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ABSTRACT

Let K be a finite extension of @, and let p be a continuous, absolutely irreducible
representation of its absolute Galois group with values in a finite field of characteristic
p. We prove that the Galois representations that become crystalline of a fixed regular
weight after an abelian extension are Zariski-dense in the generic fiber of the universal
deformation ring of p. In fact we deduce this from a similar density result for the space of
trianguline representations. This uses an embedding of eigenvarieties for unitary groups
into the spaces of trianguline representations as well as the corresponding density claim
for eigenvarieties as a global input.

1. Introduction

The density of crystalline representations in the generic fiber of a local deformation ring plays
an important role in the p-adic local Langlands correspondence for GL2(Q),) and was proven
by Colmez [Co08] and Kisin [Kil0] for two-dimensional representations of Gal(Q,/Q,). This
density statement was generalized by Nakamura [NalO] and Chenevier [Ch13] to the case of
two-dimensional representations of Gal(Q,/K) for finite extensions K of Q, and to the case
of d-dimensional representations of Gal(Q,/Q,) respectively, and the general case was finally
treated in [Nall].

In this paper we prove a slightly different density result in the generic fiber of a local
deformation ring. The above density statements make heavy use of the fact that the Hodge—Tate
weights of the crystalline representations may vary arbitrarily. In contrast to this case, we fix the
Hodge—Tate weights but vary the level, or, more specifically, we allow finite (abelian) ramification
and allow the representation to be potentially crystalline (more precisely, crystabelline).

Note that this density statement is of a different nature than the density of crystalline
representations. The density of crystalline representations holds true in the rigid generic fiber
(Spf R7)"'8 of the universal deformation ring R; of a given residual Gal(Q,/K)-representation
7. In contrast to this result, the density of potentially crystalline representations of fixed weight
only holds true in the ‘algebraic’ generic fiber Spec(R5[1/p]), as the set of representations with
fixed (generalized) Hodge Tate weights is Zariski-closed in the rigid generic fiber (Spf R;)"8.

In the special case of two-dimensional potentially Barsotti-Tate representations of
Gal(Q,/Q,) our result gives a positive answer to a question of Colmez [Co08)].
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A proof of this result (for two-dimensional representations of Gal(Q,/Q,)), using the p-adic
local Langlands correspondence, was announced previously by Emerton and Pagktinas. Our
approach does not make use of such a correspondence and works in all dimensions and for
arbitrary finite extensions of Q,. We were motivated by the case of two-dimensional potentially
Barsotti—Tate representations and possible applications to patching techniques, as for these
representations an automorphy lifting theorem is known [Ki09].

More precisely, our results are as follows. Let K be a finite extension of Q, and let
Gx = Gal(Q,/K) denote its absolute Galois group. Fix an absolutely irreducible continuous
representation 7 : Gg — GL4(F) with values in a finite extension F of F,,. As the representation
is assumed to be absolutely irreducible, the universal deformation ring Rz of 7 exists.

THEOREM 1.1. Assume that p { 2d and 7 % 7 ® €, where ¢ is the cyclotomic character. Let
k= (kis) €[l KQ, Z% be a regular weight. Then the representations that are crystabelline of
labeled Hodge—Tate weight k are Zariski-dense in Spec Ry[1/p].

Let us briefly comment on the assumption that the residual representation 7 is absolutely
irreducible. In the paper we need to identify the deformation space of the representation 7
with the deformation space of the associated pseudo-character, as the global families of Galois
representations that we use usually are pseudo-characters. This identification works for absolutely
irreducible representations. Even though it is known for some reducible representations as well, we
restricted ourselves to the case of irreducible residual representations. Using framed deformations
as in [BHS14] it is possible to resolve this issue anyway. Moreover, we can always assure that
the we can globalize the situation in the case of an absolutely irreducible representation, which
is essential to our method.

Similarly to the proof of density of crystalline representations, we use a so-called space
of trianguline representations X (7). This space should be seen as a local Galois-theoretic
counterpart of an eigenvariety of Iwahori level. Indeed, it was shown in [Hel2b] that certain
eigenvarieties embed into a space of trianguline representations in the case K = Q). This result
is generalized to the case of an arbitrary extension K of Q, in §3.2 below. In fact we prove the
following density result for eigenvarieties which might be of independent interest.

Let E be an imaginary quadratic extension of a totally real field F' such that [F': Q)] is even
and let G be a definite unitary group over I’ which is quasi-split at all finite places. Let Y be
an eigenvariety for a certain set of automorphic representations of G(Ar) as in [Ch09, 3] which
comes along with a Galois pseudo-character interpolating the Galois representations attached
to the automorphic representations at the classical points of Y. Given an absolutely irreducible
residual representation p : Gal(Q/E) — GL4(F) there is an open and closed subspace Y; C Y
where the pseudo-character reduces to (the pseudo-character attached to) p modulo p. This gives
rise to a map Y; — (Spf Rﬁ)rig to the rigid generic fiber of the universal deformation ring R;
of p.

THEOREM 1.2. Fix an algebraic irreducible representation W of G(F®qgR). Let f € Rj such that

f vanishes on all classical points z € Y; corresponding to irreducible automorphic representations
IT with Ilo, = W. Then f vanishes in I'(Y;, Oy).

We prove Theorem 1.1 by extending Theorem 1.2 to the space of trianguline representations
X (pwy), using a map f : Yy = X(puw,) constructed in Theorem 3.5 below. Here py, is the
restriction of p to the decomposition group at some place wg of F dividing p. The second step
in the proof of Theorem 1.1 then is to globalize the situation following [GK14] and [EG14].
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Namely, one realizes a given residual representation 7 : Gx — GL4(F) as the restriction to
the decomposition group at wg of a Gal(Q/E)-representation arising from an automorphic
representation of G(Ap). Using Theorem 1.2, we are then able to prove that an element of
Rp,, vanishing at all crystabelline points of Hodge-Tate weight k has to vanish on all those
irreducible components of X (p,,) that contain (the image of) an eigenvariety.

The final step is to use the Zariski density of the image of the space of trianguline
representations in the deformation space, which is the main result of [Nal0] and [Ch13]. However,
we have to refine this density statement replacing this space of trianguline representations by the
union of its irreducible components containing automorphic points of finite slope, i.e. we prove
the following theorem (see the body of the paper for a more precise definition of X (p, Wy, )*t
and Y(Wx, S, €)p).

THEOREM 1.3. Let X (p, W4, ) denote the union of those components of the space of trianguline
representations that contain the image of some eigenvariety Y (W, S, €); of non-specified level
S away from p. Then X (p, Woo)*"* has Zariski-dense image in the rigid analytic generic fiber of
the universal deformation ring of p,.

In order to prove this theorem, we have to prove that this union of components contains
sufficiently many crystalline points which are non-critical and whose all refinements are non-
critical and stay in this particular union of irreducible components. We then reduce this existence
to the proof of the fact that such gemeric crystalline points form a Zariski-open subset of the
scheme parametrizing crystalline representations of fixed Hodge—Tate weights together with a
density statement of automorphic points in a union of irreducible components of this space. The
first of these two facts is proved using the existence of an universal Breuil-Kisin module on such
a space and the second using the theory of Taylor—Wiles—Kisin systems.

Notation

We fix the following notation. Let Qp be an algebraic closure of Qp, |- | and val the norm and
valuation on @p extending the p-adic norm and valuation of Q,. Let K C @p be a finite extension
of Q, and let K denote the maximal unramified subextension of Q, in K. We fix a compatible
system €, € Q, of p"th roots of unity. Let K,, = K(e,,) C Qp, Koo = U,, K», and K|, the maximal
unramified subextension of Q, in K. We will write G;, = Gal(Q,/L) for any subfield L C Q,.
Finally, we write I' = 'y = Gal(K+/K). We define the Hodge-Tate weights of a de Rham
representation as the opposite of the gaps of the filtration on the covariant de Rham functor, so
that the Hodge—Tate weight of the cyclotomic character is +1.

We choose a uniformizer w € Ok and normalize the reciprocity isomorphism recg : K* —
W;}b of local class field theory such that w is mapped to a geometric Frobenius automorphism.
Here Wf}b is the abelization of the Weil group Wx C Gk and the reciprocity map allows us
to identify Oy with a subgroup of g;;b , the maximal abelian quotient of Gx . Further, we write
e: 0 — pr for the cyclotomic character.

Given a crystalline (respectively, semi-stable) representation p : Gg — GLg(Qp), we write
Deis(p) (respectively, Dgi(p)) for the filtered p-module (respectively, (¢, N)-module) associated
to p by Fontaine (cf. [Fo94a]). Further, we write WD(Dqis(p)) and WD(Dg(p)) for the Weil-
Deligne representations associated respectively to Deis(p) and Dg(p) by the recipe of Fontaine in
[Fo94b]. A similar notation is used for potentially crystalline (respectively, potentially semi-stable
representations).

If R is a complete local noetherian Z,-algebra with finite residue field (i.e. a quotient of
Zp[Ty, . .., T,] for some m), we write (Spf R)" for the rigid analytic fiber of the formal spectrum
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of R and often refer to it as the generic fiber of Spf R in the sense of Berthelot. Moreover, we will
always use the expression ‘rigid analytic spaces’ for rigid analytic spaces locally of finite type
over Q.

If F'is a number field, we will denote by Ap (respectively, Ag ; or A% f) its ring of adeles
(respectively, of finite adeles or of finite adeles outside of the places dividing p).

2. The space of trianguline representations

Let X be a rigid analytic space and recall the definition of the sheaf of relative Robba rings
Rx = Rx, Kk and Rt = R} i for K. If the base field K is understood we will omit the subscript
K from the notation. This is the sheaf of functions that converge on the product of X with
some boundary part of the open unit disc over K); see [Hel2a, 2.2] or [KPX14, Definition 2.2.3],
for example.! If X = Sp L for a finite extension L of Qp we will write Ry, = Ry k for (the
global sections of) this sheaf. This sheaf of rings is endowed with a continuous Ox-linear ring
homomorphism ¢ : Rx — Rx and a continuous Ox-linear action of the group I'. Recall that a
(¢, I')-module over a rigid space X consists of an R x-module D that is locally on X finite free
over R x together with a y-linear isomorphism ® : D — D and a semi-linear I'-action commuting
with &.

Let us write Uz, for the open unit disc over a p-adic field L and U, ;, C Uy, for the admissible
open subspace of points of absolute value less than or equal to r for some r € p2N[0,1). Given
such an r, we write R’y for the sheaf

XDOUr— F(U X UT,K()?OUXUT,KO)

and we write R} for the sheaf Rg( of functions converging on the product X x Ug,.

Given a family of Gx-representations V over a rigid space X, the work of Berger and Colmez
[BC08] and Kedlaya and Liu [KL10] associates to V a (¢, I")-module Diig(V) over Ry.

Given a (¢,I')-module D over X, we write H} (D) for the cohomology of the complex

Ald=7)®(p—id)

C;F(D) _ [DA p—id,y—id DA oD DA],

where A C T is the p-torsion subgroup of I" and v € I'/A is a topological generator. It is known
that the cohomology sheaves Hi;,r(D) are coherent Ox-modules for i = 0,1,2; see [KPX14,
Theorem 4.4.5].

2.1 The parameters
In this section, we recall the construction of the space (¢, I')-modules of rank 1 over R essentially
following [Co08]. This is first step toward a construction of the trianguline space.

Let W = Homeont (O, Gy, (—)) be the weight space of K. This functor on the category of rigid
analytic spaces is representable by the generic fiber of Spf Z,[O]. Further, let 7 = Homcont (K,
Gm(—)). There is a natural projection 7 — W given by restriction to O. The choice of the
uniformizer w gives rise to a section of this projection and identifies 7 with G,, x W via
d— (§(w),d| O[x{). It follows that 7 is representable by a rigid analytic space.

We recall how the (¢, ')-modules of rank 1 over a rigid space X are classified by 7 (X); see
[KPX14, Theorem 6.2.14] (and also [Na09, 1.4] for the case X = Sp L in the context of B-pairs).

Let X be a rigid space over @, and let D be a rank-1 family of K-filtered ¢-modules over X.
Recall that this is a coherent Ox ®q, Ko-module that is locally on X free of rank 1 together

! The sheaf Rx is denoted by ‘%L,rig in [Hel2a].
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with an id ® ¢-linear automorphism ® : D — D and a filtration Fil* on Dg = D ®g, K by
Ox ®q, K submodules that are locally on X direct summands as O x-modules.

Assume that X is affinoid and defined over the normalization K™ of K inside Q,, and
assume that D is free. Then such a K-filtered ¢-module may be described as follows. There
exist a uniquely determined a € I'(X, O%) and uniquely determined k, € Z for each embedding
o : K < K™ such that D = D(a; (ky)s) where ®50:@] acts on D(a; (ko)o) via multiplication
with ¢ ® id € I'(X, Ox ®q, Ko)* and

0 ik,

2.1
Ox i=—ks (2.1)

(gr' D) ®0x@g, Kidoe Ox = {

for all embeddings o : K — Qp.

Given k, € Z for each embedding ¢ : K — @p we consider the following special K-filtered
p-module D((k,)s) over L = K™ whose filtration is given by (2.1) and which has a basis on
which ®F0®] acts via multiplication with [], o(w)*.

Let X be an affinoid space defined over K"°™ and let D be a K-filtered p-module over X.
Associated to D there is a (¢, ')-module R x (D) of rank 1 as follows. We write

D = D(a;(0)s) ®x, D((ko)o)
for some k, € Z and a € I'(X, 0% ) and define
Rx(D(a; (0)s)) = D(a; (0)s) @ox @, Ko Rx;

where ¢ acts diagonally and I' acts trivially on the first factor.

Given o : K — K"™ we write t, € R';(norm for a period of the character ooxy from Gx into
O fnorm as in [KPX14, Notation 6.2.7]. Then [, t, is equal to the usual period of the cyclotomic
character t = log([(1, €1, €2,...)]) € Rap C R}norm, up to multiplication by an invertible element

Of 7?/}norm .
Using this notation, we write

Rx(D((ko)s)) = [ [t Rx € Rx m

with action of ¢ and I' inherited from Rx[1/t]. Finally, we set
Rx(D) = Rx(D(a;(0)0)) ®rx Rx(D((ko)o))-

More generally, let 6 : K* — I'(X, O%) be a continuous character. Then there is a (¢, I")-module
Rx(9) of rank 1 associated to ¢ as follows; cf. [KPX14, Construction 6.1.4]. Write § = 6102 with
(51\(9;{ = 1 and such that d9 extends to a character of Gi. Then we set

Rx(8) = Rx(D(51 (), (0)s)) ®r D, (52).

We write 6(D) for the character of K* such that Rx(6(D)) = Rx (D).

Further, we can check that, given k, € Z, the character §(D((k,),)) associated with the
K-filtered p-module D((k,),) is given by d((ks)s), i-e. by the character z — [] o(2)*. We
write oy ((kq)o) for the restriction of §((ks)s) to Ok. Finally, we have

e oreck =6(1,...,1)|5(1,...,1)|.
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LEMMA 2.1. Let 6 € T(L) for a local field L D K"°™. Then
H) 1 (RL(0)) # 0 <= 6 = 0((—kg)g) for some (ko)o € [ Zo,

H2r(RL(0)) # 0 <=6 =e-6((ko)s) for some (kg)s € [] Zzo-

In particular, H(;I(RL((S)) has L-dimension [K : Q] if and only if

o ¢ {5((_k0)0)75 0((ks)o) | (ko) € HZ>0} .

Proof. This is [KPX14, Proposition 6.2.8]; cf. also [Na09, Proposition 2.14]. O

Notation 2.2. (i) Let us write Treg C T for the set of regular characters, i.e the characters

o ¢ {5((_]‘30)0)75 0((ks)o) | (ko) € HZ>0} .

(ii) Let d > 0 be an integer. We define the set of regular® parameters ’Egg C T to be the set
of (01,...,04) € T such that §;/0; € Treg for i # j. Note that by construction ﬂgg # (Treg)®

(iii) A weight § € W(Q)) is algebraic of weight (kq)s if 6 = dw((ks)o)-

(iv) We say that § € W(Q,) is locally algebraic of weight (ks)y if 6 @ Sv((—ks)o) becomes
trivial after restricting to some open subgroup of Oj.

(v) An element k = (ks;)s € [, 7% is called strongly dominant if ko1 > koo >+ > kyq for
all o.

(vi) Let k = (koi)o € [1, Z%. We say that (61, ...,d4) € WI(Q,) is algebraic of weight k if §;
is algebraic of weight (ks;),. An element § = (61, ...,dq) € W4(Q,) is called locally algebraic of

weight k if §; is locally algebraic of weight (ks,;)o. The set of weights that are locally algebraic
of weight k is denoted by Wfila C WQ,).

2.2 The space of trianguline (¢, I')-modules
We extend the construction of the space of trianguline (p,I')-modules with regular parameters
given in [Ch13] to our context. This extension relies on results of Kedlaya, Pottharst and Xiao
[KPX14]. There are similar results (concerning triangulations in families) due to Liu [Liul5].
Let d be a positive integer and consider the functor Sg that assigns to a rigid space X the
isomorphism classes of quadruples (D, File(D),d,v), where D is a (p,I')-module over Rx and
File(D) is a filtration of D by sub-R y-modules that are stable under the action of ¢ and I' and
that are locally on X direct summands as R x-modules. Further, § € ﬁgg(X Jand v = (v1,...,Vq)
is a collection of trivializations

Vi : Fil 1 (D) /Fili(D) — Rx(5:).

Similarly, we consider a variant of this functor parametrizing non-split extensions (cf. [Hel2b]),
that is, the functor S§3° that assigns to X the set of isomorphism classes of quadruples
(D, Fils(D), 6, vq) where D and Fily(D) are as above and § € T2, such that locally on X there
exist short exact sequences

0 — Fil;(D) — Filj11(D) — Rx(6;) — 0

2 Note that this definition is a bit more restrictive that the definition of [Ch13].
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that are non-split at every geometric point € X as a sequence of (¢, I')-modules. Finally, v; is
a trivialization

vq : Filgs1 (D) /Fily(D) —> Rx(d4).

PROPOSITION 2.3. Let § = (81,...,64) € (Treg)?(X) for some rigid space X and let D be a
successive extension of the Rx(0;). Then H <,i0,F (D) is a locally free Ox-module of rank

0 if i =0,2
dK : Q) ifi=1

(D) © k(z) — Hi, r(D ® k(x))

are isomorphisms for all x € X.

and the canonical morphisms

Proof. By the base change formula [KPX14, Theorem 4.4.3] the second claim is a direct
consequence of the first. Let us assume that the claim is true for d = 1. By way of induction we
consider the short exact sequence

0— Rx(6)) — D — D' —0 (2.2)
and we may assume that H;’F(Rx(él)) and Hé,F(D’) are locally free of rank [K : Qp] and
(d—1)[K : Q] respectively, and

Hy p(Rx(01) = H3p(Rx(01)) = H)p(D') = H3 (D') = 0.
Then the claim follows from the long exact cohomology sequence of (2.2).
It remains to prove the claim for d = 1. Using the base change formula [KPX14, Theorem

4.4.3(2)], we are reduced to considering the universal case X = Tiee and D = R(J), where ¢ is
the universal character on 7. Let € X. The base change formula induces a spectral sequence

B}~ = Tor) (H?, (D), k(x)) = H. (D ® k(x)).
The fact that H ‘LF (D) =0 for j > 2, together with the spectral sequence, implies that
H20(D) @ k(x) — H2p(D ® k(z))

is an isomorphism. By Lemma 2.1 the target of this isomorphism vanishes and hence so does
H;F(D) ®k(x). But as H;,F(D) is a coherent sheaf by [KPX14, Theorem 4.4.2] (and again using

the base change formula in the flat case), it follows that H, ;,F(D) = 0, as we have shown that all
its fibers vanish.
As H?a,r(D) =0, it follows that Tor{((H;F(D), k(x)) =0 for all z € X and hence the above
spectral sequence implies that
H;F(D) ® k(x) — H;’F(D ® k(z))

is an isomorphism for all x € X. By Lemma 2.1 we conclude that H, é,r (D) ® k(x) has dimension
[K : Qp] for all x € X. Being a coherent sheaf of constant rank on a reduced space, it has to be
locally free automatically. o

Finally, we deduce that E5 " =0 for i,j > 0 and any fixed x € X. It follows that

H) (D) ® k(z) — H) (D ® k(x))

is an isomorphism for all x € X. As the right-hand side vanishes for all x € X by Lemma 2.1 we
again conclude that H &F (D) =0. O
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THEOREM 2.4. (i) The functors S and S5° are representable by rigid spaces.
(ii) The map 87 — ﬁgg is smooth of relative dimension (d(d —1)/2)[K : Qp].

(iii) The map S}°* — 7;Zg is smooth and proper and

dim S =1+ [K : Q)] <d(d;1)>.

Proof. The proof is the same as the proof of [Ch13, Theorem 3.3] or [Hel2b, Proposition 2.3].
For the convenience of the reader we give a short sketch. The case d = 1 is settled by S =
SP® = T. Now assume that S C'lj_l and §3° | are constructed with universal objects D5—1 and D* |,

respectively. Let U C T xS7 ; and V C 8%, x T respectively be the preimage of ﬁgg CTx ﬁgg_ 1
under the canonical projection. Then Proposition 2.3 implies that

Eatr, (Ru(61), Da_1) = Hyr(Da1(57"))

and
Extn, (Ry(61), D) = Hy 1(D 1 (67))

respectively are vector bundles of rank (d — 1)[K : Qp]. As the Tate duality is a perfect pairing
[KPX14, Theorem 4.4.5] we find that also

My = éaltt%gU (Dg,l, RU((SI))

and
My = Eaty, (D, Ry (61))

respectively are vector bundles of rank (d — 1)[K : Q). Now 8] = Spch(Sym’M\é) is the
geometric vector bundle over U associated to My while 8§® = Py (M) is the projective bundle
associated to My . Here Spec is the relative spectrum in the sense of [Con06, 2.2] and, given a
vector bundle &, the projective bundle P(£) = Proj(Sym®€) is the relative Proj in the sense of
[Con06, 2.3]. -

The universal object D5 then is the universal extension

0 — R(81) — D] — D] ; — 0

over S7. In the non-split context consider the geometric vector bundle S}* = Spec (Sym* MY
over V associated to My,. Then there is a universal extension

0 — R(6)) — D¥ — DI, — 0

over 5’38. Consider the open subspace SN(?S\V - 5’35 where the image of the zero section 0 : V —
S7° is removed. This space carries a natural action of G,, and this action lifts to an action on
the restriction of DJ° to S\ V by acting on R(d;). Hence D descends to a (i, T')-module D
over P(MY,) = (S3¥\V) /Gy

The computation of the dimension follows from the construction as well as the fact that S
is smooth over ﬁgg and S§3° is smooth and proper over ﬁgg. O

Let r € p¥ N [0,1) and consider the ring R" = R, If n > 0, then there is a morphism
R" — K,[t] where the ring Ky[t] is viewed as the complete local ring at the point of U, ;
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corresponding to (the Gal(Q,/K{)-orbit of) 1 — ¢€,. If D, is a (¢, I')-module defined over R’ for
some p-adic field L and some 7 € p N [0,1) and if D = D, ®@rr Rr, then we define

Dar(D) = (Koo ®x, Kn((t) @ry D)
Fil'Dar(D) = (Koo Ok, t' Knt] ®Ry D,)".

If L contains K™, then Dgr(D) splits up into a product Dgr(D) = [, Ddr.(D) and
Fil' Dgr (D) = [, Fil’ Dgr (D) splits up into filtrations Fil} Dyr (D) of the Dyr (D).

As in [BC09, Definition 2.2.10], we can extend the notions of being crystalline or de Rham
o (¢, I')-modules.

DEFINITION 2.5. Let L be a finite extension of Q, and let D be a (¢, I')-module of rank d over
Rr =RL k. Assume that D = D, @g; Ry, for some (¢, I')-module D, defined over R’ and some
r <l
(i) The (p,T')-module D is called de Rham if Dgr(D) is a free L ®q, K-module of rank d.
(ii) The module D is called crystalline if Deyis(D) = D[1/t]" is free of rank d over L ®q, K.

(iii) The module D is called crystabelline if D QR Rrp K is crystalline for some abelian
extension K’ of K.

The following proposition is the generalization of [BC09, Proposition 2.3.4]* to our context
and its proof is essentially the same as in the case K = Q.

PROPOSITION 2.6. Let L be a finite extension of Q, containing K™*™ and let D be a (¢,I')-
module of rank d over Ry, that is a successive extension of rank-1 objects R, (d;). Assume that
(51\0;(, . ,5d]01x<) is locally algebraic of weight k = (k,.;) for some strongly dominant weight k.
Then D is de Rham with labeled Hodge—Tate weights k.

Proof. Write R = |J,,(L ®q, Kx[t]) for the moment. We proceed by induction on d. The case
d =1 easily follows from the fact that we may twist by characters § such that d| ox = 1 and the

fact that the claim is true for characters of G2 = 7 x Oj; by the definition of locally algebraic
weights.
For simplicity we only treat the case p # 2. In this case the group I is pro-cyclic. In the case
p = 2 one concludes similarly after taking invariants under the 2-power torsion subgroup A of I'.
Let v € T be a topological generator and let I’y = (y) C I". We will prove by induction on
1 <j<dthat (][], tkaﬂR®7y Fil;(D),)I = 0 for big enough r. Suppose we have the result for

j < d—1. One deduces from the short exact sequence

0— HFﬂ "4 Dar (Filg_1 (D)) — HFﬂ—kaDdR(D) — []Fil,* R (6a)
g

—>H1<F0,Fild 1(D)r Ory,. (Hta > >

that it suffices to show that
H! (FO,Fﬂd 1(D)r @ry,. (H too ) ) =0.

3 Note that Bellaiche and Chenevier use a different sign convention.
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To do so we are reduced to computing the first cohomology of ([], t;*)R®, R(d;) for i < d— 1.
However, this cohomology vanishes, as [] t, f¢R®; ~ []_ t, Foitkei R R(5) with 6 a finite
order character, and —k, 4 + ks ; > 0 for all o and hence

H! <ro, <H tf;’)R) = (H tf;’)R/(w —1) (H tﬁ;)R =0
if i, > 0 for all embeddings o. It follows that D has to be de Rham. O

Let wy : 8§ — W? and w, : 83 — W9 denote the projection to the weight space.

COROLLARY 2.7. (i) Let w € ngg be a strongly dominant algebraic weight. Then there is a
non-empty Zariski-open subset Zeis(w) C w; ' (w) such that all points of Zes(w) are crystalline
(¢, T')-modules.

(ii) Let k € T[], Z¢ be strongly dominant and let w € Wfila be a locally algebraic weight. Then
there is a non-empty Zariski-open subset Zpeis(w) C w;l(w) such that all points of Zperis(w)
are crystabelline.

Proof. The proof is identical to that of [Ch13, Theorem 3.14].

(i) As w = (w1, ..., wy) € W is algebraic we may write R(5;) = R(D(J;)) for any character
6; € T restricting to w; on OF%. We write D(6;) = D(a;, (ko)o) With a; = §;(c) [, o(w)*i and
let

(o

Zeris(w) = {(D,Fﬂ.(D),a, Vi) € wyt(w) ;i + ptEoeQ] for § < j}.
J
Let D be a (¢,I')-module associated to some point in Zgis(w). Then D is de Rham by
Proposition 2.6 above and hence potentially semi-stable. As w is algebraic, D is a successive
extension of crystalline (¢, I')-modules, hence it has to be semi-stable and we have to assure that
the monodromy acts trivially. However, the monodromy operator maps the ®f-cigenspace with
eigenvalue \ to the ®f-eigenspace with eigenvalue pf\, where f = [Ko : Qp]. As the possible
cigenvalues of ®/ are given by the a; the monodromy has to be trivial.

(ii) Let w™ = w-d(-k) = (wy,...,w,) and let K’ be the abelian extension of K
corresponding to ﬂlgz‘gn kerw; C O — g%b. Then the same argument as above yields a
Zariski-open subset Zpcris(w) C wd_l(w) whose points are (, I')-modules that become crystalline
over K. O

Remark 2.8. In the case d = 2 the second claim of the corollary above applies, for example, to the
weight k = ((0,1),), i.e. to potentially Barsotti-Tate representations. If d > 2, a corresponding
statement for potentially Barsotti—Tate representations can no longer hold true. There are no
strongly dominant weights for potentially Barsotti-Tate representations in this case and the
dimension of the flag variety parametrizing the Hodge filtrations for weights that are not strongly
dominant will be strictly smaller than the dimension of the space of extensions of (¢, I')-modules.

LEMMA 2.9. Let L C @p be a finite extension of the Galois closure K™™ of K inside Qp and
let V' be a crystalline representation of Gx on a d-dimensional L-vector space with labeled
Hodge-Tate weights k = (ks;) such that k is strongly dominant. Let D = Dqis(V') and assume
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that the [Ko : Qp]th power of the crystalline Frobenius ®¢is on WD(D) = D ® L&g, Ko @p is

semi-simple. Let \1,...,A\q be an ordering of its eigenvalues and assume that for all o one has
(K : Q]
————val(\) < —ks2 — ko1,
Ko Qi) < ~ho2 = 3 ko
K Q) i—1 (2.3)
P val(A oo N) < kg1 — kgt i — kgt 5.
Ko Qe A < hnin = 3 k= D)

Then there is a triangulation 0 = Dy C Dy C --- C Dg = Dilg(V) such that D;/D;—1 = D(4;)
with 0; : K* — L* given by

61"(9;(( D2 > Ha(z)k"v"’,

Proof. Let D; C Drlg(V) be the filtration induced by a filtration 0 = Dy C D} C --- C D, =D =
D¢,is(V) by ®is-stable subspaces such that the restriction of ol 4 WD(D;) has eigenvalues

Cris
A1, ..., A;. Then D; is stable under ¢ and I' and we need to compute the graded pieces. However,
the graded pieces are as claimed, if the filtration D) is in general position with all the Hodge

filtrations Fil}, which is to say that
(D} ®KoeLoid Qp) ® (FI™" 1 D @KLz Qp) = D @rosLosia @ = WD(D).

One can easily see that this is assured by weak admissibility and condition (2.3). O

2.3 Construction of Galois representations

Let p: Gxg — GL4(F) be an absolutely irreducible continuous representation, where F is a finite
field of characteristic p. Write R; for the universal deformation ring of p and X for the generic
fiber of Spf R; in the sense of Berthelot.

Recall that a pseudo-character T': G — R of a group G with values in a ring R is a map
satisfying several axioms; see [BC09, 1.2.1] and the references cited therein, for example. If,
moreover, GG is a topological group and R is a topological ring, the pseudo-character T is called
continuous if the map T is continuous (as a map of topological spaces).

Let X be a rigid space and let T : Gx — I'(X,Ox) be a continuous pseudo-character of
dimension d. We say that T has residual type p if for all x € X the semi-simple representation

: Gk = GLa(Og,) with trp, = (T ® k(z)) ® ) @p (which is uniquely determined up to
conjugatlon) reduces to (the isomorphism class of) p modulo the maximal ideal of Og

Then the rigid space Xj; represents the functor that assigns to a rigid space X the pseudo-
characters T : G — I'(X, (9 x) of dimension d and residual type p.

ns,adm

By [Hel2a, Theorem 5.2] there exists a natural rigid space S,

ns,adm

which is étale over §°
and a vector bundle V on S, together with a continuous representation p : Gg — GL(V)

such that Dllg(V) is the restriction of the universal trianguline (¢, I')-module. In the setup of

adic spaces (cf. [Hu96]) the spaces Sgs’adm is an open subspace of S3°. In what follows we will
embed the category of rigid spaces into the category of adic spaces as in [Hu96, 1.1.11].

Let us write S(p) C SSS’adm for the open and closed subspace where the pseudo-character
trp has residual type p. Then we obtain a canonical map

75 S(p) — X5 x T2

reg"
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It is clear, reasoning along the lines of [Hel2b, Proposition 3.10] for the case K = Q,, that this
map is injective at the level of rigid analytic points; see Lemma 2.12 below.

DEFINITION 2.10. Let X (p) be the Zariski closure of Im(m;) C X5 x 7;‘elg in X; x 7. This is a
Zariski-closed subset of a rigid analytic space and we view it itself as an rigid analytic space with
the induced reduced structure. The space X (p) is called the trianguline space in the following.

THEOREM 2.11. The space X (p) is equidimensional of dimension

: _ d(d+1
dimX(p) =1+ [K : @p](2).
If z = (p,8) € X(p) C X; x T% is a rigid analytic point, then the Galois representation p is
trianguline. Moreover, the morphism 75 : S(p) — X (p) is an isomorphism onto a Zariski-open
and dense subspace of X (p).

The image of 7 is then a Zariski-open and dense subset X (p)"*® C X (p), which we call the
regular trianguline space.
For the proof of Theorem 2.11, we need some preliminary lemmas.

LEMMA 2.12. Let (p,61,...,8q4) be a rigid point of X5 x T,d,. Then the (¢, T')-module DLg(p)
has at most one triangulation of parameter (61, ...,084). In particular, the map , is injective on
rigid points.

Proof. We are reduced to proving that if D is a trianguline (¢, I')-module having a triangulation
whose successive subquotients are isomorphic to Ry x(d;), then this triangulation is unique.
We can prove this statement by induction, the case where d = 1 being clear. Assume the
claim proved for d — 1 > 1 and consider D a (¢,I')-module of parameter (di,...,04) €
’Eﬁfg. Using the induction hypothesis, it is sufficient to prove that Hom(, ry(Rr k (1), D) has
L-dimension 1. This is a consequence of the fact that End, ry(Rpr k(1)) has L-dimension 1
and that Hom, r)(Rz, (1), R,k (;)) = 0 for i > 2, the last equality being a consequence of
(61,...,6q) € T, and Lemma 2.1. O

LEMMA 2.13. Let X be an adic space of finite type over Q, and let U C X be an open subset.
Suppose that U is constructible for the Zariski topology, i.e. U is a finite union of subsets that
are locally closed for the Zariski topology. Then U C X is Zariski-open.

Proof. The claim is local on X and hence we may assume X = Spa(A, AT) with (A, AT) an
affinoid Tate algebra topologically of finite type over Q,. Given x € X, we write supp  for the
support of the valuation defined by x. This support is a prime ideal and the corresponding map
f: X — Spec A is continuous and surjective (for surjectivity it is enough to consider the case of
Qp(T1,...,Ty), where it is easily seen to be surjective). Moreover, a subset U C X is Zariski-open
(respectively, constructible for the Zariski topology) if V = f~1(V) for some V C Spec A open
(respectively, constructible).

Write V = f71(V) for some constructible subset V C Spec A. It is enough to show that V is
stable under generalization. Let p ~» q = suppz be a specialization® with z € U. As U is open

4 Note that specializations in Spec A are different from specializations in Spa(A, A™). In fact the morphism
Spa(A, AT) — Spec A identifies points = and y such that z is a specialization of y in the sense of adic spaces.
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there exists a neighborhood U’ of  contained in U = f~! (/). However, then U’ contains a point y
with suppy = p and hence p € U: this comes down to showing that, if Spa(B, BT) < Spa(A4, A™)
is the inclusion of an affinoid subdomain with suppx € Spa(B, BT), then Spec B contains all
generalizations of p = supp z in Spec A. However, this follows from the diagram

Spec B——— Spec A

T !

Spec B, — = Spec A,

and the fact that the image of Spec Ap — Spec A contains all generalizations of the prime
ideal p. O

LEMMA 2.14. Let A be a Tate algebra over Q, and let f : X — Spa(A, A") be a projective
morphism. Let U C X be a Zariski-open subset. Then f(U) C Spa(A, AT) is constructible for
the Zariski topology.

Proof. Let g: X — Spec A be a scheme of finite type over Spec A. Then there is an analytification
g™ 1 X — Spa(A, AT) which can be written as a fiber product

xan X

I

Spa(A, AT) —— Spec A

as in [Hu94, Proposition 3.8]. Here the morphism Spa(A4, AT) — Spec A maps a valuation to its
support. By [K&674, §3] there is also a functor F — F?" from the category Cohy of coherent
sheaves on X’ to the category Cohyan of coherent sheaves on X?". By [K674, §§4, 5] this functor
is an equivalence of categories when ¢ is projective.

Applying this equivalence to the sheaf of ideals of an embedding of X into some projective
space over Spa(A, AT), we find a projective morphism g : X — Spec A such that f = g®".
Moreover, there exists a closed subscheme Z C X such that U = X"\ Z2". Let us write i = X'\ Z;
then we have U = U®*".

As the morphism ¢ is a morphism of finite type between noetherian schemes the theorem
of Chevalley (cf. [EGAIV, Theorem 1.8.4]) implies that there is a decomposition Spec A = JV;
with V; C Spec A locally closed such that g;(Uf;) C V; is Zariski-open, where we write

gi =glg-10) 197 (Vi) — Vi
and U; =U N g~ (Vi). As |J f(U;)™ then is constructible for the Zariski topology it remains to
show that ¢?™(U™) = (g:(U;))*". However, this is easily verified. O

(2

LEMMA 2.15. Let X = Spa(A, A™) be an affinoid adic space of finite type over Q, and let U C X
be constructible for the Zariski topology such that U contains all rigid analytic points of X. Then
U=X.

Proof. As U is constructible for the Zariski topology we have U = ¢~ (i) for some constructible
set U C Spec A, where ¢ : Spa(A4, AT) — Spec A denotes the morphism mapping a valuation to
its support. It follows that U contains all maximal ideals of A and hence U/ = Spec A since A is
a Jacobson ring. O

1621

https://doi.org/10.1112/50010437X16007363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007363

E. HELLMANN AND B. SCHRAEN

Proof of Theorem 2.11. Let us write M C X (p) for the set of rigid analytic points in the image
of m5. Further, we write p"" for the pullback of the universal Gx-representation on X; to X (p).
By Lemma 2.12, all points of M are strictly trianguline in the sense of [KPX14, Definition 6.3.1].
Then by [KPX14, Corollary 6.3.10] there exist a morphism

[ X(p) — X(p)

and a filtration F; of D = DLg( f*p"™) by submodules that are stable under the action of ¢ and

I" such that there are short exact sequences

where the £; are line bundles on X (7) and M; is supported on a Zariski-closed subset Z; of X(p)
not containing any irreducible component of X (p). Moreover, f is projective and birational (in
fact it is the composition of the normalization of X (p) with some blow-ups) and

o e X\ Uz

Let U C X(p) be a Zariski-open and dense subset such that U C X (p)\J; Z; and such that f
induces an isomorphism of U onto its image in X(p) (which we will again denote by U). For
x € U we find M; ® k(x) = 0 and hence F;|y is locally on U a direct factor of the Ry-module
D. Hence we find short exact sequences

0 — Fio1 ®k(z) — Fi @ k(x) — R() ® k(x) — 0. (2.4)

Shrinking U if necessary, we may assume that all the extensions (2.4) for x € U are non-split
and that U C X; x 7;§fg. Then the filtration F,|yy defines a section

s: U — S(p) (2.5)

to FEI(U) — U. However, as m; is separated this section is a closed immersion. On the other
hand, 75 is injective on rigid analytic points and hence ng(U ) = U, as ﬂgl(U ) is smooth and,
in particular, reduced. It follows that U is equidimensional of the claimed dimension and hence
so is X(p) as U is Zariski-open and dense in X (p). Moreover, [KPX14, Theorem 6.3.13] implies
that all the representations p"" ® k(z) for rigid analytic points € X (p) are trianguline.

We let
ve (x\Uz)n e (2.6

denote the Zariski-open subset of X (5), where all the extensions (2.4) are non-split. Then the
rigid analytic points in f(V') are precisely the points of M, as both sets precisely consist of the
non-split trianguline representations with parameters in 7;Celg. Moreover, for the same reasons as
before, the morphism U — S(p) from (2.5) extends to a morphism s : V' — S(p). In particular,
we find f(V) C Im .

We will show in Proposition 2.17 below that the morphism 75 : S(p) — X (p) is étale at
rigid analytic points y € S(p). Let us remark that the proof of that proposition does not use
what follows. Let us finish the proof of the theorem assuming this claim. It then follows from
[Hu96, Proposition 1.7.11] that 75 is étale as a morphism of adic space and hence Im 75 is open
by [Hu96, Proposition 1.7.8].
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For Spa(A,AT) C X(p) open affinoid, Lemma 2.14 implies that f(V) N Spa(4,A™) is
constructible. On the other hand, f(V') = m5(s(V)) C Im 75 and hence restricting to some affinoid
neighborhood of z € f(V) contained in Im 75 Lemma 2.15 implies that f(V') is open. It follows
from Lemma 2.13 that f(V) C X(p) is Zariski-open. We define X (p)"*® to be the Zariski-open
subset f(V).

It is left to show that the morphism 75 : S(p) — X (p)™® is an isomorphism (still assuming
that we already know that it is étale). As remarked above, the morphism 75 is injective on rigid
analytic points and, in particular, (locally) quasi-finite as a morphism of rigid analytic spaces.
Then [Hu96, Proposition 1.5.7] implies that 75 is (locally) quasi-finite as a morphism of adic
spaces. Further, 75 is partially proper, as S(p) is partially proper (cf. [Hel2b, Proposition 3.6])
and X (p) is separated. It follows from [Hu96, Proposition 1.5.6] that 75 is locally on S(p) and
X (p) of the form g : Z — T with g finite. Moreover, g then has to be finite étale and hence it is
an isomorphism if it has degree 1. However, we have constructed above a section s : U — S(p)
to m; on some Zariski-open and dense subset U C X(p). As g is injective it has to be an
isomorphism. O

LEMMA 2.16. Let x € Imm; be a rigid point, Then the complete local ring @X(ﬁ)@ is a domain.

Proof. Let X = X(p). By [vdPSch95, Corollary 5], the ring Ox . is a henselian local ring. It is
then a consequence of [Ra70, Corollary 1] that Ox , is a domain if and only if ) X,z is a domain.
To prove that Ox, is a domain, it is sufficient to prove that, in the normalization X' — X,
the fiber over x is just one point. As the space S(p) is smooth, it is normal, and then the map
5 has a canonical factorization 7 through X'. Let 2’ a point of X' over z, and & a point of
the canonical blow-up X = X (p) over /. Writing again M for the set of rigid analytic points
in the image of 75, the construction of f : X — X implies that f~1(M) C V, where V is the
Zariski-open subset defined in (2.6). In particular, this means & € V. As constructed above, we
have a morphism s : V' — S(p). To summarize, we have the following diagram.

.
Wlp/ iﬂ'ﬂ
X' X

As the outer triangle is commutative, by the universal property of the normalization, we must
have g = 7, o s, proving that 2’ = g(%) = 7,(s(¥)) is in the image of 7. As the map 7; is
injective, the map 7T;3 must be injective too. We have proved that the entire fiber of X/ — X
over z is contained in the image of 7r;3. Hence we can conclude that there is only one point of X’

over z. O
PROPOSITION 2.17. The morphism 75 : S(p) — X(p) is étale at rigid analytic points.

Proof. Let « = (p,d) € Im7; C X5 X 7;‘Clg and write R, = @xw for the complete local ring
at p. This is the complete local noetherian ring pro-representing the deformation functor of p.
Further, the choice of y € S(p) mapping to = defines a triangulation Fils on Diig(p). Then the

functor of (trianguline) deformations of (DJr (p),Fils) is pro-representable by (’A)S([—,)’y. On the

rig
other hand, by [BC09, Proposition 2.3.6] this functor is a subfunctor® of the deformation functor

5 Strictly speaking, [BC09] treat the case K = Q,. However, the same argument applies in the general case.
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pro-represented by R,. It follows that the canonical morphism R, — ©S(ﬁ),y is surjective. On
the other hand, this morphism factors through O X(p),« and hence the canonical morphism

Ox(p)2 — Os(p)y

is surjective. Further, both rings are reduced (the left one by excellence) and have the same
dimension. Now it follows from Lemma 2.16 that O X(p), 18 @ domain and hence the morphism
from @X(ﬁ),x — @S(ﬁ)yy has to be an isomorphism. It follows from [Hu96, Definition 1.7.10] that
the morphism S(p) — X (p) is étale at y. O

We will refer to the space X (p)'® constructed in Theorem 2.11 as the reqular part of the
trianguline space. The following lemma is a direct consequence of the construction of S™(p) as
an open subspace of a successive extension of vector bundles over ﬁgg.

LEMMA 2.18. Let x € X (p)'® be a rigid analytic point. Then there exists a neighborhood of x
in X (p)™8 that is isomorphic to the product of a neighborhood of wy(x) € W¢ with the closed
unit disc of dimension (14 d(d —1)/2)[K : Qp].

Similar to the space S"(p), we can define a subspace S”(p) C S7 consisting of those
trianguline (o, I')-modules in S” that come from a G -representation whose associated pseudo-
character has residual type p. As in the discussion above, we have a map WE : S (p) > X5 x T

LEMMA 2.19. The map 75 : S%(p) — X5 X T factors over X (p).

Proof. As X (p) is closed and 87 (p) is reduced it is enough to show that a dense subset of S7(p)
maps to X (p). However, the set S of all points x € S7, where all the extensions

0 — Fil;y(D) ® k(x) —> Fil;11(D) @ k(x) —> Ryz)(0;) —> 0

are non-split, is Zariski-open and dense. It follows that S'dD meets every component of S”(p) and
in fact the intersection S”(p) N ST is Zariski-open and dense in S”(p). We now conclude by
remarking that there is a canonical map Sc'l:' — S3° (which is in fact a GZ-1-torsor) that induces
a map q : Sc‘l] NSY(p) — S™(p) such that the map WE factors through gq. O

3. Application of eigenvarieties

In this section, we recall some facts about eigenvarieties attached to definite unitary groups and
prove a density statement about them which will be used in the proof of the main theorem.

3.1 The eigenvarieties

The eigenvarieties that we will use are studied in Chenevier’s paper [Ch09]. The first result that
we need is the analogue of the results in [Hel2b], where the corresponding eigenvarieties were
studied in [BC09]. We recall the setup of Chenevier’s paper.

Notation 3.1. (i) We choose a totally real field F' such that [F' : Q] is even and let E be a CM
quadratic extension of F'. We write ¢ for the complex conjugation of E over F' and assume that
there is a place vy of I dividing p such that vg = wowg splits in £ and such that F,,, = F,,, = K.
We fix such an isomorphism and view the uniformizer w of K as an uniformizer of F,,.
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(ii) We fix an algebraic closure Q of Q and embeddings o : Q = C and ¢, : Q — Q,.
Let I = Hom(F,C) = Hom(F,R) denote the set of infinite places of F. Given a place v of F
dividing p, the set I(v) = Hom(F,,Q,) is identified with a subset I(v) C I via our choice of
embeddings o and ¢p.

(iii) Let d > 1 be an integer and let us write G for the unique unitary group in d variables
defined over F' which splits over F, is quasi-split at all finite places and compact at all infinite
places. The existence of such a group can be deduced from the considerations of [C191, §2].

(iv) As vg splits in E, there exists an isomorphism G(F,,) = GL4(K) that we fix for the
following. We write S, for the set of places v of F dividing p and S, = Sp\{vo}.0

(v) Let T denote the diagonal torus in GL4(K) and denote by TY its maximal compact
subgroup. Further, we fix the Borel B C GL4(K) of upper triangular matrices in order to have
a notion of dominant weights. Let L C Q, be a subfield containing o(F,,) for all o € I(vg). We
define the weight space for the automorphic representations to be

WaUt = Homeont (T07 Gm,L(_))7

as a rigid space over L. In particular, we have a canonical identification W34t = Wﬁ

(vi) Fix a finite set S of finite places of F' containing S), and all places such that G(F},) ramifies
and fix a compact open subgroup H =[], H, C G(Ap, f) such that H, is maximal hyperspecial
for all v ¢ S and such that Hy, is GLg(Ok). Write S” = S\{vo}. We define H' = [[, H,, such that
H] = H, is v # vy and H,, ! is the Iwahori subgroup I of GLd(OK) of matrices Whose reduction
modulo @ is upper trlangular Further, let H"" = OL[G(A%, ;)//H®] denote the spherical Hecke

algebra outside of S. Furthermore, we require that H is small enough, i.e. for g € G(Apy),
G(F)ngHg™ ' =1. (3.1)

(vii) For each place v € S’ we fix an idempotent element e, in the Hecke algebra
OL|G(F,)//H,] and write e = (®U€S, ey) ® 1y for the resulting idempotent element of the
Hecke algebra OL[ (A”O YJHY].

(viii) For 1 < d, let t; = diag(1,...,1,w,1...,1) € T, where the uniformizer is the
ith diagonal entry. Let T~ C T denote the set of diag(xi,...,z4) € T such that val(zi) >

- > val(zq). We regard Z[T/T°] as a subring of the Iwahori-Hecke algebra of G(F,,) with
coefficients in Z[1/p] by means of ¢t — 1 H,ytH,,- Lhis subalgebra is generated by the Hecke
operators g, tm, for ¢t € T~ and their inverses. Finally, let H = H"" @, Z[T'/T 9], which is a
subalgebra of L(G(Ap,)//H'].

Let Wi, be an irreducible algebraic representation of [],cq s ) G(Fw) and let A =
p7 oo
A(Wo, S, €) denote the set of isomorphism classes of all irreducible automorphic representations

IT of G(Ap) such that @,csr yer. () Hw is isomorphic to W and e(Hf)HLo # 0. Further, define
p7 oo
the set of classical points to be

zZ = {(H, X) (3.2)

ITe A x: T/T0 — @; continuous }
(K)

such that Hvoldet](l D245 q subobject of Indng K

where the parabolic induction is normalized.

6 Let us remark that here S, is not exactly the same as in [Ch09)].

"We can view e, (respectively, e) also as idempotent elements of the full Hecke algebra, i.e. the convolution
algebra of all compactly supported smooth functions on G(F,) (respectively, G(A;)) (which are bi-invariant
under some compact open subgroup). In particular, we can apply these idempotents to any representation of
G(F,) (vespectively, G(A ).
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Associated to these data there is an eigenvariety, i.e. a reduced rigid analytic space Y (W,
S, e) over L together with a morphism

kY (W, S, e) —> Wt

and
7/1 = wun & wvo H — F(Y(WOCH 57 6), OY(WOO,S,G))

a morphism of algebras such that Y (W, S, e) contains a set Z as a Zariski-dense accumulation®
subset. These data are due to the property that there is a bijection between Z and Z sending a
point z € Z on the pair (Il,, x,) € Z according to the following rule.

The evaluation " (z) : H"™ — k(z) is the character of the spherical Hecke algebra associated
to the representation IT5. For w € I (vp), let K11,,,, denote the algebraic character of T, obtained
from I, following the rule of [Ch09, §1.4]. Then r(2) = [[,es.(v) F1l..- Let £z (2) be the
unique character 7/T° — Q) such that rx(2)(t) = £(z)(t) when t is a diagonal matrix whose
entries are powers of w. Finally, the component ,, of the morphism ¢ is given by

¢U0(2)|T% : ]lHuOtHvo — Xz(t) . 5;3/2(t)|det(t)|(d_1)/2/§w(z)(t),

where dp, is the modulus character.

In what follows, we fix the data (W, S, e) and write simply Y for Y (W, S, e).

In [Ch09, § 2], Chenevier constructs these eigenvarieties using a space of overconvergent p-adic
automorphic forms. More precisely, if V is an open affinoid of W3, one defines a certain ry > 1,
and constructs for each r > ry an O(V')-Banach space denoted eS(V, r) with a continuous action
of H such that the operator U,, corresponding to diag(w? !, w?2,...,1) € Z[T/T°] C H acts
as a compact operator (see also (3.5) below for a definition of U,,,). We say that a character of H
is U,,-finite if the image of U, is non-zero. Then we have the following interpretation of points
of Y, which is a consequence of Buzzard’s construction of eigenvarieties [Bu07, §5].

PROPOSITION 3.2. Let t € W(Q,). Then there is a natural bijection between Q,-points of Y
mapping tot and the Q-valued Uy, -finite system of eigenvalues of H onlim. = eS(V,r)@ov)k(t).

3.2 The map to the trianguline space

In the above section we have recalled the construction of an eigenvariety ¥ — W2 Now
assume that the extension E/F is unramified at finite places and S\{vo} contains only places
which split in E. As above, we write Z C Y for the set of classical points (3.2). Let (II, x) € Z
and let 7 = @/ BC(IL,) be the representation of GLg(Ag) defined by local base change for GL.
Then by [Ch09, Theorems 3.2 and 3.3] there are Galois representations pr : Gg — GL,(Qp)
attached to the automorphic representations I1 € Z, unramified outside a finite set of places and
such that the semi-simplification of the Weil-Deligne representation attached to prr|g, equals the
Langlands parameter of | - |(1_d)/2, where G, C Gg is the decomposition group at v for v not
dividing p.

Let B C G = Resg/g,GL4 denote the Weil restriction of the Borel subgroup of upper
triangular matrices and let T C B denote the Weil restriction of the diagonal torus. Using the
canonical isomorphism Gg =[], GLyg,. an algebraic weight n of (Gg,, Tg,) that is dominant
with respect to By can be identified with a tuple (no,1, ..., n0d)oer(wo) € [loer(uy) Z% such that

8 Recall that a subset A C Y of a rigid space accumulates at a point x € Y if ANU is Zariski-dense in U for every
connected affinoid neighborhood U of z in Y.
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Ng,1 = -+ = Ngq for all 0. Note that this algebraic weight is already canonically defined over the
reflex field Ey, of the weight n, i.e. over the subfield of @p defined by

Gal(Qp/En) = {¢ € Gal(Qp/Qp) | ni = Niypos,i for all embeddings o}

and, in particular, over our fixed field L. Hence n defines an L-valued point of W¢.

Let z = (IL, x) € Z and for o € I(v) let ny1 > - -+ > ngq denote the highest weight of I1,,,),
where v(0) = LooLljla € Io(vo). We say that z is regular (with respect to vg) if ng1 > -+ > ny4
for all o € I(vp) and if

A .
g {1,
J

where we set
)\i = X(ti)‘

We further say that z = (I, x) is uncritical if in addition condition (2.3) holds with \; as above
and ke ; = ny; — (i —1). We write Z*°¢ C Z for the set of regular points and Z"" C Z for the set
of uncritical regular points.

LEMMA 3.3. The subsets Z™8 and Z"™ are Zariski-dense in the eigenvariety Y and accumulate
at all classical points z € Z.

Proof. The proof is the same as the usual proof of density of classical points. Let us denote
by Yo € W? x G, the Fredholm hypersurface cut out by the Fredholm determinant of U,, =
diag(wd_l, ...,w,1). Let z € Z CY be a classical point and let U C Y be a connected affinoid
neighborhood. After shrinking U, we may assume that there is an affinoid open subset V' c W%
such that U — V is finite and torsion free. As U is quasi-compact, there exist Ci,...,Cy such
that

Ci > Valm<¢vo (l')(tl e tz))

for all z € U, where val,, is the valuation on k(x) normalized by val,(p) = 1. Let us write A C V
for the set of dominant algebraic weights ns1 > -+ > ny 4 such that C; < ng; — ne 41 + 1 for
alliandcr:K<—>@p.

Then one can easily see that A accumulates at the point x(z). It follows from [Ch09, Theorem
1.6(vi)] that the points x € U such that x(x) € A are classical. Moreover, using the relation

(K : Qp] (K : Qp]

m"alx()\i(ﬁ)) + ZU: koi = mvalx(%o (@)(t:)),
we obtain K Q)
mvalz()\l(x)) <Cp— ; ko1,
i 3.3
mmlxul(m) - Ai(z) < G - ;; ko j for all , o
which implies that these points lie in Z"". The claim now follows from this as the map U — V
is finite and torsion free. O

Let us fix an identification of the decomposition group G, of Gg at wy with the local Galois
group Gk .
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PRroOPOSITION 3.4. Let Il =11, for some z € Z™&. For an infinite place v € I let ny1 = -+ > Ny q
denote the highest weight of II,. Then the representation pr|g, is crystalline with Hodge-Tate
weights’

koi = Ny(o); — (i — 1), (3.4)

Lg. Moreover, the Frobenius D yis 11, 1.€. the [Ko : Qp|th power of the crystalline

where v(0) = ooty

Frobenius on .
WD (pri|gx) = Deris(prilgs) ®K0®Qp@p Q.

is semi-simple, and its eigenvalues are distinct and given by A\; = x:(t;).

Proof. 1t follows from [Ch09, Theorem 3.2] that the representation is semi-stable with Hodge—
Tate weights and Frobenius eigenvalues as described above. The condition

Ai # prKoQy]

Aj
assures that the monodromy operator has to vanish and hence the representation is crystalline.
Further, the condition \;/A; # 1 assures that the Frobenius has distinct eigenvalues and is a priori
semi-simple. O

By [Ch09, Corollary 3.9] there is a pseudo-character Ty : Gg g — I'(Y,Oy) such that for
all Il € Z**® one has T'® k(II) = tr py. Let us write Gg g for the Galois group of the maximal
extension Eyg inside Q that is unramified outside S and fix a continuous residual representation
p:Gg,s — GLq(F) with values in a finite extension F of ), such that the restriction py, = plg,,
is absolutely irreducible. We write Rj g (respectively, R,;wo) for the universal deformation rings
of p (respectively, p,) and let X5 5 (respectively, X5 ) denote their rigid analytic generic fibers.
As we assume p,, (and hence also p) to be absolutely irreducible, [Ch14, Theorems A and B]
implies that the universal deformation rings R;, and Rj; s agree with the universal deformation
rings of the corresponding pseudo-characters tr p,,, (respectively, tr p).

Let Y; C Y denote the open and closed subset where the pseudo-character Ty has residual
type p. Then the restriction to the decomposition group Gx = G, C G5 at wp induces a map
f5:Y; —> X5, Let Ng g, : K* — Qp denote the norm map of K. We define g; : Y — Gy, by

2> Pug (too,) - (INke/, (@) Nic g, (@)
Further, we define a morphism
Wy = (wy7z~)i Y — Wd
by setting wy,; = ki - dw((1 —4,...,1—1)).

THEOREM 3.5. The map

f=fawy,(9)i): Y5 — X5,  x Wx G, =%, x T4
factors over the trianguline space X (pu,) C Xz, X T? and fits into the following commutative
diagram.
f _
Yﬁ —=X (pwo)
\ lwd
wy
Wd

? Again note that we use a different sign convention as [Ch09].
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Proof. The subset X (pu,) C X5, X T? is Zariski-closed, hence it suffices to check that f(z) €
X (puy) for all z = (11, x;) € Z" NY (p), as this subset is Zariski-dense by Lemma 3.3 and as Yj
is reduced. By Lemma 2.19 this amounts to saying that for z € Z"" the representation pr. |p,,
is trianguline with graded pieces R(0;), where 9; : K* — QX is the character

o, 2> TL eyt

0i() = oo (2)(t vo,z)(lNK/@p( @)|Ni/q, (@)~

where, as above, v(o) = Looszla and where we write (n,(y);) for the highest weight of II, (4.

By our choice of Z"™ this follows from Lemma 2.9 and Proposition 3.4. O

3.3 A density result for the space of p-adic automorphic forms

We now introduce the Banach space of p-adic automorphic forms of tame level H* and prove

that an element of R; g vanishing on this space, vanishes on the eigenvariety Y (W, S, €); too.
Recall that we have fixed a finite extension L of @, with ring of integers O and uniformizer

wr. If H=1]],H, C G(Apy) is a compact open subgroup such that H, C GL4(F,) for v|p, we

can define, for W a finite O-module with a continuous action of GL4(OF ® Z,), the space of

automorphic forms of level H and weight Wy by

Swo(H,0) = {f : G(F)\G(AY) — Wy | f(gh) =h™ f(g) for all h € H}.
If H =1T],,, H", we can define

Swy(H™.0) =l Sy, (™ Hy, O).
H’UO CG(OF»UO )

where the limit is taken over all compact open subgroups of G(OFUO)' This spaces carries an
action of G(Fy,) which is induced by right translation on functions.

Let SWO (H",0) be the wr-adic completion of Sy, (H",0). When Wy is the trivial
representation, we omit it from the notation.

If n is a dominant algebraic weight, we write Wy, for the irreducible representation of G* =
(ResK/Q GLd)Q of highest weight n relative to our choice of Borel subgroup. Note that thls
representation is already canonically defined over the reflex field E,, of the weight n and, in
particular, over our fixed field L, because we assumed that L contains all the Galois conjugates
o(K) of K inside Q,. Finally, we write Wy, for the representation of GL4(K) or GL4(Of) given
by composing the embedding

GLd(K) — Ho' GLd(L) = (RGSK/QPGLd)(L)

x+—> (0())s-

with the evaluation of Wy, on L-valued points (and similarly for its restriction to GL4(Ok)).
Recall that W, is the representation of [[, . s, [Twer. ) G(F) fixed in §3.1. Using ¢, and
Loo and choosing L big enough, we can view W, as a representation of [], st G(F,) and put an

L-structure on it. Let us write Sp(H", L) = Syo(H™, 0) @0 L, where W is a stable O -lattice
of the representation Wy ®0, Wy of G(Of ® Zy) = GLq(Ok) X [[,esr G(OF,)-
p

If H is a compact open subgroup of G(Aps) we write H(H) for the image of H"™ in
End(Si(H, L)).
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We now fix H as in §3.1, and assume that all places v|p are split in E and H, is maximal
at theses places.'” Recall that we fixed a Galois representation p which is automorphic of level
H, i.e. there exists z € Z such that p is isomorphic to the reduction mod wy, of pr,. Let m be
the maximal ideal of H" such that for v ¢ S, the conjugacy class of p(Frob,) coincides via the
Satake correspondence with the morphism H(G(F,), H,) = OL|G(F,)//H,] — H(H)/m ~ k.

Given a compact open subgroup Hy, C G(OF,, ), we write Hm(Hy,) for the image of Hi" in
End(S(H"Hy,, O)m). It follows from [Thol2, Propos1t10n 6.7] that there is a unique continuous
map

0 : Rﬁ —> Hm(H’UQ)

with the following property. Given a morphism v : Hn(Hy,) — @p of Op-algebras, the
deformations p of p corresponding to 1 o # are such that for v ¢ S, the conjugacy class of
p(Frob,) coincides via the Satake correspondence with the morphism

¥
H(G(Fy), Hy) —> Hu(Hyy) = Qp.
By unicity, these maps glue into a map

0: Rp — lim Hm(Hy,)
Hog

giving a continuous action of R; on S(H", O)p.
We can now fix an idempotent e as in § 3.1 such that eS(H™, L) # 0. We will prove that if
an element ¢ € R, vanishes on eS(H", L)y, then it vanishes on Y, = Y (W, S, €); too.

LEMMA 3.6. If n is a dominant algebraic weight, there exists a GLg(Ok) x H""-equivariant
homeomorphism

Su(HY, L) ~ Wy @7, S(HY, L),

supposing that H"™ acts trivially on Wy,.

Proof. 1t is sufficient to prove this before the localization in m, by H""-equivariance. Then we
can use the following list of GL4(Og) x H"™-equivariant isomorphisms

W0 0, S(H™,0p) =

lim(W2/@}) ®o, S(H™,OL/w})
= lim(Wy/w}) ®o, (lim S(HyH™, O /w}))
n Hv0
:@%I})l(swﬂ/w (HyH™,OL/w}))
n vo
= Sp(H™,0r). O

PROPOSITION 3.7. The GLg(Ok )-representation S(H", )y, is isomorphic to a direct factor of
C(G(Ok),L)" for some r > 0, where C(G(Ok), L) denotes the space of continuous L-valued
functions on G(Ok).

10 This restriction is only to allow us to apply the idempotent e at the spaces Sw (H, L).

1630

https://doi.org/10.1112/50010437X16007363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007363

DENSITY OF POTENTIALLY CRYSTALLINE REPRESENTATIONS

Proof. Using Lemma 3.6, it is sufficient to prove this when n = 0. In this case we remark that
the Banach space S(H", L) = So(H", L) is the Banach space of continuous functions

G(F\G(Ap )/ H™ — Wi,

Let g1,...,9» € G(Apy) be a set of representatives of G(F)\G(Apys)/H. We have G(F) N
giHg;' = {1} for each i, proving that G(F)\G(Ags)/H" is isomorphic to GL4(Ox)" .
This proves that g(HUO,L) is GLg4(Ok)-equivariantly isomorphic to C(GL4(Ok),L)" with

N

r = r’ dim W,,. Using the fact that lim H(Hy,, Or) and its action on S(H", L) commutes
vo

to GL4(Ok), we can conclude that S(H™, L),, is isomorphic to a direct factor of C(GL4(Ok),
Ly. O

By Lemma 3.6, there is an H""-equivariant isomorphism
Su(H, L)wm ~ Homgy,,(0,0) (Wi, S(H®, L)w).

This implies that if ¢ € R; vanishes on S (H",L)p it will vanish at each point of Z C Yj. These
points being Zariski-dense in Y, the function ¢ vanishes on Y.

3.4 A density result for the eigenvariety
We now fix k a strongly dominant weight. We say that a closed point y € Y; is crystabelline
of Hodge-Tate weights k if its image in X(p) is crystalline on an abelian extension of K and
its Hodge-Tate weights are given by k. The purpose of this section is to prove that if ¢t € R;
vanishes on the subset of points of Y; which are crystabelline of Hodge-Tate weights k, then ¢
vanishes on Y.

Recall that we have fixed a Borel subgroup B C GL4(K) and let us write N C B for its
unipotent radical. Further, we write Ng = N N GLy4(Ok).

Recall that, given a representation II of G(F,,), the operator U,, is defined to be

Uyyv = Z nzv (3.5)

nENg/szNoz;()l
on I with z,, = diag(? !, @w?2,..., 1).

DEFINITION 3.8. Let II be an irreducible smooth representation of G(F,,). We say that II has
finite slope if the operator U,, has a non-zero eigenvalue on the space I1V0. If IT is an irreducible
automorphic representation of G(Ar), we say that IT has finite slope if II,, has finite slope as a
smooth representation of G(F,).

The following result tells us that finite slope automorphic representations of G(Ag) give rise
to closed points of Yj.

PROPOSITION 3.9. Let I be an irreducible automorphic representation of G(Ap) of finite slope
whose isomorphism class lies in A(Wso, S, €). Then there exists a point z € Y (W, S, €) such that
V2 [ppun = 1| pgun. Moreover, if @) ,,c; (v0) I1,, is isomorphic to Wy, then the Galois-representation
attached to z becomes semi-stable of weight k = (ks ;), when restricted to the Galois group of
an abelian extension of K, where ky; = ny; — (i — 1). If moreover, for n; = wy;(2)dw((ko:)) 1,
we have 1); # n; for i # j then this Galois representation is potentially crystalline of weight k.
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A N
Proof. By assumption, there exists f € eS(H", L) which is an eigenvector of H x L[T°] such
that the character of H is 911 and the eigenvalue of U,, is non-zero. Let x be the character of
T? giving the action of T° on f. By [Loell, Proposition 3.10.1], we have

eS(H™, L)' [x] = limeS(x, 7).

r

By Proposition 3.2, there exists a point z of Y (W, S, e) such that 1, |3un = ¢|3un. The claim
about semi-stability after an abelian extension follows easily using the map to the trianguline
space and the fact that the fibers over strongly dominant locally algebraic characters have this
property. By Theorem 3.5, the character (n;); gives the action of the inertia on the Weil-Deligne
module of this Galois representation, which is non-monodromic under the last assumption of the
proposition. O

Let k and n be as in the proposition. This proposition shows us that if we want to prove
that an element ¢t € H"" vanishing on all crystabelline points of type k of Y (W, S, e) 5 18 zero,
it is sufficient to prove the following: an element ¢ € H"" vanishing on eSy(H", L)n[I1y] for all
irreducible automorphic representations II of finite slope such that elly # 0, satisfies ¢ = 0 on
eS(HY, L)p.

To produce sufficiently many automorphic finite slope representations we can use the
following result. We now write I,, for the level n Iwahori subgroup of GL4(Ok), i.e. the group
of elements of GL4(Ok) such that the entries below the diagonal are divisible by w", and
By =Bn1I, and Ny = N N By. Recall that the level of a smooth character y : (’)}X( — C* is the
least integer n such that 1 + @™ 1O is contained in ker().

ProposITION 3.10. Let x = ®?:1 Xi be a smooth character of TV such that for 1 <i < n — 1,
the level of x; is strictly bigger than the level of x;+1. Then there exists an open subgroup I(x)
such that I(x) = (I(x) " N)T°(I(x) N N), I(x) N B = B° and, if we write x for the composite
I(x) — T — C*, then the pair (I(x),x) is a type for the inertial conjugacy class of (T, x),
more precisely, if w is a smooth irreducible representation of GL4(K), then

Homp(,(x,7) # 0 <= 7 = Indng(K) (1)

with n a character of T' such that n|p = x. Moreover, in this case, m has finite slope.

Proof. Let n; be the level of x; and define I(x) as the subgroup of I of matrices (a; j)1<i j<d such
that w"|a; ; for j < i. It is immediate to check that x can be extended to a character of I(x).
It is enough to prove that (I(x), x) is a type for the GL4(K)-inertial equivalence class of (T, x).
In order to do so, we use the characterization of part 2 of the introduction of [BK99]. Its only
non-trivial condition is (iii). We follow closely the arguments of [BK99] where the situation is
much more general. Let z be the element of T whose diagonal entries are (" !, @™ 2,...,w, 1)
and f. the element of H(G, x) with support I(x)zI(x) such that f,(z) = 1. We only have to
prove that f, is an invertible element of (G, x). Let f,—1 be the element of support I(x)z 11 (x)
such that f,-1(27!) = 1. We want to prove that g = f,—1 * f, has support in I(x). The support
of g is contained in I(x)z~11(x)zI(x). Now remark that

I(x)zI(x) = 1T uzlI(x)

wel (0)/(I()Nz1(x)z~1)
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and that each class of I(x) modulo I(x) N zI(x)z~! contains an element of N N I(x) = No,
so that I(x)z 711 (x)zI(x) = I(x)z *NozI(x) C I(x)NI(x). By [BHO6, Proposition 11.1.2.], it
is then sufficient to check that if an element w € N intertwines the character x, then u € Np.
We can restrict ourselves to the case d = 2. Let u = ((1) gf) Suppose that * ¢ Ok and choose
n = ny — v(z) with n; the level of x;. If u intertwines x, an easy computation shows that we
must have xi(a + zw"™c)x2(d — zw"c) = x1(a)x2(d) for each (a,d,c) € O x O x Og. As
ni = ng + 1, we have xa(d — zw"c) = x2(d), so that we have x1(1 + zw"c) =1 for all ¢ € O,
which contradicts the fact that ny = n + v(z) is the level of x;. O

Let 79 be the set of smooth characters 79 — C, of the form x1 ® - - - ® x4 such that the level
of x; is strictly bigger than the level of x;41 for 1 <i<d— 1.

PROPOSITION 3.11. Let B be the Banach space of continuous function Oy — C,, and, forn € N,
let B, denote the subspace generated by the characters O — C, of finite level bigger than n.
Then B, is dense in B.

Proof. As the space of smooth functions from O — C,, is dense in B and a basis of this space
is given by the set of all characters of finite level, the closure of B, in B is a subspace of finite
codimension. If it is strictly included in B, there exists a continuous map A : B — C, which is
U-equivariant for some open subgroup U C O acting trivially on C,. Then A gives rise to a
non-trivial Haar measure on U which cannot exist.

COROLLARY 3.12. Let C(TO,(Cp) denote the space of continuous Cp-valued functions on T°.
Then the subspace of C(T°,C,) generated by the elements of T° is dense.

PROPOSITION 3.13. Let C(No\GL4(Ok), Cp) denote the space of Cp,-valued continuous functions
on GL4(Ok) which are left invariant under Ny. Then the subspace

3 md%;(@m(x) C C(No\GL4(Ok),Cp)
x€Ta

is dense.!!

Proof. If x € TP, the character x of T° uniquely extends to a character x of I (x) which
is trivial on I, N N and I, N N. Let us call such a function a character function for the
moment. More generally, for g € GLg(Ok), the function x(-g) of support I(x)g~! is named

a right translated character function. For y € T°, the space Indil;‘j(o’()(x) is exactly the

subspace of C(No\GLg(Ok,C,)) generated by the right translated character functions. Let
[ GL4(Ok) — C, be a continuous function, invariant on the left under Ny. We have to prove
that we can approximate f by right translated character functions. Let g1,..., g, be a system
of representatives of the quotient I;\GL4(Ok). Let fi = f(- g; V)n,, so that f = >7_, fi(-g:).
Now fix 1 <7 < r and € > 0. As I is compact, we can find n > 1, such that for h € I, " N, we
have ||f; — fi(- h)|| < e. Let hq,..., hs € I be a system of representatives of (I, N N)\(I; N N),

which is also a system of representatives of I,,\I1, and define f;; = fi(- hj_l)\ I,- Let f]; be

11y, Pagkiinas informed us that he has more general versions of this result in his forthcoming work with
M. Emerton.
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the function on I,, defined by fi’d(ntN) = f;j(t) for (n,t, N) € (NN IL,) x T® x (NN 1,). As
(N N 1) is a normal subgroup of (N N Iy), we have ||f;; — f; ;|| < e. Using Corollary 3.12, for
each (i,7) € [1,7] x [1,s], we can find elements f;; € 7g, such that [[f] |70 — fi;]| < e. Now
we can write each f;; as > . aijrXijke With I(xi k) C In. We extend each x;jr to 1(Xijk)
as previously described. As I(x; k) C In, we can write f;; as a finite sum of right translated

character functions. If f = >ij fig(- hjgi), we have |[f — fll <€, and f is a finite sum of right
translated character functions. O

We now can prove the density statement about eigenvarieties.

PROPOSITION 3.14. Let t € R; such that t is zero on each eSy(H"I(x),Cp)m[x] such that
x € T°. Thent =0 on eS(H", L)No.
Proof. We know that 3 Tnd7 (%) (y) is dense in C(No\GLn(Ox),Cp) and that Sy (H™, L)n
is isomorphic to a direct summand of C(GL4(Ok),L)" for some r. It follows that the space
Sy = Su(H™, L)y &, C, is isomorphic to a direct summand of C(GL4(Ok),C,)". We can write
C(GLd(OK), Cp)r =S| ® 5.

As the functor F' = €, Homp(,)(x, —) commutes with finite direct sums, we know that
F(S1) @ F(S9) is dense in [C(GL4(Ok), C,) ™o, As the functor of Np-invariants commutes with
direct sums, we conclude that F'(S) C S{V ® must be dense. By assumption, ¢ vanishes on F'(S7),
hence on S{V 9 which contains SH(H v, L)No. Finally, we conclude by remarking that

Su(HY, L)No = W, @, S(H™, L)No.

COROLLARY 3.15. Let f € Rj; be a function vanishing on all points of Y; which are crystabelline
of Hodge—Tate weights k. Then the image of f in I'(Y;, Oy) is zero.

3.5 Conclusion
Let us summarize what we have proven so far using eigenvarieties. The following definition will
be useful.

DEFINITION 3.16. Let X be a rigid space and R be a ring together with a ring homomorphism
Y:R—T(X,0x):
(i) asubset Z C X is called R-closed if Z = {x € X | ¢(f)(x) =0 for all f € I'} for some ideal
I C R;
(ii) asubset U C X is called R-open if its complement is R-closed.

Further, we have an obvious notion of the R-closure of some subset Z C X and a notion of
R-density.

Let k = (koi)o € [[,Z¢ be a strongly dominant algebraic weight and Xy(p,) denote
the R;, -closure of the set of crystabelline points of X(py,) which have labeled Hodge-Tate
weights k. We have finally proved the following result.

THEOREM 3.17. The image of Y (W, S, €)5 in X (pu,) under the map defined by Theorem 3.5
is contained in Xy (py,)-
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4. The main theorem

Let us fix a continuous absolutely irreducible representation 7 : G — GLg4(F). We need to
embed our local situation into a global one. For this we use the results of the appendix of [EG14]
and the following proposition.

PROPOSITION 4.1. Let k be a set of labeled Hodge—Tate weights. Then 7 has a potentially
diagonal lift of Hodge—Tate weights k.

Proof. Let K’ be the unique unramified extension of degree d of K. Then there exists a character
n of Gk such that 7 ~ Indg;n. If k = (ko) is a strongly dominant weight, let  be a character
G — @; such that the restriction of € to the inertia group of K’ corresponds, via local class
field theory, to the character of O, given by x — [y Vo.i(z)koi, (1y:)1<ica Deing the set of
embeddings of K’ in Qp whose restriction to K is 0. Let § be a locally constant lift of nf~!, for
example using the Teichmiiller lift. Then Indg; (09) is a lift of 7 which has Hodge-Tate weights
k and whose restriction to Gg is diagonal. O

We also assume that p does not divide 2d. Then [EG14, Corollary A.7] and Proposition 4.1
tell us that we can find F a totally real field, E a totally imaginary quadratic extension of F' which
is unramified at each finite place,'? and a continuous irreducible representation p : Gr — Qd(IF‘p)
(see, for example, [EG14, §5.1] for the definition of G4) such that:

— A[[F - QJ;

— each place v|p of F splits in E and F, ~ K

— for each place v|p of F, there is a place v of F dividing p and such that ﬁ|gqu ~ 7
— p is unramified outside of p;

~ 7 (GL4(Fyp) x GL1(Fp)) = Gr;

— p(GE(,)) is adequate (in the sense of [Thol2, §2]);

p is automorphic (we will now explain what this means).

Let v; be a place!® of F which is prime to p and satisfies the same hypothesis as in [EG14,
§5.3]. We define the compact open subgroup Huyax = [[, Hmax,y C G(Ar) so that Hyaxe ~
GL4(Ok) if v|p, Hmax,v C G(F,) is maximal hyperspecial if v { p and v # vy, and Hpax,», an open
pro-¢-subgroup of G(F,,) for £ the residual characteristic of v;. We say that p is automorphic if
Sw (Hmax, L) # 0 for some irreducible locally algebraic representation W of Gg =Il,c s, Hoaxv-

Remark 4.2. Of course the group Hpax is not a maximal compact subgroup. However, it will be
the largest compact open subgroup that will appear in the following.

From now on we fix a place vg of F' dividing p such that F,, ~ K.

All the constructions we made in §3 depend on the choice of a representation Wy, of the
group HveS,g,weIoo(v) G(F,). Even if that is not explicit in the notation, the space S(H, L)
actually depends on W,. That is why we need the following lemma.

2 This condition is not exactly in [EG14], but it can be obtained by a suitable solvable base change.
3 The introduction of this auxiliary place is only needed so that the group H satisfies condition (3.1).
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LEMMA 4.3. There exists an irreducible algebraic representation W, of the group

IT II ¢w)

VES!, WE Lo (v)

such that S(HX,., L), # 0.
Proof. By definition, we know that there exists an irreducible locally algebraic representation
W of GY such that Sy (Hmax, L) # 0. Let

S(H?

max?

L)p=lim lim S(HDH,, OL/w}),.

max
n H,CGY

We see, as in §3.3, that Sw(Hmax,L); ~ Homgg(W*, S(H&aX,L)ﬁ) and that, as a Gg_
representation, S(Hhax, L) 5 is isomorphic to a non-zero direct factor of (Gg)’" for some r > 1.
We can then find an irreducible algebraic representation W of [], .q GL4q(OF,) such
P

that Hompy ., ar,oF )(Wvo,g(H&ax,L)ﬁ) # 0 and choose for W, the irreducible algebraic
v D v

representation of [ co [yer (v) GLg4(Fy) associated to W™ as explained in §3.3. Then we
P oo

have by definition

A~

S(Hrlﬁja)m L)ﬁ ~ I‘IO]’H]»‘L)GS;7 GL(OFU)(WvO7 S’(Hglax, L)ﬁ) O

From now on, all pairs (S, H") to which we will apply the results of §3 (where H" is a
compact open subgroup of G(AR f) and S a finite set of places of F splitting in ' such that H,
is maximal hyperspecial for v ¢ ) are assumed to satisfy H" C HY,, and S D S, U {v1}.

max

4.1 A result of density in crystalline deformation spaces
Fix n a dominant algebraic weight such that Homgy,,(0,) (W, S(H™,L);) # 0. We write k for
the strongly dominant weight associated to n by the recipe of (3.4).

By Kisin’s result [Ki0O8] there exists a reduced p-torsion free quotient R;érllf of Ry such that
univ

a continuous homomorphism ¢ : R — @p factors through R;érlif if and only if ( or is

univ

crystalline of Hodge—Tate weight k. Here r is the universal deformation of 7 on Rz. Moreover,
cris

the ring ;rllf[l /p] is formally smooth. Let us denote by X}’ the generic fiber of the formal

scheme Spf Rffllf In this section we will use patching techniques to prove that the Rz-closure

(or equivalently the R;érlif—closure) of automorphic points of %f;rllf is a union of connected

components of %1213{5

Now let HP be a compact open subgroup of G(AY.) which is such that Hj is hyperspecial
for every finite place v of F which is inert in E. We will say that a Q,-point of Spec(R) is
HP-automorphic if the corresponding deformation of 7 is isomorphic to the restriction to ’g Fug
of a deformation p of p associated to an automorphic form of G of type W,. More precisely, let
p be the kernel of the map R;[1/p] — Q, associated to p. Then p is called HP-automorphic if
S’Wn(Gng, L)[p] # 0, where we recall that Gg = [l,es, GLd(OF,).

Further, an irreducible component of Spec( ffl‘f[l /p]) is called HP-automorphic if it contains
an HP-automorphic point.
Finally, we say that a Q,-point (respectively, a connected component) of Spec(RZi[1/p]) is

automorphic if it is HP-automorphic for some HP as above.
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Remark 4.4. Note that actually our definition of being automorphic depends on the
representation Wy, chosen as in Lemma 4.3. However, for the sake of simplicity we often will
suppress W, from the notation.

Our goal in this section is to use the usual patching construction to prove the following result.

THEOREM 4.5. Let Z be an automorphic component of Spec(RZi[1/p]). Then the set of
automorphic points in Z is Zariski-dense.

Let %a“t be the union the components of the rigid analytic generic fiber Z{CHS of Spf RCHS
that correspond to automorphic components of Spec( Cm[l /p])-

COROLLARY 4.6. The set automorphic points in %aut is Rr-dense in %a“t

Given a rigid space X over Q,, we write |X| for the underlying point set of X. Similarly, we
write | X| for the set of closed points of a Qp,-scheme X. Let R be a complete local noetherian
Zy,-algebra with finite residue field and let X denote the generic fiber of R in the sense of Berthelot.
Further, let X = Spec R[1/p]. Then we have | X| = |X|, as, if we write

R = Zp[[Tl,...,Tn]]/(fl,---afm)7

then both sets are identified with the Gal(Q,/Q,)-orbits in
{z=(21,...,2,) € Qp | || <1 and fj(z) = 0};

cf. also [dJ95, Lemma 7.1.9]. Further, a subset Z C |X| = |X]| is dense in X if and only it is
R-dense in X. This proves that the theorem implies the corollary.

Proof of Theorem 4.5. Let HP C G (AI}) be a compact open subgroup, hyperspecial at all finite
places of F' which are inert in F, such that the component Z has HP-automorphic points. Let S
be the finite set of places v of F' which are either dividing p or such that H° is not maximal. It
is classical that, up to enlarging S and taking an open subgroup of H?, we can assume that the
group HP [], g G satisfies the relation (3.1).

If v € S\ Sp, fix ¥ a place of E dividing v and define Ry as the universal ring pro-representing
the functor of lifts of p|q,, and R?’rtf its biggest quotient which is reduced and p-torsion free. We
have to take care of the fact that we fixed the weight We, = @),c St weloo (v) Wyw. As a consequence,

for v € S’, let R! be the quotient RS ke of Ry, o where k, is the set of Hodge—Tate weights

,lE

associated to the highest weight of the algebraic representation ), o (v) Wy. Let R}, ffllf,
1 N A O,rtf
- @ro @ B
vES) veS\Sp

and Reoy = R'°‘[z1,...,2,]. Then the patching construction (see [Thol2, §6]) gives us, for
g big enough, a R 4-module My, of finite type whose support in Spec R4 is a union of
irreducible components, and My[1/p] is a projective Ro[1/p]-module. Let R be the quotient of
R'°¢ corresponding to one of these irreducible components. Then R ® Rloc Moo[1/p] is a faithful
R[z1,...,24][1/p]-module. Moreover, M is constructed as an inverse limit of the modules M,,
where M, is a quotient of a space of automorphic forms of weight k, on which the action of Ry 4
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factors through a ring of Hecke operators. Let us specify that these spaces of automorphic forms
have tame level HP where H? is an open subgroup of HP? still satisfying the condition that H?
is hyperspecial at places of F' which are inert in E.

[Ki09, Lemma 3.4.12] shows that the irreducible components of the scheme Spec(R'°[x1,
..., ag]) are of the form Spec(R[z1,...,xy]) where R = @,cq R, and R is an irreducible
component of R., if v|p and of RJ™ if v € 5\S,. Now let R),, be the quotient of R;rll(s '~ such
that Z = Spec(R;, [1/p]). By assumption, there exists an irreducible component R'[z1,. .., z4] of
R°C[x1,...,x4] containing R}, in the support of M. If ¢ € RSII(S ™ vanishes on each automorphic
point, then ¢ acts trivially on the spaces M,,, and so on Ms,. Now R® pioc Mso[1/p] being a faithful
R[1/p]-module, the image of ¢ in R}, [1/p] is zero, which implies that ¢t = 0 in R, since R is
p-torsion free. O

4.2 Variation on the density of trianguline representations
In order to deduce density statements in the generic fiber of a local deformation ring from
density statements in the space of trianguline representations one needs to show that the image
of the space of trianguline representations is dense. This density result is included in the work of
Chenevier [Ch13] and Nakamura [Nall]. In our case the situation will be a bit more restrictive:
we can only make a statement about the components of the space of trianguline representations
that are met by some eigenvariety. Hence we need to sharpen this density result a bit. In order
to do so we need to compare the fibers of the space of trianguline representations over strongly
dominant algebraic weights with Kisin’s crystalline deformation rings.

Let k = (ky,;) be a strongly dominant weight and let us continue to assume that 7 is absolutely
irreducible. In order not to overload the notation let us write Ay = Rgrll(s for the rest of this
subsection. Further (for the rest of this subsection), we write

Sk = (Spf Ak)rigv
Zy = Spec(Ax[1/p]).

DEFINITION 4.7. We say that a crystalline representation r, : Gg — GLg(k(x)) corresponding
to a rigid analytic point & € 3 or to a closed point x € Zy is reqular if the eigenvalues
(A1,...,Aq) of the Frobenius on the Weil-Deligne representation WD(Dgyis(75)) associated to
ry satisfy Ai/\; ¢ {1,pT K@} for i #£ j. We further say that = (respectively, r,) is generic if
all d! filtrations on Dgs(r;) induced by an ordering of the Frobenius eigenvalues are in general
position with respect to all Hodge—Tate filtrations (with respect to all embeddings ¢ : K — L).

Remark 4.8. Note that if 7, is crystalline generic, then all parameters (41, ..., d4) of all possible
triangulations of its (¢, I')-module DLg

of strongly dominant weight k. Moreover, given such a trianguline filtration Fil; of DLg(rm), the

(r,) have the property that (01 ’OIX(, e 6d|O;X<) is algebraic

extensions

0 — Fil; — Filjy1 —> Rye)(di) — 0

are non-split. This may be checked after taking the quotient by Fil;_; and hence we are reduced
to the two-dimensional case where one can easily check that the direct sum of two (¢, I')-modules
R(6) & R(d") such that (5|le( = ow(a) # dw(d') = 5,|O}><( is not generic: one of the two possible
triangulations is not in general position with the Hodge filtration. It follows that a point = €
3k C X7 that is, moreover, generic is in the image of X (7)'® C X (7) under the map X () — Xr.
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By [Ki08, Theorem 2.5.5] there is a (locally free) Ax ®z, Ko-module on Zy together with an
id ® ¢-linear automorphism ® : D — D such that

(Dv (I)) ® /i(x) = Dcris(rz)

for all closed points z € Zg. It follows that there is a Zariski-open subset Z,°®* C Zy with
closed points precisely given by the regular points. Indeed, let us write (WD(D), ®wp) for the
Weil-Deligne representation on Zy, i.e. the locally free Ax-module

WD(D) = D ®aygq, Ko.idewo Ak

for some fixed embedding vg : Ky — L, endowed with the Aj-linear Frobenius PlEo:Q] ) id.
Then the isomorphism class of (WD(D), ®wp) does not depend on the choice of 1)9. Moreover,
we can consider the morphism Zi — A? that is defined by the coefficients of the characteristic
polynomial of ®wp. Then it is easy to see that the condition on the eigenvalues of the crystalline
Frobenius defining the set of regular points implies that Z,® is the preimage of a Zariski-open
subset of A%,

Passing to the associated adic spaces, we find that there is a Zariski-open subset 3, C 3k
with rigid analytic points precisely given by the regular points in 3x. In fact we will see below
that this subset is Zariski-dense (and, in particular, non-empty).

Recall that we have a map w : S®(7) — W? to the weight space. We further view the weight
k as an element of W

PROPOSITION 4.9. The map w™!(k) — X7 induces a map gy : w~'(k) — 3y which is étale over
3.8, Further, g, ' (3:%) is open and dense in w™!(k).

Proof. By Corollary 2.7 there is a Zariski-open subset of w~!(k) on which the Galois
representations are pointwise crystalline of weight k. Hence the map w=!(k) — X; generically
factors over 3. As 3x C X7 is Zariski-closed the first claim follows. Further, it is easy to see that
the preimage of Bfg is open and dense: it is identified with the preimage of the set of characters
(61,...,04) such that 6;(p)/d;(p) & {I], o(w)kiockiw}.

It remains to prove the claim on étaleness which, in the adic setup can be checked using the
infinitesimal lifting criterion; cf. [Hu96, Definition 1.6.5]. Consider an affinoid algebra A with
ideal I C A satisfying I? = 0 and the diagram

Sp(A/T) — gi " (35*)

| |

Sp(A) 3k

This diagram gives rise to a family of filtered ¢-modules over A and, as above, we write (WD(D),
Owp) for the associated family of Weil-Deligne representations on Sp(A). Further, the upper
arrow in the diagram gives us a filtration

0CFI ¢---cFi1" ' c FiI' = WD(D) = WD(D)/I
by subspaces that are locally on Sp(A) direct summands and stable under the Frobenius @y =

®wp mod I and we have to prove that this filtration uniquely lifts to a @wp-stable filtration Fil®
of WD(D) such that locally on Sp(A) the Fil* are direct summands of WD(D). After localizing
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on Sp(A) we may assume that D is free and that all the Fil' are direct summands of WD(D).
We show that we can lift Fil' uniquely to a ®-stable direct summand of WD(D). The rest will

follow by induction. Let us chose a basis é1,...,é; of WD(D) such that Fil' is generated by
€1,...,€; and take arbitrary lifts e; of the €; in WD(D). We write A = (a;;) for the matrix of
®wp in this basis. Then the above implies that a;; € I for i > j and that a; # a;; for all i # j,
as this is true modulo all maximal ideals of A by definition of Bf{eg. We have to show that there
exist uniquely determined Ay...,Aq € [ and a p € A* such that

d d
) <€1 + Z )\j6j> = u(el + Z )\j@j) .
j=2 j=2

However, this comes down to showing that

d
(A—puE)e; + Z N(A—pE)e; =0
j=2
has (up to scalar) a unique solution with \; € I which is an easy consequence of a;; € I for i > j
and a;; # aj; for i # j. O

The following result is a slightly stronger version of [Ch13, Lemma 4.4]. Its proof parallels
the proof of that lemma, but relies on a stronger statement about integral models on Kisin’s
crystalline deformation ring.

PROPOSITION 4.10. There is a Zariski-open and dense subset Zlg(en C Zyx whose closed points

are precisely the generic crystalline representations. In particular, there is an Rz-open subset
lg{en C 3x whose rigid analytic points are precisely the generic crystalline representations.
Proof. After twisting with some power of the cyclotomic character we may assume that all
Hodge-Tate weights are non-negative. The ring Ay is a quotient of the universal deformation
ring Ry and (with the notations of [Ki08, 1.6.4]) it is even a quotient of RS" for some h > 0.
By construction of the quotient RS" there is a free Ay &z, W [u]-module 90 together with an
injection @ : 9 — I that is semi-linear with respect to the identity on Ay, the Frobenius on
W = Ok, and u — uP and whose cokernel is killed by E(u)". Here E(u) denotes the minimal
polynomial of a chosen uniformizer of K over Kj.
By [Ki08, Theorem 2.2.5] this module has the property that for all closed points z € Zy with
corresponding crystalline representation 7, : G — k(z) one has a canonical isomorphism

Deyis(rz) = (M /udM, P mod u) ®4, K(z).
Let us write 91 = 9[1/p]. By the construction in [Ki08, 2.1, 2.2, (2.5.3)] or [PR09, 5.a.1, (5.30)]
we have an isomorphism
N/uM @ K = BN/ E(u)d(p™N)

under which (for all closed points x € Xi) the Hodge filtration on Deis(ry) ®k, K is induced
by the filtration on ®(*N)/E(u)®(p*N) by the E(u)'N/E(u)®(0*N). As the condition for
two possible filtrations to be in general position is an open condition it follows that there is a
Zariski-open subset Zﬁen C Zy whose closed points are precisely the generic crystalline points.

It remains to show that every connected component of Zy contains a generic point (recall

that Zy is formally smooth and hence every connected component is irreducible). However, this
is proven exactly as in [Ch13, Proposition 4.3]. O
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4.3 Making use of eigenvarieties
We now return to the setup with eigenvarieties. The data of F', E, G, H, p are satisfying the
properties of §3.1, so that we can consider the eigenvariety Y; = Y (W, S,e); with S O S,
S\Sp being the set of places where H is not hyperspecial and e a suitable idempotent. Recall
that if v is a place of F' not dividing p and inert in F, then H, is hyperspecial.

Recall that we have defined a Zariski-open subset X (7)'*® C X (7) of the trianguline space.
Moreover, this subset is smooth.

DEFINITION 4.11. Write X (p, Ws)2" for the union of irreducible components of X () whose
intersection with the regular part X (7)"® C X (7) is met by any of the eigenvarieties Y (W, S, €);
under the map defined in Theorem 3.5 for some (.5, €) where S contains S, and is such that each
element of S\, splits in E.

Remark 4.12. The space X (p, W )*"* (or rather a variant of it which is defined in a fixed patching
situation) is studied in more detail in [BHS14].

LEMMA 4.13. The space X (p, Woo)*" is non-empty.

Proof. Let C be an automorphic component of the crystalline deformation space 3y for some
weight k. Then Proposition 4.10 and Theorem 4.5 imply that there exists an automorphic point
r € C which is generic. It follows that for some (.5, ) with corresponding eigenvariety Y; =Y (W,
S, e)p, there is a classical point y € Y; mapping to r under the canonical morphism

Y, > X(7) — X
We claim that f(y) € X (7)"8 which implies the claim.
Let us write II for the automorphic representation that gives rise to the point y € Y;. Then the

representation II,, is unramified and there is a character x of T,/ TBO such that II,, |det|(1=9)/2

appears in the parabolic induction Indng(K)X and such that f(y) = (r,d1,...,d4) € X () C

X7 x T4, where §; is an algebraic character of weight (k,;), with
8i(@) = x(t) [[ o (=)
g

and x(t;) is an eigenvalue of the crystalline Frobenius on WD(Deys(r)). By assumption r is
generic and hence (01, ...,0,) € 7;”elg. Moreover, the fact that r is generic implies that the ordering
of the Frobenius eigenvalues x(t1), ..., x(tq) corresponds to the choice of a Frobenius stable flag
that is in general position with the Hodge filtration (as all Frobenius stable flags have this
property for generic r). It follows that r has a triangulation with parameter d1,...,d4 which is
nowhere split; cf. Remark 4.8. It follows that f(y) = (r,d1,...,04) € X (7)™ as claimed. O

THEOREM 4.14. The image of X (p, W) in X ;

puw, = X7 I8 Zariski-dense in a union of irreducible
components of X5, .

Proof. Let us write T' for the Zariski closure of the image of X (5, Weo)*" in X5, for the moment.
We view T as an adic space equipped with its reduced structure and write T for the locus
of regular points, which is Zariski-open and dense in 7. Following the proof of [Ch13, 4.5] and
[Nall, Theorem 4.3], we are reduced to showing that there exists a generic crystalline point
r € T with the following additional properties:
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(i) if A1,..., g are the (pairwise distinct) eigenvalues of the Frobenius on WD(Dgyis(7)), then
/\i)\j_l ¢ p” for all 4, j;
(ii) the space X (p, Woo, €)™ contains all possible triangulations of the representation 7.

In fact the proof of Lemma 4.13 constructs representations that satisfy (i) and (ii) but that
do not necessarily map to T°™. In order to take care of this additional property we have to redo
the proof, changing the point and even its weight.

Let us write 7 : X (p, Woo)*™ — X; for the canonical projection that by definition factors
over T'.

Fix a connected component C C X (p, Woo )2 N X (7)*8 such that 7~ 1(T5™) N C # @ and
hence 71 (T™) N C is Zariski-open and dense in C. Then, by definition of X (p, Wuo )2, there
is a pair (S, e) such that Y; =Y (W, S,e)5 # ¥ and a point yg € Y; such that f(yo) € C. Here
[ Y; > X(p, Woo)™ is the map defined by Theorem 3.5.

LEMMA 4.15. There is a classical point y; € Y; such that its image 1, in X7 lies on an
automorphic component C' of 3x C X7 for some strongly dominant weight k = wy (y1) such
that C' N T*™ is non-empty (and hence Zariski-open and dense in C').

Indeed, it suffices to construct y; classical such that r,, € C' and C'NT"" is non-empty:
as y is associated with an automorphic representation the component C' C 3y is automatically
automorphic (note that we did not claim that k is the weight of yo).

Proof of Lemma 4.15. Let U C X (7)™ N C be a connected open neighborhood of the point
zo = f(yo) € X(7)™ N X (p, Weo)®™ such that wg|y has connected fibers. Indeed, such a
neighborhood exists by Lemma 2.18. As 7~ 1(T"™) N C is Zariski-open and dense in C, we find
that 7—(7°™) N U is non-empty and hence it is Zariski-open and dense in U.

Let V C Y; be a quasi-compact neighborhood of yo such that f(V) C U. Then there are
constants My, ..., My such that

M; > valy (Yyy (tog1 - - - tug,i) () + 1

for all z € V, where val, is the valuation on k(z) normalized by val;(p) = 1. As the strongly
dominant algebraic weights k € W% such that M; < koi — ko i1 accumulate at w(yo) there is a
weight k such that

koi— kojiv1 > M,
wilk)NUNT N T™) £ ¢ and w;'(k)NUN f(Y;) # 0.

The last assumption is possible by the fact that the map w: Y; — W is locally (on Y5) finite
with open image.

It follows (see, for example, [Ch09, Theorem 1.6 (vi)]) that a point y € V with f(y) €
w™ (k) N U is classical (i.e. associated to an automorphic representation) and has the required
property that 7™ N C # @, where C' C 3 is the connected component containing r, = 7(f(y)):
as UN wd_l(k) is connected it maps to C' and hence wd_l(k) N U Nm~YT5™) # @ implies T N
C #0. O
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Let us fix the weight k and the automorphic component C C 3y as in the preceding lemma.

LEMMA 4.16. There exist a tuple (S’,€’) and (up to lowering the tame level H") a classical
point y' € Y; =Y (W, S, €'); such that the crystalline representation r,, given by the image of
y' in X7 is generic and vy lies on C C 3 C X7

Proof of Lemma 4.16. By Corollary 4.6 the automorphic points are Rz-dense in C' and by
Proposition 4.10 the generic locus is Rz-open in C. Hence there exist a pair (5, ¢’) and a point
Yy €Y; =Y (W, 5, €); with the desired properties (at least after a lowering of the tame level
H"). O

We write f/ : Yﬁ’ — X(7) for the map defined by Theorem 3.5 corresponding to the
eigenvariety Yé. Now the triangulations of r,/ are in bijection with the orderings of the Frobenius
eigenvalues as the representation is regular and hence there are exactly d! such triangulations.

LEMMA 4.17. All these possible triangulations of r, lie in f'(Y7).

Proof of Lemma 4.17. Let us write II for the automorphic representation associated to y’. As
IT,, is unramified, there are d! distinct characters x; of Ty, /17 such that IL,,, |det|1=9/2 appears
in the parabolic induction Indng(K) x; and as the representation is generic the Hodge filtrations
are in general position with the triangulation given by the ordering of the Frobenius eigenvalues.
It follows, as in the proof of Lemma 4.13, that the parameters of the triangulation are prescribed

by the character ;. O

Let us finish the proof of the theorem. The preceding lemma shows that there are points
21, 2q € X(p, Woo)™™ with z; = f/(II, x;) mapping to ry € Xr, and 21,..., 24 are precisely
the d! possible triangulations of the crystalline representation r,,. Note that the assumption
that r, is generic implies that the trianguline filtrations have to be nowhere split and hence
zi € X(p, Weo)™ N X (7)"°8. However, we still cannot conclude as we do not know whether 7,
lies in the smooth locus T°™.

Using Theorem 2.11, we may identify open subsets of X (7)™ with open subsets of S™(7).
Now there exist connected open neighborhoods

Ui C X™8(7) N X (p, Weo)™ Nw ™ (k)

of the z; such that U; N U; = @. As the map gy : w™ (k) — 3x from Proposition 4.9 is étale
at all the z; it follows from [Hu96, Proposition 1.7.8] that gx is open in some neighborhood of
the z;. Hence it follows that (after eventually shrinking the U;) the image of the U; in 3, N C
is open, and after shrinking the U; even further we may assume that U, = gx(U;) = gx(U;)
for all 4,7. It follows that all the crystalline representations r € U, have the property that
X (p, Wso)?" N X™8(7) contains all their possible triangulations.

Finally, the subset of all generic points » € C' such that the Frobenius eigenvalues satisfy
condition (i) from above is a Zariski-open and dense subset of C’ C C. Hence U, NC' NT™™ #£
and an element of this intersection is a point lying in 7™ and satisfying conditions (i) and (ii)

from above. O

4.4 End of the proof

Let us retain the notation from the preceding subsection. Fix a strongly dominant weight
k = (ko,i)o € [1, Z? (not necessarily as in the preceding section) and recall the subset Wfila c Wi
Recall further that we wrote Xy (7) C X (7) for the Rz-closure of all crystabelline points of
Hodge—Tate weight k.
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We prove the following theorem which will imply the desired result on the density of
potentially crystalline representations of fixed weight.

THEOREM 4.18. We have an inclusion X (p, Woo )"t C Xy (7).
Proof. Tt follows from Corollary 3.15 or Theorem 3.17 that
f(Yp) € X (7)

for every eigenvariety Y; =Y (W, S, €);.

Let (S,e) and Y; = Y(Wx, S, €e); be chosen so that we can find a point y € Yj; such that
x = f(y) € X(7)™8 (cf. the proof of Lemma 4.13). By definition w(z) = wy(y) is a strongly
dominant algebraic weight k. Let us write X, for the intersection of w™! (k") with X (p, Weo)***N
X (7)*8. Let C denote the connected component of X, containing z and let C°S C C' be the
Zariski-open (and dense) subset of crystalline points.

LEMMA 4.19. The component C' is contained in Xy(T).

Proof of Lemma 4.19. By construction C' maps under the projection to X7 to a connected
component C’ of X% = 3. We write R’ for the quotient of RYS corresponding to C’. Further,
the component C’ is an automorphic component, as by assumf)tion the representation defined
by xz extends to an automorphic Galois representation.

Let t € R7 be an element vanishing on Xy (7) and consider its image, still denoted by ¢, in
R'. Let 2’ € C' be an automorphic point corresponding to a crystalline Gx-representation r,.. By
definition, we can find an irreducible cuspidal automorphic representation Il of an unitary group
G, of some level H C H as in §3.1 such that (pr)w, ~ . Then there exist a triple (W, S, €/)
and a character x of T/TY such that (II,x) € Z. Here Z is the set of classical points of the
eigenvariety Y (Woo, S, €’). Now Theorem 3.17 implies that the image of (II, x) € Y (W, 5, ¢/) 5
in X (7) is in fact contained in Xy(7), or equivalently that ¢(z’) = 0. From Corollary 4.6 we can
deduce that the image ¢ in R’ is zero. As the image of C' under 7 : X (7) — X7 is contained in
C’, we have shown that any ¢ € Ry vanishing on Xy(7) also vanishes on C. This implies that
C C Xx (77) |

We can now conclude. Fix C a component of X (p, Ws)®™ and yo € Y; such that f(yo) =
To € X(p, Woo)™ N X (7)™8. Let ki, = wy (y) and pick g € S™(7) such that 77(Z¢) = zo. By
Lemma 2.18 there is a quasi-compact connected neighborhood U of = inside X™8(7) such that
U is isomorphic to a product of an open subset U; € W? with a rigid space Uy which we may
choose to be connected. After shrinking Uy, we may also assume that f(Y;) U surjects onto Uj.
As U is quasi-compact, there exist My, ..., My such that

M; > Valz(l/JUO (tvo,l S tvo,i)(x)) +1

for all z € U, where val, is the valuation on k(z) normalized by val,(p) = 1. Let us write Z; C Uj
for the set of strongly dominant algebraic weights k51 > --- > kq 4 such that M; < ks; — kg it1
foralliand o : K — @p. Then Z; is Zariski-dense in U; and hence w_l(Zl) NU is Zariski-dense
inU.

A point y € f~1(U) mapping to k’ € Z; is classical by the choice of M; and [Ch09,
Theorem 1.6(vi)]. Applying Lemma 4.19 with the point y and the component of X}/ containing
w{K'N)NU ~ Uy, we find that w™'({k’}) N U C Xy (7). This implies that Xy (7) contains
w™H(Z1) N U which is Zariski-dense in U and hence U C Xy(7). This implies that X (7)
contains C. O
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THEOREM 4.20. Let p { 2d and let K be a finite extension of Q,. Let 7 : Gxg — GLg(F) be an
absolutely irreducible continuous representation and let Rz be its universal deformation ring.
Assume that 7 % 7(1). Let k = (ko) € [I,.x0q, 7% be a strongly dominant weight. Then
the representations that are crystabelline of labeled Hodge—Tate weight k are Zariski-dense in
Spec Ri[1/p].

Proof. The assumptions that 7 is absolutely irreducible and 7 % 7#(1) imply that Z = Spec Rz[1/p]
is smooth and irreducible.

Let X = X (p, Woo )™ C X (7) for a suitable choice of W4, as in Lemma 4.3. Our assumptions
imply that X is non-empty and hence Theorem 4.14 implies that X has dense image in Z. Let
t € R; be a function vanishing on all crystabelline points of weight k. Then Corollary 2.7 implies
that it vanishes on X N w=1(W¢ o) and hence by Theorem 4.18 it vanishes on X. The claim
follows as X has dense image in Z. O
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