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THE ADDITIVE GROUP OF AN /-RING 

PAUL CONRAD 

The intent of this paper is to show that the additive /-group of an /-ring S 
determines the ring structure. This is why there are so many papers that 
simply extend known results for abelian /-groups to /-rings. Theorem 3.1 
asserts that there is a one-to-one correspondence between the /-multiplications 
on 5 and a set of homomorphisms from the positive cone of the /-group S into 
the positive cone of the ring SP (S) of polar preserving endomorphisms of the 
/-group S. In fact, each/-multiplication of S is determined by a homomorphism 
of S+ into &(S)+. If S is archimedean then the ring has an identity if and 
only if the corresponding homomorphism is a bijection and in this case 
S ^SP{S) as an/-ring. 

If S is an archimedean/-ring with identity and • is another/-multiplication 
of »S then a • b = abp for all a, b £ S and some fixed 0 ^ p £ S and con
versely (Theorem 2.2). For 0 ^ p, q £ S define the ring multiplications 

a • b = abp and a §b = abq. 

Then the resulting/-rings are /-isomorphic if and only if there exists a group 
/-automorphism r of S such that pr = q (Theorem 2.3). The proof of the last 
result depends upon the fact that the group of all /-automorphisms of the 
additive group (5, + ) is a splitting extension of the polar preserving auto
morphisms of (5, + ) by the group of /-automorphisms of the ring 5 (Theorem 
2.1). 

In section 1 we show that if G is an archimedean /-group and {gy\y G T} is 
a maximal disjoint subset of G, then there exists a minimal/-ring M containing 
(G, + ) as a large /-subgroup and with identity Vg7. M is necessarily archi
medean and if N is another such ring then there exists a unique ring /-iso
morphism T of M onto N such that gr = g for all g G G. If Ge is the essential 
closure of G then G is large in Ge and u = Vg7 exists in Ge. Moreover, there 
is a unique multiplication on Ge so that it is an/-ring with identity u. Thus M 
is the /-subring of Ge that is generated by G and u. 

By definition G is large in M or M is an essential extension of G if for each 
non-zero /-ideal L of M, L Pi G ^ 0 or equivalently if 0 < h G M then 
nh > g > 0 for some g G G and some positive integer n. 

We shall make frequent use of the following representation theory of 
Bernau [1]. Let G be an archimedean /-group and let p(G) be the set of polars 
of G. Then p(G) is a complete Boolean algebra [10] and so the associated 
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Stone space X is extremely disconnected, Hausdorff and compact . Let D(X) 
be the collection of almost finite cont inuous functions from X to R \J {dzoo } 
(i.e., D(X) = { / : X -+R\J {d=oo} | / is cont inuous and [x £X\f(x) G R] 
is dense}). Then D(X) is a complete vector latt ice and a n / - r i n g . 

T H E O R E M [1]. Let G be an archimedean l-group. Then there is an l-isomor-
phism a of G into D(X) which preserves all existing infima and suprema. G is 
large in D(X). If {gy\y G V] is a maximal disjoint subset of G then a can be 
chosen so that each gya is a characteristic function of a subset Xy of X, where the 
family {Xy\y G T} is a collection of compact open subsets of X whose union is 
dense in X. 

Another way of describing D(X) is t h a t it is the essential closure Ge of G. 
T h a t is, D(X) is an essential extension of G and D(X) admi ts no proper 
essential extensions in the category of archimedean /-groups (see [6]). 

T H E O R E M [1]. If a and /3 are l-isomorphisms of the l-group G onto large sub
groups of D(X) then there exists a homeomorphism r of X and an element 
0 < d G D{X) with support all of X such that for all g G G 

(x)ga = (xr)gP - (x)d 

for all x G X for which the multiplication on the right is defined. 

T h u s a = fifd, where f and d are the corresponding automorphisms of 
D(X). T h a t is, (x)gf = (xr)g and (x)gd = (x)g • (x)d for all g G G and 
x G X. In part icular , f is a ring automorphism of D{X). 

Bernau establishes this result under the addit ional assumption t h a t a and 13 
preserve all joins and intersections t h a t exist in G, bu t [7, L e m m a 5.3] asserts 
t h a t all joins and intersections in a large /-subgroup C of an abelian /-group A 
agree with those in A. 

COROLLARY I. If G is a large l-subgroup of an archimedean l-group H and a 
is an l-isomorphism of G onto a large subgroup of D{X) then a is induced by an 
l-isomorphism of H into D(X). 

Proof. Since D(X) is the essential closure of G there exists an /-isomorphism 
13 of H onto a large subgroup of D(X). Since G/3 is large in D(X) we have 
a = /3ïd on G and so fird is an extension of a to IL 

COROLLARY I I . An l-automorphism a of a large l-subgroup G of D(X) is 
induced by an l-automorphism of D{X). 

Proof, a = f d on G. Actually one can show t h a t this is the unique extension 
of a toD(X). 

Finally, we wish to t hank Simon Bernau for suggesting improvements of 
several of the proofs in this paper . 
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1. The/-ring hull of an archimedean /-group. This section is devoted 
to establishing the following result. 

THEOREM 1.1. If G is an archimedean l-group and {gy\y G T} is a maximal 
disjoint subset of G then there exists a minimal f-ring H containing (G, + ) as 
a large I-sub group and with identity \fgy. H is necessarily archimedean and if 
K is another such ring then there exists a unique ring l-isomorphism r of K onto H 
such that gr = g for all g £ G. 

Remark. G is large in its essential closure Ge and u = Vg7 exists in Ge. 
Moreover, there is a unique multiplication in Ge so that it is an /-ring with 
identity u. Thus H is the subring of Ge that is generated by G and u. 

LEMMA 1.2. An f-ring H that satisfies Theorem 1.1 is archimedean. 

Proof. Let T = [t G H\t is a sum of products of positive elements from G) 
and for each t Ç T let H(t) be the convex /-subgroup of (H, + ) that is gener
ated by t. Iî s, t € T then H(s) + H(t) C H(s + /) and so {H(t)\t £ T) is 
directed by inclusion and hence K = \J H(t) is an /-subring of H that con
tains G. 

Now suppose (by way of contradiction) that K is not archimedean. Then 
a y> b > 0 for some a,b £ K. Since a £ H (s) for some 5 Ç T we have a < ns = 
t for some n > 0, and since G is large in i£ we may assume that b £ G. Thus 
0 < g\ A b = g G G for some X G A and we may assume that t ^> g > 0, 
where t £ r and g\ > g £ G. Now g2 ^ ggx = V (ggx) = g(Vgx) = g a n d 

hence gk S g for all & > 0. 

/ = a i i « i 2 • . • a\ni + &21&22 • • • #2W2 + • • • + # s l # s 2 • • • #sws 

where the atj £ G+. Let a be the least upper bound of all the atj and let 
n = max {tii, n2, . . . , #6}. Pick m > 0 so that v = (mg — a)+ > 0. Then the 
polar vf of all the elements in H that are disjoint from v is an ideal in the ring H 
and so modulo v' we have a < mg. Thus aj\aj2 • • • &jni = 

(mg)n ^ rawg and 
hence / ^ smwg modulo z/. Therefore (1 + smn)g f£ / in H, a contradiction. 
Thus i£ = U i J (0 is an archimedean /-ring. Let iJ^K = U H(t) is an 
archimedean /-ring. Let i ^ be the lateral completion of H. Then HL is an 
/-ring with identity Vg7 and G Q K Q H Ç1 HL. Thus since G is large in 
HL, G Q KL C i/^. But i£L is an archimedean /-ring with identity Vg7 

(see [7]). Therefore G ̂  KL C\ H an/-ring with identity Vg7 and so by the 
minimality of H we have that H = KL C\ H is archimedean. 

Proof of Theorem 1.1. We may assume that G is large in Ge = D(X), each 
g7 is a characteristic function, and Vg7 is the identity u for the ring D(X). 
The intersection H of all /-subrings of Ge that contain G and u satisfies the 
theorem. 

Now suppose that K satisfies the Theorem. Then by the theory in [1] there 
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exists a ring /-isomorphism /3 of K onto a large /-subring of D(X). Thus 
V(g7j3) = (Vg7)/3 = w. By Bernau's Uniqueness Theorem, 

(x)?y = Or)g7/3 • (x)d 

and it follows that d = u and that ô = fir is the identity on G. Thus 
G QKÔ Q D(X) and so Ko = H. 

Thus if Hi and if2 satisfy the theorem then there exists an isomorphism a 
of Hi onto Ho such that go- = g for each g G G. If p is another such isomor
phism then ap~l is an /-automorphism of Hi that induces the identity on Gy 

but G generates Hi as an/-ring and hence cp - 1 is the identity on Hi. Therefore 
a = p is unique. 

Let A and B be archimedean /-groups with maximal disjoint subsets 
{ay\y G T} and {by\y G T} and let Â and 5 be the corresponding/-rings given 
in Theorem 1.1. 

COROLLARY. If a is an l-isomorphism of A onto B such that aya = by for all 
7 Ç T then there exists a unique extension of a to a ring l-isomorphism $ of À 
onto B. 

Proof. Construct an /-ring K 2 B and an isomorphism â of Â onto K that 
induces a. By the theorem there exists an isomorphism /3 of K onto B that 
induces the identity on B. Thus a/3 is a ring /-isomorphism of Â onto B that 
induces a on A. 

If 11 and *> are two such isomorphisms of Â onto B then /-w-1 is an /-auto
morphism of Â that induces the identity on A and so by the theorem must 
be the identity on Â. Therefore /x = v. 

2. The multiplications of an archimedean/-riné S with identity 1. 
Let 

A (S) = group of all /-automorphisms of (S, + ) , 

H(S) = group of all ring /-automorphisms of 5, 

P(S) = group of all ^-automorphisms of (S, + ) . 

In [5] it is shown that each ^-endomorphism of (S, + ) is a multiplication by 
a fixed positive element in S. Hence P (S) is isomorphic with the multiplicative 
group of positive units in the ring 5. 

THEOREM 2.1. A(S) is a splitting extension of P(S) by H(S). 

Proof. P C\ H consists of the identity automorphism since the only multi
plication of S that is a ring automorphism is the multiplication by 1. If 7 G H 
and j8 G P then there exists 0 < p G 5 such that sf3 = ps for all 5 G 5 and so 

(sy)py-1 = (p(sy)h-1 = {py~l)s. 
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Thus yfiy~l is a multiplication by py~l and so belongs to P. Therefore 
P < [ ? U f l ] and so it suffices to show that A C HP. 

We may assume that S is a large /-subring of D (X) that contains the identity 
u of D(X), where X is the associated Stone space of S. H a £ A then by 
Corollary II of the uniqueness theorem a = rd. In particular ua = ufd = 
ud = d and so d £ S. Let q = ua"1 Ç 5. Then u = qa = q(fd) = qr • d and 

q2 = g2(f J) = (gf)2 - d = d~l * [qr • d]2 = d"1. 

Thus o7-1 Ç S and so J 6 P and f = ad~l on P . Thus r restricted to S belongs 
toff. 

COROLLARY. If a £ A(S) and la = 1, then a £ H (S). 

Proof, u = ua = z/rJ = z^J = J, so a = r £ H (S). 

THEOREM 2.2. Le/ (5, + , -, ^ ) &£ 6m archimedean f-ring with identity 1. 
7/ o is another multiplication of S so that it is an f-ring then there exists 
0 < p £ S such that 

a ob = abp for all a,b £ S, 

and conversely. 

Proof. Pick 0 < a £ S. Then the map s —> s o a for all s £ 5 is a £-endo-
morphism of the /-group (S, + ) and hence there exists 0 ^ a £ 5 such that 

s o a = sa for all s £ S. 

Thus, we have a map a —» â of S+ into itself. Moreover 

fro" = boa = a o b = ab for a, 6 £ 5 + . 

Let £ = 1. Then â = l a = a l = a£. If u,v £ S then v = a — b where 
a, b £ 5 + and hence 

uov — uoia — b) = u o a — u o b = ua — ub — uap — ubp 

= u(a — fr)£ = m/£. 

Remarks. (1) The multiplications agree if and only if p = 1. 
(2) The ring (5, o) has an identity if and only if p~l £ 5 and in this case 

p~l is the identity. 
(3) If (S, o) has an identity then 

s—*sp for all j 6 5 

is a ring /-isomorphism of (5, o) onto (5, •) and, of course, both rings are 
/-isomorphic to the ring £P (5) of all ^-endomorphisms of (51, + ). 
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Proof. For a, b G S we have 

(a o b)r = (a o b)p = (abp)p = a£&£ = ar&r, 

(a + &)r = (a + 6)£ = a£ + bp = a r + or, and 

0 = ar = ap —> 0 = app~l = a. 

(4) T h e given multiplication on 5 is the unique multiplication so t h a t S 
is an / - r ing with ident i ty if and only if 1 is the only positive element with a 
mult iplicative inverse. 

(5) (S, o) has no non-zero ni lpotents if and only if p is an order unit . 

Proof. Consider 0 < a G S. T h e n a o a = a2p = 0 if and only if a2 A p = 0. 
(<=) If p is an order uni t then a o a ^ 0 for each 0 < a G 5 . 
(=») If p is not an order uni t then a A p = 0 for some 0 < a G 5 and 

hence a2 A £ = 0. T h u s a o a = 0. 

(6) If the principal polar p" is a cardinal summand of S, 

S = P"\ + \P' 

then (p\ o) is a zero ring and (p", o) is a n / - r i n g with no non zero ni lpotents . 
T h e elements 0 ^ p, q G S determine two / - r ing multiplications for S, 

namely 

a o b = abp and a #b = abq. 

T H E O R E M 2.3. The following are equivalent. 
(a) There exists a ring l-isomorphism 6 of (S, o) onto (S, # ) . 
(b) There exists a ring l-automorphism a of (S, •) and an element x G S+ 

such that x~l G S+ and pa = qx. 
(c) There exists a group l-isomorphism fi of (S, + ) such that p(3 = q. 

Proof, (a) => (b) : Clearly 8 is an / -automorphism of (S, + ) and so by 
Theorem 2.1 5 = ay, where a is a ring / -automorphism of (S, •) and 7 is a 
multiplication by x G S+ and x~x G S+. 

(pa)x = (pa)y = p(ay) = pô = (1 o 1)5 = 15 # 15 = lcry # lcry 

= 1 Y # 1 Y = X # X = x2g. 

T h u s £>a = xg. 
(b) =» (a ) : Define s<5 = (sa)x for all 5 G 5 . T h e n for 5, t G 5 , (5 + £)5 = 

((s + 2)Û:)# = (5a + ta)x = (sa)x + (ta)x = so + /<5. 

(s o / )ô = (5^)ô = ((stp)a)x = (sa) (ta) (pa)x = (sa)(ta)qx2 

= (sa)x(ta)xq = (sa)x # (ta)x = so # /ô. 
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(5X_1a_1)5 = ((sx~1a~1)a)x = s. 

sô = tô => (sa)x = (fa)x =» sa — ta =» 5 = J. 

Therefore 5 satisfies (a). 
(b) =» (c): Let (3 = a followed by the multiplication by x - 1 . 
(c) => (b): By Theorem 2.1, /3 = «7 where a is a ring /-automorphism of 

(S, •) and 7 is a multiplication by an element in S, say x - 1 . Thus q = p$ = 
pax~l so £a = gx. 

3. In this section we show that the multiplication on an/-ring 5 is essentially 
determined by the additive structure. For each s £ S+ define 

xs = sx for all x Ç S. 
Then 5 --> s is an additive homomorphism of S+ into SP (5)+ such that for 
x £ S and a, s, t £ 5 + , 

(1) x(s — £) = xs — xi, 
(2) s_ A t_ = 0 => as A t = 0, 
(3) S = sJ. 

Moreover, 5 is commutative if and only if 
(4) si = ts. 

THEOREM 3.1. Suppose that (5, + , ^ ) is an archimedean l-group and s —> s 
is a homomorphism of S+ into & {S)+ that satisfies (2) or (4). For x Ç S and 
s, t Ç 5 + define 

x(s — t) = xs — x/. 

77ze?z (5, + , -, g ) is an f-ring. Thus there is a one-to-one correspondence between 
the elements in Hom(5+ , & (S)+) that satisfy (2) or (4) and the multiplications 
on S so that it is an f-ring. 

Remark. If we drop the hypothesis that S is archimedean then there is a 
one-to-one correspondence between the elements of Hom(5+ , £P (S)+) that 
satisfy (2) and (3) and the multiplications on S so that it is an/-ring. 

Proof of theorem. If s — t = u — v, where s, t,u,v £ S+, then 

5 + V = U + t=$ S + V = Ù + I =» XS + XV = XÛ + Xt => 

JCo <X/l/ X14/ "—— Xi/ 

so our definition of multiplication is single valued. 
For a, b, c £ S we have 

a(b + c) = a{b+ + c+ - (b~ + <r) = a&+ + c+ - ab~ + <r 

= ab+ + ac+ — ab~ — ac~ 

= a (6+ — 6~) + a(c+ — c") = ab + ac; 

(b + c)a = (6 + c) (a+ - a") = (6 + c)â+ - (b + c)ar 
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= ba+ + ca+ — ba~ — ca~ 

= b(a+ — a~) + c(a+ — ar) = ba + ca. 

If 5 A t = 0 and a > 0 then since à G ^ ( S ) + 

0 = 5â A t = 5a A t. 

Thus if (4) holds then 0 = sd A t = as A t = as A t; otherwise by (2) 
0 = as A t = as A t. Thus we have an archimedean /-ring and so both the 
commutative and associative laws for multiplication hold. 

COROLLARY 1. The element s—> s in Hom(5+ , &(S)+) satisfies (2) if and 
only if it satisfies (4). If the map satisfies (2) then it also satisfies (3) and it is 
an l-homomorphism of S+ into SP {S)+ and so determines a ring l-homomorphism 
of (S, + , - , ^ ) intoSP{S). 

Proof. If x, s, t £ S+ then [5, p. 229] 

x(s V t) = xs V xt = xs V xt 

= x(s V t) = x(s V 0-

Now define s — t = s — t; then this is a ring /-isomorphism of (5, + , -, ^ ) 
into 0{S). For, if 5 A t = 0 then 0 = xd = xs A t = x(s A J) =xs A xt = 
xs A xt = x(s A t) = xd = 0 so 5 A t = 6. 

An /-ring F has no non-zero nilpotents if and only if for each a G F+ 

a2 = o => a = 0. 

COROLLARY 2. i^r /Ae ring 5 £/^ following are equivalent: 
(1) 5 /ms no non-zero nilpotent elements; 
(2) ad = 0=*a = 0for alla G S+; 
(3) a = d=*a = 0; 
(4) J7&e maf s —•> 5 is one-to-one. 

Proof. Since a2 = ad, (1) and (2) are equivalent. 
(2) => (3) : d = 6 => aâ = 0 => a = 0. 
(3) =» (2): aâ = 0 => â2 = ad = 0 => â = 6 => a = 0. Here we use the fact 

that 0* (S) has no non-zero nilpotents. 
(4) => (3) : This is trivial. 
(3) => (4): We can extend 5 —> s to an /-homomorphism of (5, + ) into 

( ^ ( 5 ) , + ) , but by (3) the kernel is zero and so the map is one-to-one. 

COROLLARY 3. The following are equivalent: 
(1) (5, + , • , ^ ) has an identity; 
(2) s is the identity automorphism for some s G S+; 
(3) s —^ s is an isomorphism of S+ onto SP (S)+. 
In this case S ^0{S). 

Proof. (3) => (2): This is clear. 
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(2) => (1): x = xs = xs all x 6 S so s is an identity for S since 5 is com
mutative. 

(1) =» (3): Each p-endomorphism a of 5 is a multiplication by a positive 
element s G 5 + . Therefore, xa = xs = xs for all x G 5 and so the map is 
epimorphic. If s = / then 5 = Is = 15 = 1? = U = /, so the map is one-to-one. 

COROLLARY 4:. An archimedean l-group S admits a multiplication so that it is 
an f-ring with identity if and only if S+ == &(S)+, where the map satisfies (2). 
If this is the case then the ring is l-isomorphic to & (S). 

4. The relationship between Gu and the various other hulls of G. Let 
G be an archimedean /-group with order unit u and let Gu be the minimal 
/"-ring with u as an identity in which G is large. Let (see [7]) 

Gd = divisible closure of G, 
Gc = Dedekind-MacNeille completion of G, 
Ge = essential closure of G, 
Gv = vector lattice hull of G, 
Gp = projectable hull of G, 

QSP _ strongly projectable hull of G, 
GL = lateral completion of G, and 
G° = orthocompletion of G. 

Let w = d, c, e, v, P, SP, L, or 0. Then Gw is archimedean and G is large in 
Gw. In fact, if H is a w-group in which G is large, then Gw is the intersection 
of all /-subgroups of H that are w-groups. Here we use the fact that an essen
tially closed group is by definition archimedean. 

PROPOSITION 4.1. (Gw)u C (Gu)w the unique minimal f-ring with identity u 
that is a w-group and in which G is large. In particular (Gw)u = (Gu)w if and 
only if (Gw)u is a w-group. 

Proof. Since G is large in {Gu)w, Gw C (Gu)w and since {Gu)w is an/-r ing 
with identity u, (Gw)u C (Gu)w. 

If K is a minimal /-ring with identity u that is a w-group and in which G 
is large then 

G Ç G u ç i ^ G Ç ( G M ) w ç i [ ^ (GM)" = K. 

Note, for example, that (Gu)v is the minimal/-algebra with identity u in 
which G is large. 

PROPOSITION 4.2. (Gw)u is a w-group for w = d, v, e or SP. The statement 
does not hold for w = P or c and is open for w = L or 0. 

Proof. We may assume that 
GQGW C (Gw)u C Ge = .D(X) 

where X is the associated Stone space of G and u is the identity for D. Thus 
if w = e then (Ge)M = D and so is essentially closed. 
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Since Ru C Gv it follows that (Gv)u is a vector lattice and since Qu C Gd, 
(Gd)u is divisible. 

In order to prove that (Gsp)u is an SP-group we need: 

LEMMA. If G = A | + | B and u = a + b with a ^ A and b £ B then 
Gu = Aa\ + \B\ 

Proof. Clearly GM C .4a | + | P 6 . Now A Cl Gu H\ Aa Q Aa and so by the 
minimality of ^ a we have Gu C\ Aa = Aa. Thus GM 3 ^ a (J P& so 
GM 3 Aa | + | P&. 

Now suppose that G is a SP-group and M is a polar in G". We shall denote 
the polar operation in G and Gu by ' and *. Since G is large in Gw, M C\ G is a 
polar in G so 

G = ( M H G ) | + | 5 and u = ux + u2. 

Thus by the Lemma 

Gu = (M HG) W l | + | Bu\ 

Since «i is an order unit in MC\G, M / ' = M C\ G and Wi** = (Af H G)Ml. 
Also 

z/1** n G = wi" = M r\ G 

and so (M C\ G)Ul = ^i** = M. Therefore M is a cardinal summand of Gu 

and hence Gu is an SP-group. 
Examples 5.6 and 5.7 complete the proof of Proposition 4.2. 

5. Examples and open questions. 

Example 5.1. Let S be the cardinal sum P | + | P . Then £P (S) is the ring 
R + R. An additive /-isomorphism of ( 5 , + ) onto («^(S), + ) need not 
satisfy property (2) in section 3. 

For (x, y) G -S^ let (x, 3/) be the multiplication by (y, x). Then (1,0) A (0, 
1) = (0,0) and (1, 1) > (0,0) but 

(1 ,1 )075) A (0,1) = (0,1), 

so (2) is not satisfied and clearly (x, y) —» (x, 3>) is an /-isomorphism of (S, + ) 
onto (̂ > ( £ ) , + ) . 

Example 5.2. Let if be the ring R ® R and define (a, 6) positive if a > 0 or 
a = 0 and 6 > 0. Let G be the subgroup of H generated by u = (1,1) and 
a = ( v % 1). Then G is archimedean and 0-isomorphic to the subgroup of 
P generated by 1 and \ / 2 , but the subring K of H generated by G is not 
archimedean and of course G is not large in K. 

Examples 5.3. Consider a = (1, 2, 3, . . .) 6 117+1 Zi- Thus [a] ^ Z but 
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the /-subring of I I Z* generated by a is not totally ordered and of course is 
not an essential extension of [a] nor does it have an identity. 

Example 5.4. Let G be the /-subgroup of Iï°°=i Rt generated by 
a = (1, 1, 1, . . .) and b = (1, 1/2, 1/3, . . .). Then 

Ga$kGh 

because the identity a in Ga is a strong order unit but the identity b in Gb 

is not. 

Example 5.5. Let G = [1/8] Ç f t n = 1/2 and v = 1/4. Then Gu ^ Gv ^ 
{m/2n\m, n Ç Z} but there does not exist an /-automorphism of G that maps u 
onto ZJ. Thus the converse to the corollary of Theorem 1.1 does not hold. 

Example 5.6. Let G be the cyclic subgroup of Q generated by 1/2 and let 
u = 1. Then Gu is the ring of all rationals with denominators a power of 2. 
Thus G is complete but Gu is not. 

Example 5.7. A P-group G such that Gu is not a P-group: Let 

u = ( 1 , 1 , 1 , . . . ) 

a = (1, 1/2, 1/3, . . .) 

b = (1, 1/5, 1/9, 1/17, 1/25, 1/37, 1/49, . . .) 

oo oo 

G = E Qi © [«] © [«] © [*] £ Et Qi = #• 
i = l 1 = 1 

Then G is an /-subgroup of H and if g G G has an infinite number of non-zero 
components then all but a finite number of components of G are non-zero. 
Thus clearly G is a P-group but not an 5P-group. 

Now a2 - b = (0, 1/4 - 1/5, 0, 1/16 - 1/17, 0 1/36 - 1/37, . . .) 
and (a2 — b)** is not a summand of Gu since (0, 1, 0, 1, 0, 1, . . .) d Gu. 

Questions. Let G be an archimedean /-group with order unit u. 
(1) If H is a minimal archimedean /-ring with identity u that contains G 

then isH = Gu? 
(2) If T is an /-homomorphism of G onto an /-group i£ then can w be extended 

to a ring /-homomorphism of Gu onto i£M7r? 
(3) If G is an L-group (O-group) then is Gu an L-group (O-group)? 
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