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QUASI-SPLIT SYMMETRIC PAIRS OF U(glN) AND THEIR
SCHUR ALGEBRAS

YIQIANG LI and JIERU ZHU

Abstract. We establish explicit isomorphisms of two seemingly-different

algebras, and their Schur algebras, arising from the centralizers of two different

type B Weyl group actions in Schur-like dualities. We provide a presentation

of the geometric counterpart of the above Schur algebras in [1] specialized at

q = 1.

§1. Introduction

1.1 Overview

A classical result of Schur states that the action of the symmetric group Sd fully

centralizes the natural action of the complex general linear algebra glN on the tensor

space (CN )⊗d. As a result, representations for glN , which are summands of (CN )⊗d, are in

bijection with representations for Sd. The Schur algebra of type A is the centralizer algebra

of Sd on (CN )⊗d.

The generalization to type B has an interesting twist: the orthogonal group does not

fully centralize the action of the type B Weyl group on the tensor space. On one hand, the

orthogonal group is known to centralize the action of the Brauer algebra. On the other hand,

the description of the centralizer of the type B Weyl group action, and its quantization, is

nontrivial, as it bears no relation to the orthogonal group. Two historical approaches have

emerged to tackle this problem by Green [6] and Shoji–Sakamoto [14], see also [3], [7], and

[13]. In Green’s approach [6, Section 2.3], the centralizer is given by a subgroup of GLN ,

its Lie algebra being the fixed-point subalgebra glθN of glN under a certain involution θ,

and its quantum analogue and double centralizer property is made explicitly in [3]; while

in the Shoji–Sakamoto’s approach, the centralizer is given as a homomorphic image of a

two-block subalgebra U of U(glN ). The pairs (U(glN ),U) and (U(glN ),U(glθN )) turn out

to be (infinitesimal) quasi-split symmetric pairs of type A [15]. The purpose of this paper

is to establish explicit isomorphisms between U and U(glθN ), and consequently on their

respective Schur algebras, despite the ostensibly different actions from the type B Weyl

group.

1.2 Main results

The involution θ is induced by the diagram involution, say θ for an abuse of notation,

on the Dynkin graph of glN sending the Chevelley generator Ei to Fθ(i) and Fi to Eθ(i).

The fixed-point subalgebra glθN are generated by the simplest possible elements fixed by θ:

ei = Ei+Fθ(i), fi = Fi+Eθ(i), and di =Hi−Hθ(i). But the defining relations with respect

to these generators are unknown until now, even though their quantum version in [10] has

an explicit presentation under a quantized analogues of ei, fi,di. To this end, we adapt

Letzter’s proof in [10] for the quantum case to give a presentation of U(glθN ), the universal

enveloping algebra of glθN with respect to ei, fi,di.
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