
NEAR-RING HOMOMORPHISMS 

J o s e p h J . Malone , J r . 

( r ece ived July 28, 1967) 

1. I n t roduc t ion . B l a c k e t t [4] in t roduced the concep t s 
of n e a r - r i n g h o m o m o r p h i s m and n e a r - r i n g i d e a l . B e i d l e m a n 
[ l ] e s t ab l i shed the fundamenta l h o m o m o r p h i s m t h e o r e m and the 
i s o m o r p h i s m t h e o r e m s for (left) n e a r - r i n g s obeying the 
condi t ion that O.a = 0 for e v e r y a in the n e a r - r i n g . S e v e r a l 
o t h e r s , for e x a m p l e [3], [5], and [7], have taken up the s tudy 
of i d e a l s . Th is p a p e r t akes up the s tudy of h o m o m o r p h i s m s of 
(left) n e a r - r i n g s not sub jec t to the condi t ion O.a = 0. It i s 
shown tha t such h o m o m o r p h i s m s can be d e c o m p o s e d into 
h o m o m o r p h i s m s of two s p e c i a l s u b - n e a r - r i n g s . C o n v e r s e l y , 
condi t ions a r e sought under which h o m o m o r p h i s m s of the 
two s u b - n e a r - r i n g s m a y be m a t e d to p r o d u c e a h o m o m o r p h i s m 
of the n e a r - r i n g . 

We r e q u i r e the following t h e o r e m which i s p roved in [2] , 

N e a r - r i n g D e c o m p o s i t i o n T h e o r e m . Le t R be a n e a r - r i n g 
E a c h r e R has a unique d e c o m p o s i t i o n in each of the f o r m s 

Or + (-Or + r ) and (r - Or) + Or. 

Thus R = R + R = R + R , 
z c c z 

w h e r e R = { p | p s R , Op = 0} and R = { 0 r | r e R } . 
c z 

T h e r e f o r e e v e r y n e a r - r i n g m a y be e x p r e s s e d as a s u m of i t s 
m a x i m a l s u b - C - r i n g and i t s m a x i m a l s u b - Z - r i n g . 

2 . D e c o m p o s i t i o n . 

PROPOSITION 1. Le t a be a n e a r - r i n g h o m o m o r p h i s m 
of R into N. Then the i m a g e of R is a s u b - n e a r - r i n g of 
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N and the i m a g e of R i s a s u b - n e a r - r i n g of N . 
c z z 

P roo f . It i s known that the i m a g e of a n e a r - r i n g i s a 
n e a r - r i n g . Le t r e R . Then the f i r s t a s s e r t i o n fol lows f r o m 

c 

0(c*r) = {aO)(av) = a(0r) - aO = 0. 

F o r the second a s s e r t i o n , r e c a l l tha t p e R if and only if t h e r e 

e x i s t s a q e R such tha t Oq = p , and c o n s i d e r 

ap - tf(0q) = (a0)(aq) = 0(<zq). 

In l ight of the n e a r - r i n g d e c o m p o s i t i o n t h e o r e m , we m a y 
say tha t a h o m o m o r p h i s m f r o m R to N i s c o m p l e t e l y d e t e r m i n e d 
by i t s r e s t r i c t i o n s to R and R . So we m a y a s s o c i a t e wi th e a c h 

c z 
n e a r - r i n g h o m o m o r p h i s m of R a unique h o m o m o r p h i s m p a i r ; 
the f i r s t m e m b e r of the p a i r being a n e a r - r i n g h o m o m o r p h i s m of 
R into N and the second m e m b e r being a n e a r - r i n g 

h o m o m o r p h i s m of R in to N . Now, the p r o b l e m i s to d e t e r m i n e 
z z 

which such h o m o m o r p h i s m p a i r s give r i s e to h o m o m o r p h i s m s of 
R into N. F i r s t , le t us e m p h a s i z e the m a n n e r in which a 
h o m o m o r p h i s m p a i r m i g h t "g ive r i s e " to a h o m o m o r p h i s m . 

Le t a and a be , r e s p e c t i v e l y , n e a r - r i n g h o m o m o r p h i s m s 

of R in to N and R in to N . If t h e s e a r e to be the 
c c z z 

r e s t r i c t i o n s of s o m e n e a r - r i n g h o m o m o r p h i s m <*, then a m u s t 
be such tha t 

otx - aie + z) = c v c + a z = o - c + c v z , c e R and z e R . 
1 Z c z 

M o r e o v e r , the mapp ing i s defined u n a m b i g u o u s l y . F o r if 
c + z = z + d , d e R , then 

c 

a(z + d) = a(z + d - z + z) = a(c + z ) . 

When we speak of the m a p (and p o s s i b l e h o m o m o r p h i s m ) a on 
R to N a r i s i n g f r o m the p a i r a and a , we u s e the no ta t ion 

1 2 
ot - [a , a ] and me an the m a p defined by 
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z 

ar = a c + c*^z, w h e r e r = c + z, c <. R and z £ R . 
1 2 c z 

3 . An e x a m p l e . The following e x a m p l e shows that a 
horn om or phi s m p a i r need not give r i s e to a h o m o m o r p h i s m . 

Le t (R, +) be the group of o r d e r 8 with gene ra t i ng 
r e l a t i o n s 

4a = 2b = 0, b + a = 3a + b . 

F o r x, y e R define m u l t i p l i c a t i o n by 

0, y e {0, 2a, 3a + b , a + b} 
x . y ' 

2a + b , y e {a, 3a, b , 2a + b} . 

Then (R, +, . ) i s a n e a r - r i n g with R = {0, 2a, 3a + b , a + b} 

and R = {0, 2a + b} . On R c o n s i d e r the a u t o m o r p h i s m a 

which f ixes 0 and a + b and p e r m u t e s 3a + b and 2a . On R 

take the iden t i ty m a p as a . If a- [a , a ] i s a n e a r - r i n g 

h o m o m o r p h i s m , we have 

ab = cv(2a + (2a + b)) = a (2a) + a (2a + b) 

= (3a + b) + (2a + b) = a 

and ab = c*((2a + b) + 2a) = a (2a + b) + a (2a) 

= (2a + b) + (3a + b) = 3a . 

Thus [a , a ] i s not a n e a r - r i n g h o m o m o r p h i s m . 

4 . Condi t ions on the p a i r . The a of the e x a m p l e failed to 
be a h o m o m o r p h i s m b e c a u s e i t did not behave p r o p e r l y on an 
e l e m e n t of the f o r m z + c . The following p r o p o s i t i o n shows 
that th is i s , indeed , a c r i t i c a l ques t ion . 

PROPOSITION 2 . A n e c e s s a r y and suff ic ient condi t ion 
that a = [a.,o> ] p r e s e r v e s addi t ion i s that 

1 La 

37 

https://doi.org/10.4153/CMB-1968-005-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-005-2


a(z + c) = # z + a c, z £ R and c £ R . 
2 1 z c 

P roof . Of c o u r s e , if a p r e s e r v e s add i t ion the i m p l i c a t i o n 
i s t r i v i a l . 

A s s u m e the s ta ted equa l i t y . Reca l l i ng tha t (R , +) i s 
n o r m a l in (R, +), we s e e tha t 

a r l + o r r 2 = fflcl +aZZi + a l ° 2 + a 2 Z 2 

= V l + a ( z i + C 2 ) + 0 , 2 Z 2 

= <V 4
 + ° ' « z

1 + c 2 - z ^ + V +^ 2
Z

2 

= V l + o - 1 ( z 1 + c 2 - z ^ + o r ^ + a 2 z 2 

- a i ( c i + z 4 + c 2 - z ^ + o r ^ + z 2 ) 

= a ( c 1 + z d + c 2 + z 2 ) = ar(r1 + r ^ . 

Thus , p r e s e r v a t i o n of addi t ion fol lows f r o m the given s p e c i a l 
c a s e . 

PROPOSITION 3 . A n e c e s s a r y and suff ic ient condi t ion 
that a = [a , a ] p r e s e r v e s m u l t i p l i c a t i o n , g iven that a 

p r e s e r v e s addi t ion , i s tha t 

tt(rd) = {ar)(aÂà), r £ R, d £ R . 
1 c 

P roo f . A s s u m e the equa l i ty ho lds and c o m p a r e 

= ûr((Cl + ^ ) c 2 ) + ^ z 2 

with (o / r
1)( <xr ) = (Û^C + Û' z )(» c ) + Q ' ? z2 * 

Then, by the equal i ty , a(r r ) = (or )(QT ). 
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5. Another example. In order to show that the above 

conditions may be fulfilled, we indicate a type of near-ring for 

which every homomorphism pair gives rise to a homomorphism. 

Start with any C-ring R and any Z-ring R . Let 
c z 

(R, +) be the direct sum of (R , +) and (R , +). Then (R , +) 
c z z 

is normal in (R, +) and c + z = z + c for every c e R and 
c 

z £ R . Define multiplication in R by 
z 

V r 2 = ( C 1 + Z 1 ) ( C 2 + Z 2 ) = C 1 C 2 + Z 2 

It is easily checked that multiplication in R is associative and 
left-distributive over addition. For some N, let a. and a 

1 2 

have the usual meaning. It is easy to see that a - [a , a' ] 

is a near-ring homomorphism of R into N. 

6. Homomorphisms on C- and Z- rings. In view of 
the decomposition of near-ring homomorphisms, it is 
appropriate to look at homomorphisms between C-rings and 
homomorphisms between Z-rings. 

The case for Z-rings is easily treated. Let Z and Z 

be two Z-rings and let p be a homomorphism on (Z , +) to 

(Z , +). Note that 

P(w. z) = pz = p w . p z , w , z e Z . 

Thus any homomorphism on the additive group is a near-ring 
homomorphism. The following proposition shows that no such 
sweeping answer is possible for C-rings. 

PROPOSITION 4. Let (G, +) and (H, +) be groups and 
let a. be a group homomorphism from G onto H. It is possible 
to define multiplications on G and H so that (G, +, . ) and 
(H, +, .) are near-rings and a is a near-ring homomorphism. 

Proof. Let K be the (group) kernel of a and identify H 
with G/K. A multiplication on G is needed so that K becomes 
a near-ring ideal. Recall from [4] that a subset N of a 
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near-r ing R i s an i d e a l if and only if 

1) (N, +) i s a n o r m a l subgroup of (R, +), 

2) RNC-N, 

3) (r + n) r - r r e N, r and r s R, n £ N. 

K, of course , s a t i s f i e s 1) r e g a r d l e s s of the m u l t i p l i c a t i o n 
used . 

On G define a m u l t i p l i c a t i o n so tha t 

{0 x £ K and y e G, 

y x £ G-K and y £ G. 

With th is m u l t i p l i c a t i o n (G, +, . ) i s a n e a r - r i n g ( s ee [6]). 
Also , condi t ion 2) i s i m m e d i a t e for K . Next, 

( g l + k ) g 2 " g l g 2 = ° " ° = °£K> &i
tK* 

a n d = g 2 - g 2 = 0 £ K, g E G - K 

Hence K i s an idea l under th is m u l t i p l i c a t i o n and G/K i s a 
n e a r - r i n g . 

L a s t l y , to spec i f i ca l ly show tha t a p r e s e r v e s m u l t i p l i c a t i o n , 
c o n s i d e r (keeping in mind tha t (G, +, . ) i s a C- r ing ) 

c*(xy) = &0 = ax., ay, x £ K and y £ G, 

= ay - a x . ay, x £ G-K and y £ G. 
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