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A VORONOVSKAYA THEOREM FOR
VARIATION-DIMINISHING SPLINE
APPROXIMATION

M. J. MARSDEN

1. Preliminary. In [7] Schoenberg introduced the following variation-
diminishing spline approximation methods.

Let m > 1 be an integer and let A = {x;} be a biinfinite sequence of
real numbers with x; = x,, | < x,,,,. To a function f associate the spline
function Vf of order m with knots A defined by

(LD Vf(x) = 2 fENE)
J

where
&= T x50t x,, )/m— 1)

and the N(x) are B-splines with support x; < x < x;,,, normalized so
that X N(x) = 1. See, e.g., [2] for a precise definition of the N(x) and a
discussion of the properties of Vf.

We shall be concerned with only the special case
x; =0 fori=1-m,..., =10

(1.2) x, =i/nfori=12,...,n—1

x; =1 fori=mn,....,n+m-—1

where 7 is a positive integer. Thus, we suppose that f is defined on [0, 1]
and restrict Vf to [0, 1].

Note that (1.2) implies that Vf(0) = f(0) and Vf(1) = f(1) and that
(1.1) becomes the finite sum

(13) V(x)= 2 [ENE).

—m<j<n

We shall henceforth use Zj to denote the range of this finite sum.
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THEOREM 1. (Schoenberg). Let f be bounded in [0, 1] and let Vf be given
by (1.2) and (1.3) with m > 2. If x € (0, 1) is such that f”(x) exists,
then

2 ”
tim [y — S0 =L,
m/n—0 M 24

This theorem was extended to higher derivatives by Marsden and
Riemenschneider [6]. Theorem 1 and its extension are analogues of
Voronovskaya’s theorem about Bernstein polynomial approximation and
its extension by Bernstein (see e.g., [4]). Theorem 1 does not include
Voronovskaya’s theorem since Bernstein polynomial approximation is Vf
for the special case n = 1. Indeed, m/n tends to infinity in Voronovskaya’s
theorem.

Since Vf converges to f at points of continuity of f'if and only if m + n
tends to infinity, we are led to consider the following:

Question. Let f be bounded in [0, 1] and let Vf be given by (1.2) and
(1.3). Let x € (0, 1) be such that f”(x) exists. How does Vf(x) — f(x)
behave as m + n — oo if m/n does not tend to zero?

Note that m + n — 1 is the number of data points f(£) needed to
specify Vf so that m + n is a measure of the “complexity” of Vf.

2. The main result. The following theorem, which answers the above
question, was stated in [S] as a conjecture.

THEOREM 2. Let f be bounded in [0, 1] and let Vf be given by (1.2) and
(1.3). Let x € [0, 1] be such that f"(x) exists. If

m— 1

2.1)  lim

m~+n—co n

=1

exists as a nonnegative extended real number, then

lim (m + mVf(x) = f(x)] = f"(x)e(x, 1)/2]

m—+n—o0
where -
1+ ¢ 1 1
—1 2x)? — 30 (0§x§—, 2x§t§—)
3¢ 2 2x
etet) = e + 1) (1§x§1—5 O§t§l)
’ 12 2 2’
1 + ¢ 1\
(-
t 6¢
(lgxél—l,lézgoo)
2t 2t
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and

1
e(x, 1) = e(l — x,1) fori =x=1

3. The functions E.(x). If m/n — 0, the conclusion of Theorem
2 follows from Theorem 1. Hence, we shall always assume that
m/n — ¢t > 0. In particular, this forces m — oo.

For nonnegative integers r, set

E,(x) = 2 (¢ — x)N(x).
I

Note that Ey(x) = 1 and E;(x) = 0.

An important preliminary argument is the following: If fis bounded in
[0, 1] and f)(x) exists at a certain x in (0, 1), Taylor series expansion at x
implies that

TARED:
k

!

Vf(x) = f(x) + k22 E (x) + 2 nx. §)E — xYN(x)
= J

where 7,(x, £) is bounded and tends to zero as £ tends to x. Now, we let
8 > 0, H, be an upper bound on |n,(x, §) |, »(8, n,) be the modulus of
continuity function for 1,, =" and 2" denote summation over those j for
which, respectively,

& — x <8 and I§ — x| =8,

and r be an even integer. Then

2 n,(x, £)E — XN ()
J

IA

2 In(x, &)1 (€ — xYN(x)
J

1A

’ H ” r
w(s’ nr) 2 (gj - x)rM(x) + Ez’: 2 (él - X) +2]\§(X)

H
= (B, m)E,(x) + FE, ().

If h = h(m) is some parameter tending to zero as m — oo and if it can be
shown that

E(x) = O(W), E, o(x) = O(W"?) as m — oo,

then, with the choice 8> = h, we have

R 2,0 €D — XN ()
J
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= w(vAm,) - O(1) + H,- O(h)

and, hence,

r—=1 p(k)
lim A~ [Vf(x)~f(x) Ef ()EA( )]

m—o0 k=2

(r)
VARG h"E,(x).

I’! m—00

—1/2

This argument with r = 2 and h = m will complete the proof of

Theorem 2 once we have established

LEMMA 1. As m — oo, Ey(x) = O(m™ ') and Ex) = O(m ?).
Moreover, if (2.1) holds, then

t
3.1 lim mE,(x) =
3.1 5(x) T

m—00

e(x, t).
t
The remainder of this paper will be devoted to a proof of this lemma.

4. Consequences of a B-spline identity. In [5] was proved the B-spline
identity

f = 2 g N(x) fork =0,1,...,m— 1
J

where §;, = 1 and, for k > 0,

m—1\"!
gj,k = ( k ) 2 Xi Xiy oo e X

J<i<..<i<jt+m

Of course, £ 1= 5
After some mampulatlon we obtain

E()—Z”x 51) )

where

S0 &) «‘E) A
o 2 (— ( k)(&f = &0

Note thatfz(x §;) is independent of x.

As a first step in the further analysis, we shall show that the f,(x, y) are
well-defined bounded functions by exhibiting them explicitly. While we do
this only for » = 4, it is clear from an induction argument that the process
can be continued.

A second step is to interpret 2/ f(x, 5/-)]\5()») as being almost Vg,.(x, y)
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in the y variable for some g,(x, y) and then showing that Vg,(x, x) has the
appropriate behavior. We do this only for r = 2. For r = 4 we are content
to show only that
Vgy(x, x) = O(m ).
See, however, the Remarks section.

5. Formulae for the f(x, y). Set

Oif2 —m=i=0
yi=nx;=3if0=i=n
nifn=i=n+m-— 2.
Set4,, ;= 1and
Ar’n'j'i = E ViYiy - Vi
<< <i,<i
Note that
m — 1
(51) nr( r )gj,r = Ar,n,j.j+m‘
Forr > 0
i—1
Ar,n,j.i = k2+ yk r—1l.n,jk
Sir

i—1
_ > min(k, n)A, ., i

k=max(r,j+r)

a recurrence which we will now solve, case by case
n + 1. The recurrence becomes

Casel.j=0=r<i =
i—1
Ar,n,j,i = kz kAr—l,n‘j,k
=r

which solves as
tonis = Z a5, L)

withp_,, = 0,p,, = §,, and, for 0
Prre1 = @r — k + D(pr, + Pr—1,)-

=k =,

In particular,
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1] i i
Al.ﬂalﬂi = (2)’ AZ.n,j.i = 3(4) + 2(3)>
i i i
A = 15(6) i 20(5) * 6(4)’
i i i i
Agpji = 105(8) + 210(7) + 130(6) + 24(5).

With A, = A, ;= i(i — 1)/2and R = 2i — 1 = 84, + 1)!’?, we have,
after a tedious argument,

2A2.n.,/’,i = A-ll - A]R/3’
645, ;= A3 — AIR + 243,
32 12 , ]

2
24, . = A} — 23R + A7 — ZAIR + A7 + ZAR.
" 3 5 3 5
Withi =j + m, § = §,, Q; = R/n, and §;, given by (5.1), we have
1
m =D — o) = —& + 350,

(m = 2)m = 3)(& — &) = (=3m + 5§

1
+m = DEQ —I—¢,

(m — 2)(m — 3)m — A& — §4) = (—6m” + 23m — 23)&

+2m — 0, - 32@%@
12 (m — lm—1, 21
S0 e e
whence

) 1
flx &) = =& + 59

—ag) + 280, - 18
f;;(x’ g/) = 3(&/ - x)fz(x, g/) + (m _ 3) )
fax, &) = 6(¢ — xy/x. &)
~ag g0 - 2y

+ 4 — x) 3

https://doi.org/10.4153/CJM-1986-053-0 Published online by Cambridge University Press


file:///ijQp
https://doi.org/10.4153/CJM-1986-053-0

SPLINE APPROXIMATION 1087

n G
m — 3)m — 4)

with

B 8m + 64)(m — 1)
3n

g = (—3m — 158 + am + 1020, 3

m — 1

2 _
N 12(m 1) i
3n

S5n

2
§0 - § =540,

Case 2.j = 0 < n = i. The recurrence becomes, if n < i,

i—1

ragd T Ar.n,j,n+l +n 2 Ar—].n.j,l\
k=n+1

A

which solves as

- . n+1
r 1 — 5
(52) Ar,n.j,i = 2 qk,r,n k
k=0

with doon = 1

<n + l>
r—1 r

n+1 2
900 = k§0 pk.r(zr _ k) kgl Gk —1r—1n k

and ¢ ,, = ng._y,—y, for 0 < k = r. The p;, are as defined in
Case 1. One easily checks that (5.2) is valid for i = n. In particular, with
I'=i—(n+1)/2and 4, = 4,,;, = nl,

245,50 = w1 — 1) + (" — n)/6
— A} — nd, + (n® — n)/6,
645, = I — DI = 2) + (n* — )T — 1)/2
= A} — 304 + (0 + 4n® — n)4,/2 — (n* — W)/2,
244y, ., = n'Id — DI — 2)I — 3) + (@ — I — 1)
—2rn® — D+ (B — O — 1)/5 + (1 — n)/12
= A} — 6nd] + (©° + 1122 — n)d?
— @3n* + 6n’ — 3n2)A]
+ (1 — )9 — 1)/5 + (B — n)¥/12

with i = j + m, £j = £j] and éj.,. given by (5.1), we have
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m—DE — &) = —& +&— (" — D/6n(m — 1),
(m = 2m = 3)E — £3) = (=3m + 5 + Gm — 3§
- (n2 + 4n — 1)§,/2n + (n2 — 1)/2n(m — 1),
(m = (m = 3m = H(E — §a) = (—6m” + 23m — )¢
+6m — 1 — (0> + 1ln — 1)m — D& /n
+ (3n + 6n = 3)g/n — (0 — 1/12(m — D’
— (* = HOr* — 1)/5(m — D’
whence
&) = =& + & — (n* — D/6n(m — 1),
fix &) = 3¢ — ) fx. &) + b/(m — 3),
Jix. &) = 66 — )h(x. §) + 4 — 0)b/0m = 3)
+ cj-/(m — 3)(m — 4)
with
by = —4E + 6 — (n* + 2nm — 2n — DE/n(m — 1)
+ (1 = 1)/2n(m — 1),
¢ = (=3m — 15 + (6m + 30)¢

ro2
S |G W 21]5.2
nim — 1) /
L[ = Do £ 5) 615
nim — 1) /
n? — 1 9n2—l] =1
- - 5 :
12n Sn nim — 1)

Case3. —1 =j =  + r <i=n + 1. This case, which does not involve
the coalesced endpoint knots, was completely discussed in [6]. Here we
make the results “fit in” with the other cases.
The recurrence becomes
i—1
Ar,n._/',i = 2 kAr*l,n,j.k

j+r

which solves as

r . .
_ N EEa A
Ar,n.,/‘.l - kg() (/\,r._j( 2r — k )
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with
o0, =L ¢ ,m1; =€y, =0, and
oy = @r = k4 + @~k — Doy,

forO0 =k =r

—lr—1,

Proceeding as in Cases 1 and 2, we have
fox, &) = m(m — 2)/12n°,
f(x &) = 3¢ — ) fi((x §),
Jax. &) = 6(¢ — x)fo(x. &) — (Sm” + 2m)(m — 2)/240n".

There is a Case 4 which is symmetric with Case 1.
Reflection on the intervals in which g,. must lie in each case permits us to
summarize thusly:

1 m — 1 1

fz(x,y)z—y2+§y 8 y+;

n

forOéyémin(m_l & )

2n 2m — 1)
2
o ‘2 - n - l
A
for & =y = 1
2m — 1) 2
_m(m — 2)
1247
m— 1 1
for =y = -,
m ) T2
= folx. 1 — )

1
for 3 = y = 1. Similar statements hold for f3(x, y) and f,(x, y).

6. Proof of lemma 1. One can show easily that, for 0 = y = 1/2,
fo(x, y) = y. Hence, using symmetry,

1
fixy) = 6y — xhixy) + 0(;)

=3y — x>+ C;/m

with C; a constant. Thus,
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Eyx) = min(x, 1 — x)/(m — 2) = >
m

and
E x) = 3Ey(x)/(m — 2) + C;/m(m — 2)
= (6 + C))/m(m — 2) = (24 + 4C))/m’.

Since both E,(x) and E,(x) are positive, the first assertion of Lemma 1 is
proved.
Now let g,(y) = gy(y, (m — 1)/n) be defined by

2y m — 1
g(y) = =y +=\/2 y
3 n
o fm—1 n
for0 = y = min , )
2n 2(m — 1)
YT T s - )
n 1
for ——— =y = -,
2(m — 1) 2
_m =1y
121
m — 1 1
for =Sy = -,
w2
=gl — )

for% = y = 1. Then,

S y) = g(y) + 0( : )

m
and, hence,

1
(m — 2)Ey(x) = Vgo(x) + 0(—) as m — oo.
m
LEMMA 2. As m — oo, Vg,(x) tends to g,(x). Hence, if (2.1) holds,
then

lim mE,(x) = lim gy(x) = e(x, t).

m—00 m—00 1 t
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The following “false proof” of Lemma 2 is instructive:
The fact (see [5] ) that

1 2
§-t,= 2 - x)
ST = )m — D) i
<
2m — 1)
and standard arguments about positive linear approximation (see, e.g. [3])

yield
A.If f € C[0, 1], then

1V = flleo = S0/ = 1.1

B.If f € C'[0, 1], then

IVf = flloo = @//m = Da(1/\/m = 1, f").
C.If f € C”[0, 1], then

WVf = fllo = I1/71174(m — 1).

The last fact would prove Lemma 2 if g, had a bounded second
derivative. Unfortunately, it does not. Indeed, in the interiors of its
respective domains of definition,

1 — 1
glx) = =2+ \J——, —2,0, -2 + \/———.
2nx 2n(l — x)

A correct proof of Lemma 2 follows from the integrability of gj.
Suppose first that im — 1)/n does not tend to infinity. If 0 = x = 1/2,
Taylor’s series with integral remainder gives

3
Vey(x) — go(x) | = 2 ‘ f _gs)E — )ds
J

é?t@—xl-‘/ﬁf

N(x)

ds

g5(s) | ds| N(x)

% -1
éZI“Ej—x["/:max( m , 2,
J

2ns

\/i’%:}s))ds

- B m — 1)
=1215] x|(2+\/§)(1+ 7 )

Nx)

n

X Vg — VRIN)
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m

-1
=2+ \/i)(l + p” )Ez(x)/\&

m

=@+ \ﬁ)(l + 4; 1)\/}/(m -2

The “worst case” in the integral estimation occurs with x = 1/2, éj =1,
and m — 1 < 4n.
If (m — 1)/n tends to infinity, we have

0=x—x>— gx) =n/6(m— 1)
so that

[Vgy(x) — go(x) + Ex(x)| = n/6(m — 1)
and, hence,

[Vgy(x) — g(x)| = O(n/(m — 1)).

Lemma 2 is proved and, hence, also Lemma 1 and Theorem 2.

7. Remarks. From Theorem 2 one can produce other results, for
example, pointwise versions of the facts A, B, C stated in Section 6. One
interesting result is the following analogue of the Bajsanski-Bojanic
theorem. See their paper [1] for the proof.

THEOREM 3. Let f be continuous in [0, 1] and let Vf be given by (1.2) and
(1.3). If
VF(x) — f(x) = O((m +n)" Y asm/n—1t>0

holds for each x in (a, b) with0 = a < b = 1, then [ is a linear function on

la, b].

The requirement that r > 0 is necessary since e(x, t) > 0 is needed in
the proof.

The obvious open problem is concerned with the behaviour of
Vf(x) — f(x) when f")(x) exists with » > 2. Presumably, one could
extend the arguments in Sections 5 and 6 above to produce theorems for
the case of even r, but the prospect is not appealing. A comparison of the
approach here with that in [6] and that used to extend Voronovskaya’s
theorem (see [4] ) show that three distinctly different methods have been
used. One would like to see a recurrence formula involving the E,(x)
rather than the 4, , ...

Application of Theorem 2 to f,(x, y) yields
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lim (m + n)’Ey(x) = 3(e(x, 1))

m—+n—00
(52)

Given these, one could use the argument in Section 3 above to extend
Theorem 2. This conjectured extension has been stated (with a slight
misprint) in [S].

This supports the conjecture that

lim  (m + nYE,(x) X (2") :

m+n—0o0 r
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