w such that gpm is a majorant of {fa: a < wi}.
Since Pn+i C Pn for all n G u>, gpn is a majorant of {fa: a < wi} for every n> m.
So for any (Pn) G "Pz there is m G w with Pn G T5* whenever n > m. Thus V* is a
sequential base of X if for each x G X the collection V* C (7**)" is defined as follows:

K = {TO e (V*)": 3(Pn) eVx3me «Vn >m[P'= Pn}}.

Now apply Lemma 3.3 to the systems {/„: a < a>i}, {gp*: P* G V*} to obtain
<p G "w and {ra*: k £ w} C w such that the condition (i) of Lemma 3.3 holds. Let
A = {(raj,, ¥>(nj,)): A: G w}. Since for any a < wi there is k(a) G w with /(njt) < ¥>(n*)
for all fc > A;(a), we have that x G A \ A and A is not closed. On the other hand, for
each P* G V*, we have y»(nt) < <7p«(ni) for all but finitely many Jfc G w. Therefore,
if any (P£) G T7*, then apply f]P* = {x} to find m £ w with y>(nfc) < flrp^(nt) for

n

all A: £ w. So i3^ D A — 0 and J4 is closed. This contradiction shows that X has no
sequential base of cardinality ui\. D

4. A MAP CHARACTERISATION OF SOME SEQUENTIAL SPACES

In this section we shall obtain some known classes of sequential spaces as particular
quotient images of metric spaces.

THEOREM 4 . 1 . The following are equivalent for a space X and any cardinal r:

(a) X has a sequential base V such that fn(V) ^ T .

(b) X is an image of a metric space M by a quotient map f such that for

every x G X the boundary of f~1(x) has cardinality < r.

PROOF: (a) =• (b). Let V be a sequential base of X and Mx^Pn) be the set
X with the topology in which all points are open except for x having (Pn) G V* as

a neighbourhood base. We define the metric space M to be the disjoint union of all
spaces Mx<(Pn), where x G X, (Pn) £ Vx. Then the natural map f:M—*X (mapping
a point into itself) is continuous, quotient and the boundary F r / - 1 ( z ) has cardinality
^ T for every x £ X (see [6, Theorem 2] where the case T = « is considered).

(b) =» (a). This is proved just like (a) => (b) in Theorem 2.3, but f~*{x) is
replaced by Fr/~1(z) for each x £ X. D
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COROLLARY 4 . 2 . A space X is g-first countable if and only if there exist a
metric space M and a quotient map f:M—*X such that the boundary of f~1{x) is
at most one point for each x £ X.

THEOREM 4 . 3 . A space X is symmetrisable [1] if and only if there exist a metric
space (M, p) and a quotient map f:M—*X such that:

(i) tie boundary of f~x(x) is at most one point £(z) for each x £ X,
(ii) if a set V is open in X and x £ V, then there is m £ u> such that for

every non-isolated point x* £ X \ V, we have p(£(x*), / - 1 (x) ) ^ 1/m.

PROOF: Let d be a symmetric for X and Pn[x) = {x*: d{x*, x) < 1/n} for all
n £ u. Then V = {Pn(x): x £ X, n £ w} is a sequential base of X such that for each
x £ X the collection Vx consists of one element (Pn(x)). Following the proof of (a) =>•
(b) in Theorem 4.1, we shall consider the spaces MIi(pn(ie)) = Mx, their disjoint union
M and the quotient map / : M —* X, so (i) holds. To prove (ii) note that the following
metric p is compatible with the topology of M:

{ 1/n if X2 £ MJJJ and n = min{&: X2

p(xi, x)+p(x, X2) if Xi, X2 E Mx, Xi 7̂ X2 T̂ X

1 in other cases, Xi ^ x2 .

Suppose V C X is open, z £ V , x* € X \V and F r / - 1 ( x * ) consists of one point
£(3*). Then x* $ Pm(z) and x $ Pm(x*) for some m £ w. Since p(x, x*) ^ 1/m
whenever x,x* £ Mx*, we have that p(£(x*), / - 1 ( x ) ) ^ 1/m for all x,x* £ X.

Conversely, let (M, p) and f:M—*X satisfy the conditions in Theorem 4.3. For
each x £ X and n £ u, define

p (
n W \ { x } if Fr/->(*) = 0-

Trivially, T5 = {Pn(x): x £ X, n £ w} is a sequential base of X if Vx consists of one
element (Pn(x)) for each x £ X. Define the symmetric d: X x X —» R+ as follows:

{ 1/n if n = min{A;: x2 ^ Pfc(*i) and X\

0 II Xi = X2.

Now let F be closed in X and x £ X \ f. Pick n £ w such that Pn(x) CX\F. By
(ii), find m £ w such that p(f(x*), / - 1 (x ) ) ^ 1/m for all x* £ F. If Jfc = max{m, n}
then <i(x, F) ^ 1/fc > 0. Further let F be any subset of X such that d(x, F) > 0
for all x £ X \ F. Choose n £ w with Pn(«) n F ^ 0, so F is closed. Thus d is a
symmetric on X which is compatible with the topology. D
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REMARK. Another map characterisation of symmetrisable spaces has been obtained in

[4, Theorem 11].

The following notion was introduced in [8]. We shall find it convenient to formulate

it as follows:

DEFINITION 4.4: A space X is g-second countable [8] if X has a countable se-

quential base with finite fan-number.

THEOREM 4 . 5 . A space X is g-second countable if and only if there exist a

separable metric space M and a map f:M—*X such that for every x £ X, a point

£(x) £ f~1{x) may be found with the following property:

(i) if a set G is open in M and for every x £ f(G) we have that £(x) 6 G,

then the set f(G) is open in X.

PROOF: The proof of "if" part is quite similar to the proof of (a) =>• (b) in Theorem

2.3, but instead of f~1(x) we take £(x). The "only if" is essentially the same as the

proof of (b) => (a) in Theorem 2.3, but for each x £ X, the collection Vx consists of

only one element denoted by £{x) • U

It is proved in [2, Theorem 6.1] that a space X has a point-countable sequential

base if and only if X is a quotient s-image of a metric space. We conclude this paper

with a result which is proved just like Theorem 2.7, and its proof is thus omitted.

THEOREM 4 . 6 . The following are equivalent for a space X and any cardinal T :

(a) X is the image of a metric space by a quotient map with countable fibers.

(b) X has a point-countable sequential base V with countable fan-number.
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