Ergod. Th. & Dynam. Sys., (2026), 46, 1043-1085 © The Author(s), 2026. Published by Cambridge 1043
University Press. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (https://creativecommons.org/licenses/by/4.0), which permits unrestricted re-use,
distribution and reproduction, provided the original article is properly cited.

doi:10.1017/etds.2025.10266

Pressure at infinity on countable Markov shifts

ANIBAL VELOZO

Facultad de Matemadticas, Pontificia Universidad Catdlica de Chile,
Avenida Vicuiia Mackenna 4860, Santiago, Chile
(e-mail: apvelozo@uc.cl)

(Received 4 June 2025 and accepted in revised form 17 November 2025)

Abstract. In this article, we study the pressure at infinity of potentials defined over
countable Markov shifts. We establish an upper semi-continuity result concerning the
limiting behaviour of the pressure of invariant probability measures, where the escape
of mass is controlled by the pressure at infinity. As a consequence, we establish criteria
for the existence of equilibrium states and maximizing measures for uniformly continuous
potentials. Additionally, we study the pressure at infinity of suspension flows defined over
countable Markov shifts and prove an upper semi-continuity result for the pressure map.
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1. Introduction
Symbolic dynamics has a wide range of applications in the study of smooth dynamical
systems. For instance, a well-known result of Bowen [Bol] states that any uniformly
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hyperbolic diffeomorphism on a compact manifold admits a Markov partition. The Markov
partition provides a finite-to-one semiconjugacy between a subshift of finite type and
most of the original system. Several applications to the study of the ergodic theory and
thermodynamic formalism of the diffeomorphism follow from the study of symbolic
dynamics (see [Bo3]). Similarly, a uniformly hyperbolic flow on a compact manifold can
be coded as a suspension flow over a subshift of finite type (see [Bo2, Ra]). In particular,
this applies to the geodesic flow on a closed negatively curved manifold. For striking
applications of the coding to the counting of periodic orbits, see [La, PP].

More recently, Sarig [SaS] constructed Markov partitions for surface diffeomorphisms
with positive topological entropy. Specifically, for any given € > 0, he constructed a
countable Markov shift wherein every ergodic measure with entropy greater than € can
be lifted to the symbolic space. Remarkable dynamical results have been obtained making
use of this coding. For instance, Buzzi, Crovisier and Sarig [BCS] proved that a positive
entropy C*° diffeomorphism of a closed surface admits at most finitely many ergodic
measures of maximal entropy. It is worth pointing out that the use of countable Markov
shifts to code the dynamics is natural in the non-uniformly hyperbolic setting, as subsets
with sufficient hyperbolicity are non-compact in phase space. In recent years, several other
non-uniformly hyperbolic dynamical systems have been coded with countable Markov
shifts, or suspension flows over a countable Markov shift in the case of flows. For instance,
see the work of Lima and Matheus [LM], Ben Ovadia [Be], Lima and Sarig [LS], to
mention a few.

In a slightly different direction, inducing schemes have been widely used in the study of
the thermodynamic formalism of the geometric potential, for instance, see [BT, PS, Y]. In
this case, the lifting process allows to transfer information to the full shift on a countable
alphabet, which is an example of particular interest in this work.

1.1. Thermodynamic formalism. In this article, we study various aspects of the thermo-
dynamic formalism of countable Markov shifts (CMSs). This subject has been extensively
investigated by Gurevich [Gu], Gurevich and Savchenko [GS], Walters [W], Mauldin and
Urbanski [MU1], Sarig [Sal, Sa2, Sa3], Sarig and Buzzi [BS], among others. Countable
Markov shifts are non-compact generalizations of subshifts of finite type. In contrast to
their compact counterparts, they can have infinite topological entropy and may not be
locally compact.

Let (2, o) be a one-sided countable Markov shift. Equivalently, ¥ is the space of
infinite one-sided walks on a directed graph with countably many vertices and o : ¥ — X
is the shift map. We refer to a function ¢ : ¥ — R as a potential. The measure-theoretic
pressure of ¢ is defined by

P@#) = sup {hﬂ<o)+/¢du:/¢du> —oo},
neMi(o)

where M (o) is the space of invariant probability measures of (X, o) and i, (o) denotes
the measure theoretic entropy of . Let

My(o) = {,u e M(o) : f o du > —oo}.
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We say that u € Mgy(o) is an equilibrium state of ¢ if P(¢) =h,(o) + f ¢ du. In
physical terms, an equilibrium state maximizes the free energy of the system (see [Ru]).
We are interested in properties of the pressure, equilibrium states and the pressure
map of ¢:

e My(0) > hy() + / b du.

An important difference between the thermodynamic formalism of subshifts of finite
type and countable Markov shifts is that, in the latter, regular potentials may not admit
equilibrium states. In its simplest form, a countable Markov shift can have finite entropy
but no measure of maximal entropy (see [Gu, Rt]).

In general, by the definition of the measure-theoretic pressure, we are guaranteed of the
existence of sequences of measures (i,), in Mg (o) such that

P@) = lim (h,m(o)+ / ¢dun).

For subshifts of finite type and continuous potentials ¢, it is well known that every limit
measure of the sequence (u,), is an equilibrium state. This follows directly from the
upper semicontinuity of the entropy map and the weak™ compactness of M (o). We are
interested in the behaviour of the sequence (i), for a general countable Markov shift
and a potential ¢ with mild regularity assumptions. More precisely, consider the following
class of potentials:

H ={¢ € Cuc(X) : sup(e), vary (@), P(¢) < oo},

where C,.(X) is the space of uniformly continuous potentials on X, equipped with the
metric d defined in §2, and var,(¢) denotes the nth variation of ¢. We will study the
problem of existence and non-existence of equilibrium states for potentials in .

1.2. Compactness in the space of invariant measures.  For a transitive countable Markov
shift (X, o), the space of invariant probability measures M (o) is non-compact. For
countable Markov shifts satisfying a combinatorial property known as the F-property, this
issue can be addressed by considering the space of invariant sub-probability measures,
which we denote by M<;(0), endowed with the topology of convergence on cylinders,
which provides a compactification of M (o) (see [IV, Theorem 1.2] and §2.2).

A sequence (i1,), is said to converge on cylinders to p if lim,,_, oo 1, (C) = n(C) for
every cylinder set C € X. The topology of convergence on cylinders, or cylinder topology,
is the topology that induces this mode of convergence. A key difference between the weak™
topology and the cylinder topology is that, in the latter, sequences of invariant probability
measures can converge to sub-probability measures, it is possible to lose mass.

Countable Markov shifts with finite entropy and those that are locally compact have the
F-property. In the latter case, the cylinder topology coincides with the vague topology, and
the compactness of the space of invariant sub-probability measures follows from the Riesz
representation theorem. However, the full shift on a countable alphabet does not have the
JF-property. For countable Markov shifts without the JF-property, the space of invariant
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probability measures cannot be compactified using the cylinder topology. This is because
there exist sequences of invariant probability measures that converge to functionals that
are finitely additive but not countably additive (see [I'V, Proposition 4.19]).

To address the absence of a natural compactification for the space of invariant
probability measures, we establish the following compactness result.

THEOREM 1.1. Let (X£,0) be a transitive countable Markov shift and ¢ € H. Let
(n)n be a sequence in My (o) such that lim inf,_, f ¢ duy is finite. Then, (Uy)n
has a subsequence that converges on cylinders to a measure € M<i(o), where
[¢du > —cc.

Theorem 1.1 is a key result that we use in some technical lemmas and applications. As
noted above, it is needed to handle systems without the F-property, particularly those with
infinite topological entropy.

1.3. Pressure at infinity and the upper semicontinuity of the pressure map. ~We study the
pressure at infinity of a potential, generalizing the concept of entropy at infinity of (¥, o),
as studied in [Bu, ITV, Rt], to non-zero potentials. We define the measure theoretic
pressure at infinity as follows:

Poo(¢p) = sup lim sup <hun(0) +/ ¢dun),
(Hn)p—0 n—>00

where the supremum runs over all sequences (i,), in Mgy (o) that converge on cylinders

to the zero measure. If there is no such sequence, we set P (¢p) = —o0. In §3, we define

the fopological pressure at infinity of ¢, denoted by P;SP(¢), which is analogous to the

topological pressure, or Gurevich pressure, of ¢. We prove a variational principle for the

pressures at infinity.

THEOREM 1.2. Let (X, o) be a transitive countable Markov shift and ¢ : ¥ — R a
potential with summable variations and finite pressure. Then, P (¢) = P;gp (@).

The following result relates the escape of mass phenomenon with the upper
semi-continuity of the pressure map. For a potential ¢ : ¥ — R with finite pressure,
we define

Soo(@) = inf{t € [0, 1] : P(t¢) < 00).

THEOREM 1.3. Let (X, 0) be a transitive countable Markov shift and ¢ € C,.(X) a
potential such that varo(¢) and P(¢) are finite. Let (un), be a sequence in My (o)
that converges on cylinders to A, where A € [0, 1] and p € My(c). Suppose that
lim inf, .o [ ¢ diy > —00 or that soo(¢) < 1. Then,

lim sup (hu (@) + f ¢ a’un) < A(hm) + / ¢ du) + (1= 2) Poo ().

n—oo

Moreover, the inequality is sharp.
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Theorem 1.3 is a generalization of [ITV, Theorem 1.1], where the authors proved
that the result holds when (X, o) has finite topological entropy and ¢ = 0. In our
case, the finite entropy condition is replaced by a finite pressure assumption. In the
context of homogeneous dynamics and for the geodesic flow on non-compact pinched
negatively curved manifolds, similar results have been obtained in [EK, EKP, ELMYV,
GST, RV1, V]. The pressure at infinity has also been studied in the context of countable
Markov shifts in [RS] and for the geodesic flow on non-compact pinched negatively curved
manifolds in [GST], where a similar upper semicontinuity result was obtained.

1.4. Some applications. As a consequence of our methods, we derive applications to
the thermodynamic formalism of countable Markov shifts, ergodic optimization and the
thermodynamic formalism of suspension flows over countable Markov shifts.

1.4.1. Existence and non-existence of equilibrium states. In [Sa3], Sarig introduced
the class of strongly positive recurrent (SPR) potentials. The thermodynamic formalism
of SPR potentials closely resembles that of Holder potentials in subshifts of finite
type. For SPR potentials, a spectral gap holds on suitable Banach spaces and the
Ruelle—Perron—Frobenius (RPF) measure exhibits exponential decay of correlations (see
[CS, Sa3)).

More recently, it was shown in [RS] that if ¢ is weakly Holder, bounded above and has
finite pressure, then ¢ is SPR if and only if Py (¢p) < P(¢). More generally, we say that
¢ € Cye(X) is SPRif P(¢) is finite and Poo(¢) < P(¢).

The following result is a consequence of Theorems 1.1 and 1.3. It provides a criterion
for the existence of equilibrium states for potentials in H (without assuming summable
variations) and describes what happens when no equilibrium state exists.

THEOREM 1.4. Let (X, 0) be a transitive CMS and ¢ € H. Let (i), be a sequence in

My (o) such that P(¢) = lim, oo (hy, (0) + f ¢ duy). Then, we have the following.

(1) If ¢ is SPR and either soo(¢p) < 1 or lim inf,,_, o f ¢ du, > —oo, then (n), has
a subsequence that converges in the weak™* topology to an equilibrium state of ¢. In
particular, ¢ has an equilibrium state.

(2) If ¢ does not have an equilibrium state, then there exists a subsequence (i, )i that
either converges to the zero measure or satisfies that limg_, oo f ¢ dpy, = —o0.

1.4.2. Ergodic optimization. For ¢ € C,.(X), define
B(¢) = sup f ¢ dp.

We say that € M(o) is a maximizing measure for ¢ if f(¢) = [ ¢ du. Maximizing
measures are a central object of study in ergodic optimization. Natural questions in this
context include what conditions ensure the existence of a maximizing measure and, if
such measures exist, what can be said about their dynamical properties and support. For a
general account of ergodic optimization, we refer the reader to [B, Je].
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For a continuous and compact dynamical system, the existence of maximizing measures
for continuous potentials is a standard result, which follows from the weak™ compactness
of the space of invariant probability measures and the continuity of the integral map. In our
setting, however, M (o) is non-compact and this same argument does not apply. In fact, it is
relatively straightforward to construct potentials that do not admit any maximizing measure
(see Example 7.4). In general, hypotheses on the potential are necessary to guarantee the
existence of a maximizing measure. This problem has been studied for the renewal shift
in [Io]. For different classes of coercive potentials, the existence of maximizing measures
was established in [BF, FV, JMU].

In analogy to the pressure at infinity, we define

Boo(p) = sup lim Sup/¢dun,
(Un)n—0 n—>00

where the supremum runs over all sequences in M(o) that converge on cylinders to
the zero measure. If there is no such sequence, we set Boo(¢p) = —oo. The quantity
Boo(¢p) was introduced in [RV2] in the context of the geodesic flow on non-compact
pinched negatively curved manifolds. In [RV2], the authors proved that for uniformly
continuous potentials that are bounded above, the condition S, (¢) < B(¢) implies the
existence of a maximizing measure for ¢. In §7, we prove an inequality that relates the
upper semi-continuity of the integral map u — f ¢ du to Boo(¢), which is analogous to
Theorem 1.3 (see Theorem 7.7). As an application, we obtain a criterion for the existence
of a maximizing measure.

THEOREM 1.5. Let (¥,0) be a transitive CMS and ¢ € H a potential such that
Boo (@) < B(@). Then, ¢ has a maximizing measure.

A finer description, analogous to Theorem 1.4, is given in Theorem 7.8. The assump-
tions in Theorem 1.5 allow for the consideration of potentials with any behaviour at infinity.
For a coercive potential, we have S, (¢) = —oo. However, in Proposition 7.9, we prove
that zero temperature limits of potentials in 7 with summable variations and such that
Boo (@) < B(¢) are maximizing measures (see also [FV, Theorem 1]).

1.4.3. Suspension flows. In §8, we study aspects of the thermodynamic formalism of
suspension flows defined over countable Markov shifts, a subject studied in [BI, Ke, LJ].

Suspension flows over a countable Markov shift are continuous-time dynamical systems
where the base dynamics is a countable Markov shift, and a roof function t : ¥ — (0, 00)
specifies the return time to the base. We denote the suspension flow associated with
(X,0) and 7 by (Y, ® = (6;)s>0). The space of flow-invariant probability (respectively,
sub-probability) measures on Y is denoted by M (®) (respectively, M <;(®)). In [IV, §6],
the authors defined a topology on M <;(®) that is analogous to the cylinder topology in
M<1(o), which we still refer to as the cylinder topology (for details, see §8).

We consider the following class of roof functions:

U ={y € Cue(2) :inf y > 0, vary (V) < oo, P(—y) < 00}.

https://doi.org/10.1017/etds.2025.10266 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10266

Pressure at infinity on countable Markov shifts 1049

If T € W, then the topological entropy of (Y, ®) is finite. Under this assumption, we prove
a result similar to Theorem 1.1 (see also Theorem 2.3).

THEOREM 1.6. Let (X, o) be a transitive countable Markov shift with a roof function
T e W. Let (Y, ®) be the associated suspension flow. Then, M<1(X, o, T) is compact
with respect to the cylinder topology. Furthermore, M(®) is dense in M<1(0).

We define the pressure of ¢ : ¥ — R by the formula P©(¢) = sup, e pm(e) (v (©) +
[ ¢ dv), where h,(®) is the entropy of v with respect to the time one map 6;. We have
added the superscript ® to emphasize that the dynamical system under consideration is the
suspension flow (¥, ®). We define the pressure at infinity of ¢ as

P2(¢) = sup limsup (h (©) + / ¢ dv,,),
(Vn)p—0 n—o00

where the supremum runs over all sequences (v,), in M(®) that converge on cylinders

to the zero measure. If there is no such sequence, we set ng (¢) = —oo. For suspension

flows over countable Markov shifts the entropy at infinity was first defined and studied in

[IRV]. In this context, we prove a result analogous to Theorem 1.3. Define the following

class of potentials:

Hy ={p € Cp(Y) : Ay € Cue(X), varp Ay < 00},

where Cp,(Y) is the space of continuous and bounded functions on Y.

THEOREM 1.7. Lett € V and ¢ € Hy. Let (v,)),, be a sequence in M(O®) that converges
on cylinders to Lv, where A € [0, 1] and v € M(®). Then,

lim sup (h (©) + / é dv,,) < A(hv(G)) + / ® dv) + (1 =2 P2(@).

n—o0

Moreover, this inequality is sharp.

In this context, we say that ¢ : ¥ — R is SPR if P©(¢) is finite and P2 (¢) < PO (¢).
At the end of §8, we prove that if T € W and ¢ € Hy is SPR, then ¢ has an equilibrium
state (see Theorem 8.6).

1.5. Organization of the article.

e Section 2. We review known facts about the thermodynamic formalism of countable
Markov shifts, the topology of convergence on cylinders, the entropy at infinity of a
CMS and, finally, a useful recoding that will be needed later in the article.

e Section 3. We study the topological pressure at infinity and establish a formula in terms
of the topological pressure. We also prove Theorem 1.2, which provides the variational
principle for pressures at infinity.

e Section 4. We characterize the existence of sequences of invariant probability mea-
sures that converge on cylinders to the zero measure, in terms of a combinatorial
property of the graph associated with a countable Markov shift.

e Section 5. We consider a Markov potential with values in N, construct a new countable
Markov shift and calculate its entropy at infinity. We prove Theorem 1.1.
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e Section 6. Using the countable Markov shift constructed in §5, we prove Theorem 1.3,
the main upper semi-continuity result for the pressure map.

e Section 7. We apply the previously obtained results to prove Theorem 1.4. We prove
that B (¢) is the asymptotic slope of the pressure at infinity and establish an upper
semi-continuity result for the integral map which is analogous to Theorem 1.3.
Furthermore, we prove Theorem 1.5 and obtain a result concerning zero temperature
limits of a suitable class of potentials.

Section 8. We prove Theorems 1.6 and 1.7.
Appendix A. We state a condition that we interpret as tightness in the cylinder topology
and use it to prove a tightness result for the full shift on a countable alphabet.

2. Preliminaries
In this section, we review some facts about countable Markov shifts and their thermody-
namic formalism. Good references on this topic include [Sa6] and [MU2, §2].

2.1. Countable Markov shifts. Let S be an alphabet with countably many symbols and
M = (M; )i jes a S x S matrix with entries 0 or 1. The symbolic space associated to S
and M is given by

Y ={(x1,x2,...) € SN My, y,,, = 1 foralli € N}.

We endow S with the discrete topology and SY with the product topology. On X, we
consider the topology induced by the natural inclusion & C S, The shift mapo : ¥ — %
is given by o (x1, x2, x3, . . .) = (x2, X3, . . .). The dynamical system (X, o) is called a
countable Markov shift (CMS).

Remark 2.1. We will always assume that S is infinite. Since N has a natural order, it is
sometimes convenient to identify S with N. Depending on the context and convenience,
we might use either S or N as our alphabet.

Given x € X, we denote by x; to its ith coordinate; equivalently, the first coordinate of
o'~1(x). A cylinder of length m is a set of the form

[ai,...,ap)l={x e X:x; =a;foralli e {1,...,m}}.
An admissible word is a sequence aj - - - a, of symbols in S such that My, 4, =1 for
everyi € {1,...,n — 1}. Acylinder [ay, . . ., a,] is non-empty if and only if a; - - - a, is

an admissible word. The collection of cylinders is a basis for the topology on X.

We define a metric d on X by declaring d(x, y) =0if x = y; d(x,y) = 1 if x1 # y1;
and d(x, y) =27 if k is the length of the longest cylinder containing x and y. Note
that balls in the metric d are cylinder sets. Given a potential ¢ : ¥ — R, we define its
n-variation as

var, (¢) = supf{|¢(x) — ¢ (y)| : forall x, y € ¥ such thatd(x, y) <27"}.

Let S, (x) = Y7y ¢ (0¥ x) be the Birkhoff sums of ¢.
We say that ¢ is bounded away from zero if inf¢ > 0. The space of contin-
uous functions on ¥ is denoted by C(X). The space of bounded and continuous
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functions on ¥ is denoted by Cp(X). For ¢ € Cp(X), we consider the C 0-norm
l$llo = maxyey |¢(x)|, which defines the C O-topology. The space of uniformly
continuous functions on ¥ with respect to d is denoted by C,.(X). Note that ¢ € C,,.(X)
if and only if limg_, o varg(¢p) = 0. Let Cpyc(X) = Cp(X) N Cye(X). We say that ¢ has
summable variations if ), _, var,(¢) < oco. We say that ¢ is weakly Holder if there exist
A € (0, 1) and a constant C > 0 such that var, (¢) < CA" for every n > 2. A function ¢ is
called locally constant depending on n coordinates if var, (¢) = 0. We say that ¢ is locally
constant if var, (¢) = 0 for some n € N.
In §1, we defined

H = {p € Cuc(X) : sup(¢), varz(¢), P(¢) < oo}.

Note that locally constant potentials are dense in # (uniformly continuous potentials can
be CO-approximated by locally constant potentials). We are interested in the study of the
thermodynamic formalism of potentials in H.

We say that (X,o0) is topologically transitive (or transitive) if for each pair
(a,b) € S x S, there exists an admissible word starting with a and ending with b. We
say that (X, o) is topologically mixing (or mixing) if for each pair (a, b) € S x S, there
exists a number N (a, b) such that for every n > N(a, b), there is an admissible word of
length n starting with @ and ending with b.

A directed graph can be associated with a CMS. If (X, o) is the CMS with alphabet
S and transition matrix M, consider the graph G = (V, E), where the set of vertices V is
identified with S, and (i, j) € E if and only if M; ; = 1. Points in X correspond to infinite
forward paths over G and the shift map represents the motion along these paths. Note that
(X, o) is transitive if and only if G is strongly connected.

2.2. Topologies on the space of invariant measures. ~We denote by M<1 (o) the space
of invariant sub-probability measures of (X, o). More precisely, u € M<i(o) if p is
a non-negative countably additive Borel measure such that u(¥) € [0, 1] and pw(A) =
w(o~1A) for every Borel set A € X. The mass of 4 € M<j (o) is given by |u| 1= u(X).
We denote by M(o) the space of invariant probability measures of (X, o), that is,
elements in M < (o) with mass equal to one. The zero measure is the measure that assigns
zero to every Borel set and it is the unique element in M < (o) with zero mass.

In this article, we are interested in the behaviour of the pressure under limits of invariant
probability measures. To describe such limits, we use two related topologies on M <1 (o).

We say that (,), converges in the weak™ topology to w if lim,—oc [ f duy = [ f dp
for every f € Cp(X). If (u,), is a sequence in M (o), then any weak™® limit is also in
M(o). We say that (u,), converges on cylinders to p if lim,_, o p,(C) = u(C) for
every cylinder C C X. This notion of convergence induces the topology of convergence
on cylinders, or cylinder topology, on M < (o). This topology is metrizable, for instance,
consider the metric p : M<1(0) x M<1(o) — R, given by

1
Pt i2) = 1 (Ch) = pa(Co)l, @)
ieN

where (C;); is an enumeration of the set of cylinders of X.

https://doi.org/10.1017/etds.2025.10266 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10266

1052 A. Velozo

Remark 2.2. 1f (u,), is a sequence in M (o) that converges on cylinders to u, and p is a
probability measure, then (u,,), converges weak™ to u (see [IV, Lemma 3.7]).

We say that (X, o) has the F-property if, for every a € S and n € N, there are finitely
many admissible words of length 7 that start and end with a. Equivalently, there are only
finitely many periodic points of a given period in [a].

THEOREM 2.3. [IV, Theorem 1.2] Let (X, o) be a transitive CMS with the F-property.
Then, M<1(o) is a compact metric space with respect to the cylinder topology. Further-
more, M(o) is dense in M<1(0).

Remark 2.4. If (X, o) has finite topological entropy, then it satisfies the F-property. In
particular, Theorem 2.3 applies for finite entropy CMS. Howeyver, if (X, o) does not have
the F-property, then M <; (o) is non-compact (see [I'V, Proposition 4.19]).

Let Co(X) be the space of test functions for the cylinder topology. This space is defined
as the C-closure of the set of functions that can be written as a finite sum of characteristic
functions of cylinders (for a detailed description, see [IV, §3.4]). For instance, the function
V =3 ren(1/k) 15 is in Co(X). A sequence (i1,), in M(o) converges on cylinders to
pn € M<i(o)ifandonly if [ f du, — [ f duforevery f € Co(Z).

We conclude this subsection with an inequality that will be needed later in the article.

LEMMA 2.5. Let ¢ € Cy.(X) be a non-negative function. Let (1), be a sequence in
M(o) that converges on cylinders to u € M<1(o). Then,

liminf/¢dum z/q&du.
m—00

Proof. Since ¢ € Cy(X), we have that var, (¢) — 0 as m — oco. Let m € N be large
enough such that var,(¢) < co. Define ¢, (x) = sup{¢d(y) : y € [x1, ..., xn]}, Where
x = (x1, x2,...). Note that ¢, is non-negative, var,(¢,) =0, and |¢ — ¢dumllo <
vary, (¢). In particular, [|¢ — ¢pllo — 0 as m — oo. Let (C["); be an enumeration of
the set of cylinders of length m. Define A}' = Uf-‘zl C!". It follows that

llm lnf/¢1n d,bLn Z llm /(ﬁmlAZi d/,l/n Z/(ﬁmlA}: d/L
n—oo

n— o0
Sending k — oo, we get that lim inf, o | ¢m ditn > [ ¢ dpu. Finally, send m — oo
and use that |f ¢ dv — f Om dv| < || — @m0 for every v € M<q(0). L]

2.3. Entropy at infinity. Let (¥, o) be a transitive CMS with alphabet N. Fix a € N.
Let Per,(n) = {x € [a] : 0" (x) = x}. We define the topological entropy (or entropy) of
(X, 0) by the formula hp(0) = lim sup,,_, ., (1/n) log #Per, (n), which is independent
of a. Let

Per,(q, M, n) = {x €Perg(n) :#lkefl,...,n}:xx <q} < %}
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where g, M € N. Define

1
800(M, q) = lim sup — log #Per,(q, M,n) and &y = infinf do0(M, q).
n—oo N q M
We refer to 6 as the topological entropy at infinity of (X, o). It follows from the transitiv-
ity of (X, o) that 8, is independent of a. Note that Per(q, M, n) C Per(q’, M’, n), when-
ever M > M’ and ¢ > ¢'. In particular, we have that §oo = limy_, o0 limp/— 00 8o0(M, ).
Define

hoo = sup limsup Ay, (o),
(Un)n—0 n—=>00
where the supremum runs over all sequences (u,), converging on cylinders to the zero
measure. If there is no such sequence, we set oo = —00 (We consider this definition to
be consistent with the definition of the pressure at infinity). The quantity s is called the
measure theoretic entropy at infinity of (X, o). It is proved in [ITV, Theorem 1.4] that
if (X, o) has finite entropy, then h = 85. We refer to this property as the variational
principle for the entropies at infinity.

Remark 2.6. If (X, o) has infinite topological entropy, then &5 = co (see [ITV,
Proposition 8.3]). If there exists a sequence of invariant probability measures that
converges to the zero measure, then i, = 0o (see Lemma 3.5), otherwise, ho = —00. In
the infinite entropy setting, it is possible that there is no sequence in M (o) that converges
on cylinders to the zero measure (see [IV, Example 4.17]). We will discuss this issue in §4.

The entropy at infinity is related to the upper semi-continuity of the entropy map when
escape of mass is allowed, as we can see in the next result.

THEOREM 2.7. [ITV, Theorem 1.1] Let (X, o) be a transitive CMS with finite entropy.
Let (y)n be a sequence in M(o) that converges on cylinders to A, where yu € M(o)
and A € [0, 1]. Then,

lim sup h,, (0) < My (0) + (1 — M)doo.

n—oo

Moreover, the inequality is sharp.

2.4. Thermodynamic formalism. Let (X, 0) be a transitive CMS. Fix a € S. For a
potential ¢ : ¥ — R, we define

1
Znga)= Y *Ng) and  PP(p,a) =lim sup ~ log Z(¢, a).
oMx—x n— o0

If PP(¢, a) is independent of a € S, we refer to this value as the topological pressure,
or Gurevich pressure, of ¢. The topological pressure of ¢ is denoted by P'P(¢). If ¢ has
summable variations, then the topological pressure is well defined. Furthermore, if (X2, o)
is mixing, then the limsup is a limit (see [Sal, Theorem 1]). Note that the topological
pressure of the zero potential is the topological entropy of (X, o).
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Define

1
Zi@a)= Y eMDly—n(x) and  P*(¢, a) = lim sup —log Z;(9, a),
oMx=x n—oo

where ¥, (x) = 14)(x) inf{n > 1 : 6" x € [a]}. Extending notions studied for Markov
chains, Sarig [Sal] classified potentials according to their recurrence properties.

Definition 2.8. Let (X, o) be a transitive CMS and ¢ a potential with summable variations

and finite pressure. Set A = exp P'°P(¢).

(1) IfY ., A7"Z,(¢, a) diverges, we say that ¢ is recurrent.

2 If Zn;l A" Z, (¢, a) converges, we say that ¢ is transient.

3 If¢ is recurrent and Y o1 DA ZY (¢, a) converges, we say that ¢ is positive
recurrent. -

4) If¢isrecurrentand ) ., nA~"Z¥(¢, a) diverges, we say that ¢ is null recurrent.

The transfer operator Ly associated with ¢ is given by

Lof(x)= Y ¢V f(y),

oy=x

which also induces a dual operator L;‘) acting on the space of Borel measures. Sarig [Sal,
Sa2] proved that ¢ is recurrent if and only if there exists a positive continuous function #,
and a conservative measure v finite and positive on cylinders such that Lyh = PP @ p
and L;‘)v = ¢P"@) . The measure & dv is the Ruelle-Perron—Frobenius measure (RPF
measure) associated to ¢. Moreover, ¢ is positive recurrent if and only if /& dv is a finite
measure. In this case, we define gy = ( f hdv)~'h dv. If ¢ is positive recurrent and
[ ¢ dupg > —oo, then 11y is an equilibrium state of ¢. A fundamental result in this setting
is that a potential with summable variations has at most one equilibrium state (see [BS,
Theorem 1.2]). However, if ¢ has an equilibrium state, then ¢ is positive recurrent and (i
is the unique equilibrium state of ¢.

Example 2.9. Let (N, o) be the full shift on a countable alphabet and ¢ : NN — R a
potential such that var; (¢) = 0. In this case, ¢ (x) = a(x1), where x is the first coordinate
of x e NNand a : N — R is a function. Then, P(¢) = log(}~;en @0y,

2.4.1. Variational principle. The measure-theoretic pressure of ¢ is defined by the
formula

P(¢) = sup (hu(a) + f ¢ du>,
neMy (o)

where Mg (o) = {pn € M(0): [ ¢ dpu > —o0}. If (£, o) is mixing and ¢ has summable

variations, then P'°P(¢) = P(¢) (see [Sal, Theorem 3] and [IJT, Theorem 2.10]). This

statement is known as the variational principle for the pressure. In the following remark,

we discuss how to deduce the variational principle for transitive CMS from the mixing

case, both for completeness and for later use.
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Remark 2.10. Let (X, o) be a transitive CMS with alphabet S and period p, that is, p is
the greatest common divisor of the set of periods of periodic orbits in . Assume p > 1
(a CMS is mixing if and only if p = 1). Let us define an equivalence relation on S. We
say that a ~ b if a = b or if there exists an admissible word aqg - - - g,—1b, where n is
a multiple of p. There are p equivalence classes S, ..., S, in the alphabet S. Define
Ti={x € x5 €S8} Itfollows that & = |J/_; %, 0(%)) = Zjy1, and 67(5) = 5
(maybe after reordering the equivalent classes). The dynamical system (X;,0”) is a
CMS whose alphabet is given by the set of admissible words {a = a; - - - ap : a1 € S;},
where @b is admissible if and only if a,b; is admissible in X. The period of (%;, o?)
is equal to one, in other words, it is mixing. The partition {Zi}f’zl is called the spectral
decomposition of X.

Note that if we induce on Xp, the first return time is constant and equal to p. Let
¢ = Sp¢ be the induced potential on Xy, and for u € M(o), we set iu(-) = u(=1N-)/
1 (Z1) (note that (X1) > O forevery u € M(o)). The map p — [ is a bijection between
M(o) and M(Zy, oP) with inverse v —~ (1/p) Zf’;ol olv. Tt follows by Kac’s and
Abramov’s formulae that hjz(0”) + [ ¢ djx = p(h, (o) + [ ¢ du) for every u € M(o).
In particular, P (5) = pP(¢). However, Z, (¢, a) is different from zero only if n is a
multiple of p; therefore,

1
P"“P(¢) = lim sup — log Zip(9, a).
koo kp

Choose a € S;. Then,

1 1 1 — 1 _

P'P(¢) = lim sup — log Zy, (¢, a) = — lim sup — log Z (¢, a) = —P'P($).
k—oo kp P ksoo k p

Finally, since (X1,0”) is mixing, we have that P(¢) = PP(¢) and, therefore,

P(¢p) = P'P().

Remark 2.11. Observe that |P"P(¢, a) — P°P(¢', a)| < |/¢ — ¢'|lo and that |P(¢) —
P(¢")| < ||¢ — ¢'|l0. In particular, the pressure functions ¢ — P(¢) and ¢ — PP(¢, a)
are continuous with respect to the C%-norm. Since potentials with summable variations are
dense in H, we conclude that the topological pressure is well defined for potentials in H
and that the variational principle still holds.

2.5. A recoding. Let (¥,0) be a CMS with alphabet S and transition matrix M.
In this subsection, we describe a recoding of (X, o), which will be used in §6.1.
Fix m € N. Define S,, = {(ay,...,ay) € S": ]_[;":_1l Mgy 4, =1} and the S, x Sy,
incidence matrix M,,, given by (M) (ay,....am).(b1,....bm) = 1, if @jx1 =b; forall 1 <i <
m — 1, and zero otherwise. The CMS with alphabet S, and transition matrix M,, is
denoted by (X,,,, o).

Let m, : ¥,, = ¥ be the canonical map that sends x = ((x, ..., xp), (x2, ...,
Xm+1)s - - ) 10 Ty (x) = (x1, x2, . ..). It follows by construction of X, that w, is a
bijection and that 7, o 0, = 0 o 7,,. Observe that

T[m([(al’ LR} am), (a2’ LR} am+1), LR (ak’ AR ) ak+m71)]) = [a19 LR} ak+m71] (2)
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for every k € N. Note that 7, maps a basis of the topology of ¥, to a basis of the topology
of X. In particular, m,, is a homeomorphism, and then 7, is a topological conjugacy
between (X, 0y,) and (X, o). It follows that the push forward (7))« : M(oy,) — M(o)
is a homeomorphism with respect to the weak® topologies. The map (5,,)s induces a
bijection between M<1(0,,) and M<(o), which is not necessarily a homeomorphism
with respect to the cylinder topologies (see Example 2.13). For u € M<j(0), we set
m= (ﬂm);1,u € M<i(om).

Remark 2.12. Note that m,, maps cylinders of length k£ in %,, to cylinders of length
m + k — 1 in X. In particular, if (i,,), is a sequence in M (o) that converges on cylinders
to u € M<i(o), then (fi,), converges on cylinders to (. However, if (i), is a sequence
in M(o,,) that converges on cylinders to it € M<j(op,), then lim,—, o un(C) = p(C) for
all cylinders C C X of length greater than m.

Example 2.13. Consider the full shift (N, o) and the periodic points p, = 1n. Each
periodic point p, defines a periodic measure pu, = %(5 pu T 8a(py)). Observe that (u,),
satisfies that w,([1]) = % and lim,_, » 1, ([a, b]) = 0 for every a, b € N. Consider the
construction above for m = 2 and note that the sequence (ft,), converges on cylinders
to the zero measure, but (u,), does not converge to a countably additive measure. In

Remark 6.4, we provide a condition that rules out this type of behaviour.

3. Pressure at infinity and the variational principle

In this section, we study the pressure at infinity for potentials defined on countable Markov
shifts. We consider two versions of the pressure at infinity: one based on measure-theoretic
data and the other on topological data. We will prove Theorem 1.2, which states that both
versions coincide for potentials with summable variations and finite pressure. To prove
the variational principle for the pressures at infinity, we first derive a formula for the
topological pressure at infinity in terms of the topological pressure (see Proposition 3.2).
Finally, in the last subsection, we introduce some definitions and prove several useful
results needed in later sections.

3.1. Topological pressure at infinity. Let (X, o) be a transitive CMS with alphabet N.
Fix a € N. Recall that Per,(n) = {x € ¥ : x; = a, and 0" (x) = x}, and Per, (¢, M, n) =
{x e Pery(n) : #lk € {1,...,n}:xx <q} <n/M}, where g, M € N.

Definition 3.1. Given a potential ¢ : ¥ — R, and g, M € N, we define

Zu(poasqg, M)y= Y exp(Sugp(x)).
xePer, (q,M,n)
If Per, (g, M, n) = @, we set Z,(¢, a; g, M) = 0. Define
1
PP (¢, a; g, M) = lim sup — log Z, (¢, a; q, M) and

n—oo N

1ﬁ@w=mg%wW¢m.
q
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If ngp (¢, a) is independent of a, we refer to this value as the topological pressure at
infinity of ¢, which we denote by ngp (@).

Since Per,(q, M, n) C Per,(q’, M, n), whenever M > M’ and g > ¢/, it follows that
Poo(¢,a) = lim  lim Po(¢,a; q, M).
q—>00 M—o0

In the next proposition, we establish a useful formula for the topological pressure at
infinity of a potential. Let Per, (g, M, n)¢ = Per,(n) \ Per,(q, M, n).

PROPOSITION 3.2. Let ¢ : X — R be a potential with summable variations. Let
V = Z/ix;l 1/klpg € Co(Z). Then,

PE(¢.a) = lim P(¢p—1V).

Proof. We will first prove that ngp (p,a) = P;gp (p —tV, a) for every t > 0. Observe
that if x € Per,(q, M, n), then S,V (x) < (n/M) + (n/q). It follows that

1 1
Zy(p—tV,a;q, M) > Z,(¢p,a;q, M) exp (— nt<ﬁ + —))
q

and therefore,

1

1
PP (¢ —1V,a;q, M) > PSP (¢, a; q, M) — t(ﬁ + ;1).

Sending g and M to infinity, we obtain ngp (p—tV,a) > P;gp (¢, a). The other inequality
follows from ¢ > ¢ — t V. We conclude that P;gp(qﬁ, a) = P;29(¢ —tV,a).

Since PP(p,a) = PP(p —1tV,a) < P(p —1V), we have PP(¢p,a) < lim,_ o
P(¢p —tV). To complete the proof, we need to show that lim;_ o P(¢p —tV) <

top
Peo (¢, a).

Fixg, M e N.If x € Per{(q, M, n), then #{1 <k <n :x; < q} > (n/M). In particu-
lar, S, V(x) > (n/Mgq). Then,

tn
3 exp(Sa(d — 1V)(@) < exp (— M—) Y exp(Sip)).
xePer§ (q,M n) q xePer§ (q,M n)

By definition of the pressure, there exists no € N such that if n > ng, then ), ePer (.M )
exp(S,¢(x)) < exp(n(P(¢) + 1)). Therefore,

S exp(Su(@ — 1V)(x)) < exp (n <P(¢) 1o L))
xePer§ (q,M ,n) Mg

for every n > ng. Finally, forn > ng and t > gM (P (¢) + 1 + k), we have
Zu@—tV.a)= > exp(Su(@—tVI)+ D> exp(Su(p—tV)(x))

x€Per, (q,M,n) xePer§ (q,M n)

< ) exp(Sup(x) +e

xePer, (q,M,n)
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for every x > 0. We conclude that P(¢ —tV) < max{Pégp(¢, a;q, M), —«} and, there-
fore, lim; 0o P(¢ — V) < P (¢, a: q. M). O

Remark 3.3. It follows from Proposition 3.2 that if ¢ : ¥ — R has summable variations,
then Pégp (¢, a) is independent of a € N. In particular, ngp (¢) is well defined. This can
also be proved directly, similar to the proof of the independence of the base symbol for the
topological pressure.

3.2. Measure-theoretic pressure at infinity and the variational principle. In §1, we
defined the measure-theoretic pressure at infinity as

Po(@) = sup limsup (hﬂn<o>+ / ¢dun),

(I'Ln)n_)o n—oo

where the supremum runs over all sequences (u,), in My (o) that converge on cylinders
to the zero measure. If there is no such sequence, we set Pyo(¢p) = —o0. The next two
results state some basic properties of the measure-theoretic pressure at infinity.

LEMMA 3.4. The following hold:

(1) Pxo(®) = P(9);

(2)  Poo(¢p +¢) = Poo(@p) + c for every c € R;
(3)  if¢ =Y, then Poo(9) < Poo(¥);

4)  |Poo(9) — Poo(P) = ll& — Vllo;

(5) the function t — Pxo(td) is convex whenever finite;
(6)  Poo(¢p + g) = Pxo(¢p), whenever g € Co(Z).

Proof. Parts (1)-(5) follow easily from the definition. For part (6), note that
lim,, - o0 f g du,, = 0 for every sequence (u,), that converges on cylinders to the zero
measure. O

LEMMA 3.5. Suppose that there exists a sequence in M(o') that converges on cylinders to
the zero measure. Let ¢ € C(X) be a potential such that P(¢) = 00. Then, Pso(¢p) = 00.

Proof. Since periodic measures are dense in M (o), there exists a sequence (v,), in
My (o) that converges on cylinders to the zero measure. By the variational principle,
there exists a sequence (i,), in Mg(o) such that hy, (o) —|—f¢>dun > n?. Define
n, = (1 —({/n))v, + (1/n)u,. The sequence (1,), converges to the zero measure and
satisfies that h,, (0) + [ ¢ dn, > n. O

The next proposition is the key ingredient to prove the variational principle for the
pressures at infinity.

PROPOSITION 3.6. Let ¢ : ¥ — R be a potential with summable variations and finite
pressure. Let (i), be a sequence in My (o) that converges on cylinders to the zero
measure. Then,

lim sup <hﬂn (o) +/ ¢ dlin) < PP (). 3

n—oo
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If ngp () > —o0, then there exists a sequence of invariant probability measures, as
described above, for which equality holds.

Proof. Let V. =372 (1/k) 1. Note that lim,, o [ Vdu, = 0. By the standard varia-
tional principle, we have that

lim sup (hﬂn(a) + / ¢ dy,,,) = lim sup (hun (o) + /(d) —tV) d,u,,,) < P(¢p —1tV).

n—o0 n—oo

In particular, the left-hand side is bounded from above by lim;_, oo P(¢ — tV). Inequality
(3) follows from Proposition 3.2.

Let us suppose now that M := ngp (¢p) > —oo. We will prove that inequality (3) is
sharp. It follows from Proposition 3.2 that P(¢ —tV) > M holds for all ¢+ € R. The
variational principle guarantees the existence of o-invariant probability measures (v,),
such that

hun(0)+/(¢—nV) dvy ZP(qﬁ—nV)—%, “)

where [(¢ —nV)dv, > —oco. In particular, [ ¢ dv, > —oo. We claim that (vy),
converges on cylinders to the zero measure. We argue by contradiction and suppose
that lim sup,,_, o, v4(C) > 0 for some cylinder C C X. In this case, we would have that
lim sup,,_, o, n [V dv, = oo, which is not possible because inequality (4) implies that
P(¢) —n [ V dv, > M — 1. However,

P;gp(qs): 11?20 P(p —nV) flirgioréf <hvn(0)+/¢dvn—n/ Vdv,,)

< lim inf (hvn(o) + / ¢ dv,,).
n—oo
In conclusion, (v,), is a sequence in My (o) that converges on cylinders to the zero
measure and Pa (¢) = limy— oo hy, (o) + [ ¢ dv,. O

Proof of Theorem 1.2. In Proposition 3.6, we proved that P (¢) < P;gp(¢) and that
equality holds if Pégp (¢) > —o0. Observe that inequality Poo(¢p) < P;gp (¢) also implies
that if PP (¢) = —00, then Pog(d) = —o0. O

Remark 3.7. Let ¢ be a potential with summable variations. Note that if ¢ has finite

pressure and there is no sequence in M (o) that converges to the zero measure, then

Poo () = Pct,gp(qﬁ) = —o0 (see Proposition 3.6). Suppose now that P(¢) = oo. Then, the

following hold.

(1) PP(¢) = oo (see Proposition 3.2). Then, P(¢) < oo if and only if PP (¢p) < oo.

(2) If there exists a sequence in M (o) that converges on cylinders to the zero measure,
then Py (¢p) = 0o (see Lemma 3.5). If there is no sequence converging to the zero
measure, then by definition, Py (¢p) = —o0.

Remark 3.8. Observe that |PaP (¢, a) — PP (¢, a)| < |l¢ — ¢'|lo and that |Peo(¢p) —
Poo(¢))] < l¢p — @'llo. In particular, the pressure at infinity functions ¢ — Py (¢p) and
¢ — ngp(qs, a) are continuous with respect to the C%-norm. Since potentials with
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summable variations are dense in H, we conclude that the topological pressure at infinity
is well defined for potentials in H and that if ¢ € H, then P;ZP(¢) = Py (9).

3.3. Further properties and classes of potentials. In this subsection, we introduce some
definitions and establish useful facts for later use.
For a potential ¢ € C(X) with finite pressure, we define

Soo (@) = inf{r € [0, 00) : P(t¢) < 00}.
By definition, s (¢) € [0, 1]. Note that if ||¢1 — ¢2]l0 < 00, then soo(P1) = S0 (92).

LEMMA 3.9. Let ¢ € C(X) be a potential with finite pressure. Suppose that s~ (¢) < 1.
Let (11,)n be a sequence in My (o) such that lim, _, f ¢ du, = —o0. Then,

lim hun(a)+[¢dun = —o0.
n— oo

Proof. Since the pressure is convex whenever finite, it follows that P (t¢) < oo for every
t € (S0o(¢), 1]. Consider € > 0 small such that P((1 — €)¢) < oo, and note that

hy, +/¢dun =P —6)¢)+6/¢dun
for every n € N. O

LEMMA 3.10. Let ¢ € C(X) be a potential with finite pressure. Assume that so(¢) < 1
and that Peo(¢p) > —00. Let (in)n be a sequence in My (o) that converges on cylinders
to the zero measure and such that lim,_ o (hy, (o) + f ¢ din) = Pso(p). Therefore,
liminf,o [ @ dpy > —00.

Proof. We argue by contradiction and assume that liminf, o [ ¢ dpu, = —c0. In
particular, there exists a subsequence whose limit is —oo. The result now follows from
Lemma 3.9. O

In §1, we defined
U ={peCu(X):inf¢ > 0, varp(¢p) < 00, P(—¢) < o0}.

Note that if ¢ € W, then r — P(—t¢) is strictly decreasing and, therefore, P(—t¢) is
finite for € (s0o(—¢), 00) and P(—1¢) = o0 if t € (0, s00(—¢)). Furthermore, —t¢p € H
for every ¢t > 0 and, therefore, Remark 3.8 applies.

Definition 3.11. Let ¢ € V. Define
h(¢) = inf{t : PP (—1¢) < 0}.

We say that ¢ belongs to Wy if there exists s > O such that P;gp(—sqb) € (0, 00). We say
that ¢ € W, if ¢ does not belong to V.

Remark 3.12. Note that P(—t¢) < oo if and only if P;gp(—tqﬁ) < 00 (see Remark 3.7(1)).
In particular, h(¢) > Soo(—¢). Moreover, if t > s (—¢), then ngp(—w) = P (—t¢)
(see Remark 3.8). Furthermore, the following hold.
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(1) If ¢ € ¥y, then there exists a unique real number sy > Soo(—¢) such that
Py (—sp¢p) = 0. In this case, h(¢) = s4.

2) If ¢ € Wy, then P;gp(—sqb) < 0 for every s > seo(—¢). In this case, h(¢) =
Soo(—9).

The quantity /(¢) has a clear dynamical interpretation, as it represents the entropy at
infinity of the suspension flow over (X, o) with roof function ¢ (see §8).

4. SPR potentials and the existence of sequences converging to the zero measure

In his study of phase transitions, Sarig [Sa3] introduced the class of strongly positive
recurrent potentials (referred to as SPR). The thermodynamic formalism of SPR potentials
is similar to that of Holder potentials in subshifts of finite type. For instance, a weakly
Holder SPR potential is positive recurrent and the RPF measure has exponential decay of
correlations (see [CS, Sa3]). Furthermore, it is proven in [CS, Theorem 2.2] that the space
of SPR potentials is open and dense in the space of weakly Holder potentials with finite
pressure (in the C° and finer topologies).

Let (¥,0) be a CMS with alphabet S and transition matrix M. Let a € S and
define X(a) as the set of points in [a] that return to [a] infinitely many times. Let
04 2(a) — X(a) be the first return map to X (a). The system (X (a), o,) is conjugate to
the full shift on a countable alphabet. The Markov partition on X (a) is given by cylinders
of the form [a, b1, . . ., b,], where each b; # a and b,a is an admissible word. Denote
by 7, : ¥(a) — N the first return time. The function 7, is locally constant and depends
only on the first coordinate of the Markov structure on X (a). For a potential ¢ : ¥ — R,
we denote by ¥ : X (a) — R the induced potential, that is, ¥ (x) = Z,-’“:(S =Ly (oix) for
every x € X(a). Let ® be the set of weakly Holder potentials in X that are bounded above
and have finite pressure.

Remark 4.1. If ¢ € ® is recurrent and P () = 0, then v is weakly Holder, positive
recurrent and P(W) = 0 (see [Sa3, Lemma 3]).

Let ¢ € ®. Define p}(¢) = sup{t : P(¢ +t) < oo}. Itis proved in [Sa3] (see also [CS,
§7.3]) that p}(¢) = —P*(¢, a) (see §2.4). The discriminant of ¢ at a € § is defined as

Ag(p) = sup{P(¢p +1) : t < py(¢)}. 4)
The following result was proved by Sarig in [Sa3, Theorem 2].
THEOREM 4.2. (Discriminant theorem) Let (X, o) be a mixing CMS and ¢ € . Let
ac€s.
(1)  The equation P(¢ +t) = 0 has a unique solution t = p(¢) if Aq(¢p) > 0 and no
solution if Ay(¢) < 0. Moreover,
—p(@)  ifAi(9) =0,
—Pi(@®) i Da(@) <0.

(2) @ is positive recurrent if A, (¢) > 0 and transient if Ay(¢) < 0. If Ay(¢) = 0, then
¢ is either positive recurrent or null recurrent.

P(¢)={
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We say that ¢ € @ is strongly positive recurrent if A,(¢) > 0. If the zero poten-
tial is SPR, we say that (X, o) is strongly positive recurrent. The class of SPR (or
stable-positive recurrent) countable Markov shifts has been extensively studied by Gure-
vich and Savchenko in [GS]. It was proved in [RS, Theorem 8.2] that if ¢ € @, then ¢ is
SPR if and only if Py (¢p) < P(¢). It is natural to consider the following definition.

Definition 4.3. We say ¢ € C(X) is SPRif P(¢) is finite and Py (¢) < P ().

Let G = (V, E) be the directed graph associated with (X, o). Recall that the set of
vertices V is identified with S and (i, j) € E if and only if M; ; = 1. A subset F' C V is
called a uniform Rome if there exists N € N such that V \ F has no paths in G of length
greater than N. A finite uniform Rome is a uniform Rome where F is a finite set. In the
next result, the equivalence between parts (1) and (2) was proved by Cyr in [Cy, Theorem
2.1], and the equivalence between parts (2) and (3) follows from [CS, Theorem 2.3].

THEOREM 4.4. Let (X, 0) be a mixing CMS and G the associated directed graph. Then,
the following statements are equivalent.

(1)  The graph G has a finite uniform Rome.

(2)  The set of transient potentials in ® is empty.

(3) Every potential in ® is SPR.

We add another statement to the equivalences mentioned above.

THEOREM 4.5. Let (X, 0) be a mixing CMS and G the associated directed graph. Then,
the following statements are equivalent.

(1)  The graph G has a finite uniform Rome.

(2)  The set of transient potentials in ® is empty.

3) P;gp(qﬁ) = —oo0 for every ¢ € ®. In particular, every potential in @ is SPR.

(4) There is no sequence in M(o) that converges on cylinders to the zero measure.

Proof. Let ¢ € ®. It follows from Proposition 3.6 that if P;gp(qb) > —o0, then there are
sequences of invariant probability measures that converge on cylinders to the zero measure.
We conclude that part (4) implies that Pct,gp (¢) = —oo and, therefore, ¢ is SPR. In other
words, part (4) implies part (3). By Theorem 4.4, to complete the proof, it is enough to
show that part (1) implies part (4). Let F C V be a finite uniform Rome of G = (V, E). It
follows from the definition of uniform Rome that if © € M(o) is a periodic measure, then
w(UseplsD) = 1/(N + 1). In particular, there are no sequences of periodic measures that
converge on cylinders to the zero measure. Since periodic measures are dense in M(o),
we conclude that part (4) holds. ]

Remark 4.6. Theorem 4.5 still holds if (X, o) is transitive (see Remark 2.10).

5. A modified countable Markov shift

Let (X, o) be a countable Markov shift with alphabet S and transition matrix M. Let 7 :
Y — N be a potential that only depends on the first two coordinates, that is, vary(7) = 0.
The potential T defines a function on Q := {(a,b) € S x § : M, = 1}, which we still
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denote by t. With these data, we will construct a countable Markov shift (f, o) with
alphabet S and transition matrix M as follows.

(1) For each (a,b) € Q, we consider a collection of symbols {cﬁ”b, . ‘;(Z e
where c‘l”b = a. We assume that the symbols (cf”b),',a,b, where 2 <i < t(a b) and
(a, b) € Q, are pairwise different and not in S. Set S= U(a b)eQ{c‘f’b, - T(a b)}
2 Ifiefl,...,t(a,b) — 1}, we set MC,_I,;, .= lifand onlyif j = c Addmonally,
M ap = lifand only if g = b.
Lr(a,b)’q

The countable Markov shift (£, &) can be described in simple terms by considering its
associated directed graph. Let G = (V, E) be the directed graph associated with (X, o).
The function t assigns a natural number to each edge e € E. If t(e) > 1, we subdivide
the edge e into t(e) sub-edges, preservmg the orientation. If t(e) = 1, we do not modify
the edge e. The resulting graph G represents (2 0). Infinite paths in G are in one-to-one
correspondence with infinite paths in G, but the dynamics on the edges is slowed down
according to the function 7. Note that (f), 0) is transitive if and only if (¥, o) is transitive.

For (a, b) € Q, we define the admissible word in (f, o),

a,b a,b
Wap =€\ - Crigpy-
Note that w, w4 is admissible if and only if b = p. We will use the words (Wa.p) (a,)c0
to define points and cylinders in S. These points and cylinders are understood to have
entries corresponding to those in the admissible words.

Let A= J,csls1S T and set 7: X — A, given by m(aj, az, as,...) = (Way ays

Way,a3» - - -)» Which is well defined by construction of s,

LEMMA 5.1. Let T : A — A be the induced transformation of @ on A. Then, 7 is a
topological conjugacy between (X, o) and (A, T).

Proof. Tt follows by the definition of S that every x € A can be uniquely written as
X = (Way 49> Wap,a3» - - -) for some y = (aj,az,...) € X. Equivalently, the map
7 is a bijection. Moreover, note that T (x) = (Way,a3, Waz,ays - - -) and, therefore,
(o (y)) = T(xw(y)). We conclude that 7 conjugates (X, o) and (A, T). It remains
to prove that 7 is a homeomorphism. Indeed, observe that w([ay, a2, ...,a,]) =
[Way a3 Wag,azs - - - » Wa,_;,a,] and that the collection of cylinders of the form [wq, 4,,
Way,az» « - - » Wa,_;,a, ] 15 a basis of the topology of . Since 7 maps a basis of X to a basis
of 3, the claim follows. O

Remark 5.2. The induced transformation T : A — A is given by T| by = =57@h In

other words, T specifies the first return time to A. The dynamical system (£,5) is a
discrete suspension flow over (A, T') or, equivalently, (X, o). The roof function, which
depends only on the first two coordinates, is given by t : ¥ — N and the time-one map
of the suspension flow corresponds to . In particular, there is a correspondence between
o-invariant measures on ¥ and & -invariant measures on %. In the next subsection, we
elaborate on this correspondence, which is explicit in this context, as well as on the relation
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between the cylinder topologies. We will use Kac’s formula and Abramov’s formula to
relate the integral and entropy of invariant measures on these two CMS.

5.1. Measures on (X, 0) and convergence on cylinders.

LEMMA 5.3. Let v be a ¢ -invariant sub-probability measure on (f, o) different from the
zero measure. Then, v(A) > 0.

Proof. Since v has positive mass, there exists a cylinder [c?’b] such that v([cf’b]) is
positive. If i = 1, there is nothing to prove. Assume that i > 1, in particular, t(a, b) > 2.
In this case, a’("’l)[cf’b] = [c‘f’b, cg’b] and, therefore, v([a, cg’b]) = v([c?’b]) >0. 0O

Let M(o; 1) ={n € M(o): [ tdun < oo}. Define ¢ : M(@) - M(c; ) by the
formula

1
p(W)(E) = YA )V(N(E))

The function ¢ is the normalized restriction map to A, where we have used the
identification between ¥ and A given by 7. It follows from general results in ergodic
theory that ¢(v) is a o-invariant probability measure and that it belongs to M(c; 7).
Indeed, by Kac’s formula, we have that [ t dg(v) = 1/(v(A)) < oo for every v € M(7)
(see Lemma 5.3). In general, Kac’s formula states that for f € L (f, v), it holds that

T(x)—1

/ifd Trdo®) dw) /E > f@E* ) de()(x). (6)

k=0

The relationship between the measures v and ¢(v) is explicit in terms of the measure of
cylinders. Consider a cylinder in X, which, by the structure of X, has either the form

a,b a,b
Cl:[Ci 7---’Cj ]’ (7)
where 1 <i < j <71(a,b),or
_ r.a.p1 a,pi Dnsb Pnsb
Com (el Wy g ), ®)

where 1 <i <1(a, p1) and 1 < j < t(p,, b). Note that Dy =5 V=DCy = [w, ]
(excluding the case when i=j =1, where C; =[a]) and Dy =50, =

[Wa,p» - - -5 Wp, p]. It follows from Kac’s formula (6) for f = 1p, that
1
v(Cy) = m‘ﬂ(")([a, b]) and
1
v(Cr) = m‘ﬁ(")([a, P1> P2s+ - s Pn> D). )
In particular, it also holds that
1 1
vla) = Y vla. D= ——— Y ewa.b) = ————p®v)(la)).
b:M, p=1 frdgo(v) b:M,p=1 ./ Tde(v)
(10)
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Equations (9) and (10) explicitly demonstrate that ¢ is a bijection. Indeed, for
un € M(o; 1), we define

- 1
/'L(C) = ffdﬂu([a’ p]a-"apl’hb])v

where C = C; C ¥ asin (7) or (8). We thus obtain a ¢ -invariant probability measure on )
(it defines a measure by Kolmogorov extension theorem, and its invariance can be verified
on cylinders). Note that the map w > 1 is the inverse of ¢.

Remark 5.4. Tt follows from (9) and (10) that for every cylinder C C /2\2, there exists a
cylinder D € ¥ such that 1(C) = 1/(/ T du)u(D) for every measure u € M(o; 7).
Analogously, given a cylinder D C X, there exists a cylinder C C T such that
() = 1/(f T dp)pu(D) for every measure u € M(o; 7).

In the next subsection, we will calculate the entropy at infinity of (£, 3) in relation to
quantities defined on 2. The next two lemmas will help to establish this connection. The
first lemma is a direct consequence of Remark 5.4.

LEMMA 5.5. Let (un), be a sequence in M(o; 7).

(1) Assume that lim sup,,_, f T duy, < 0. Then, ([,), converges on cylinders to the
zero measure if and only if (i), converges on cylinders to the zero measure.

2) Iflim,— f T dp, = oo, then ([L,), converges on cylinders to the zero measure.

LEMMA 5.6. Let (un), be a sequence in M(o; T) that converges on cylinders to AL,
where . € M(o; T) and 1 € [0, 1]. Assume that lim, o [ T du, = *o [ v dp. Then,
(7n)n converges in the cylinder topology of T to (A1 /A2) 1.

Proof. Let C C S be a cylinder. By Remark 5.4, there exists a cylinder D € % such that
() = 1/(f T du)u(D) for every u € M(o; 7). Then,

A
Tim 72,(C) = lim —— (D) = ]ﬁ(C)

fd,,“"() A/d

We conclude that (1,,), converges on cylinders to (A1 /A2)x. O]

5.2. Entropy at infinity of (£,5). Abramov’s formula states that hap(@) =1/(f tdp)
hy(o) for every € M(o; 7) (see Remark 5.2). It follows that hp(6) = inf{r € R :
P(—tt) <0}

Remark 5.7. Since T > 1, the map t — P(—t7t) is strictly decreasing. In particular, if
P(—T) < 00, then hp(G) < oo.

PROPOSITION 5.8. The following hold.

(1) Ift € ¥y, then hoo (G) = s5.

(2) Ift € Wy, then hoo(0) = So0(—T).

In other words, if T € WV, then hoo(0) = h(7) (see Remark 3.12).
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Proof.

Case 1. There exists a sequence (u,), in M(o; t) that converges to the zero
measure and such that lim;, _, oo (1, (0) — s¢ f tduy,) = 0. Then, by Abramov’s formula,
lim,—, 00 hz, = s¢ and (i), converges to the zero measure (see Lemma 5.5). It follows
that 100 (G) > s¢.

Let (v,), be a sequence of measures in M(c) that converges to the zero measure
and such that lim,_ o hy,(0) = heo(0) (the existence of such a sequence is given by
Theorem 2.3). Let 1, be the measure in M (o; t) such that 7,, = v,. Then,

(hnn(U) —heo(@) [T dﬁn) —0
[ Tdn, -

If limsup,_, ., [ 7 dn, < oo, then (1,), converges on cylinders to the zero mea-
sure (see Lemma 5.5) and lim,_ oo (hy, (0) — hoo(0) f tdn,) =0. In particular,
Poo(—hoo(0)T) > 0 and, therefore, s; > hoo(0). If lim sup,_, o, [ T dn, = oo, then there
exists a subsequence for which the integral diverges. Maybe after passing to a subsequence
can we assume that lim,,_, o f T dn, = oo. Fix € > 0 and note that

hy, (o) P(=(s00(—=7) +€)7)

lim sup < (Soo(—T) + €) + lim sup = Soo(—T) + €.
n— 00 T dnn n—00 f Tdny
(11)

Therefore, hoo(0) < soo(—7). This is not possible since we already proved that
hoo(G) > s7.

Case 2. Set s = s50(—T). We claim that hso(0) > 5. We assume that s > 0, otherwise
there is nothing to prove. Fix € > 0 small. Since P(—(s — €)T) = 0o, there exists a
sequence (ip), in M(o; T) such that

nlglgo (th (0)—(s—¢) / T d,un> = 00. (12)

In particular, the limit is greater than zero and, therefore, lim inf, . A7, @) >s—e€.
It is enough to prove that lim sup,_, ., f T du, = oo, in which case, (Ii,), has a
subsequence that converges to the zero measure (see Lemma 5.5) and € > 0 was arbitrary.
Suppose otherwise that lim sup,,_, . [ T du, < oo and, therefore, there exists M such that
f T dpu, < M foralln € N. It follows that i, (0) < M + P(—1), which contradicts (12).

We now claim that ho,(0) < s. Let (v,), be a sequence in M (&) that converges to the
zero measure and such that lim,_, o 4y, (6) = hoo(0). Let 1, be the measure in M(o; 7)
such that 7,, = v,,. Then,

lim
n—0oo

lim
n—0o0

(hnn(a)_hoo(a)ffdnn>_0
[ Tdn, o

If limsup,_, o, [ 7 dn, < oo, then lim,_oq(hy, (0) — hoo(G) [ T dny) =0 and (),
converges to the zero measure (see Lemma 5.5). In particular, Poo(—heo(0)T) > 0. If
hoo(0) > s, then T € Wy, which contradicts our assumption. We therefore have that
heo(0) < s. Now, suppose that lim sup,,_, ., f T dv, = co. Maybe after passing to a
subsequence can we assume that lim,_, [ T dv, = co. Inequality (11) implies that
heo(@) <s. O
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5.3. Proofof Theorem I.1. In this subsection, we will prove Theorem 1.1, a compactness
result for sequences of invariant probability measures on countable Markov shifts that may
not have the F-property. This result will be frequently used in later applications concerning
the existence of equilibrium states and maximizing measures.

Proof of Theorem 1.1. Consider M € R such that sup ¢ < M. Define ¥ = —(¢ — M).
Note that ¢ € W. Define 7 : ¥ — R by t(x) = SUP ey 1o ] [¥(y)], where x = (x1, x2,
...) € X. Since vary(¢) = varp () is finite, it follows that ||t — ¥ ||op < oc. In particular,
P(—1) < 00. Moreover, t takes values in N and var,(t) = 0.

Let (£,5) be the CMS constructed at the beginning of this section for the pair
(X, 0) and 7. Note that (f, o) is transitive, because (X, o) is transitive. Additionally,
hip(0) is finite (see Remark 5.7). By Theorem 2.3, M<(c) is compact with respect
to the cylinder topology. As before, we denote by U the measure in M (c) associated to
v € M(o; 7). Maybe after passing to a subsequence can we assume that ({i,), converges
on cylinders to Aft, where A € [0, 1] and u € M(o; T). Maybe after passing to a further
subsequence can we assume that A := lim,_, f tdu, is well defined and finite (the
limsup is finite by assumption). Let C be a cylinder in X. By Remark 5.4, there exists
a cylinder D C ¥ such that V(D) = 1/([ T dv)v(C) for every v € M(o; t). Then,
lim,, 00 yn (C) = AA/(f T du)u(C). We conclude that (u,), converges on cylinders
to uo =AA/(f T dp)u. Note that [ T dug < oo and, therefore, [ ¢ dug > —oo (see
Lemma 2.5). O]

The next result follows from Theorem 1.1 and will be used in the proof of Lemma 6.5.

COROLLARY 59. Let Tt €V and m € N. Let (un), be a sequence in M(o) and
w € M<i(o). Assume that lim sup,_, o, [ tdpu, < oo. Then, (n), converges on cylin-
ders to w if and only if lim,_, oo 1, (C) = w(C) for every cylinder C C X of length m.

Proof. Suppose that lim,,_, o 1, (C) = u(C) for every cylinder C C ¥ of length m. It
follows by Theorem 1.1 (applied to the potential —7) that every subsequence of (i), has a
subsubsequence that converges on cylinders to a countably additive measure v € M < (o).
Since v(C) = u(C), for every cylinder of length m, it follows that v = . We conclude that
(tn)n converges on cylinders to . The forward implication follows by definition. O

6. Upper semi-continuity properties of the pressure map
In this section, we establish some upper semi-continuity results for the pressure map
of uniformly continuous potentials. We will prove Theorem 1.3, which generalizes
Theorem 2.7, and allows for the consideration of countable Markov shifts with infinite
entropy and mild regularity assumptions on the potential.

6.1. A first upper semicontinuity result for the pressure.

PROPOSITION 6.1. Let (X,0) be a transitive CMS and t: % — N be a potential
such that P(—t) is finite and varo(t) = 0. Let (u,)n, be a sequence in M_;(c)
that converges on cylinders to A, where A € [0, 1] and u € M_; (o). Assume that
lim sup,,_, o, [ T dpn < 0o. Then,
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lim sup (hun(a) — h(7) / T d,un> < X(hu(a) — h(7) / T d,u). (13)
n— o0

Proof. Itis sufficient to prove the proposition in the case where (| t du,), is convergent
(otherwise, we can consider a subsequence for which the limsup in (13) is a limit and
then pass to a further subsequence for which the integral converges). By Lemma 2.5, we
have that [ 7 du < co. Set Ag such that lim,_oo [ T dpy = Ao [ T d(Ap), which, by
Lemma 2.5, also satisfies that Ag > 1.

Let (f, 7) be the CMS associated with (¥, o) and 7 constructed in §5. By Remark 5.7,
hwp(a) is finite. It follows by Lemma 5.6 that ({i,), converges on cylinders to 1/(Xg)/i.
We use Theorem 2.7 and Proposition 5.8 to conclude that

h 1 h 1
lim sup () < — 1) + <1 — —)h(t).
nooo [ Tdun ~ Ao [ Tdu A0
Then,
lim sup A, (o) < Ay (o) + ( lim f Tdu, — 2 / T du)h(t),
n— 00 n—>00
which is equivalent to inequality (13). O

We will extend Proposition 6.1 to include potentials in W. Let W, be the class of
potentials in W that are locally constant and depend only on the first n coordinates of X;
that is, their n-variation is zero. First, we will prove that Proposition 6.1 holds for potentials
in Wy, removing the assumption that the potential takes values in N. Next, we will prove
that the proposition holds for potentials in W, and, finally, that it holds for potentials in W.
We begin with a lemma.

LEMMA 6.2. Let (¢n)n, ¢ be potentials in ¥ such that limg_. o || — @kllo = 0. Then,
limy—, 00 h(¢pn) = h().

Proof. If ||¢ — ¢kl < oo, then P(—t¢) = oo if and only if P(—t¢y) = oo. It follows that
Soo(—®) = Soo(—¢k). By Lemma 3.4, we have also that limg_, oo Poo(—¢r) = Poo(—t¢).
Let us first consider the case where ¢ € Wi. Choose € > 0 small such that Poo(—(sp —
€)¢) > 0> Poo(—(s¢p +€)p). Then, Poo(—(sp — €)pr) > 0 > Poo(—(sp + €)¢py) for
large enough k and, therefore, |sy — s¢,| < €. It follows that for large enough k, we
have that ¢ € W; and that limy_, o 54, = 54, which proves the claim in this case.
Suppose that ¢ € W;. For every € > 0, we have that Poo(—(Seo(—¢) + €)¢p) < 0.
Therefore, for large enough k, we have that Poo (—(S0o(—¢) + €)¢x) < 0 and, thus, 54, <
Soo(—¢) + €. This implies that lim sup, _, o, S¢, < Soo(—¢). Since Soo(—@) = Soo(— 1)
and h(¢p) = seo(—¢), the claim follows. O]

PROPOSITION 6.3. Proposition 6.1 holds when t € V5.

Proof. Define 13 (x) = 1/k[kt(x)] and observe that limy_.o ||T — t|lo = 0. Set f = ktx
and note that h(fx) = 1/kh(tx). The function f; takes values in N and varp(fz) = O.
Proposition 6.1 holds for the functions fk, which is equivalent to say that the proposition
holds for 7. By Lemma 6.2, it follows that limg_ o 2(7r) = k(7). Additionally,
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|[ ©dv— [ Tdv| <|t—1lo for every v € M(c). All of this together implies that
Proposition 6.1 holds for T € Ws. O

In §2.5, we constructed a CMS (X, o5,), which is a recoding of (X, o), and defined
a canonical conjugacy 7, : X, — X. The map (7,)x : M<i(on) > M<i(0) is a
bijection. For i € M<(0), we defined i = (7,); ' € M<i(om).

Remark 6.4. Let (u,), be a sequence in M (o) such that lim sup,,_, o, f Tdu, < oo,
where v € W. Then, (u,), converges on cylinders to i € M<; (o) if and only if (ii,)n
converges on cylinders to i (see Remark 2.12 and Corollary 5.9).

In the next lemma, we have added superscripts ¥ and ¥, to the pressure to indicate the
CMS we are considering. Let 7,, = 7 o 7y,.

LEMMA 6.5. h(t) = h(ty).

Proof. Observe that h, (o) = hj(oy) and [ Tdu = [ 1, dji for every p € M(o). It
follows that PZn (—tt,,) = PZ(—17) and, therefore, Soo(—Tpn) = Soo(—T).

We will prove that if # > s (—7), then Po%”’ (—tty,) = Po%(—tt). It follows from this
fact that T € W if and only if 7, € ¥y, and that s; = s,,, which finishes the proof of the
lemma, as we can conclude that i(t) = h(ty,,).

If there exists a sequence (u,), in M(o) that converges on cylinders to the zero
measure and such that lim,,_, oo (h, (0) — ¢ f T duy,) = Pso(—tT), then (fi,), converges
to the zero measure (see Remark 2.12) and limy,—, oo (13, (07) — £ f Ty dily) = Poo(—1T).
Therefore, we have Po%"’ (—tty) > Po%(—tr). If no such sequence exists, then we still
have the inequality Po%’” (—tty) > PO%(—IT). Note that if Po%’”(—trm) = —o00, then
Po%(—tt) = —o0. We will now suppose that Po%”’ (—tty) > —o0.

Let (itn), be a sequence in M_, (0,) that converges on cylinders to the
zero measure and such that Po%’" (—tty) = lim, o (hg, (Om) —tf T dily). Since
t > Soo(—Tm), we have that lim sup,,_, o, f Ty dfi, < 0o (see Lemma 3.10); equivalently,
lim sup,_, o, /| T du, < oo. By Remark 6.4, (u,), converges to the zero measure and,
therefore, Pso" (—ttTy) < POEO(—tr). We conclude that PO%’” (—tty) = Po%(—tr) for every
t > Soo(—T7). O

PROPOSITION 6.6. Proposition 6.1 holds when t € U, form > 3.

Proof. Let (uy,), be a sequence in M_; (o) that converges on cylinders to Au, where
neM_r(o) and A € [0, 1]. By assumption, lim sup,_, f T du, < oo. Consider
(X, o) and note that 1, € Wy, as it only depends on the first coordinate of X,,. We
can apply Proposition 6.3 to the pair (X,,, oy,) and t,,. Since (fi, ), converges on cylinders
to At (see Remark 2.12), we have that

lim sup (hﬂ,, (om) — h(Tm) / Tm dﬁn) = A<hﬁ(am) — h(tm) / Tm dﬁ)

n—o00

Finally, recall that h,,(¢') = hy(0y,) and [ T dv = [ 1, dD for every v € M(o), and that
h(t) = h(ty) (see Lemma 6.5). We conclude that inequality (13) holds for 7. O]
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THEOREM 6.7. Let (X, o) be a transitive CMS and t € V. Let (,)n be a sequence in
M_: (o) that converges on cylinders to L, where i € M_, (o) and A € [0, 1]. Suppose
that lim sup,,_, . [ T du, < oc. Then,

lim sup (hun(o) — h(7) f T d,un) < )»(hﬂ(a) — h(7) f T d,u).

Proof. Since t € W, we have that vary(t) < oo and that lim,,_, o, var,(t) = 0. Fixm > 2
and define 7, (x) =sup{t(y) :y € [x1, ..., xn]}, where x = (x1, x2,...). Note that
It — tmllo < vary,(t) and that vary(t,,,) < oo. Moreover, 1, € W, and by Proposition 6.6,
we have that

lim sup (hﬂn (o) — h(ty) / T d,un) < X(hu(a) — h(ty) / T du).
n—oo

Since | tm dv — [ T dv| < |tm — tllo for every v € M(o), and ||z, — Tllo — 0, we

obtain the desired inequality (see Lemma 6.2). O

6.2. Proofof Theorem 1.3. This subsection is devoted to the proof of Theorem 1.3. First,
we prove that the pressure map is upper semi-continuous on the full shift over a countable
alphabet for a suitable class of potentials. For a general CMS, our strategy is to induce on
a cylinder of length one and use the results obtained for the full shift.

LEMMA 6.8. Let (NN, o) be the full shift. Let ¢ € C,e(NY) be a potential such that
var| (¢) and P(—@) are finite. Then,

lim inf ¢(x) = oo. (14)
n—>o0 xe(n]

Moreover, if a sequence (vy), in M(o) converges on cylinders to the zero measure, then
lim, 00 [ ¢ dv, = 00.

Proof. Let a: N — R be given by a(n) = infyc[,) ¢(x). Define ¢y : NN 5 R, where
¢1(x) =a(k) if x € [k]. Note that ||¢ — ¢1]lo < vari(¢). In particular, P(—¢;) =
log(zzoz1 e~2M) is finite (see Example 2.9). We conclude that lim,,_, o a(n) = oo.

Let us now suppose that (v,), converges on cylinders to the zero measure. We argue by
contradiction and suppose that lim inf,,« [ ¢ dv, < co. In this case, the inequality

_ [ ¢ dv, _ [ ¢ dv,
1- ”n( U["]> = "n( U[k]> = i@ () x € Upylkl}  infmy a(k)

k<n k>n

implies that (v,), does not converge on cylinders to the zero measure. O

Remark 6.9. If ¢ : NN — R is a potential such that both P(—¢) and var|(¢) are finite,
then it follows by Lemma 6.8 that ¢ is bounded below. Additionally, suppose ¢ € ¥ and
t > Soo(—¢). In this case, Pyo(—t¢p) = —o0 (see Lemmas 3.10 and 6.8). In particular,
¢ € W, and, therefore, h(¢) = 500 (—¢).
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PROPOSITION 6.10. Let (NN, o) be the full shift and ¢ € C,.(NY) be a potential such
that var|(¢) and P(—¢) are finite. Let (j1,)n be a sequence in M_y (o) that converges
weak* to 1 € M_y(0). Suppose that lim sup,,_, .. [ ¢ du, < oo. Then,

lim sup (hun(a) — / ¢ du,,) <hu(o)— / ¢ du.
n—oo

Proof. By Remark 6.9, the potential ¢ is bounded below. After adding a positive constant,

we can assume that ¢ is bounded away from zero and, therefore, ¢ € W. By Remark 6.9,

we also have that ¢ € W, and, therefore, h(¢) = sco(—¢). It follows by Theorem 6.7 that

lim sup (hun (0) — Soo(—¢) / 1) d/h,) < hu(o) — Seo(—¢) / ¢ du.

n—0o0

Lemma 2.5 implies that

lim sup —(1 — s (=) | ¢ dp, < —(1 — s00(—9)) / $du.

n—oo

The result follows from adding these inequalities together. O

Remark 6.11. Under the assumptions in Proposition 6.10, assume further that
Soo(—) < 1. If Hmn—mo(”‘u,,(a) - f dduy) =hy(o) — f ¢ dw, then lim,_ f
¢dpn, = [ ¢ dpandlim, o0 hy, (o) = hy (o).

The next proposition is the key ingredient in the proof of Theorem 1.3.

PROPOSITION 6.12. Let (X,0) be a mixing CMS, and ¢ a weakly Holder poten-
tial such that P(—¢) and varo(¢) are finite. Let (jin), be a sequence in M_g4(0)
that converges on cylinders to A, where A € [0, 1] and p € M_y(0). Suppose that
limsup,_, o, [ ¢ dun < 00. Then,

lim sup (hu,l (o) - f ¢ dun) < k<hu(o) - f ¢ du) + (1= L)P(—p).
n— oo

Proof. The case A = 0 follows from the variational principle. Suppose that A > 0. We will

further suppose that P(—¢) = 0 (otherwise, we can subtract P(—¢) from both sides and

consider the potential ¢’ = ¢ + P(—¢)).

Fix a € § such that u([a]) > 0. We will induce on the 1-cylinder [a]. As described
in §4, the induced system (X(a), 0,) is topologically conjugate to the full shift and
cylinders in ¥(a) are certain cylinders in X. Let 7 : X(a) — N be the first return
time map and ¢ : X(a) — R the induced potential, which is defined by ¢(x) =
Y g(olx). Let MW (o) = {u € M(0) : u(la]) > 0}. For v e M (g), define
v(-) = 1/(w([a]))v(- N [a]), which is a measure supported on X (a). By Kac’s formula, we
have that [ 7 dv = 1/(v([a])) and [ ¢ dv = 1/([ T dV) [ ¢ dV for every v € Ml (0).
Moreover, the map v — ¥ is a bijection between M!4!(¢') and M, (c,).

Since lim;,—, oo in([a]) = Au([a]), we can assume that u, ([a]) > Oforalln € N. Then,
um, (n), are in M!4l(5). Since (tn)n converges on cylinders to Au, we have that
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. _ . 1 1 1 .
i J = 0 ) T A A / v (13

Moreover, since cylinders in X (a) are cylinders in X, it follows that

Jim 72, (C) = lim pn(C) = u(C) =m(C)

n—00 n([a]) u(lal)
for every cylinder C € X (a). In particular, (f&,,), converges weak™ to & (see Remark 2.2).
Set M := sup, [ ¢ duy. It follows from Kac’s formula that [ ¢ djz,, < M [ t dz, and,
therefore, lim sup,,_, / adﬁn < 00. Note that var (5) < varp(¢) < oo.
We will consider two cases.
Case 1: (—¢ is recurrent). In this case, we have that P(—¢) = 0 (see Remark 4.1). It
follows by Proposition 6.10 that

lim sup (hﬂn (0a) — / 5dﬁn> < hi(og) — f ¢ drr.

n—oo

Combining this with (15), we obtain that

lim sup (hun () — / ¢du”> - (hﬁ,, (U})f_di(p dm) 5 A(W)

:A(hﬂ(o) —f(l)du).

Case 2: (—¢ is transient). Set 7y := Ay(—¢) < 0, where A, (—¢) is the a-discriminant
of —¢ (see (5)). By the discriminant theorem (see Theorem 4.2), —¢ 4 1|, is transient
for every t € [0, —tfp). It follows that P(—¢ +t1j,)) =0 for every r € [0, —1fo] (see
[CS, Lemma 4.1]). Since A,(—¢ —tpl{4)) = 0, the discriminant theorem implies that
—¢o ;= —¢ — tol[4] is recurrent. Note that P(—¢o) =0 and that —¢q satisfies the
assumption in Case 1, so we obtain that

lim sup (hu,l @)~ [ ¢du, toun([a])> < A(h,Aa) - [ odn- to,u([a])).

n—oo

Since lim,,— o0 un([a]) = Au([a]), we conclude that

lim sup (hu,xo) - [ dun) < x(hu(a> - [ du>. (16)

In particular, inequality (16) holds in both cases. O

PROPOSITION 6.13. Let (X, 0) be a transitive CMS and ¢ € Cy.(X) a potential such that
P (—¢) and var(¢p) are finite. Let (j1,)n be a sequence in M_g4 (o) that converges on cylin-
ders to A, where A € [0, 1] and u € M_y4(0). Suppose that lim sup,,_, ., f ¢ du, < oo.
Then,

lim sup (hu,, (o) - / ¢ dun) < A(hm) ~ f ¢ dM) + (1= 1) Poo(—b).

n—oo
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Proof. We will assume that (X, o) is mixing and explain how to derive the transitive case
from the mixing case in the remark below. Fix m > 2 and define ¢,,(x) = sup{¢(y) :
y € [x1,...,xn]}, where x = (x1, x2,...). Note that ||¢ — ¢ llo < var,(¢) and that
vary (¢,,) < vara(¢). Moreover, the potential ¢, is locally constant (in particular, weakly
Holder) and lim sup,,_, o, [ ¢m dpn < 00. Let V.= Y, (1/k) 1. Note that ¢y, +tV
satisfies the hypothesis in Proposition 6.12 and, therefore,

lim sup (hun (o) — f(¢>m +1tV) d,un>

n—oQ

= k(hﬂ(a) - /(¢m +1tV) du) +A=2MNP(—¢py —tV).

Since limy, o [V dpn =1 [V dpu, we obtain that

lim sup (hun(o) - / bm dw) < )»(hu(o) - / bm dM) + A =) P(=pm —1V).

n—oQ

It follows from Proposition 3.2 that

lim sup (hun (0) — / bm dw) = K<hu(0) - / bm du) + (1 = ) Poo(—=m)-

n—0o0

Finally, use that ||¢ — ¢, |lo0 — O to conclude the desired inequality. O

Remark 6.14. Let (X, o) be a transitive CMS. In Remark 2.10, we described the spectral
decomposition of a transitive CMS; in this paragraph, we will follow the notation
introduced in Remark 2.10. Recall that ¥ = Ule %;, where p is the period of X,
0(%;) = Xit1, Xpy1 = X1 and (X;, o) is mixing. We induce on ¥ C X, where the
first return time map is constant with values equal to p. It worth noticing that (X, o) can
be identified with the CMS constructed from the pair (X1, 0”) and 7 : £| — N, where
T is constant equal to p. Note that hj(0?) + [ ¢ djit = p(h, (o) + [ ¢ d), where fi is
the measure in M (X1) corresponding to u € M (o), and that a sequence (u,), in M(o)
converges on cylinders to Ay € M<i(o) if and only if (fi,), converges on cylinders to
AL € M<i(oP). It follows that Poo(¢) = pPso(@). Since (X1, 0P) is mixing, we can
apply Proposition 6.13 to the sequence (it,), and deduce the desired conclusion for the
sequence ().

LEMMA 6.15. Let (¥, 0) be a transitive CMS and ¢ € Cy(X) a potential such that
P(—¢) and vary(¢) are finite. Let (i1,), be a sequence in M_y(0) that converges on
cylinders to Ay, where ) € [0, 1] and . € M_g4(0). Suppose that soo(—¢) < 1. Then,

n—o0

lim sup <hun (0) — f ¢ dw) < A(h,xo) - / ¢ du) + (1= 2) Poo(—9).

Proof. Maybe after passing to a subsequence that maximizes the left-hand side can we
assume that (f ¢ duy), converges to a real number or to co. If lim,—, f ¢ du, < oo,
the result follows from Proposition 6.13. If lim,,_, oo f ¢ dp, =00, thenlim, o hy, () —
J ¢ dpn = —o0 (see Lemma 3.9), in which case, the inequality trivially holds. O
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Proof of Theorem 1.3. The proof of the inequality follows by Proposition 6.13 and
Lemma 6.15 for the potential —¢. To see that the inequality is sharp, consider a sequence
(Vn)n iIn My (o) that converges to the zero measure and such that lim,_ o (A, (o) +
[ @ dun) = Poo(). Set n, = Ap + (1 — A)vy,. Note that (1,), converges to Ax and that
it realizes the equality. O

COROLLARY 6.16. Let (2, 0) be a transitive CMS with finite entropy and ¢ € Cp c(Z).
Let (un)n be a sequence in M(o) that converges on cylinders to Au, where
r€l0,1] and e M(o). Then, limsup,_, . (h,,(c)+ f ¢ dun) < Ahy(o) +
[ o duw) + (1 —2)Po(h).

7. Existence of equilibrium states and maximizing measures

In this section, we derive applications of Theorems 1.1 and 1.3 to the problem of existence
and non-existence of equilibrium states and maximizing measures. Recall that we have
defined H = {¢ € C,(2) : sup(¢), vara(¢), P(¢) < 00}.

7.1. Existence and non-existence of equilibrium states. ~We will now prove Theorem 1.4,
which provides a criterion for the existence of equilibrium states and describes what occurs
when no equilibrium state exists.

Proof of Theorem 1.4. (1) Observe that if so0(¢p) < 1 and lim inf,,—, f ¢ du, = —00,
then lim infy, _, oo (B, (0) + f ¢ du,) = —oo (see Lemma 3.9), which is not possible. We
can therefore assume that lim inf,_ o f ¢ dp, > —oo. It follows by Theorem 1.1 that
(4n)n has a subsequence that converges on cylinders to Ay € M<q(o), where A € [0, 1]
and u € My(o). By Theorem 1.3,

lim sup (hun (@) + / ¢ dw) < A(’m(o) + / ¢ du) + (1= 2) Poc ().
n—oo

Therefore, P(¢p) = A(h, (o) + f ¢ du) + (1 — A)Pso(¢p). Finally, note that Po(¢p) <

P(¢) implies that A = 1 and, therefore, p is an equilibrium state.

(2) If there is no subsequence for which the integral goes to —oo, then we have
that lim inf,,_ o f ¢ du, > —oo. In this case, Theorem 1.1 implies that (u,), has a
subsequence that converges on cylinders to a measure Ay € M<j(o), where A € [0, 1]
and € My(o). By Theorem 1.3, we have that

n—0o0

lim sup (hun (@) + / ¢ dw) < A(’m(o) + / ¢ du) + (1= 1) Poo(@)).

Therefore, P(¢) =A(h, (o) + f ¢ dp)+ (1 — A) Py (). Since hy, (o) + f ¢du<P(p),
we conclude that A = 0. O]

Remark 7.1. Let ¢ € H and define f(r) = P(t¢). If t > so0(¢p) and t¢ is SPR, then 1¢
has an equilibrium state (note that s (f¢) < 1). If ¢ is SPR and s (¢p) = 1, then it admits
an equilibrium state if and only if the slopes of the supporting lines for the graph of f at
(¢, f(t)) remain bounded as t — 1.
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Remark 7.2. Let ¢ € H be a potential that does not have an equilibrium state. Let

(n)n be a sequence in My (o) such that P(¢) = lim,— 00 (hy, (0) + f ¢ duy). Then,

the following hold.

(1) TIf (X2, o) has finite topological entropy, then (u,), converges to the zero measure.

(2) If (¥,0) is the full shift on a countable alphabet and var;(¢) < oo, then
lim, o [ ¢ dpn = —00 (see Lemma 6.8).

(3) If Pxo(¢p) = —o0, then (), does not have any subsequence converging to the zero
measure (otherwise, P (¢) = P(¢)). Therefore, lim,,_, f ¢ du, = —oo.

Example 7.3. Let (X, o) be a null recurrent finite entropy CMS. As described in §4, the
induced transformation over a 1-cylinder [a] is conjugate to the full shift (NY, & 7). Let
7 : NN — N be the first return time map and set f(t) = P(—tt). Note that T depends only
on the first coordinate, that is, var;(t) = 0. Since (X, o) is null recurrent, we have that
f@) =00if t < hip(o) and f(hiop(o)) = 0. The potential ¢ := —hyop(0)T is positive
recurrent (see [Sa4, Corollary 2]; see also Proposition A.2). Let 114 be the RPF measure
of ¢. Since (X, o) has no measure of maximal entropy, we have that [ T dug = oo or
[ ¢ duy = —o0; equivalently, ¢ does not have an equilibrium state in the classical sense.
For ¢t > 1, the potential #¢ has a unique equilibrium state, which we denote by ;. Then,

0= P(¢p) = lim (hm(a) + / ¢ du,) and lim ¢ du; = —o0.
t—1+ t—1+

In this example, we observe that the finiteness condition on the integral of the sequence
of measures cannot be removed from the assumptions in Theorem 1.4(1) to guarantee the
existence of an equilibrium state.

7.2. Ergodic optimization. For ¢ € C(X), we define

B(¢) = sup / ¢du.
neM(o)

We say that © € M(o) is a maximizing measure of ¢ if B(¢) = [ ¢ du. As mentioned in

§1, we consider a quantity analogous to the pressure at infinity. Define

put) = sup_timsup [ ¢ dyu.
(Un)p—>0 n—00

where the supremum runs over sequences in M(c) that converge on cylinders to

the zero measure. If there is no such sequence, we define By, (¢) = —oo. Note that

Poo (@) = Boo(®).

Continuous potentials on subshifts of finite type admit maximizing measures. This is
not generally the case for countable Markov shifts and we are interested in establishing
a criterion for the existence of a maximizing measure in this setting. It is fairly easy to
construct potentials without maximizing measures, as we can see in the following example.

Example 7.4. Let (X, 0) be a CMS for which there exists a sequence (u,), in M(o)
that converges on cylinders to the zero measure (for instance, if hyp(c) is finite; see
also Theorem 4.5). Let ¢ =1 — Y 22, (1/k)1[. Note that lim, o [ ¢ du, =1 and,
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therefore, S(¢) > 1. Since ¢ < 1, we conclude that 8(¢) = 1 and that ¢ does not have
any maximizing measure. Furthermore, note that S, (¢) = 1.

We will prove a result that describes the limiting behaviour of the integral of a potential
when escape of mass is allowed, which is analogous to Theorem 1.3 and improves
Lemma 2.5. For this, we will use the fact that B, is the asymptotic slope of the map
t = Pyo(t9).

LEMMA 7.5. Let ¢ € H. Then,
o1
Boo (@) = lim —Poo ().
t—>o0 f

Proof. First, note that P () > Boo(t®) = tBoo(¢) and, therefore, lim inf;_ o (1/1)
Poo(tp) > Boo(¢). Set A =lim sup,_, o (1/1) Poo(t¢). Observe that Poo(t¢) <t Poo(¢)
forall t > 1, and therefore, A < Py (¢p) < 00. We claim that A < B (¢). We will assume
that Poo (t¢p) > —oo for all ¢ > 0, otherwise A = Boo(¢p) = —00.

Let (#,), be a sequence going to infinity such that lim,,_, o (1/1,) Poo (t,¢) = A. Denote
by vy the zero measure. Let (v,), be a sequence in M(o) such that p(v,, vy) <

1/n (see (1)) and (hy,(0) + 1y [ ¢ dvy) € [Poo(ta)) — (1/n), Poo(tap) + (1/n)]. We
conclude that

1
lim (—hvn(a)—i—/d)dvn) =A
n—o00 tn

and that (v,), converges to the zero measure. Note that

’%h () + (}h (o) + / p dvn) < P(9)

n

and, therefore, lim sup,,_, o, 7, (o) is finite. We obtain that lim,_, oo (1/1,)h,,(0) = 0.
Finally, note that A = lim,_, f ¢ dv, < Boo(¢p), which concludes the proof of the
lemma. O

Remark 7.6. 1t is known that if ¢ € H, then B(¢) = lim;_(1/1) P(t¢) (the proof is
analogous to the proof of Lemma 7.5).

THEOREM 7.7. Let (X, o) be a transitive CMS and ¢ € H. Let (un)n be a sequence in
M(0o) that converges on cylinders to A, where A € [0, 1] and u € M(o). Then,

—I—limsup/¢dy,n §A/¢du+(l — 1) Boo(@).

n—o0o

Moreover, the inequality is sharp.

Proof. Maybe after passing to a subsequence can we assume that lim,_, oo [ ¢ dp, is
well defined. By Lemma 2.5, we have that [ ¢ dju > —oco. By Theorem 1.3, applied to the
potential t¢, for t > 1, we obtain

n—o0

lim sup (;hun(o) +f ¢dun> < A(}hum +f ¢du> =01 Pai)
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Sending ¢ to infinity, we obtain the desired inequality (see Lemma 7.5). To see that
the inequality is sharp, consider a sequence (v,), converging to the zero measure and
such that lim,,_, oo f ¢ dv, = B(¢), and define n,, = A + (1 — A)v,. The sequence (17,),
converges to Au and achieves equality in the inequality above. O

The next result is analogous to Theorem 1.4 and the proof is essentially the same,
considering Theorem 7.7 instead of Theorem 1.3. We leave the details to the reader.

THEOREM 7.8. Let (X, 0) be a transitive CMS and ¢ € H. Let (iun)n be a sequence in

M(o) such that lim,,_, o f ¢ duy, = B(p). Then, the following hold.

(1) If Boo(@p) < B(), then (wy), has a subsequence that converges weak™ to a maximiz-
ing measure of ¢. In particular, ¢ admits a maximizing measure.

(2)  If ¢ does not have a maximizing measure, then ({L,);, converges on cylinders to the
zero measure.

Note that Theorem 1.5 is a direct consequence of Theorem 7.8. We finish this subsection
with a result about zero temperature limits for a suitable class of potentials.

PROPOSITION 7.9. Let (X, o) be a transitive CMS and ¢ € H a potential with summable
variations such that Boo(P) < B(P). Then, there exists to € [0, 00) such that t¢ has a
unique equilibrium state ju; for every t € (ty, 00). Moreover, if (t,), goes to 0o, then (i, )n
has a subsequence that converges weak™® to a maximizing measure of ¢.

Proof. Since Boo(¢p) = lim;—00(1/1) Poo(tp) and Boo(¢p) < B(¢p), it follows that
P (tp) < tB(¢p) < P(t¢p) for large enough t. Therefore, there exists 7o > 1 such that
if t > 1, then t¢ is SPR. Since s (1) = (1/1)s00(¢p) < 1 for all t > fy, we conclude
that #¢ has an equilibrium state (see Theorem 1.4). Since t¢ has summable variations,
the equilibrium state is unique. Note that P’ (t¢) = f ¢ du; for every t > 1o (see [Sa3]).
By convexity of the map 7 > P (t¢)), lim;_ 00 P/ (1)) = lim;_, oo (1/1) P(t9) = B(¢) (see
Remark 7.6). Then, lim;_; o f ¢ du; = B(¢) and the result follows from Theorem 7.8. [

8. Pressure at infinity of suspension flows
Let (X, o) be a transitive CMS and 7 a continuous potential bounded away from zero, that
is, there exists ¢ = ¢(t) > 0 such that t(x) > ¢ for every x € X. Define

Y={(x,) e T xR:0<t<t(x)}/~,

where we identify the points (x, 7(x)) and (o(x), 0) for all x € X. The suspension flow
over o with roof function 7 is the semi-flow ® = (6;);>0 on Y defined by

0;(x,s) = (x,s +¢t) whenevers +1t € [0, T(x)].

Denote by M(®) the space of ®-invariant probability measures on Y, and M<;(®)
the space ®-invariant sub-probability measures on Y. Let M(o; 1) = {1 € M(0o) :
f T du < oo}. It follows from a classical result of Ambrose and Kakutani [AK] that the
map ¢ : M(o; t) > M(0®), defined by () = (u X Leb)/(f T du), where Leb is the
one-dimensional Lebesgue measure, is a bijection. In particular, a measure v € M<1(®)
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different from the zero measure can be uniquely written as v = A(u x Leb)/( f T du) for
some 4 € M(o; t)and A € (0, 1].

Recall that ¥ = {y € Cye(2) :inf ¢y > 0, varp () < 00, P(—y) < oo}. For our
applications, we will be mainly interested in the case where 7 € W.

8.1. Topology of convergence on cylinders. In [IV, §6], the authors introduced a
topology on the space M<1(®) that is analogous to the cylinder topology on M <1 (o).

Definition 8.1. Let (v,), and v be measures in M<1(®). We say that (v,), converges on
cylinders to v if

lim v,(C x [0, c]) = v(C x [0, c])
n—oo
for every cylinder C € ¥, and ¢ = ¢(7).

This notion of convergence induces the cylinder topology on M<1(®). Let (C;);en be
an enumeration of the cylinders of ¥. The function p; : M<;(®) x M<;(0) — Rxo,
given by

1
pe(vi,v2) =3 S Ivi(Ci x [0, c)) = va(Ci x [0, cD;
ieN
is a metric on M<1(®), compatible with the cylinder topology (see [IV, Lemma 6.6]).
A sequence (v,), in M(®) converges on cylinders to v € M(®) if and only if (v,),
converges in the weak™ topology to v (see [IV, Lemma 6.7]). In other words, the cylinder
topology on M <1 (®) induces the weak™ topology on M (®).
By Kac’s formula, we have that v(C x [0, c]) = (C/L(C))/(f T du), whenever
v € M(®) and v = ¢(u). In particular, a sequence (v,), in M(®) converges on cylinders
to Av, where A € [0, 1] and v € M(®), if and only if
lim un(C) _a u(C) a7
n—oco [ Tdu, [rdu
for every cylinder C C X, where ¢(u,) = v, and ¢(u) = v (see [IV, Remark 6.5]). A
more detailed analysis on the relation given by (17) gives us the following useful fact.

LEMMA 8.2. Let (jin)n, i be measures in M(o; ) and set v, = ¢~ (), v = @~ 1(w).

Then, the following statements are equivalent.

(1) (vy)n converges on cylinders to the zero measure.

(2) Every subsequence of (i), has a subsubsequence (i, )i that converges on
cylinders to the zero measure or such that limy_ f T dpy, = 00.

Similarly, the following statements are equivalent.

(1) (vy)n converges on cylinders to lv, where X € (0, 1].

(2) Every subsequence of (i4n), has a subsubsequence (i, )i that converges on
cylinders to hip and limg_ oo [ T dpn, = A2 [ Tdu for some 1y € (0, 1] and
A2 € [1, 00) satisfying A = A1/ As.
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Remark 8.3. Tt follows by Lemma 8.2 that (v,), converges weak® to v if and only
if (n)n converges weak® to w and limy,—oo [ T dpy = [ T dp, where v, = ¢~ (uy),

v=0p""(w.

We now provide a proof of Theorem 1.6, which is analogous to Theorem 2.3 in the finite
entropy case.

Proof of Theorem 1.6. Let (v,), be a sequence in M(®) and set u, = ¢~ (v,). We
will prove that (v,), has a convergent subsequence. Maybe after passing to a subse-
quence can we assume that ( f T din), converges to oo or a real number. Note that if
lim;,_ oo f T du, = oo, then by Lemma 8.2, (v,), converges on cylinders to the zero
measure. Let us now suppose that lim,_, [ T du, < co. It follows by Theorem 1.1
(applied to —7) that there exists a subsequence (i, )¢ that converges on cylinders
to Au, where A € [0, 1] and u € M(o; 7). By Lemma 8.2, the sequence (v, )i con-
verges on cylinders to a measure in M<1(®). In general, if (v,), is any sequence in
M<1(®), we consider a subsequence where the mass converges and apply the discussion
above.

To prove the density of M(®) in M<1(®), it is enough to prove that there exists a
sequence (v,), in M(®) that converges to the zero measure. Indeed, if Ap € M<1(®),
then we can consider the sequence (Av + (1 — A)v,), that converges to Av. If (X, o) has
finite entropy, then there exists a sequence (i), that converges to the zero measure (see
[IV, Lemma 4.6]). If (X, o) has infinite entropy, consider a sequence (uy), in M(o)
such that lim,_, o hy, (o) = oo; since hy, (o) — f Tdu, < P(—t1), we conclude that
lim;,— oo f T du, = oo. In both cases, it follows by Lemma 8.2 that (¢(u,,)), converges
to the zero measure. O

8.2. Entropy and pressure at infinity for suspension flows. The entropy of a measure
v € M(O) is denoted by 4,(®) (this is defined as the entropy of v with respect to the
time one map 61). By Abramov’s formula, we have that /,(®) = (hu(a))/(f Tduw),
where ¢(u) = v. The entropy of the suspension flow (Y, ®) is defined by /p(®) =
SUp,e pm(@) Av(®). Similarly, for a potential ¢ : ¥ — R, we define its pressure by the
formula

PO(¢)= sup (hu«a) + / ¢ dv).
veM(®)

We added the superscript ® to emphasize that the base dynamical system is the suspension

flow (Y, ®). We define the pressure at infinity of ¢ by the formula

P2(¢) = sup limsup (hv,, (©) + f ) dvn>,
(Vn)p—0 n—00

where the supremum runs over all sequences (v,), in M(®) that converge on cylinders

to the zero measure. If there is no such sequence, we set Po(?> (¢) = —oo. The entropy at

infinity of (Y, ®), which we denote by 1, (®), is defined as the pressure at infinity of the

zero potential.
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For a potential ¢ :Y — R, we define Ay : X — R by the formula Ay(x) =

fof(x) ¢ (0;x) dt. It follows by Kac’s formula that [ ¢ dv = (f Ag dw)/([ T dp), where
n = ¢~ (v). Therefore,

PO(¢) = inf{z : P(Ayp —tt) <0} (18)
We will prove that a similar formula holds for the pressure at infinity.
LEMMA 8.4. PQ(¢) = inf(r : PXP(Ay —t7) < 0).

Proof. Since 1 is bounded away from zero, the function f(¢) = P£P(A¢ —17) is
decreasing. Define s = inf{z : ngp(A¢ —1t7) < o0} and set a = inf{r : ngp(Ad, —t7) <
0}. Note that f(r) = o0 ifr < s and f(t) < c0ift > s.

If there is no sequence in M (®) that converges to the zero measure, then there is no
sequence in M (o) that converges to the zero measure (see Lemma 8.2). In this case, we
have that PO(Z(d)) = —o0 and that Pégp(A¢ —tt) = —o0¢ for all ¢ (see Remark 3.7), and
thus the formula holds. Let us now assume that there exists a sequence in M (®) that
converges to the zero measure. In particular, Py (¢) can be realized by a sequence of
measures converging to the zero measure.

Fix t > a. Let (v,), be a sequence in M(®) that converges to the zero measure and
such that Po(2(¢) = limy— o0 (hy, (O) + f ¢ dvy). Set u, € M(o) such that ¢(u,) = v,.
Maybe after passing to a subsequence can we assume that (/'  dy,), converges to a real
number or oco. In the first case, we have that (i), converges to the zero measure (see
Lemma 8.2) and, therefore, lim sup,,_, o, (h,, (0) + f (Ag —tt) dpy) < 0, which implies
that lim,_, oo (h,, (®) + f ¢ dvy,) < t. In the second case, consider € > 0 and note that

@)+ [[(Bg =10 dpy = Py~ @ +e0) +e [ T,

which implies that lim,— oo hy,(©) + [ @ dv, <t +€ (observe that P(Ags— (t +
€)T) < 00, because P;gp(A(;) —(t4+€)t) < 00, see Remark 3.7(1)). In both cases, we
conclude that PO% (¢) < t for every t > a and, therefore, Po% (@) <a.

It remains to prove that PO% (¢) = a. We consider two cases.

Case 1: (s < a). In this case, we have that P£P(A¢ —at) = 0. Therefore, there
exists a sequence (u,), that converges on cylinders to the zero measure such that
lim;,, oo (R, (0) + f(A¢ —art)duy,) =0 and, thus, lim,_, (h,,(®) + f ¢ dv,) = a,
where v, = ¢(u,). The sequence (v,), converges to zero and, therefore, Po(z (@) > a.

Case 2: (s = a). Fix € > 0. Since PXX(Ag — (s — €)T) = 00, it follows that P(Ay —
(s — €)T) = oo. There exists a sequence (i,), in M(o) such that

n]ggo <hun (o) + /(A¢ — (s —e)7) dl’vn) = o0.

Then, lim sup,,_, o (h,, (®) + f ¢ dv,) > s — €, where v, = (). Note that

hy, (o) +/(A¢ —(—e)r)du, < P(Ap — (s +€)1) + 2 / tdu,
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and, therefore, lim;,_, oo f T du,, = co. We conclude that (v,), converges to zero and then
PO% (¢) = s — €. Since € > 0 was arbitrary, it follows that ng (@) = s. O

Remark 8.5. Let T € W. Note that hyp(0) < 0o (see (18)). In particular, if ¢ € Cp(Y),
then P®(¢) < oo. Furthermore, the entropy at infinity of (Y, ®) is given by hso(®) =
h(t) (see Definition 3.11 and Lemma 8.4).

We now provide a proof of Theorem 1.7, which is similar to Theorem 1.3 and analogous
to Corollary 6.16, where we considered a finite entropy CMS and a bounded potential.

Proof of Theorem 1.7. Maybe after passing to a subsequence can we assume that
(hy,(©) + f ¢ dvy), is convergent and converges to the limsup. Set u, = go_l(v,,) and
nw= (p‘l(v). Assume that A € (0, 1], otherwise, the result follows by definition of the
pressure at infinity. By Lemma 8.2, maybe after passing to a subsequence, we can assume
that (un), converges on cylinders to Aju and limg— oo [ T duy = Ao [ T dp, where
A €(0,1], 20 €[1,00)and A = A1 /As.

By Lemma 8.4, we have thatif ¢ > Po(g((ﬁ), then P;gp(A(/, —t7) < 0.Note that Ay — 17
is uniformly continuous with finite second variation and finite pressure (see Lemma 3.5).
In particular, we can apply Theorem 1.3 and conclude that

lim sup (hun(a) - / (Ag —17) dun) < M(flu(ff) - / (Ag — 17) du),

n—oo

and therefore,

lim sup <hvn (®) — /(¢ -0 dvn) — lim sup (hun (0) — [(Ap —1T) dﬂn)

n—00 n—00 deMn
<A_1 hu(a)—f(Ad)—tr)d,u)
T A2 f‘[du

=Ah,(®) — /(¢ —1)dv),

which is equivalent to

n—oo

lim sup (hvn((a)—i-/qbdvn) < A(hv(®)+/¢dv) + (1=t

Since t > P2 (¢) was arbitrary, we obtain the desired inequality.

We now prove that the inequality is sharp. Let (n,), be a sequence in M(®) that
converges to the zero measure and such that lim,,_, oo (4, (®) + f ¢ dn,) = Po(z (¢). The
existence of such a sequence follows by Theorem 1.6. Set v, = Av 4 (1 — A)n,. Note that
(vn)n converges to Av and it achieves equality in the pressure inequality. O

Analogous to the case of CMS, we say that ¢ : ¥ — R is SPRif P® (@) > Po(g (¢). The
next result follows from combining Theorems 1.6 and 1.7. The proof is analogous to the
proof of Theorem 1.4 and we leave the details to the reader.

THEOREM 8.6. Let t € WV and ¢ € Hy. Let (vy), be a sequence in M(®) such that
PO (@) = limy— 00 (hy, (®) + [ ¢ dvy,). Then, the following hold.
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(1) If ¢ is SPR, then (v,), has a subsequence that converges in the weak™* topology to an
equilibrium state of ¢. In particular, ¢ admits equilibrium states.

(2) If ¢ does not have an equilibrium state, then (vy,), converges to the zero measures.
In this case, Po%(qﬁ) = PO(¢).

Acknowledgements.  The author was supported by FONDECYT Iniciacién 11220409 and
FONDECYT Regular 1250928.

A. Appendix. Tightness in the space of invariant probability measures
Let (X, o) be a transitive countable Markov shift. Let (u,), be a sequence in M (o). The
condition

lim lim sup un( U[s]) =0, (A1)

k=00 p—oo
s>k

says that (u,), does not lose mass in the cylinder topology. In Lemma A.1, we prove
that this condition is equivalent to saying that (u,,), is tight. Since ¥ may not be locally
compact, it is convenient to replace tightness with something more suitable to our setup.

LEMMA A.l. Let (), be a sequence in M(o) such that (A.1) holds. Then, there exists a
subsequence of (), that converges in the weak™ topology.

Proof. We follow closely the idea of the proof of [IV, Proposition 4.11]. By countability of
the set of cylinders, we can find a subsequence (i, )¢ such that limg_, oo s, (C) =: F(C)
is well defined for every cylinder C € X. We claim that F extends to a countably additive
measure on X. As explained in [I'V, Proposition 4.11], it is enough to prove that

Jim lim M( U[al, o ,am,s]> =0 (A.2)
s>k
for every cylinder [ay, . . ., ay]. Since wu,([s]) = up(c™"[s]) = w, (a1, - - ., am, s1), it

follows that (A.1) implies that (A.2). We conclude that F' extends to a countably additive
measure p and that (i, )¢ converges on cylinders to u € M« (o) (see [IV, Proposition
4.11 and Lemma 4.1]). Observe that (A.1) implies limg_, oo (1 — ,u(UKk[s])) =0 and,
therefore, u is a probability measure. Since (u,,)¢ converges on cylinders to a probability
measure, we conclude that the sequence converges in the weak™ topology. O

We apply Lemma A.l to prove that, for the full shift, the escape of mass can be
completely ruled out in certain cases.

PROPOSITION A.2. Let (NN, o) be the full shift and € C,o(X) a potential such that
var; (¥) and P () are finite. Let (L), be a sequence in M(o) such that

P(Y) = lim <hun(o)+ / wdun).

Then, () has a subsequence that converges in the weak™ topology.
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Proof. Maybe after passing to a subsequence can we assume that lim,,_, o 1, (C) is well
defined for every cylinder C € X. By Lemma A.1, it is enough to prove that

lim i =0.
Jim i o (UJis1) =0
5>

We argue by contradiction and suppose that this is not the case. Since the sequence
(limy,— 00 Uy (Usz «[8D)k is decreasing, there exists € > 0 such that

lim m( U[s]) > €
s>k
for every k € N. Set Ay = Uszk[s]. In particular,

P +1t14,) > lim sup (hun(a) +/ ¥du, + tu,,(Ak)) > P(Y) +te

n—o0

for all ¢ €[0,+00) and k € N. Consider yo(x) =sup{¥(y):y € [x1]}, where
x = (x1,...) € NN, Note that since var; () is finite, || — Yollo =: M < oo. Also note
that vary (¥9) = 0. The inequality above implies that

P(o +11a,) > P(Yo) +te —2M

for all # € [0, +00) and k € N. Note that P(y9) < P(¢¥) + M < oo. By Example 2.9, we
have that P () = log(}_;cn e¥0®) and, therefore, the series Y oieN eV converges. Set
1o € [0, +00) such that (foe —2M) > 2,and m € Nsuchthat) ;. . eV < oPWo)=to Tt
follows that -

P(Yo) +2 < P(Yo) + (toe —2M) < P(Yo + 19la,,)

= log < Z Vo) Z e¢o(i)+t0>

i<m i>m
< log ( 3 et 4 eP(u/fo))
i<m

< log(zep(llfo))
= P(Yo) + log 2,

which is a contradiction. We conclude that the sequence (w,), satisfies (A.1) and by
Lemma A.l, we conclude that (u,), has a subsequence that converges in the weak™
topology to an invariant probability measure. [
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