Canad. J. Math. Vol. 52 (1), 2000 pp. 47-91

Comparison of K-Theory
Galois Module Structure Invariants

T. Chinburg, M. Kolster and V. P. Snaith

Abstract. We prove that two, apparently different, class-group valued Galois module structure invariants asso-
ciated to the algebraic K-groups of rings of algebraic integers coincide. This comparison result is particularly
important in making explicit calculations.

1 Introduction

Let G be a finite group and let M, N be finitely generated Z[G]-modules. If o €
Ext%[G] (M, N) is a 2-extension whose cup-product induces an isomorphism, (o U —):
H'(G ; M) — H™"?(G ; N), in Tate cohomology for all i then o may be realised by a
2-extension of the form N — A — B — M in which A and B are finitely generated, coho-
mologically trivial Z[ G]-modules. Since A and B have finite projective dimension, they de-
fine classes, [A] and [B], in the class-group of finitely generated, projective Z[G]-modules,
CL(Z[G]), and we may form the Euler characteristic, [A] — [B] € CL(Z[G]). The Euler
characteristic depends only on the isomorphism class of a. In number theory examples of
Euler characteristics are given by the Chinburg invariants, Q(L/K, ) (i = 1,2, 3), of [4].

Let L be a number field and let G be a finite group of automorphisms of L. Indepen-
dently, Snaith [19, Chapter 7] and Pappas (unpublished) used work of Kahn [11] to define
an invariant associated to K3(Op) and K;(Op) in CI(Z[G]) for arbitrary G in the absence of
ramification at infinity. In [5], [6] we gave an unconditional construction of invariants in
CL(Z[G]) related to K3,—1(01) and K3,—,(0p) for all L, G and r > 1. The purpose of this
paper is to show that the invariants of [5], [6] coincide with those defined earlier in [19,
Chapter 7] when r = 2. This comparison is necessitated by the fact that the quaternion
examples of [7], [8] are evaluated in terms of the original construction of [19, Chapter 7].
Related constructions appear in [1] and [2], using work of Bloch-Kato [3] and Kato [12] to
define invariants in CL(Z[G]) associated to motives.

The invariants of [5], [6] are denoted by ©,,(L/K) and 2, (L/K) is the class associated to
K; and K;. The numbering of the invariants is meant to indicate the belief that Q,,(L/K) is
related to the values of the associated Artin L-functions at s = —n. The calculations of [7],
[8] and the conjecture of [6] (see also [1], [2]) make this belief more explicit.

The invariant, Q;(L/K), will be defined in Section 4.1. The invariant of [19, Chapter 7]
is simpler to describe.

Take G = G(L/K), the Galois group of L/K. Let S be a finite G(L/K)-invariant set of
places of L contain the infinite places, Soo (L), and all finite places which ramify over K.
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Let K;(Ops) denote the kernel of the natural map, K»(Ops) — @Wesmm Ky(L,). In 19,
Chapter 7] a 2-extension was obtained from a K-theory sequence of [11, Section 5] of the
form

KM(0s) — P KLy — € — KJ(Ops)
WESoo (L)

which, when there is no ramification at infinity, defines an Euler characteristic,
Q(L/K,3) € CL (Z[G(L/K )]). In Section 2 we shall describe an elementary modifica-
tion of this sequence to produce, for all L/K, a 2-extension of the form

KM(0Ls) — P KM(Lw) — € — KJ(OLs)
WESeo (L)

in which KJ (0 s) is defined by an extension of Z[G(L/K)]-modules of the form
G(L/K

0 — KJ(Ors5) — KJ(Or5) — P mdg/z)eT—0
veSL (K)

where S’ (K) consists of the infinite places of K which ramify in L/K and G,, = G(L,,/K,)
& 7/2 is a decomposition group for v, w = w(v) being a place of L above v. The Z[G,,]-
module, Z_ denotes the integers on which the generator acts by multiplication by mi-

Ind?ﬁ/m (Z). Cup-

product with the resulting class in Ext%[G(L /0] (Kz’((f) Ls), Ké“d((‘) L.,S)) induces an isomor-
phism in Tate cohomology in all dimensions and the resulting Euler characteristic defines
Q(L/K,3) € CL (Z[G(L/K)]). This Euler characteristic is independent of S.

The following is our main result:

nus one and T is isomorphic to the free module €B,,c5__ (k) complex

Theorem 1.1  Let L/K be a Galois extension of number fields with group G(L/K). Then
N (L/K) = 2 (L/K,3) € CL(Z[G(L/K)]).

The most delicate part of the proof of Theorem 1.1 concerns the 2-adic behaviour. As
explained in Section 5, the key step here is to evaluate, in the class-group, the Euler char-
acteristic of an element in EXt%[G(L Q)] (E—, E;). We know of two ways to do this. In the
context of this paper it will be quicker, and more convenient for the reader, to produce a
litany of explicit elements, listed with their salient properties in Section 7, to evaluate the
Euler characteristic as in Section 5. In [23] another method, using modular Hecke algebras,
is given by which to evaluate such Euler characteristics. The method we have used here was
chosen for two reasons. Firstly, [23] only addresses the 2-adic part of Theorem 1.1 and,
secondly, the inclusion of the necessary prerequisites in order to use the alternative method
would have made the paper even longer.

The paper is organised in the following manner. In Section 2 the exact sequence of
[11, Section 5] is described together with its modification to produce the Euler character-
istic, Q1(L/K, 3). In Section 3 we establish the existence of a commutative diagram of 2-
extensions (Theorem 3.2) which will be the basis of our proof of Theorem 1.1. In Section 4
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we define the invariant Q;(L/K) and establish a commutative diagram (Theorem 4.22)
which is sufficient to yield Theorem 1.1 in the totally real case (Corollary 4.3). In Section 5
we conclude the proof of Theorem 1.1 in the presence of ramification at infinity, using the
results of Appendix Section 7. In Section 6, for completeness, we give a second definition
of Q;(L/K, 3), leaving to the reader the proof that it agrees with the first definition.

Finally, we are extremely grateful to the referee for many suggestions which have helped
to improve our presentation of this material.

2 The Invariant, Q,(L/K, 3)
2.1 Double Cosets and Archimedean Places

Let L/K be a Galois extension of number fields and let E/Q be a large Galois extension of
number fields such that L C E and E is totally complex. Let ¢ denote complex conjugation.
Let 21 denote the absolute Galois group, Q;, = G(Q*P /L), where Q*P is a separable closure
of Q, the rationals.

Let woo: L — E — QP be a fixed embedding which restricts to a real embedding,
Voo: K — E9 — (QP) (),

Proposition 2.2 In the notation of Section 2.1, there is an isomorphism of Z|G(L/K)]-
modules of the form

(s (ki)™ = @ Kt

WESso (L)

where L,, is the completion of L at the Archimedean place, w.

Lemma 2.3  In the notation of Section 2.1:

(i) There is a bijection between the set of double cosets, QU \ Qq/{c), and the set of
Archimedean places of L, Soo (L).

(ii) The intersection, Qp N (geg™ '), is trivial if (Woo)g is a complex place and has order
two if (Woo ) g 1s real.

(iii) In the first case of part (ii), if (voo )g is a real place of K then gcg™' € Qk and its image
in G(L/K) =2 Qg /Qy is the decomposition group, Hy = G(L(w_.)g/K(vo.)g)-

Proof For part (i), assigning to g € Qq the embedding (woo)g: L ™5 QP £, QP definesa
bijection between embeddings of L and €21 \ Q2q. The set of embeddings, {(weo)g, (Woo)gc}s
corresponds to an Archimedean place of L, since the completions of (wn)g and (w)gc
coincide. Hence assigning the double coset Q;¢(c) to this Archimedean place defines a
bijection between Q \ q/(c) and S (L).

For part (ii), if (wso)g is a complex place then gcg™! does not belong to Q7 and Q; N
(geg™") = {1}. If (woo )g is real then Q7 N (gcg™') = (gcg™!) is of order two.

Part (iii) is clear.
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Lemma 2.4  In the notation of Section 2.1, suppose that M is a Z|G(E/Q)]-module.
(i) Thereis a double coset isomorphism of Z|G(E/L)]-modules of the form

G(E/L) -1 % G(E/Q) G(E/Q)
@ Ind () oo ((g )*(M)) — Resy, (In d, (M)).
2EG(E/L\G(E/Q)/(c)

(ii) Also, taking G(E/L)-fixed points, there is an isomorphism of Z|G(L/K)]-modules

S Gl cg”! % G
D (g™ () EPM 2, (1nd G/ () Y.
gEG(E/D\G(E/Q)/{c)

Here, if G(E/L) N {gcg™") = (gcg™"), (g71)*(M) denotes M with a new action whereby
gcg~ ! acts on m to send it to c(m). If G(E/L) N (gcg™") is trivial then (g~ 1)*(M) is M and
the action is, of course, trivial.

Proof In part (i) the isomorphism is given by the well-known Double Coset isomorphism
(see [20, Theorem 1.2.40], for example) which sends

u ® me Ind A (geg— ((g_l) (M))

G(E/L)N(geg™")

to ug @, m € Ind?c(f/Q) (M). Hence generators of the G(E/L)g(c)-component of the
G(E/L)-fixed points are given by

> o m
u€G(E/L)/(G(E/L)N{gecg~")) G(E/L)N{gcg—")

V. In Ind E/ Q (M) such a generator corresponds to

Z ug ® m.
{e)

u€G(E/L)/(G(E/L)N(geg~"))

where m € (g~ 1)* (M))CE/DN (™)

[t remains to verify that this yields an isomorphism of Z[G(L/K)]-modules as claimed
in part (ii). We may lift y € G(L/K) >~ G(E/K)/G(E/L) to y € G(E/K) and then the
action of y on Y c6ig/1) /(G(E/1)N (geg— 1) 48 @ () M Sends it to

> yug (R m = > uyg Q) m,
©

u€G(E/L)/(G(E/L)N{gcg—1)) (c) vEG(E/L)/(G(E/L)N(ygcg—1y—1))

since G(E/L) < G(E/K). Therefore the element m € i((g’l)* (M))G(E/L)NgEg_ s mapped

by y tom € ((g’l)*(M))G(E/LngCg_ . >, as required.
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2.5 Proof of Proposition 2.2

Setting M = K™ (E) in Lemma 2.4 and passing to the limit over E/Q we obtain an iso-
morphism of Z[G(L/K)]-modules of the form

(Ind8 (K@) ™ = @ KM(L,)

WESoo (L)
where L,, is the completion of L at the Archimedean place, w. Here we have used the iso-

. —1 . —
morphism, (K (E))G(E/ DNleee™) o Kind (EG(E/DN{geg N, together with Lemma 2.3(iii).

2.6 Towards the 2-Extension

Let M be a Z[G(E/Q)]-module. Define an injective Z[G(E/Q)]-homomorphism

¢: M — Ind (/¥ (M) = Z[GE/Q)] Q) M
Z[{c)]

by ¢(m) = ZheG(E/Q)/<C> h ®<C> h=1(m). Set M, = coker(¢) so that there is a short exact
sequence of Z[G(E/Q)]-modules of the form

0— M —> Indii(;(M) — M, — 0.

At several points in this paper we shall make crucial use of the deep results of [14], [15],
[17], [18] concerning the connection between algebraic K-groups of fields and cohomology
as well as their consequences derived in [11]. The reader is referred to [9, Section 18] for
a description and comparison of the different approaches to these results. In particular we
shall need the following canonical isomorphisms:

K;nd(QSCP)QL o K;nd(L) [14]; [18]7

H'(L; KP(Q*)) 2 Ky(L), H'(Ly; KPULEP)) 2 Ky(Ly,).  [11]

Proposition 2.7  In the notation of Section 2.6, there is a 2-extension of Z[ G(L/K)]-modules
of the form

K@) — @ KL, — (KQw),)" — K.
WESso (L)

Here, as in Section 1, K (L) = ker(Kz(L) = Dues_w) KZ(LW)).

Proof Setting M = K" (E) and taking the limit over E/Q we obtain a short exact sequence
of continuous 2g-modules of the form

0 — KP(Q*P) — Ind 2 (K (Q)) — KI(Q*P). — 0.
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Applying H*(L ; —) to this short exact sequence yields, in dimensions 0 and 1, the following
2-extension

K;nd(L) N @ K;nd(LW) N (K;nd(Qsep)Jr)QL . KZI(L).
WESoo (L)

Here we have used Proposition 2.2 to identify the second module and the cohomological
isomorphisms of Section 2.6 to complete the proof.

Remark 2.8 (i) Asexplainedin [11], in Proposition 2.7 (K;nd (QSep )+) o is a cohomolog-
ically trivial Z[G(L/K)]-module. However the module, P, 5 (l) Kind(L,), is cohomolog-
ically trivial if and only if L/K is unramified at infinity. This is one of the reasons for all the
modifications which are to follow. A further reason for needing to modify the 2-extension
of Proposition 2.7 is that the K; (L) is not finitely generated and so we shall replace it below
by K;(Ors).
(ii) Notice that, by Section 2.5, as {2y -modules,
nd (5 (KPUQ™) = @D itk Q) = (K@)
WESoo (L)

in the notation of Section 4.

Proposition 2.9  Let S be a finite G(L/K)-stable set of places of L containing So. (L) and
all places which ramify over K such as, for example, the set S of Section 1. Then the natural
homomorphisms

K3 (Ops) — K3(L) and KP(0p5) —» KM(L)
induce an isomorphism of the form
Exty;61/x0) (K3 (L), K3 (L)) — Extzigy (K3 (Ors), K3 (O15)).

Proof The homomorphism K»(Ors) — @We Seo(D) K3(Ly), is surjective onto the torsion
(with uniquely divisible cokernel) so that, from the long exact localisation sequence for
K-groups, we obtain a short exact localisation sequence of the form

0 — Kj(Ors) — KJ(L) — @ (0/P)* — 0.
P¢S,P finite

However, if R < Ok is unramified in L/K then
Po./p)- = Indgﬁﬁﬁ(fj}(R)((OL/Po)*)
PR

for some Py < O lying over R. In addition, since Lp,/Kg is unramified, there is a
Z[G(Lp,/Kg)]-resolution [20, Section 7.3.39]

00— Z[G(LPO/KR)] — Z[G(LPO/KR)] — (OL/P())* — 0.

Therefore EXtiZ[G(L/K)](@PQS,Pﬁnite(oL/P)*’M) = 0 forall M and all i > 1. The result
follows easily from the long exact sequence of Ext-groups.
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Corollary 2.10  Pulling back the 2-extension of Proposition 2.7 via the homomorphism,
Kj(Ors) — Kj(L), yields a 2-extension of Z| G(L/K)]-modules of the form

KM(0s) — @ KM(IL,) — C — KJ(Ops)
vESeo (L)

in which C is cohomologically trivial.

Proof It suffices to notice that, by Remark 2.8, C is the pullback of a cohomologically
trivial module via a homomorphism which induces isomorphisms on all Tate cohomology
groups.

2.11 Modification For Ramification at Infinity

When L/K is unramified at infinity then @, cs_ ;) Kind(L,,) is also cohomologically trivial
and in this case Q;(L/K,3) € CL (Z[G(L/K)]) was defined in [19, Chapter 7] to be equal
to the Euler characteristic, in the sense of Section 1, of a representative of this 2-extension
in which the central modules are finitely generated and cohomologically trivial. From the
localisation sequence it is straightforward to show that the resulting Euler characteristic is
independent of S [20, Section 7.1.3]. We shall now describe how to modify this 2-extension
in the case of ramification at infinity.

As in Section 1, let S (K) denote the set of real places of K which become complex in L.
For each v € S__(K), choose w = w(v) to be a place of L over v with decomposition group,
Gy = G(Lw)/K,) = {1, 7} of order two. The short exact sequence

0 — (Q/Z)(2) — KM(L,) — KM(L,) ®Q — 0

shows that there exists a unique element of order two, (—1),, € K;nd (L,,), which is fixed
by 7,,. Define a Z[G,,]-module, K;“d (Ly), in the following manner. The underlying abelian
group of K™ (L,) is K3(L,) @ Z. If we denote by a® b the element of Ki™(L,,) corre-
spondingto a® b € Ki"(L,,) ® Z then the action of 7,, on Ki"(L,,) is given by 7,,(a & b) =
(Tw(@) - (=1)%) .

The following result is straightforward.

Lemma 2.12  In the notation of Section 2.11, I%;“d (Ly) is a cohomologically trivial G-
module.

The lower row of the following commutative diagram is the 2-extension whose Euler
characteristic will define Q;(L/K,3) € CL (Z[G(L /K )]) in general.

Proposition 2.13  With the notation of Corollary 2.10 and Lemma 2.12, there exists a canon-
ical commutative diagram of 2-extensions of Z| G(L/K)]-modules in which @, K’;"d (L) and
C @ T, are cohomologically trivial and K3 (Oy s) is a finitely generated extension of K;(Op s).

Kd() —— @, KM(L,) —— C  ——— KJ(Org)

l l l l

. . b _
Knd(l) —— @, KrM(L,) —— Ce»T, — Kj(Opy)
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Proof The proof of the proposition will consist of the construction of a sequence of dia-
grams (1)—(5). The required 2-extension will be found as the middle row of diagram (5).
Consider once more the 2-extension of Z[G(L/K)]-modules

KPM(0Ls) — 6P KP(Lw) = C — KJ(OL).
WESoo (L)

Suppose that v € S_(K) and w = w(v), as in Section 2.6. Since (1 + ’TW)((—I)W) =0,
(1+7,) (5((—1)W)) = 0 in C. Therefore, because C is cohomologically trivial, there is an

a,, € Csuchthat (1 —7,) () = 5((—1)W).
We now construct a commutative diagram of Z[G,,]-modules of the form

0 — 0 —— 0
Ks(L,) —— C  —— KJ(OLs)
(1) k(L) — % Caz(G,] — KOs

l

Z —— ZG,) —— Zy_

l

0 —_— 0 _— 0

with the following properties. The vertical columns are exact and the terms of the second
column map surjectively onto those of the third column. The morphisms C — C & Z[G,, ]
and C®Z[G,] — Z[G, ] in the middle column are defined by (¢ — ¢&®0) and (cHa — a),
respectively. The morphism 5y: K;nd (L,) = K;nd (Ly)®Z — C & Z[G,] is defined by
5ad0)=06a)®0and 50D 1) = au, ® (1 + 7). The module Kj(Ops) is defined to be
the cokernel of 4,,, while Z,, _ is the G,,-module with underlying abelian group Z on which
T, acts by multiplication by —1. To check that one has a commutative diagram in (1) it
suffices to check that

Kind(L,) —2 5 ¢

| J

Rind(L,) —2 Ca&Z[G,]

is a commutative square of Z[G,]-module homomorphisms. This follows from the
formulae
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(1 - Tw)(()@ 1) = (_1)14/@0 € I%;nd(Lw)
and
(1-=7)0051) =(1—7) (0w ® (1+7,)) =0(—1), ®0 € C®Z[G,].

It will be convenient to define versions of the diagram (1) when w = w(v) and v is an
arbitrary infinite place of F for which purpose we must pause in order to introduce some
temporary notation.

Definition 2.14  Let $(K) denote the set of complex places of K and let S,(K) denote
the set of real places of K which do not ramify in L. Thus So(K) is the disjoint union,
S1(K) U S,(K) U S._(K).

Suppose v € Soo(K) and w = w(v), as in Section 2.6. Set K;“d (L,) = K%“d (L,) if
v € SI(K) U S(K). Let Ty, = Zifv € S (K) and let T;,, = 0 otherwise. Define
Tow = Z[G,] ifv € S (K) U $;(K) and T»,, = 0 otherwise. Finally, let T, = Z,,_ if
v e SL(K), Ts, = 0ifv € S(K) and T3, = Z[G,,] if v € $;(K).

2.15 The Proof of Proposition 2.13 Continued

For all infinite places v of K and w = w(v), we now have a commutative diagram of Z[G,, ]-
modules

0

5 l

0
|

Kd(L,) —— C —— K;(Opy)
|

| |

(3) Rid(L,) —2 5 C& Ty, — RI(OLs)y

! ! !

Ty —— T —— Ty

! ! l

0 —_— 0 —_— 0

0 —

|

of the following kind. If v € S!_(K) then (3) is diagram (1). If v € $;(K) U S,(K) then G,,
and T, ,, are trivial and (3) is obtained from the 2-extension of Section 2.15 by push-out
via the inclusion morphism, C — C = C @ T, where T,,, = T3, in this case. Once
again the maps from the middle to the right-hand column are all surjective.
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Inducing up from G,, to G(L/K) and using the fact that C and K;(Op ) are Z[G(L/K)]-
modules, we may use (3) to construct a diagram

0 - 0 - 0
Indg 0 k(L) ——s C — s KY(Oys)
(4) ndgO k(L) — ComdiO Ty, ——  RJ(OLs)wo

| | |

aor, —— mdd"T,  —— Imdgv

! ! !

0 E— 0 —_— 0

Ind T3_’W

whose columns are exact and in which the terms of the second column map surjectively
onto those of the third.
We now identify IndG(L/ ) Kind(L,) with @,,,, Ki"(L,,), and define @, K" (L,,)

to be IndG(L/ © Kind(L,,). Using (4) to push-out the 2-extension of Corollary 2.10 yields a
diagram of the followmg form in which the columns are short exact and the rows are exact
2-extensions.

w!lv w!ly

L L

in in g
Krd(l) —— @, Krd(L,) —— — K;(Ory)

! ! ! !

(5) Kid(L) — @, Ri(L,) —* > CaT, — R{(OLs)
| | | |
0  — T, _ T, — T
| | | |
0 _— 0 —_— 0 e 0

Fori =1,2,3 one has

G(L/K
T, = @ IndGE/(v/) )Ti,w(v)

V€S (K)

where the sum is over the infinite places v of K. The module K;(Oy ) is defined to be the
cokernel of 4.
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Since Kird(L,(,) and T, are cohomologically trivial Z[G,,,)]-modules, the modules
) w IZénd (Ly) and C & T in the middle row of (5) are cohomologically trivial Z[G(L/K)]-
modules, which completes the proof of Proposition 2.13.

2.16

Since Kg“d (L) and K; (O s) are finitely generated Z[ G(L/K)]-modules, we may construct a
commutative diagram representing an equivalence of 2-extensions

Kind(L) —— Ay —— B, — Kj(Og)

o b | | |

Kid(L) —— @, KiM(L,) —— C&T, —— Rl(Opy)
in which A; and B; are finitely generated, cohomologically trivial Z|G(L/K)]-modules.

Theorem 2.17 (i) For A, and By as in diagram (6) of Section 2.16, the Euler characteristic
Q(L/K,3) = [A)] - [B/] € CL(Z[G(L/K))).

(ii) Also Q1(L/K,3) depends only on the extension L/K. In particular, Q;(L/K,3) does
not depend on the choice of places S in Section 2.6, on the w(v) chosen for v € S (K), on the
) € C forv € S._(K) used to construct the diagrams (2) and (5) or on the choice of a top
row of diagram (6).

Proof For part (i), it is clear that [A;] — [B;] € Kp (Z[G(L/K)]) and, by definition,
CL (Z[G(L/K)]) is equal to the kernel of the rank homomorphism, Kj (Z[G(L/K)]) — Z.
Firstly we remark that the rank of T3, over Z is 1 if w(v) is complex and is 0 if w(v)
is real. Let r,(L) be the number of complex places of L. Since K;(Op) is finite, T3 and
Kj(Ops) both have rank r,(L) over Z. By a result of Borel, K;“d (L) also has rank r,(L)
and the exactness of the first row of (6) shows Q;(L/K, 3) has rank 0 and therefore lies in
CL(ZIG(L/K)]) C Ko(ZIG(L/K)]).

For part (ii), we now consider, in reverse order, the dependence of 2, (L/K, 3) upon the
choices listed in the statement of Theorem 2.17.

It is well-known that if the bottom row of (6) is fixed and the top row is changed, the
class [A;] — [B;] in K (Z[G(L/K)]) is unaltered (see [19, Proposition 2.2.2 p. 47], for
example).

Suppose now that we fix S and the choice of the w(v) for v an infinite place of K. We
must show that Q,(L/K, 3) does not depend on the choice of the elements a,(,) € C for
v € S._(K) which were used in the construction of (2) and (5). Fix v € S/ (K) and let
w = w(v). Suppose o, is another element of C which satisfies the defining condition for
oy, namely that

(I —=7y)oy, = (1 — Tw)a(v =0(—=1y
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where, as in Section 2.11, 7, € G,, is complex conjugation at w and §: K;“d (L,) — Cis
the homomorphism in the 2-extension of Section 2.15. Then (1 — 7,,)(a,, — },) = 0 and,
since C is cohomologically trivial, there is an element, 7,, € C, such that

(14 7)Y = ayy — .

Define a Z[G,,]-automorphism 7,: C & Z[G,] — C & Z[G,,] by m,,(c ® 0) = ¢ 0 and
mw(0 B 1) = 7, & 1. We claim that the diagram

. A N 5,
RP4(Ly,) = KM(L,) ®Z —— C D Z[G,]

(7) l J

RP4(L,) = KP4 (L) BZ —— COZG,]

commutes, where the morphisms are described in the following manner. The left vertical
morphism is the identity. The bottom row is the morphism defined in the middle row of
(1). Thus 6,(a®0) = §(a) ® 0and 6,,(0851) = a,, ® (1 + 7,,). The morphism &/, in
the top row of (7) is defined in the same way as ,, except that a, is replaced by o/, in the
definition. The commutativity of (7) follows from

T (0,08 1)) = my(ay, ® (1+7,))
= (o, ®0)+ (1 +7,)m, (0D 1)
=(ay, @0 +(1+7,)(w®1)
=(a;, ®0)+ ((ay — o) ® (1 + 7))
=a, ®1+T,)
=4,0081).
For all infinite places v of K we now have a diagram of Z[G,,()]-modules

NG

1 611/ v,
Kénd (Lw(v)) #) Co T2,w(1/)

(8) l lw

=i bty
Kénd (Lw(v)) #) Co T2,w(1/)
which specializes to (7) if v € S/ (K) and in which the vertical homomorphisms are the

identity otherwise. Fitting together the inductions of these diagrams from G, to G(L/K)
yields a commutative diagram

Kénd(L) — @WKénd(LW) 5—) C@ Tz —_— KZI(OL,S)

o) ! Lol

. . 5 _
Kd(l) —— @, Krd(L,) —— C®» T, —— K;(Opgs)
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in which the top row is the sequence resulting from using a,,, instead of a,(,) for v €
SL.(K). All of the vertical morphisms in (9) are Z[G(L/K)]-isomorphisms.

Suppose now that we use the top row of (9) to compute Q(L/K, 3). Thus we choose a
diagram

Kind(L) — Al — B —— KJ(OLs)

w ] ! ! b

Kénd(L) _ @Wk_i,nd(LW) 6—) C@Tz E— KZI(OL,S)

in which A| and By are finitely generated and cohomologically trivial Z[G(L/K)]-modules.

Composing the vertical morphisms in (10) with the vertical isomorphisms in (9) gives a
diagram of the form (6). This shows that we can take the top rows of (6) and (10) to be the
same sequence. We conclude that 2 (E/F, 3) does not depend on the choice of the a,(,) for
v e S (K).

We must now show that ©;(L/K,3) does not depend on the choice of the w(v) for
v an infinite place of F. Suppose v is fixed, 0 € G and that ow(v) = w(v)’ is an-
other place of L over v. If v € S’ (K), let avy(v)y = Ty, in C. Via the identification
of Indg% X) Kird(L,,(,) with D., Kind(L,,), the choice of w(v) (together with ) if
v € S/ (K)) leads to a diagram (5) which is isomorphic to the one resulting from the
choice of w(v)’ (together with av’v(v) ifv € S,_(K)). Thus the invariant, £2;(L/K, 3), is in-
dependent of the choice of the w(v), since we have already shown it is independent of the
choice of the () for v € S (K).

The last point is to check that ,(L/K, 3) is independent of the choice of the G(L/K)-
stable set of places S of L which contains the ramified primes of L. The argument for this
uses the localisation sequence (cf. Proposition 2.9(proof)) and is given in [19, Section 7.1],
so the proof of Theorem 2.17 is complete.

/‘V

Corollary 2.18  In Theorem 2.17, if L/K is unramified at infinity then ,(L/K, 3) is equal
to the Euler characteristic of the 2-extension of Proposition 2.13

KM(Ops) — @@ KM, -5 € — Ki(Ops).
WESoo (L)

Proof By construction, we may choose a commutative diagram of 2-extensions of the form

Kind(L) A, B, K;(Ors)
| L |
Kind(L) A By K;(Opgs)

in which Ay, By, Ay, B, are finitely generated, cohomologically trivial Z[G(L/K)]-modules
with A;, B; asin diagram (6). The homomorphism, i, is the injection of diagram (5). Hence
the cokernel of i is equal to T3, which is free in the absence of ramification at infinity. Hence
there is an exact sequence of the form

OHA2 *)AI@B2 *}B1—>T3—>0.
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Therefore, in L (Z[G(L/K)]) , we have

M(L/K,3) = [A] — [B]
= [Ay] — [By] + [T5]
= [A,] — [B,],

as required.

3 An Important Diagram
3.1

The purpose of this section is to establish a commutative diagram in Theorem 3.2 which
will be the basis of a series of commutative diagrams and 2-equivalences which are used
to establish Theorem 1.1. The main feature of this diagram is that the lower row involves
the bar resolution, which is related to the definition of 2, (L/K), while the upper row is the
sequence from which Q,(L/K, 3) is defined when M = K™ (E).

Let L/K be a Galois extension of number fields with group, G(L/K). As in Section 2.1, let
E/Q be a large Galois extension of number fields such that L C E and E is totally complex.
Let ¢ denote complex conjugation. Let M be a Z[G(E/Q)]-module and consider the short
exact sequence

0— M- nd (VM) — M, — 0

(c

where ¢ is as in Section 2.6. The resulting G(E/L)-cohomology sequence yields a 2-exten-
sion of the form

MCE/L Ind‘fjf/ VSED 5 MY s H'Y(GE/L) s M)
where H'(G(E/L) ; M)" = ker (H! (G(E/L) s M) * H'(G(E/L) s Ind ("' (M) ).
Let {B;G(E/Q), d;} denote the bar resolution of G(E/Q) [10, p. 216]; [19, p. 1]) so

that B;G(E/Q) is the free Z[G(E/Q)]-module on i-tuples of elements of G(E/Q), written
[@]g| - |gi] (and [ ]if i = 0).

Theorem 3.2 (i) In the notation of Section 3, there exists a commutative diagram of 2-
extensions of Z| G(L/K)]-modules of the form

| I I Jes
MCED — Homgg/r) (BoG(E/Q), M) %, Ker(df) —— H'(G(E/L); M)’
where H' (G(E/L) ; M)" = ker (H! (G(E/L) s M) — H'(G(E/L) s Ind /¥ (1) ).

(ii) Let M be a finitely generated Z| G(L/K)]-module. Then, in Section 3, the Z[G(L/K)]-
module, Homgg/r) (B;G(E/Q), M), is cohomologically trivial for all s.
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Proof Part (ii) is proved by a straightforward spectral sequence argument.
For part (i), define a homomorphism

Xo: Ind (/¥ (M) — Hom (ByG(E/Q), M)

by the formula
MY Bom )0 =K m)
heG(E/Q)/{c)
forh’ € G(E/Q). This is well-defined since the formula selects either h = h’ or h = h’cand

h' @ my = h'c® my if and only if my,. = cmy so that h'c(my.) = h'c(cmy, ) = h' (my).
Ifv € G(E/K),

Ao (v( Z h®mh)>(h’) = h'(m,-1p,/)
heG(E/Q)/(c)
while

(X hem) i)

heG(E/Q)/{c)

:v</\0( 3 h®mh>(v_lh')>v(v_1h/(mv1;1/)),

heG(E/Q)/(c)

so that g is a Z[G(E/K)]-homomorphism.
Define

A1: M, — Hom (B,G(E/Q), M)

by, g, h' € G(E/Q),

MY hem)) @) = gh'(mge) — gm).
heG(E/Q)/{c)
This is well-defined since
/\1([ Y hem+ ¢(a)D(g[h’])
heG(E/Q)/(c)
= gh'(mgy) — g(mg) +gh' (W 'g7 (@) — g(g~ " (a))
= gh'(mg) — g(my)

=x([ X hem])en.

heG(E/Q)/{c)
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It is a G(E/K)-map because, if g; € G(E;/K), then

= gqigy 'gh' (mg-ry, — 2187 'g(m1,))

~a(n(Shem)ssw)
. <)\1 (Sne mh)><g[h/1>.

We have a commutative diagram of the following form.
(Ind<GC(>E/Q) (M)) G(E/L) i ME(E/L)
! N
&
HOH’IG(E/L) (B()G(E/Q),M) %0 HomG(E/L) (B]G(E/Q),M)

in which 7 is the canonical surjection and dj is induced by the bar-resolution differential.
The commutativity of this diagram follows from the formulae

A (W(Z he mh)> (@lh') = 2 ([ nem) )@
= gh'(mg) — g(my)
=20(Dhem) @ -9
= 2o( 3 he m)(do(glh')

=d; ()\0 <Zh ® mh)) (glh'D.

The G(E/L)-cohomology of M may be computed from the complex
a i
Home/1) (BoG(E/Q), M) —= Homge/n) (BiG(E/Q), M) — -+

and the resulting isomorphism, p: MYE/D = Ker(dy), is given by (m +— (g — m)) for
g € G(E/Q), if we identify ByG(E/Q) with Z[G(E/Q)]. Furthermore, if m € MEF/D) the
formulae

No(eem) =2 D> h@QHom) ]

heGE/Q/{c) (o)
=h'((h)"(m)
=m

= p(m)[h']
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show that )¢ induces the identity map between M GE/L) and Ker(dy) =M GE/L)
Next we consider the map induced by A; on the cokernel of 7, which is isomorphic to

Ker(¢,) = ker (H1 (G(E/L) s M) — H'(G(E/L) 5 Ind [/ (M))).
The homomorphism, d;, induces
dy: Homg/r) (B1G(E/Q), M) — Homgg/) (B2G(E/Q), M)

and we observe that

; (Al( > ))(g[’hlhz]) = gl (i) — gh(my,) — ghils ()
heG(E/Q)/{c)

+g(myg) + ghy(my,) — g(my)
=0

so that the cokernel of 7, maps to
Ker(d;)/dj (Homqe/n) (BoG(E/Q), M) ) = H'(G(E/L) ; M).

Let z € (M,)%*/D) be represented by > e/ o) 1 @y M. Therefore, if g € G(E/L),
there exists f(g) € M such that g(z) —z = ¢( f (g)). This means that

Y. &hQQm—h@m=> hQH"(f2)
{c) (c) h {c)

heG(E/Q)/(c)

so that f(g) = h(m,—j,) — h(my,) for all h.
The coboundary map

§: (MM — H'(G(E/L) ; M)

is given in terms of the bar resolution for G(E/L) by §(z) = [f], the class of the 1-cocycle,
f. On the other hand, we have a composition

(M,)SF/") 2% Hom g1, (BiG(E/Q), M) — Home/1 (BiG(E/L), M)

in which the second map is induced by the inclusion, G(E/L) C G(E/Q). The image of z
under this composite is

([g] = M(2)(1[g]) = g(mg) —my).

Since f(g) = g(m;) — g(my) the sum of §(z) and A, (z) is ([g] = g(m) — m;) which is the
coboundary of m; € M. Hence

[6(2)] = —=[M(2)] € H'(G(E/L) 5 M)

which completes the proof.
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3.3

We shall need the case in which M = Ki™(E) in Theorem 3.2. More precisely, let
RT(G(E/L), K (E)) = Homgg,1) (B:G(E/Q), K" (E)) and let RT', (L, K™ (Q*P)) de-
note the limit of RT",, (G(E /L), K;“d (E)) taken over Galois extensions, Q C E C Q%*P. We
have a chain complex

- da . &
RT (L, KM (Q*P)) — RT (L, KM (Q*P)) — -+ .
From Theorem 3.2 we obtain a homomorphism between the 2-extension of Section 2.6

KM@ — @ KL — (KQ).)" — KI(L)
WESoo (L)

and
K (L) — RT (L, KP4(Q)) 55 Ker(d) — KI(1)

(where Ker(d})’ is the inverse image of K;(L)) using the natural identification of K; (L)
with

Rer(H! (L3 K(Q) ) — H (L5 Ind {5 (K@) )

of [11, Section 5]. In fact, this homomorphism is almost an equivalence of 2-extensions,
being the identity on Ki*(L) and minus the identity on Kj(L).

4 The Invariant, Q,(L/K)

Definition 4.1 Let L/K be a Galois extension of number fields with group G(L/K). De-
note by Soo (L) the set of Archimedean places of L. Let S be a finite G(L/K)-stable set of
places of L containing So. (L), all places above 2 and all places which ramify over K. We also
assume that S is large enough so that, for each intermediate field K C F C L, one can find
a Galois extension, M /F, with G(M/F) an elementary abelian 2-group, unramified outside
S and having prescribed ramification at the real places of F. Let O s denote the S-integers
of L and, for each rational prime, , set X; = Spec(Op s[1/1]). If F; is an étale Z;-sheaf on X,
set (Fl)oo = @Weswm iy Fy where i,,: Spec(L,,) — X; is the canonical morphism and
L,, is the completion of L at w. For example, we may take F; = Z;(2). For each prime, , let
C;(2) denote the cone of the natural injection of sheaves, Z;(2) — (21(2))00, which is an
object in the derived category of étale Z;-sheaves. Let H* (Xl ; C 1(2)) denote the hypercoho-
mology of Cj(2) in the derived category of the homotopy category of Z;{G(L/K)]-modules.
From Artin-Verdier duality and the long exact sequence one finds that these cohomology
groups vanish except in dimensions 0 and 1. One shows ([6] ¢f. [12, Section 4.17]) that
there exists a two-term complex, M* = (M; — M), of Z;(G(L/K)]-modules of finite pro-
jective dimension concentrated in dimensions 0 and 1 such that there is an isomorphism,
v: M* — H* (Xl ; CZ(Z)), in the derived category of Z;[G(L/K)]-modules. This gives rise
to a 2-extension
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H’(X;; Ci(2)) — M; — M{ — H' (X5 Ci(2))
whose class

1 € Bxtoum0n (H' (X3 Ci2)), HO (X153 C(2) )

is independent of the choice of 1. Since M; and M, are cohomologically trivial, cup-
product with E; induces an isomorphism in Tate cohomology in all dimensions. Now
let K;(Ops) denote the kernel of the natural map, K»(Ors) — @Wesw(m K>(L,,) and let

Ké"d (L) = K;“d(OL,S) denote the indecomposable K5 (i.e. the quotient of K3(L) by the im-
age of the Milnor K-group, K} (L)) as in [19, Chapter 7]. There are isomorphisms of the
form [11], [15], [17], [18],

Ky (Os) ® Z; = H' (X5 Ci(2))
and exact sequences

0— P 7@ — H(X;C(2) — KM (01 ®Z — 0
WES (L)

in which G(L/K) acts on the left-hand group via its permutation action on So.(L). Hence
there is a finitely generated Z[G(L/K)]-submodule, Ki" (0 5)’, of [[,H° (Xl ; Cl(2)) and
an exact sequence of the form

0— @ Z— KM(Ops) = KM(Ops) — 0
WESoo (L)

which is constructed by choosing isomorphisms 7(2) = I1,Z:(2) and 7 I1,Z. Since
Kj(OLs) is a finite group there is an isomorphism of the form

EXt%[G(L/K)] (K3(01,5), Ki(O15)") =2 @EXt%I[G(L/K)] (Hl (X15Ci(2),H (X;5 CI(Z)))
I

induced by (M +— {M ® Z;};) which sends E to @, E;. The cup-product with E induces
isomorphisms in Tate cohomology in all dimensions and the Euler characteristic associated
to E defines 2, (L/K) € CL (Z[G(L/K)]).

The following is the main result of this section.

Theorem 4.2  Let L/K be a Galois extension of number fields. Then the set, S, of places of L
may be chosen so that there is a commutative diagram of 2-extensions of Z[G(L/K)]-modules
of the form
Kind(Op5) —— A B Kj(OLs)
J,ﬂ J/ﬂ'] Jrﬂ'z 3 l =3

Kir(Ors) —— Dyes o) KM (Ly) C Kj(Os)

WESoo
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such that

(i) m is the surjection of Definition 4.1, with kernel @5 1) Z,

(i1) m and 7, are surjective and the isomorphism, ms, is given by £1 on each Sylow p-
subgroup of the finite group, K, (O s),

(iii) the upper 2-extension defines the class

E 6 EXt%[G(L/K)] (KZ/(OL,S)7 K;nd(OL’S)I)
whose Euler characteristic is equal to
Q1 (L/K) € CL(Z[G(L/K)]),

(iv) the lower 2-extension is that of Corollary 2.10, as used in the construction of
Q(L/K, 3).

The proof of Theorem 4.2 will take the form of a discussion occupying the remainder of
this section and culminating in Section 4.7. In order to assist the reader, the strategy of the
proof is outlined in Section 4.5 (see also Remark 4.4). In Theorem 4.2(ii) the ambiguity of
signs in 73 is irrelevant for our purposes, all we shall need is that 73 is an isomorphism. We
have left the signs unresolved in order to simplify the proof of Theorem 4.2 in Section 4.7
for the reader’s convenience. It would be very strange if the signs actually varied with I
Before proceeding to the proof we record the following corollary, which is the totally real
case of Theorem 1.1.

Corollary 4.3  IfL/K is totally real then
Q(L/K) = 0 (L/K,3) € CL(Z[G(L/K)]).

Proof From the commutative diagram of Theorem 4.2 we may obtain a commutative di-
agram of equivalent 2-extensions in which the modules—A, B, @wesm 0 Kind(L,) and
C—are replaced by finitely generated, cohomologically trivial modules—A;, B,, A, and
B,—respectively. This modified diagram gives rise to an exact sequence of the form

00— @ Z— A — A, B, — B, — 0.
WESoo (L)

Since @Wesw(m Z is a free module in the totally real case, in CL (Z[G(L/K)]) we obtain
the equation

Q(L/K) = [Ai] = [Bi] = [A;] — [B1]
and the result follows from Corollary 2.18.
Remark 4.4  In preparation for the proof of Theorem 4.2 we make some simplifying re-
marks.

Firstly, if we have constructed a commutative diagram of 2-extensions of the required
form but in which 7; and , are not surjective then we may easily remedy this lack of

https://doi.org/10.4153/CJM-2000-003-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-003-7

K-Theory Galois Module Structure Invariants 67

surjectivity in the following manner. Choose a free Z[G(L/K)]-module, F, together with a
surjection, ¢: F — ker (C — Kz'(OLS)). Lift ¢ to a homomorphism, ¢: F —
@wesm(m Kind(L,,), such that a’sh = ¢. Now replacea: A — B, mand Ty bya @ 1: A @
F — B® F, 7 + % and m, + ¢, respectively.

Secondly, we may establish the existence of the diagram one prime at a time, using the
isomorphisms

Extyqx0) (K3 (Ors), K(01s)") = @D Exty g (K3 (OLs) ® Zi, K (015)' ® Z)

I prime

and

1%

Exty o x0) (K3 (Ors), K(019)) = @D Extd o) (K3 (Ors) ® Z1, KP4 (Or5) ® Zy),

I prime

which follow from the fact that K; (O s) is finite.

4.5 The Strategy For Proving Theorem 4.2

We are now ready to relate the Z;[G(L/K)]-modules K;“d(OLﬁs) ® Z;, Kind (OLs) ® Z;and
K3 (Ors) ® Z; to the hypercohomology of the mapping cone, C;(2) of Definition 4.1.

In the notation of Definition 4.1 let I be a prime and let X; = Spec(OQp s[1/1]).

We are going to work towards the construction of the following rather daunting com-
mutative diagram in which the rows are 2-extensions of Z;[G(L/K)]-modules, in which
Ind denotes Ind?f; (Kird(Qep)) % and the bottom row is equivalent to the 2-extension, Ej,
of Definition 4.1:

4.6

Kin(X) ® 2 Ind C K(X)®Z
| | | -

Kind(X) ® Z Ay B, KX)®Z
[ | I ol

Kind(X) ® Z, A, B, KX)®Z
g | | i

KM(X) ® 7 As B; K (X)) ®Z,
I | I ol

H°(X;; Ci(2)) Ay B, KX)®Z
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As explained in Remark 4.4, it is sufficient to construct the commutative diagram of 2-
extensions after tensoring with Z;, for each prime, I. Also, from the localisation sequences

0— Ky(Ors) — K, (X)) — @ Kuei(01/P) — 0

P prime over [

one sees that O s may be replaced by X;, since K,,(O/P) ® Z; = 0 for n > 0. Also we
construct the required commutative diagrams of 2-extensions involving X; by pulling back
corresponding diagrams of 2-extensions in which L replaces X].

We shall use Theorem 3.2 to obtain the diagram relating the first and second rows.
The all-important third row is obtained in Section 4.12 by truncating the complex
RT, (G(E/ L), Dlﬁm_’*) where Dy, . is a mapping cone complex associated to the Kummer
sequence of multiplication by I"" on Ki"d (E). There are two canonical maps from the chain
complex of a mapping cone and “projection on the second factor” yields the map connect-
ing the second and third rows. The second map goes from the third row to the fourth row
with Z/I", rather than Z;, coefficients. On the other hand, reduction modulo I" yields a
diagram, given in Section 4.19, which relates the fifth row to the fourth row modulo /"
This yields the diagram of Section 4.20. Then Section 4.21 is devoted to the verification
that the rows remain 2-extensions as we take the limit over m to obtain the desired diagram
described above.

Assuming the existence of the diagram of Section 4.6, we can prove Theorem 4.2.

4.7 Proof of Theorem 4.2

It is sufficient to construct the commutative diagram of 2-extensions after tensoring with
Z;, for each prime, I/, and with Oy s replaced by X;.

Let us temporarily refer to an isomorphism of 2-extensions in which the maps on the
ends are 1 as an “equivalence up to sign”. In the diagram of Section 4.6 the bottom row is
equivalent to E; of Section 4.11, by the remark following the diagram of Section 4.19. The
other four rows are equivalent up to sign to the top row, which is the lower 2-extension in
the statement of Theorem 4.2, after tensoring with Z;. Hence we may produce a diagram
of I-adic 2-extensions of the required type by forming the pull-back 2-extension form the
bottom two rows of the diagram of Section 4.6. The result is a 2-extension which maps
to the second row of the diagram of Section 4.6 and we may form the pull-back of this
2-extension with the top row over the second row. This yields a commutative diagram of
2-extensions, equivalent up to sign to the bottom row and mapping into the top row, as
required.

Finally, an equivalence up to sign in which the sign is the same at the ends can be trans-
formed into an equivalence by reversing the signs of all the vertical maps, if necessary. If
the signs are different we may reverse the signs, if necessary, to make them +1 on the left
and —1 on Kj (X)) ® Z;, which is just the Sylow I-subgroup of K3 (O s).

The rest of the proof follows from Remark 4.4 together with the fact that the map,
H° (Xl ; C1(2)) — KiMd(X)) ® Z), is equal to 7 ® Z.

For each positive integer, m, we may form the mapping cone, C;,,(2) on X, defined by

2/1"2) — @ iwsis (Z/1"(2)) — CLu(2).

WESoo (L)
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LetH' (Xl ; Clﬁm(Z)) denote the i-th étale hypercohomology group of C; ,,(2) and let H'(X; ;
—) denote ordinary étale cohomology. Write A/n for A @ Z/n.

The next result follows from [6, Proposition 2.4], together with the results of [11], [14],
[15], [17], [18].

Lemma 4.8  The set of places, S, may be chosen so that:
(i) Fori # 0,1, H (X;; C1,u(2)) = 0.
(i1) The hypercohomology of the cone sequence yields an exact sequence of the form

0— (/@)™ — @ Z/I"2) — H(Xi; Clw(2)) ~25 KO0 /1" — 0
WESeo (L)

and an isomorphism

o~

§: H' (X5 Cim(2)) — (Ka(X)/1™)
where (K>(X))/I")" = Ker (Ko(X))/I" = @,,c5._ 1y K2(Lw)/1").

4.9
We may define C;(2) to be the mapping cone on X; defined by

2(2) — P iwein(2i2)) — C(2).
WESo (L)

The I-adic étale hypercohomology of C;(2) is defined, as usual, to be

H? (X5 C(2)) = im H? (X1 5 Cpm(2)).

Corollary 4.9  The set of places, S, may be chosen so that:

(i) Fori # 0,1, H (X5 Ci(2)) = 0.

(ii) The exact hypercohomology sequence associated to the cone sequence yields an isomor-
phism

5 H (X5 Ci(2)) — H? (X153 Zi(2)) = KJ(X) @ Z
and a short exact sequence of the form

0— P 7@ — H(X;CQ) > H (X 2i(2) 2 KM(X) ® 2 — 0
WESoo (L)

where K; (X)) = ker (Kz (X)) — ®wesm(L) KZ(LW)), as in Proposition 2.9.

Proof The groups in Lemma 4.8(ii) are finite and therefore the sequences remain exact

upon taking inverse limits. However, as explained in [24, Section III], (Zl(2))n'/ = 0,
which completes the proof.
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4.11

Let D,, denote the derived category of the homotopy category of Z/I"[G(L/K)]-modules.
It is shown in [6] that there exists a chain complex of finitely generated, projective
Z/1"[G(L/K)]-modules of the form

d_, d,
Q1 — Qy — Q

which is quasi-isomorphic in D,, to H* (Xl ; Clym(Z)), for a suitable choice of S.
We may form a 2-extension of Z/I"[G(L/K)]-modules of the form

H’(X;5 Cu(2)) — Qo/(d—1(Q-1)) — Q1 — H'(X;; Cm(2)).

Since Q; and Q,/ (d,l(Q,l)) are cohomologically trivial, cup-product with the resulting
2-extension

Eim € Exti600) (H' (45 CLn(), B (X153 CLa(2)) )
induces an isomorphism in Tate cohomology

b (G(L/K) SH (X5 cz,m<2>)) = fi? (G(L/K) SHO (X5 cz,m<2)))

for all 1.
Since H! (Xl ; Clym(z)) = (Kz (Xl)/lm) /, this group is finite and the natural map

H' (X5 Cyne1 (2)) — H' (X5 Cim(2))

is an isomorphism for m > my, where my depends on L, S and I. Furthermore the chain
complexes, {Qx,d.}, may be constructed to form an inverse system as m varies which
is compatible with the inverse system of hypercohomology groups. Therefore there is a
natural isomorphism of the form

EXU, 650 (Hl (X135 Ci(2)), H (X 5 Cl(2))>

—
= lim Bxt, /), (H1 (X1 CLm(2)), H' (X0 5 cz,m(2>))

under which the 2-extension, E; of Section 1 maps to {E,, }. To see that this surjection is
an isomorphism observe that the kernel is equal to

li(I_l'll Extél[G(L/K)] (Hl (Xl 5 Cl‘m(z)) I HO (Xl 5 Cl,m(z))>v

which vanishes since the Ext!-groups are finite.
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Consider the following commutative diagram

Spec(L,,) SEEUIEN Spec(L)

1\ / ki
X

for X; as in Section 4.5.
The maps, k;, induce homomorphisms which fit into the localisation exact sequence [24,
Section III]

s HU (X Z/1Q) D B (L Z)1m(2)

— P HT(0L/P5Z/1"(1)) — H (X5 Z/1"(2)) — -+
Pes

In [24] (with a correction for the case | = 2 which is given in [25]) it is shown that this
sequence breaks into short exact sequences. In particular, there are isomorphisms

ki H (X5 Z2/I"(2)) — H' (L5 Z/1"(2))
when i = 0, 1 and a short exact sequence of the form
0 — H2(X;5 2/1"(2)) = H2 (L3 2/1"(2)) — @D(OL/P)" /" —> 0.
Pgs

Taking inverse limits over m, Corollary 4.9 yields an isomorphism of Z;[G(L/K)]-
modules

ki: HY(X;; Ci(2)) — H(L; Ci(2))

and a short exact sequence

0 — H'(X; Ci(2)) ~5 HI(L; C(2)) — PoL/p) @z —o0.
P¢S

For each prime, R < O, not lying below an element of S the Z;[G(L/K)]-module

Dou/pr @z = mdgy i, (O/P) © 22)
P|R

is cohomologically trivial. Here P, is a chosen prime above R. In fact, since Py ¢ S,
(O1/Py)* ® Z; has a resolution [20, p. 352] of the form

0 — Z)[G(Lp,/Kr)] — Zi[G(Lp,/Kr)] — (O /Py)* @ Z; — 0
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and therefore

EXtiZ;[G(L/K)] (@(OL/P)* ® Zz,M) =0
Pgs

for all i > 0. Hence k; induces an isomorphism of the form
Ext}, o0/ (H' (X3 C12)) HC (X153 C(2) )
= Bxt}, 00 (H' (L3 Ci2)), H (L5 Cu(2)) ).

4.12

Now let us consider the situation of Section 3.3 in which E contains all the I"-th roots of
unity. We have an exact sequence of the form

0 — Z2/I"(2) -4 K (E) L ki (E) — 0.
Define a complex, Dy, of Z[G(E/Q)]-modules of the form
0 — Dy = Z/I"(2) —5 Dyypo = KM(E) — 0.

Let XA denote a copy of the module, A, in dimension one. We have chain maps of
complexes of the form

d
Dl,m,l I Dl,m,O

l l

YZ/1"2) —— 0
and

d
Dl,m,l ” Dl,m,O

l !

0 —— I"KM(E)
Define a chain complex, {RT", (G(E /L), Dz,m,*) ,d}, by the formulae
RT, (G(E/L), Diym,») = Homggy1) (B G(E/Q), Dimo) & Homggyr) (Br1 G(E/Q), Dy )
If h; € Homg/ 1 (B,HG(E /Q), Dl,m,i) the differential is given by

d(h07 hl) = (d*hO + (*l)td*hla d*hl)
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where d* is induced by the differential in the bar resolution and d. is induced by the differ-
ential in Dy, «.

Since limE K;“d (E) = K;“d (Q°P) is divisible

lim Hom g1, (B: G(E/Q), K3 (E)/I") = 0
E

and

lim Homgg/1, (B G(E/Q), I"Ky" (E)) 2 lim Hom g1, (B, G(E/Q), Ky (E))
E E

= RT (L, KP(Q*P))

in the notation of Section 3.3.
Hence we obtain a complex, RI'..(L, Dy ,,), with

RT\(L,Dy,) = RT, (L, K (Q*P)) @ RT,yy (L, Z/1"(2)).

In addition, we have a commutative diagram of maps of chain complexes of the follow-
ing form:

0 — RTy(L,KM(L)) —%— RTy(L,KM(L)) - --

I I I

RT_y(L, D) —%— RTUG(L,Di) —%— RUY(L,Dpp)--

l l !

RT, (L, Z/1"(2)) —%— RT(L,Z/1"(2)) —%— RT,(L,Z/I"(2))---

In this diagram of complexes of Z[G(L/K)]-modules the upward vertical chain map is
a quasi-isomorphism. In fact, it induces a map from the long exact cohomology sequence

coo— HY (L5 KPM(QP)) — HY(L ;3 Dyp) — H (L5 Z/1"(2)) — -+
to the long exact cohomology sequence associated with
0 — Z/I"(2) — KM(Q*P) 15 KP(QP) — 0
resulting in a diagram which is commutative up to sign and is the identity on the cohomol-

ogy of Z/I"™(2) and the middle Ki"(Q*P). Hence, by the Five Lemma, the map induces a
cohomology isomorphism of the form

H'(L; Dy,y) — H'(L; K3(Q*P))

for all 1.
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The downward vertical map induces the homomorphism, 3, on cohomology. This may
be identified, via the above isomorphism, with

(—1)'7'6: H' (L; KP(Q*)) — H™' (L5 Z/1"(2))

where d is the coboundary associated to multiplication by I”" on Ki"d (Q*P).
From [11, Section 4], [14], [15], [17], [18] one finds that these maps induce isomor-
phisms when i = 0, 1 of the form

o

H(L; KM(Q*P)) @ Z 2 KM(L) ® Z) — H' (L3 Zi(2)) = limH' (L ; Z/1"(2))

and

o~

H'(L; KM(Q*)) ® Z 2 K> (L) ® Z) — H*(L; Zy(2)) = lim H (L 5 Z/1"(2)).

d_ .
Any complex of the form 0 — R_; —> R N R; - -+ may be truncated to yield a
2-extension of the form

H0 — Ro/d—l(R—l) — Ker(dl) — H1

in which H' denotes the i-th homology group of the complex. Applying this truncation
to the diagram of the RI',.(L, —)’s and identifying the cohomology groups as K-groups, as
in [11, p. 71], yields a commutative diagram of 2-extensions in which ¢ is induced by the
coboundary defined above. A similar remark applies to the diagrams of Section 4.13 and
Section 4.14.

Khd() —— RTGK — Ker(dg) —— Ky(L)
]ﬂ T T iq
Kid(L)/I" ——— RI\D/(d(RT'_1D)) —— Ker(dp) —— Ky(L)

s | l |
Kid(L) —— RIZE/d(RTZ) — Ker(dg) —— H2(L;Z/1"(2))

Here the subscripts K, D and Z; refer to the modules Kénd(QseP), Dy, and Z/1™(2), re-
spectively. Pulling this diagram back to the submodules K;(X;) and H? (Xl s 2/ lm(z))’ =
Kj(X;)/I" (the latter being independent of m when m is large enough) we obtain the fol-
lowing diagram of 2-extensions:

4.13

K (X)) N RT,K —— Ker(dg)! —— KJ(X))

[ [ I ]

K (X)) /I" ——— RToD/(d(RT_,D)) —— Ker(dp) ——  Kj(X))

s ! ! |

KM(X)) —— RTWZF/d(RTyZ;) —— Ker(dg) —— Kj(Xp)/I"
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Taking the limit over m the §’s become equal to +1, after tensoring with Z;. Hence
we obtain a commutative diagram of [-adic 2-extensions in which the subscript, I, denotes
the tensor product with Z,—a (rather poor) temporary notation to avoid cluttering up the

diagram.
4.14
K(Xx), —— RT\K; —— Ker(dyx)] —— KJ(X))
T:I:l T T :tlT
Kir(X)); — RIYD/(d(RT_1D)), —— Ker(dp)] —— Kj(X));
Js | | ]
Ki(X)), —— RTWZFJ/A(RToZ) — Ker(dz)] —— K3 (X))
4.15
Next we must compare the 2-extensions of Section 4.11
H’(X;; Cm(2)) — Qo/(d—1(Q-1)) — Ker(dy) — H' (X ; C(2))
with the bottom row of the diagram of Section 4.13. To this end, let {RT; (L, Cl,m(Z)) ,di}
denote the chain complex of Z/I"[G(L/K)]-modules defined by replacing D;,, by Ci,, in
the above construction.
We have a commutative diagram in which the vertical maps are induced by projection
onto the second summand.
4.16

RT_ (L, Ciu(2)) —= RTG(L,Crm(2)) —2— RTy(L,Cp(2)) -

! ! !

RT,(L,Z/1"(2)) —%— RT\(L,Z/I"(2)) —2— RT,(L,Z/I"(2))---

Now let Lg;/L denote the maximal extension which is unramified outside S U
{ primes over I}. Let G; = G(Lg,;/L) denote the Galois group, which is a quotient of ;. Let
Y; < Qq denote the normal subgroup generated by G;. Hence the action of 2g on C;,,,(2)
factorises through Qq/Y; = H; and we may form a complex, {RT'; (X,, C ,m(z)) ,d;}, by re-
placing Q; = limE7L G(E/L) and Qq = 1imE7Q G(E/Q) by G; and Hj, respectively. We ob-

tain a chain complex of cohomologically trivial Z;[G(L/K)]-modules, by Theorem 3.2(ii),
of the form

R (X3, C(2)) 5 RTy (X1, Cm(2)) -5 -

whose cohomology is H*(X; ; Cy,u(2)). We obtain a commutative diagram analogous to
the diagram of Section 4.16.
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417

RC 1 (X;,C1m(2)) BN RT (X3, Cim(2)) o RT (X1, Crm(2)) - -

! ! !

Ry (X, Z/I"(2)) —%— RT, (X, Z/1"(2)) —%— RT,(X;,Z/1"(2)) - --

The truncation of the diagram of Section 4.16 yields the following commutative dia-
gram.

4.18

H°(L; Cyj(2)) —— RI\C/d_1(RT_,C) —— Ker(dc) — H'(L; Cpu(2))

! ! ! !

H'(L;Z/I"™(2)) —— RIZ;/dy(RT1Z;)) — Ker(dg) — H*(L; Z/I"(2))

Similarly, the truncation of the diagram of Section 4.17 yields the following commutative
diagram.

4.19

H°(X;; Cim(2)) — RI,C/d_(RT'_,C) —— Ker(dxc) — H'(X;; Cm(2))

! | ! !

H'(X;5Z2/1"(2)) —— RI1Z;/dy(RT\Z)) —— Ker(dxz,) — H*(X;; Z/1I"(2))

The quotient maps 2, — G; and 2 — H; induce a map from the diagram of Sec-
tion 4.19 to that of Section 4.18 which is a pull-back diagram.

Finally, since the Z;[G(L/K)]-module, RT; (Xl, Clym(Z)), is cohomologically trivial (cf.
Theorem 3.2(ii)) the argument of [6], which constructs the resolution

d_, dy
Q1 —Q —Q — Hl(Xl ; Cl,m(z)) — 0,

also shows that the complex {Q;, d;} is isomorphic in D,, to {RT; (Xl, clﬁm(z)) ,d;}. There-
fore the upper 2-extension in the diagram of Section 4.19 represents

Eim € Exty, 60k, (Hl (X5 CLm(2)),H(X; 5 Cz,m(z))).

From the preceding discussion, pulling back to K;(X;) ® Z; and (K2 X/ lm) ' we have
the following diagram in which Ind denotes Ind%2 (K;“d (QseP )) QL.
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4.20

4.21

KMxyez —— Ind —— C —— KX)®Z

| | | 1|
KMXx)y®z, —— A —— B —— KX)®Z
Til T T iq
KMX)®Z ——— Ay(m) —— By(m) —— Kj(X)®Z
| | | d
KM (X) /1" ——— As(m) —— Bs(m) —— (Kx(X))/1")’
| [ | 1|
HO(X; 5 Cm(2)) —— Ag(m) —— By(m) —— (Kx(X))/1™)’

In the diagram of Section 4.20 the upper two 2-extensions are derived from the pull-backs
of those of Theorem 3.2, after tensoring with Z;. The second, third and fourth rows come
from the diagram of Section 4.13 and the last two come from the diagrams of Section 4.18,
Section 4.19.

Consider now the 2-extension of Section 4.12
KP(L) /1" — A(m) — B(m) — (K(L)/I™)
and its pullback, in Section 4.19,
K (X)) /1" — As(m) — By(m) — (K2(X))/1")’

which appears as the fourth row in the diagram of Section 4.20.

We wish to analyse the effect of taking the inverse limit over m. The cases of these two
2-extensions are similar so we shall concentrate on the first one. This sequence is obtained
by truncating the complex

RT.(L,Z/1I"(2)) = lim Homg/r (B:G(E/Q), Z/1"(2)).
E/Q

The homomorphism
Homgg)1) (BiG(E/Q), Z/1"(2)) — Homger) (BiG(E/Q), Z/1"~(2))
is surjective and therefore so is the direct limit

RT;(L,Z/1"(2)) — RT;(L,Z2/I"'(2))
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which implies that

Am) = RDy(L,Z/1"(2)) /(R (L, Z/1"(2)) ) — A(m — 1)

— Ry (L,Z/1"(2)) /d(RT -1 (L, 2/1" ' (2)))
is also surjective. Hence, if we split the 2-extension into two short exact sequences
0 — K(L)/I" — A(m) — Y(m) — 0
and
0 — Y(m) — B(m) — Ky(L)/I" — 0

then Y(m) — Y (m — 1) is also surjective. Therefore lirn}n_1 Y (m) = 0 and, since Ki™ (L) /I"™
is finite, we obtain two short exact sequences upon taking the inverse limit over m

0 — KM(L) ® Z — lim A(m) — limY (m) — 0
m m
and
0—> liinY(m) — liinB(m) s h({nKz(L)/lm _.0.

Upon taking inverse limits over m, the 2-extensions yield 2-extensions of Z;[G(L/K)]-
modules of the form

K(L) ® 2y — lim A(m) — lim B(m) — lim K> (L)/1"

and

KM(X) ®Z — lim A3 (m) — lim B3 (m) — K> (X)) ® Zi,

the latter being the pull-back of the former.
A similar argument applies to the third row of the diagram of Section 4.20. For A,(m) =
RT, (L, Dl,m)) /d(RF,l (L, Dl,m)) and the map from

Homg/r) (BoG(E/Q), K™ (E)) @ Homg g1 (BIG(E/Q), Z/1"(2))

to
Homg/r) (BoG(E/Q), K™ (E)) @ Homg g1 (BIG(E/Q), Z/1"1(2))

is multiplication by I on the first summand and is surjective on the second. However, a
Z[G(E/L)]-module map on ByG(E/Q) = Z[G(E/Q)] is determined by its values on a set of
coset representatives for G(E/L) \ G(E/Q)—I[L : Q] of them—so that multiplication by ! is
surjective on 1imE7Q Homgg/1) (BOG(E /Q), K;nd ( E)), since K;nd(Qsep) — limE7Q K;nd (E))
is divisible.

Furthermore the inverse limit of the map between the third and fourth rows of the dia-
gram of Section 4.20 defines an equivalence between the resulting inverse limit 2-extensions
and we obtain the required commutative diagram of 2-extensions of Z;[G(L/K)]-modules,
which is given in Section 4.6.
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5 The Case of Ramification At Infinity
5.1

This section is devoted to the proof of Theorem 1.1 in the case of a Galois extension of
number fields, L/K, which is ramified at infinity. The proof depends upon the commutative
diagram which was constructed in Theorem 4.2. In the totally real case Theorem 1.1 is an
immediate consequence of Theorem 4.2 (see Corollary 4.3) although an alternative proof
in that case may be derived from the ramified at infinity case by Galois descent, as explained
below.

An alternative proof of the results of this section, using modular Hecke algebras, may be
found in [23].

Suppose that K C L C E is a chain of number fields in which E/K and L/K are Galois.
If

X—A—B—Y

is a 2-extension of finitely generated Z[ G(E/K)]-modules in which A and B are cohomolog-
ically trivial, then we obtain a commutative diagram of G(E/L)-invariants and coinvariants
of the following form

Age/y — Bowiy — Yorm
gl N %ll\l
XGE/L) ___y AGE/L) _, BGE/L)
in which N denotes the norm. In the resulting 2-extension of Z[ G(L/K)]-modules
XGE/L) __, AGE/L) __, gGE/L) __ Yo
both A/L) and BAF/1) are cohomologically trivial. Under the canonical inflation map
Infg/r: CL(Z[G(E/K)]) — CL(Z[G(L/K)])
the Euler characteristic, [A] — [B], maps to [ACE/D] — [BEE/D],
Lemma 5.2 (i) Applying the construction of Section 5.1 to Q; (E/K) and Q,(E/K, 3) yields
the relations
Infg. (1 (E/K)) = Qi(L/K)
and
Infg] (€1 (E/K),3) = D (L/K,3).
(ii) It is sufficient to prove Theorem 1.1 for any totally complex Galois extension, E/Q.

Proof The first of the relations in part (i) is proved in [6] and the second is derived by an
argument similar to those given in [20, Section 7.1.57], [22, Section 4.4].

For part (ii), embed L/K into a totally complex Galois extension, E/Q, such that E/K is
Galois. The natural map, Res: CL (Z[G(E/Q)]) — CL (Z[G(E/K)]) is easily seen to satisfy
Res (Ql(E/Q)) = Q;(E/K) and Res (QI(E/Q, 3)) = Q(E/K, 3). Hence if the result holds
for E/Q then it holds for E/K and therefore, by part (i), for L/K.
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5.3 Completion of the Proof of Theorem 1.1

By Lemma 5.2, it suffices to prove that Q;(L/Q) = Q;(L/Q,3) when L/Q is a Galois
extension of number fields in which L is totally complex. Therefore, for the remainder of
this section, L/Q will be assumed to be of this type.

From the construction of ;(L/Q, 3) in Section 2 and Theorem 4.2 we obtain a com-
mutative diagram of Z[G(L/Q)]-modules of the following form.

a

Kind(9p5) —— A ——— B ——— Kj(OLg)

| I on o]

in oin § %
K3 d(OL,S) — @WESW(L) K3 d(Lw) — C@ TZ — Kzl(OL,S)

Here the left-hand vertical map is surjective with kernel E, and the right-hand vertical map
is injective with cokernel E_. From Corollary 4.9

E= (P z=md)¥2)
WESoo (L)

in which complex conjugation, ¢, acts trivially on Z. From Section 2
E =Ty =Ind(y/¥(z.)
where Z_ is Z acted upon by ¢(m) = —m.

Lemma 5.4 (i) Thereis a 3-extension of Z| G(L/Q)]-modules of the form

E—A™ (P M) e "3 coT — E-
WES oo (L)

in which the middle three groups are cohomologically trivial, representing
¢ € Extyg ) (E—, Es).
(ii) There is an Euler characteristic

x(#) € CL(Z[G(L/Q)])

depending only on ¢.
(iii) In the notation of parts (i) and (ii)

x(¢) = 2(L/Q) — N(L/Q,3) € CL(ZIG(L/Q)]).
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Proof Part (i) is a simple diagram chase and part (ii) is similar to the proof of the analogous
fact for 2-extensions (cf. [20, Proposition 7.1.31]). For part (iii), construct a commutative
diagram of 2-extensions of the form

Kind(Op)’ A B; K (Ops)
K (Ops) A, B, K;(Ors)

in which Aj, By, A, B, are finitely generated, cohomologically trivial Z[G(L/Q)]-modules
together with a commutative diagram mapping this finitely generated diagram into the
diagram of Section 5.3 so as to give equivalences of 2-extensions on the top and bottom
layers of the three-dimensional commutative diagram. Then ¢ is clearly also represented
by the 3-extension

E, 4)A1 4)A2EBB] — B, — E_.
Therefore

X(¢) = [A1] — [A2 @ Bi] + [B2] = ([A1] — [B1]) — ([A2] — [B2]),

which completes the proof of the lemma.

5.5 The next step—identifying 3-extensions

By Lemma 5.4, we wish to show that x(¢) = 0. We shall evaluate x(¢) by calculating
the class of ¢ in ExtZ G(L/Q) (E—, E4) and then giving another realisation of this 3-extension
whose Euler characterlstlc is evidently zero. In order to do this we need a method by which
to determine when two 3-extensions are equal.

Let x1,... ,x € §lq be a set of double coset representatives for 2y \ q/(c) and also
denote by x; € G(L/Q) = Qq/Qy the image of x;. Hence we have Soo (L) = {(woo)xi |
1 < i < r} for some fixed Archimedean embedding, as in Section 2.1. Let 7, = zcz ™!
so that 7,, generates the decomposition group corresponding to (W )x;. The group, E, =

Ind?c(f /0 (Z), has a canonical Z-basis consisting of elements of the form x; &) © 1 and sim-

ilarly for the group, E_ = Ind<Gc(>L/Q) (Z_). If z is one of the x;’s then

D~ Z/2xiQy 1) foriodd,
0 for i even.

H'((1,) ; E_) = {
Similarly

Z/2(xi @y 1) forieven,

; D —r.ccu/
Hz . ;E ~ T =Tz
(7=} s Ev) {0 for i odd.
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There are canonical isomorphisms
Hom (/g (Ind gy’ (M), Ind(/ ¥ (2))

~ GIL/Q) G(L/Q)
= Homygj () (M, Res © Ind<c> (Z))

= EB Homy () (M, Indéiimrxl) (Z)) .
x€U\Qq/(c)

Similarly there are canonical isomorphisms

N (0
Extyiujq(E—E) 2 D Exty(Z-,Ind . (2)
%€\ Qq/(c)

~ (e)
= @ EXt4Z[<C>] (Z7 Ind<C>r‘|<Tx1>(Z))
% €QU\Q/(c)

P H)s2

T =c€G(L/Q)

b z-2

Ty =cE€G(L/Q)

Il

Il

= Exty, 16/q) (E- © Zs, Er ® Zy).

We shall now describe how to determine the equivalence class of a 3-extension of finitely
generated Z[G(L/Q)]-modules of the form

e:E,— Xy — X, — X5 — E_.

For x; such that 7,, = ¢ € G(L/Q) the homomorphism of Z[{c)]-modules, \;: Z_ —
E_, sending 1 to x; ®<C> 1, induces a Z[G(L/Q)]-module endomorphism, A;, of E_. On
the other hand )\; determines a cohomology class, [x; Q11 €H '({c) ; E_), given by the
image under ()\;). of the generator of H'((c) ; Z_) = Z/2. Similarly, replacing Z_, E_ by
Z,E,, there is a canonical generator, [x; @, 1] € H*({c) ; E;) corresponding to x; such
that 7, = c € G(L/Q).

The endomorphism, A; of E_, induces a chain map of the standard 3-extension into €
and the resulting endomorphism of the left-hand module, ¢;: E, — E,, corresponds to a
cohomology class

wil=lu[s@1] em'asen= P z2([xQ1])

(c) T =7,€G(L/Q) (c)

given by the cup-product of [x; @), ¢ 1] with the equivalence class of the 3-extension, e.
Under the isomorphism

Exty oo (E— ED 2 H((QE) = P z/2(x @) 1)
©

T4 =c€G(L/Q)
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the equivalence class of € corresponds to the cup-product [e] U [x; ®<C> 1] where x; is the
representative of the double coset of the identity.

IfE = Ind?%/Q)(Z) = Z[G(L/Q)] we have a standard 3-extension of the form

€:EL, —E—FE—E—E_
obtained by induction from the 3-extension of Z[({c)]-modules

1+c

Z— Z[{)] =S Z[{0)] =5 Z[(c)] — Z_.

For this extension one shows easily that
[eo] U {x,‘®l} = [xi 1} € H*((c) ; Ey)
() ()

forall1 <i<r.

5.6 The final step

We shall conclude this proof by showing, using the results from the Appendix of Section 7,
that

[¢] U {xi ® 1} = [Xi ® 1} € H*((c) s Ey)

(e) (e)

forall 1 < i < r when [¢] is the class of the 3-extension of Lemma 5.4, constructed from
the commutative diagram of Theorem 4.22. This will imply [¢] = [€o] and therefore that
the associated Euler characteristic, x(¢) € CL (Z[G(L / Q)]) , is trivial since

x(9) = x(€)

= [E] — [E] + [E] — rank([E] — [E] + [E]) - Z[G(L/Q)]
=0.
For this ¢ we know that the cup-product must be an isomorphism
(61U —): H'(H; E-) = H'(H; E.)
for all H C G(L/Q), since the middle three modules are cohomologically trivial and the
cup-product may be identified by the composition of the three coboundary maps (all iso-

morphisms) resulting from chopping the 3-extension into three short exact sequences. In
particular, we have an isomorphism

o~

([¢]U—): H'(G(L/Q); E_) 2 Z/2 — H*(G(L/Q) 5 E) £ Z/2.
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However, under restriction to the subgroup (c), the generator of H' (G(L/ Q); E,) maps
to

Z {xi 1} € H'((c); E).
)

Ty, =CE€G(L/Q) (c

A similar remark holds for E, in dimension four so that, since cup-product commutes with
restriction,

pu( > [x®1])= X [«®1] e @B,
)

Ty =CEGL/Q) (¢ T =c€GL/Q) (¢
Therefore it suffices to show that [¢] U [x; Q) © 1] =[xQ © 1] for all the x; whose
double coset is different from that of the identity. Also, in order to compute these cup-
products we may replace E_, E, by E_ ® Z, and E, ® Z,, respectively. In this case, such an

x; is given by the element, y, of Section 7 when z = 1 and 7, = c. Furthermore [y &) 1]
corresponds to the element of Section 7.11

> wy@1e (ndls (Zz(z)))g" ~E, 7,

weQy (c)
In order to compute [¢] U [y ®<C> 1] we must first lift y ®<C> 1t0 (0, (Dw.)y) € (CH

T,) ® Z,, where the suffix (wo.)y indicates the copy of Z, corresponding to (wso)y in
T, ® Z,. Next we must find an element of

(( &y I?é“d(Lw)) @B) ® 7

WESoo (L)
which maps to
(I+0) (0’ (1)(Woo))/) = (07 1+ C)(Woo)y)
under (5 , — (s, 0)). However B®Z, is given by the iterated pull-back of the B; (1 < i < 4)

of Section 4.6 (when I = 2). Examining the construction of B® Z,, as an iterated pullback,
one finds that the family

(a(fu); )\1 (a(fu))a (Fu,m+la Hu,m)a Hu,rm (Gu,rm Hu,m))
defines an element, b; € ®Z,, such that

(72,0)(b1) = (Q(wee)ys 0)

in the notation of Section 2.15. However, from Section 2.15,

5(0, Dwe)y = (Oé(woo)y, 1+ C)(Woo)y)
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and therefore

(8, =(m2,0)) (wac)y» b1) = (0, (1 + )y ) -

There is one technical point worthy of mention here. The family referred to above con-
sists of elements which depend on an element, u € L{”, and lie in a chain complex of the
form RT, (Spec(L), 7) . However, we require elements lying in a subcomplex equivalent to
RT, (Spec(OLS[l/Z]), 7). Since we are working with only a finite number (r — 1, in fact)
of elements, u, we may choose S large enough to ensure that this technical condition is met.

Next we must find an element, a; € A ® Z,, which maps via (7, a) to

(1 - C)(a(wm)yybl) = ((_1)(wm)y®0a (1 - C)bl)-

This time A ® Z, is the iterated pull-back of the A(i)’s and, by Sections 7.2, 7.6 and 7.9,
such an element is given by the family

((_1)(1/'/00))/’ )\0 ((_1)(wm)y)a (Au,ma Eu,m)a Eu,ma (Xu,ma Eu,m)) .

Finally we must pull (1 + ¢)(a;) back to E.. However, by Sections 7.8, 7.10 and 7.11, this
element is equal to the element defined by the family

(07 07 (_d*7 d*)(_wu,m)y d*(_wu,m)v (1 + C)Xu,ma d*(_wu,m))
which is equal to the element defined, in the notation of Section 7.11, by
(0,0,(0,0),0, (1 + ) Xum — G« (Wiym), 0).

However, by Section 7.11, this element lies in E; ® Z; and is congruent modulo 2 to
> wea, WY @ 1. This element represents [y @, 1] € H*({c) ; E; ® Z,), which com-
pletes the proof).

6 Appendix: Another Construction of ;(L/K, 3)

In this section we shall, for completeness, give without proof a useful second method of
constructing the invariant, Q;(L/K, 3) of Section 2, from the 2-extension of Corollary 2.10

KM(OLs) — P KL, = € — KJ(O).
WESoo (L)

In the notation of Section 2, letv € S/_(K) and w = w(v). In the pull-back construction
of Q,(L/K, 3), which we are about to describe, one first constructs a diagram of Z[G,, |-
modules of the form

Z,. —M Z[G,]

l l

ki) —2 5 ¢
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in the following manner. The left vertical homomorphism sends 1 € Z,,_ to (—1),, €
K3(L,) and is a G,,-cohomology isomorphism. The right vertical homomorphism sends
1 € Z[G,] to a,, € C, the element appearing in the proof of Proposition 2.13 (following
diagram (1)). The upper horizontal homomorphism is injective and sends 1 € Z,,_ to
(1 —7) € Z[G,]. The equation, (1 — 7,,) () = d((—1), € C, ensures that diagram (1)
commutes.

Define Vl,w(v) = ZW(V)7, and Vz’w(v) = Z[GW(V)] ifv e Séo (K). Set Vl,w(v) = szw(v) =
0 otherwise. Define V; = @VGSW(K) Indg(wfv/)K) Viww for i = 1,2. Then, via induction
from G, to G(L/K), the homomorphisms in (1) give rise to a commutative diagram of

Z[G(L/K)]-modules in which the bottom row is a 2-extension.

V] — V2
® | |
KPU(L) —— @, K(L) —"— C Ki(Ovs)

Since K;(Ors) and Kind(L) are finitely generated, we can successively choose finitely
generated, free Z[G(L/K)]-modules, Fy, F;, F, and construct an enlargement of the dia-
gram (2) of the following form, in which the bottom row is a 2-extension and the top row
is exact.

F, e FLoV, —> Fp®V, —— KZI(OLﬁs)

® | l ! i

k() —— @, kM(rL,) —— € —— K;(Ory)

The rows of this diagram are exact and we may require the homomorphism, F, — Ki"(L),
to be surjective.
Let X; be the image of F, in F; & V. Then F, — K;nd (E) induces an exact sequence

0—P— X, — KM(L) — 0.

Theorem 6.1 The Z|G(L/K)]-module, P, is finitely generated and projective.
In CL(Z[G(L/K)]) C Ko(Z[G(L/K)])

(E/F,3) = rank(P) - [ZIG(L/K)]] - [P].

7 Appendix: Some Elements
7.1

In this appendix we shall construct the elements which were used in Section 5 to prove
Theorem 1.1 in the cases of extensions which are ramified at infinity. This appendix is pro-
vided for the reader’s convenience, however, since they are straightforward but laborious,
the proofs will be omitted. The notation follows that of Section 5. Namely, L/Q is a Ga-
lois extension of number fields with L totally complex. The absolute Galois group of L is
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denoted by € so that G(L/Q) = Qq/€;. Let ¢ € Qq denote complex conjugation and fix
z € Qg — Q so that 7, = zcz™~ ! is an involution whose image generates the decomposition
group, (7z) = Gy € G(L/Q) of Section 2. Let x1, ... ,x, € g denote a set, containing
z, of double coset representatives of 2 \ Qq/(c) so that {x;,x;c | 1 < i < r}isa setof
coset representatives for 2q/€);. In addition, we may choose the x;’s so that they either
occur in pairs of the form {x;, .x; = x; | i # j} or 7.x; = ajx;c for some a; = 7.7, € Q.
The latter set corresponds to double cosets, £2,.x;{c), which are fixed by the left action of
T,» given by 7,(Qw(c)) = Qrr,w(c). Finally, if a € Qq define g(a) € Q by the equation
a = g(a)x;c® for some i, e so that, if w € Q) and a € Qq, then g(wa) = wg(a).

Next we choose any double coset representative, say y = x;, which is different from z
and such that 7, fixes QL y(c). Associated to y we choose u € L™. Since the images of 7, and
Ty, in G(L/Q) are equal for any x; corresponding to a double coset fixed by 7., the element
u will be real at any of the corresponding place, (woo)x;. We choose u to be negative at the
place (woo)y and positive at all the other places (woo)x; fixed by 7,. For 1 < i we choose
a sequence {u; € Q*P} such that u? = u;_; and u} = u. If Qrx;(c) is fixed by 7, then
Ty, (U1) = —uy for xi = x; = y and 7, (1) = u otherwise.

Associated to u € L™, we are going to construct the following families of inter-related
elements for each integer, m > 1:

Q

alf,) € C = (Kpd(Q®),)™ = (Ind?f; (K@) /im(¢)) ;
F,m+1 € Homg, (BiQq, K(Q*P)),
H, . € Homg, (BZQQ,Z/Z’”(2)),
Gy € Homg, (Blle, Ind (S (Z/zm(z))) :
i, € Homg, (B, 11, B,()q),
fu € Homg, (B,Qq, B,{2) (n=0,1),
sy, € Homg, (B,f2q, By11€2q) (n=10,1),
Ay € Homg, (ByQq, K (Q*)),
E.m € Homg, (BIQQ,Z/Z’“(Z)),
Wom € Homg, (BoSQq, Z/2™(2)),
Xum € Homg, (BOQQ, Ind,9 (2/2’"(2))) .

Each of these groups should be interpreted as the direct limit, over E, of the correspond-
ing groups in which Q;, Qq and Q*P are replaced by G(E/L), G(E/Q) and E, respectively,
for some large Galois extension, E/Q, containing L. However, to simplify the notation,
already complicated enough, we shall persist in the use of 1, Qg and Q*P. In particular,

an element of (K;“d (Qsep )+) U ill be represented by the coset (modulo im(¢)) of a formal
sum of the type ZWQQL S wx ®<C> v(w, i) where v(w, i) € Kind(Q*P).

Proposition 7.2 Let [f] € H'(L; (Q/Z)(2)) be represented by a continuous 1-cocycle
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f: 9 — (Q/2)(2) C K (Q*P)
and define a formal sum
a(f) =D wxQx fw ) € KM(QP),.
wegy i=1 ()

Then

Ot(f) c (K;nd (Qsep )+)QL-

If u, u; are as in 7, define a continuous 1-cocycle, f,, by the formula

ful@) = & @ (g(u) /m),
for all g € Q. Hence f, takes values in the subgroup of order two in (Q/Z)(2). Then

(1—malf) =Y wyQ&® &),

weld (c)

where y = x; is the double coset representative chosen in 7 and &, denotes a primitive n-th
root of unity.

Proposition 7.3  Fora,b € Qq and m > 0, define

g(ab)(um1)

Fumn(@lb]) = g@)pms ® = 50 "0

€Z/2"(2)
which lies in (Q/Z)(2) C K" (Q*P).

Then A

(i) Fu,erl c HOITIQL (Bng,Kénd(QseP)),

(ii) 2Fu,m+1 = Fu,m:

and
(iii) if Ap: (K;"d(Qsep)Jr)QL — Homyg, (BIQQ, K%“d(QseP)) is the homomorphism of Sec-
tion 3 then

)‘1 (a(fu)) =F = 2-mFu,m+1-

Proposition 7.4  For a, b, c € Qq, define

glab)eymn _ g(abe)(upmsr)

Hu7m(a[b|c]) = g(g)é‘zmﬂ g((lb)(unﬁl) .

Then
(i) H,,» € Homg, (BZQQ,Z/Z”’(Z)),
(ii) ifd: Z/2™(2) — Ké"d (Q°P) is the canonical inclusion of Section 3

d*Fu,m+1 = d*Hu,m S HomSl,‘ (BZQQ, K;nd (Qsep))

and
(iii) d*Hym = 0.
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Proposition 7.5  For a,b € (g define
Gum(@alb) = 33 " wxi R Hym(Iw™"alb]) € Ind?;)2 (z/2"(2)).
weey i=1 (@

Then o
(i) Gum € Homg, (BlszQ, Ind{ (z/zm(z))),
(ii) ¢puHym = d* Gy for each m,

(iii) The element,
(Gumy Hum) € Homg, (BlﬁQ, Ind (9 (2/2"1(2))) & Homa, (B.0q, Z/2"(2)),
is in the kernel of the differential in RT,.
Proposition 7.6 For a,b € (g define

g(1ab)(Up1)

Eum bl) = b m+1 RN Y
. (a[ ]) g(&l )52 ® g(ng(ab))(um+l)

g(ab) (1) (728(a)) (1)

+g(a)émn ® o
and
Aum(a) = gla)iym ® G Q)IC
| g(12a) (1)
Then

(i) E,m € Homg, (BiQq,Z/2"(2)),

(ii) Aum € Homg, (BoS2q, KM (Q*P)),

(111) d*Eu,m =01- Tz)Hu,m)

(iv) If d: 2/2"(2) — Ké"d(Qsep) is the canonical injection then
d*Au,m + d*Eu,m =(1- 7—z)Fu,erl-

Proposition 7.7 The family of homomorphisms of Proposition 7.5
Gum € Homg, <BIQQ, Ind(¢ (Z/zm(z))) ,
satisfies

(1 — 72)Gum(a[b])

e ST gw=1rzab) (ups1)g(w="a) (111

1

https://doi.org/10.4153/CJM-2000-003-7 Published online by Cambridge University Press

)

89


https://doi.org/10.4153/CJM-2000-003-7

90 T. Chinburg, M. Kolster and V. P. Snaith

Proposition 7.8  For a € Qq define

§(7:8(@)) (ume1)g (7:8(720) ) (1)
8(7:0) (thni1)g (@) (thyns1) '

Wu,m(a) = g(a)§2m+1 X

Then
(i) Wum € Homg, (BoQq, Z/2™(2)).
(ii)) Ifd: 2/2"(2) — Ké“d(QseP) is the canonical injection then

(1 + Tz)Au,m = d*Wu,mv

and
(ii)) (1 + 7)Eym = —d* Wi .

Proposition 7.9  For a € Qq define

Xu,m(a) - Z wal ®xi <§2m+1 ® g(W_la)(um+1)

weQy i=1 ()

_ -1 gw'm.a) (i) )
gw™ a)éom ®g(W_1ng(a))(um+1) .

Then 0
(i) Xum € Homg, (BOQQ,Ind<§ (z/zm(Z))>,

and
(11) (1 - TZ)Gu,m - ¢*Eu,m = d*Xu,m-

Corollary 7.10
(]- + Tz)Xu,m(a) = (b*wu,m(a) + Z Z wX; ®xf1
(e)

we T, x; () =Qx; (c)

(5 @ L (TZW_l”‘)(“m+1>g(Tsziw‘1a)<um+1))
’ gw=1a)(tp1)g (T, w'a) (U1

. Q m
in Ind<c‘§ (Z/Z (2)).

Proposition 7.11  Let L/Q denote the totally complex Galois extension of Section 7. Let
x1,-.. ,% € Qq be a set of double coset representatives of Q. \ Qq/(c) with1 # y = x

andlety # z € {x1,...,x,} be such that 7,(Qy{c)) = Qry{c). Then, in the notation of
Section 7, the reduction modulo 2 of

(14 7.)Xum = . W € Homa, (BoSlo, Ind(s (2/27(2))

is given by

a— Zwy@l

weQ (c)

foralla € Qq.
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