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AUTOMORPHISM GROUPS OF A CLASS OF
EXPANDING ATTRACTORS!

CEM TEZER

Introduction and statement of results
In the following, for any group G and any g € G, Adlg] stands for the inner
automorphism defined by Ad[gl (x) = gzg™" for any z € G.

Given a group endomorphism a: G— G let 4 (@) be the set of triples (@, m, g
where g € G, m € Z and ¢ is an endomorphism of G effecting a shift equiva-
lence ([11], [14], [15]) of & to Adlgl- . On ¢ (a) we consider a binary relation
“~" defined by

(o, m, g) ~ (¢, m', &)
iff there exist £ € G, T € Z such that

T=2m m
zg = g'alr)
¢ ea’ ™ = Adlzlopea’ ™",

and a binary operation
L% (@ X9 (@—% ()
defined by
ulp, m, @, (¢, n, B) = (@, m + n, p(h)g).

The opening passages of the next section are devoted to the fairly routine yet
technically indispensable proofs of the following facts:
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“ ’”

1.1. Lemma.  “~" 1s an equivalence velation.
1.2. LemMa. p:9 (@) X 9 (@) — 9 () is a well-defined map.

To be precise: If ¢, ¢ are endomorphisms of G effecting shift equivalences of
o to Adlgl-a, Ad[h] -« respectively, then ¢°¢ effects a shift equivalence of a to
Adle(W gl -a.

”

1.3. LEMMA. u is stable with respect to “~".

In other words, if
(o, m, & ~ (¢, ', g
and
(¢, n, ) ~ (¢, n', )

then
(pop, m+n, o) g ~ (¢, m +n', ¢’ (W) g).

Having established these results, we are in a position to introduce yet another
natural object: Let’s denote the set of ~-equivalence classes in 4 (@) by 4(a). In
view of 1.1, 1.2, 1.3, it is seen that the set 9(a) has a well-defined binary opera-
tion. We round off this tedious list of technical observations by

1.4. LemMa. 9(a) is a group.

Let @ : X— X be any continuous map of a compact space into itself. We con-
sider the simple inverse limit of the form

>, =lim (X, d) ={@x),.,-€ X", alx,) =x,i€ Z")
and the map
0,1 2, 2,
called the “shift”, defined by
0,((x) jez) = (Tiy1) jez+

0, is clearly a homeomorphism. We shall be mainly interested in the case where a
is an expanding map of a compact smooth manifold ([9], [6]). In this case, g, is
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known to be an Axiom-A attractor, a so called “expanding attractor” ([10}, [15],
[11]).

Denoting for any continuous map b : Y— Y, the group of homeomorphisms of
Y commuting with b by Aut(d) we can formulate the main result of the present
work as follows:

1.5. ProposiTiON. If @ : X — X is an expanding map of a compact smooth man-
ifold X into itself with a fixed point X, € X, then

Aut(o,) = %(a,)
wheve
a,:m,(X, z,) > m, (X, x,)

18 the endomorphism of the fundamental group induced by a.

This proposition is, in fact, just another tribute to a fundamental result
(Theorem 4 (I) in [9]) due to M. Shub and J. Tate which indicates that an expand-
ing map has a very rigid geometry, entirely determined by algebra at the level of
fundamental groups.

Although its definition is complicated, it is possible to compute 4(e) in some
concrete cases. We have considered the endomorphisms

a) () : Z— Z (the additive group) with p € Z, |p| # 0,1 defined by

o) (x) = pxforallx € Z
b) o, q,7:6G=<A, B|AB=BA™)—G with p,q,7<€Z,|pl+
0,1 and 7 odd, | 7| # 1, defined by

A—-A
B— A'B".

These endomorphisms arise in connection with the expanding maps a(p) and
a(p, q, ») of the circle and the klein bottle respectively; indeed

@@y = o®)
(a(pv q’ r))# = go(pr q’ 7’)

o, q, 7 {

([11], [12).
If 7 is any integer, | #| = 2, let PR(#) denote the set of prime factors of # and
let
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r= (=Dl ks

be the unique factorisation of # into its-positive-prime factors, s = # PR(»).
There is an action

a) : Z,B 27" — Aut(Z,_)
defined by
a@) ((o, &, C...,E0)) (@)
= [(= D" 1T 75 ™

i=1
where T is any integer with {, + Tk, =2 0 for all 1 = 1,2,...,s. It can be easily
checked that a(#) is a well-defined action. Now we are in a position to state our
computational results. Let Ea denote the semi-direct product of groups via the ac-
tion .

1.6. PROPOSITION,
Aut(o,,) = 90®) = (Z, D Z7) o) Zoer-

1.7. PROPOSITION.

AUt(Ga(D,q,r)) = {g((p(pv q, 7’)) =
Z"P @ (2,8 Z77) Caen Z,1] if p = 0 (mod 2)

Z,®Z"N D2, D2 [y Z,,] ifp=1(mod2).

It should be noted, in the case of expanding maps of the circle, a(p) is com-
pletely determined by Aut(o,,). This is to be contrasted with the klein bottle
situation where Aut(g,,,,) determines solely the number of prime factors of p
and misses g entirely. One might tentatively conjecture that, within the framework
of expanding attractors, Aut(g,) carries good information about or completely de-
termines @ only when g, is a homogeneous system ([13]).

In our opinion, there are two aspects of the main result 1.5 which are note-
worthy: The first and the more immediately discernible is its being the inevitable
step in any computational venture as regards automorphism groups of expanding
attractors. The second and possibly the less obvious is that Aut(g,) has a group
structure 9(a) which has a completely independent existence of its own in a pure-
ly group theoretical setting. Thus it is to be expected that many concepts which
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naturally arise in connection with dynamical systems and their automorphism
groups, such as periodic points and gyration numbers can be incorporated into
pure algebra ([1], [2]).

Finally we notice that the automorphism groups of expanding attractors
appear to differ sharply from those of subshifts of the finite type. Expanding
attractors have fair sized automorphism groups whereas in the case of subshifts of
the finite type the automorphism groups are always large enough to contain the
direct product of any countable family of finite groups ([4], [1]). In the automorph-
ism group of a subshift of the finite type the centre consists of the infinite cyclic
group generated by the shift itself ([8], [4], [1]). In contrast, the automorphism
group of an expanding attractor seems to contain large, highly commutative pieces.

2. Proofs of 1.1, 1.2, 1.3, 1.4

2.1. Proof of 1.1. Reflexivity of “~" is obvious. Replacing & by 2~ in the

’

defining equations, it can be seen that “~" is symmetric. As for transitivity, let’s

consider
(o, m, &), (¢, ', g, (¢", m", g") € 9 (a)
with
(o, m, g ~ (¢, m', g")
(¢, m', g) ~ (¢", m’", g").
Therefore, there exist T, T/ € Z, z, £’ € G such that

T=m, m
zg = g'alx)
oa" " = Adlz] g
and

T 2w, m”
x/g/ — gr/a(x/)

¢ a”" = Adlz ¢ oa”".
Let S = max(T, T') and y = x’x. We have

S=>m, m’
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and
yg=z'zg =z'g’'alx) = g’ax)alx) = g’alx’'x) = g’aly)

and finally
¢’ = Adlz1-¢-a®" = Adlz’]-Adlz] - p-a’™"
= Ad[z'z)-gpoa’"
= Adlyl-p-a’",
which shows that
(o, m, g ~ (¢, m", g"). O

In the following we shall make repeated use of the notation g,, standing for
the element of G, defined inductively for each g € G, m € Z* by

8= ¢
and
& = 8a(gy)

(equivalently g,,; = g,@"(g)). A moment's reflection shows that g,, is concocted
So as to satisfy

(Ad[g]l-a)™ = Ad[g,] "

for eachm € Z™.

2.2. Proof of 1.2. Given (@, m, g € 9 (o), (¢, n, h) € 9 (a), there exist
¢ :6G—-G,¢:6G—-G,M,N¢e Z* such that
pca= (Adlgl-a)-¢
¢~ (Adlgl-a) = a-¢
¢ p=a"
0°¢ = (Adlgl-a)™ = Adlg,] -
and
¢ea = (Adlh]l ) ¢
¢’ (Adlh]l ) = ac¢/
¢-¢=a"
o’ = (Ad[h]-a)" = Ad[h,]-a”.
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Now writing ¢” = Adlh,]-¢” we observe that

(1) e (Adlhl-a) = AdleoW ] -
= Adle(W]-Adlgl-a-¢
= (Adlo(W gl-¢

and

(2) " (Adlo(h) gl ) = Ad[h,l-¢-Adlp(h) gl -«

= Ad[hy)Adl¢>@(W)]-¢ °Adlgl -a
= Adlh,) -Adla” (W] a-¢’

= Adlh,a" (W] ea¢’

= Adlhalh)] as ¢’

= (Ad[h] ) (Ad[hyl - ¢)

= (Ad[h] )¢
and
(3) ¢’ ¢ = Adlh,l-¢'-¢ = Adlh,]-a" = (Ad[h]-@)".
Finally

@@ = @°Adlh,l-¢
= Adlo,p]-@-¢
= Adlo (k)] (AdLgl-a)™
= Adlg(hy) g,) -

which gives upon writing ky, = hy_, " (h), gy = gy alg)

pe¢” = Adlp(hy_)p@" " (M) gy, " (@]-a"
= Adlp(hy_)]-Adlg,_, (AdLgy ] - @@ ()] -Ad[a" ™ (] -,

Hence, in view of
p-a" ' = (Adlgl )" e = Adlg,,_.] oo e
we obtain

09" = Adlphy,_) gy_i]-Adla" (oW @) 1-a™
= Adlo(hy,_) gy " Adle ) gl -a

and inducting upon M
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(4) ¢’ = (Adlph) gl-a)™.

Equations (1), (2), (3), (4) indicate that ¢, ¢” effect a shift equivalence of Ad[4] -«
to Adlp(h)gl> a with lag M. Now it is easy to check (see also 1.3 in [11]) that
@° ¢ and QM HN ¢’ ¢” effect a shift equivalence of a to Adle(h) gl a with
lag 2MN. ]

2.3. Proof of 1.3. If (o, m, & ~ (¢, w', g’) and (¢, n, h) ~ (¢, w, W),
then thereexistx, y € G, S =2 m, m', T = n, n’ such that

zg = g'a(x)
(plo aS—m’ — Ad [.Z'] o (p °aS—m
yh = haly)

¢/°aT—n’ — Ad[y]°¢)°aT—n.

Writing
§=olg
§=q¢0g
A=S+T
M=m+n
M =w+w

for short and bearing in mind that ¢, ¢’, ¢, ¢ effect respective shift equivalences
of a to Adlgl- e, Adlg’]- o, Ad[h]- a, AdlW']° @ respectively we observe that
A= M, M and

m’ T-n

= (pIO(/,/oa,s‘ o

= @ Ad[W_)oa’ ™ oroa”™"

= Adlg' W)@ ca ™ oo™

= Adly' (5,1 (Adlzl - -0’ ™) - (Ad[yl - gpo” ")

= Adle’ W)z @ "o goa’ "o’ ™

= Adl¢’ W's_, )o@ " )] @ Adlhs:, ] ¢oa’ "a" ™
= Adle W_, )z " @) phs )]’ ™.

A-M’

@egoa

Thus we have shown, that

(*) (@ =¢)-a"™ = Ad[%]- (g ) -a*™™
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where
%= ¢ Ws_)ze@ " @) ohs,).
Now we claim that
(% %) %E=&a(®)
which shows, together with (%), that
(pop,m+mn, &) ~ (¢o¢),m +u, &)

which was to be proven. To substantiate (% %) we start with the right hand side
thereof and demonstrate it to be equal to the left hand side:

Ea®) = ¢ W) galey Ws_,)xe@™ ") ohs.,)]
= o W) g aly W_,))a@)alp@ ™ W) alehs:,))
= o ()¢ (aWs_,Ng a@alp@®™" W) alphs,))
= o Wa's_,)xgale@ ™" @) alehs’,))
=@ Wy " (W) zgalp@® ™" @) alphsl,))
=o' Wy )¢ @ " (W) zgalep@® " @) alphs’,))
= oWy Nz ")) gale@® ™ W) alehs!,))
= ¢ Wy )xe@ ")) @ " (@) galphsl,))
= oW )o@ " Wa))olahs:,))g
= o Wy Nz " Wh) plalhs g
=g W)@ " @)@ " (Waths:,))g
= ¢ Ws_ )o@ ") ohs,)ph) g
= %E. O

In the following <¢, m, g,> will stand for the equivalence class in
9" (a) containing the triple (¢, m, g € 9 ().

2.4. Proof of 1.4. It can be routinely checked that {Idg, 0, e> is a well-
defined element of 4() and acts as a neutral element for the binary operation
on 9(a). On the other hand, for any <@, m, g, {¢’, m', g, ", m’, g">
€ 9(a) we have

Ko, m, @ <¢’, m', g7) L¢", m", g
=g, m+m', o(@)g<¢", m", g
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=g, m+m +m’, ¢’ (@)
— <(p°(g0/°(0//)'m_’_m/+m”’ ¢(¢/(gll)gl)g>
= g, m, Y g'-g!, m + m, (g
— <€0’ m’ g>(<¢/’ m/’ g/> <¢)//’ mr/’ g//>).
Consequently the binary operation on 9(a) is associative. Next we demonstrate
the existence of inverse elements: Given ¢, m, g2 € %(a) there exist ¢’ : G—
G, M € Z* such that
poa = Adlgle-a-¢p
ac¢ = ¢ °Adlgl-a
7 _ M
oY —a
0-¢ = (Adlgl-a)™.
We claim
Ko, m, ="', M, "¢ (g7)) :
Indeed

"¢, M, a" ¢’ (g7)><p, m, g
=La" @ 0, M+ m, "¢ (@a"¢ (g
=™ m+ M, e
= ldg, 0, &

and

Ko, m, g<a™ ¢/, M, a"¢'(g™")>
= Lp-a" ¢/, m+ M, plad"(¢'(g g
= <(Adlg,l°a" @@, m+ M, Adlg,]l-a" ¢-¢' (g g
= (Adlg,, o™ m+ M, Adlg,,, "™ (g g
=(Id,, 0, &

(take T=m+ M, x = g\, for instance). O
3. Proof of 1.5

Let X be a compact, smooth manifold, @ : X — X be an expanding map with a
fixed point x, € X. By an argument due to M. Shub and J. Tate (Theorem 4[]}, [9])
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it can be shown that for any CW-complex Y and any b : Y— Y with a fixed point
Y% € Yand any 0 : 7,(Y, y,) — 7,(X, x,) with

6-b, = a,0

there exists a unique map f : Y— X such that

f(yy) = 2y
feb=af
and
fi=0.

The map uniquely determined in this manner by 8 will be denoted F(#). We note
in particular that if b=a: (X, z,) — (X, x,) and 0 = a,: 7, (X, z,) — 7,(X, 2y

then
F(dy,) =d"
for any n € Z". On the other hand for any fixed points x,, &,, X; of @ and group
homomorphisms
0:m X, z,) — (X, z)
and
o:m X, x) — m(X, x,)
subject to
a0 = 6°a,
Ay 0 = 0°ay

we obviously have
F(6-0) = F(0)-F(p).

In the following, @ : X — X will always stand for an expanding map of a com-
pact smooth manifold and x, € X for a fixed point of @. Let p : X— X be the uni-
versal covering projection of X. We again choose an arbitrary Ty €
p 7 (z,) which we fix as of now.

By a method described in detail in [13], it is possible to index fixed points of

a by elements of 7,(X, x,) in a well-defined fashion: Consider for each g =
A € m,(X, x,) the unique covering transformation (<)) of p : X— X which
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sends Ty to A(1) where A is the unique path in X with peA = 1 and A(0) = 7. It
can be checked that 7 is an isomorphism from 7,(X, x,) to the group of covering
transformations of p : X— X Since we can obtain a riemannian metric on X by
lifting that on X via p, we may assume that p is a local isometry and covering
transformations of p are isometries. Now, if & is the unique lifting of
@ under p with @(Z;) = Ty, the map i(g) °@ is an expanding map and has a unique
fixed point Z,. We write x, = p(Z;) and note that x, is a fixed point of a. In fact
([13]) every fixed point of a is of the form x,. In particular x, = x,. Furthermore
Z, = X, iff g and g’ are a,-equivalent, that is iff there exists # € 7, (X, x,) with

ng = g'a,(n).
Let @ be a path in X with @(0) = Z,, @(1) = Ty, @ = p®. It can be check-
ed that ™ ' % a(w) ~ A. The homotopy class of w depends only on <A). We define
0, T (X, 2 — 7, (X, 2,)

by
3,({&) = w*Exa™

for any <& € 7, (X, x,). The homomorphism d, makes the diagram

6g
(X, z,) (X, z,)
Adlgloa, a,
53
(X, Ty (X, z,)

commutative. Moreover, if there exists # € r,(X, x,) such that ng=
g'a,(n) (equivalently x, = z,) then

8,20, = Ad[n].

Let Y, Wbe any spacesand b: Y— Y, ¢: W— W any maps. Given any F :
Y— W with Feb = ¢°F we define

F,_ :lim(Y, b) — lim(W, ¢)
by
Fw((yi)iez*) = (F(y)) ez

We note in particular that for ¢*: Y= X— W = X we have (@, = O'a_k for any
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keZ"
Now consider the map

L:%(a,) — Aut(o,)
defined by
Lo, m, ) = (F0,°¢)).°0,.

3.1. LeMMA. L is a well-defined and injective map.

Proof. First we observe that as ¢ effects a shift equivalence of a,: (X,
z,) — (X, 2, to Adlgl°a,: 1, (X, x,) — 7,(X, x,), there exist M € Z" and
¢ 1 (X, x,) — m (X, ) such that ¢’°¢ = aj. Consequently
(F(¢'20,)) 0" (F(0,29)). = (F(@'*8;) < F(8,2 )
= (F(¢'°0;"°0,°0))
= (F(@).,
= ((a")).,

- M
= aa

Therefore (F(0,°¢))., has a continuous inverse. Since 2 is compact (F(J,° ).,
is a homeomorphism which commutes with ¢, by its definition. Secondly, if {¢, m,
g = ¢/, m/, g’>, then there exist T € Z with T =m, m’ and n € m,(X, x,)
such that

ng = g'a,(n)
¢a; ™ = Adlnl-gea; ",

In this case we have x, = x,, on the one hand and 5;,105g = Ad[#] on the other.
Hence
Spo0eay " =d,000a; "
which gives
(F@ye@Naro; T = (PO @)oo, T
or

(@) oLy, m', g7) = (@") - Lo, m, g).

Therefore we conclude that

https://doi.org/10.1017/50027763000004839 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000004839

42 CEM TEZER

LKe',m', g7) = Lo, m, &)
since (aT)w is a homeomorphism. The above proof of well-definedness, reading
backwards, shows that L is injective, too. O
3.2. LEMMA,
F(5g°go)°F(5hD¢) = F(aw(h)g°¢°¢)-
Proof. Let's write F = F(8,°¢), G = F(8,°¢) for short. Let F: X— X, G:
X — X be the respective liftings of F, G with F(Zy) = z,, G(T;) = Z,. Consider

paths 7, @ in X with 7(1) = @(1) = 7, 7(0) = %,, @(0) = T,. Writing 7 =
F(D %@, n=p°7f, 7= p°F, = p°@ we observe that

7(0) = F(7(0)) = F(z;)) = F-G(x3)
7(1) = a(1) = T
n=F@*w

and
F-G(xy = x,

where

wy = < kaln))
=L % F(r™) %a(F(0) *al(w))
= o 'k F(r 7 % a(0) *w> <o *alw))
=og

in view of the fact that

Hence
e({&)) = w ' * F(&) * w)
for any <& € m,(X, xy). Similarly we have
¢ =20"°G,
and

P({&) = (e * F() *
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for any & € r,(X, z,). Finally writing H = F°G, we note that
5;(1;:>g°H#(<€>) = 5;(11;>g°F#°G#(<E>)
= ("% FG(®) * 1)

= "% F(z ™) % F(G(®) % F(0) % w)
= - ({&).

By the uniqueness clause of Theorem 4.1 of [9] we conclude
FQ@ppgope§) = Hy = F(3,°0)F(,°¢). []
3.3. Lemma. L :%(a,) — Aut(o,) is a group homomorphism.

Proof. This is now obvious by 3.2. O

The following lemma can be deduced from the lemmata 1, 4, 6 of [9] and the
fact that p: X— X is a local isometry. We include an elementary proof for the
sake of completeness.

A continuous map ¢ : W— W is said to be positively expansive if the space W
admits a metric d and a number € > 0 such that d(¢"(w), ¢"(w") < ¢ for all n €
Z" iff w = w’ ([7),[3)). If W is a compact metric space, then this definition is inde-
pendent of the choice of the metric.

3.4. LEMMA.  Expanding maps of compact manifolds are positively expansive.

Proof. Given an expanding map @ : X— X of a compact manifold, we can
choose a riemann metric and a constant A > 1 such that

1 Ta@ W) o 2 21 V1,

for any x € X and any V € T,X ([6]). As a is a covering projection ([6]), there ex-
ists € > 0 such that d(z, ) <& and a(x) = a(x’) together imply £ = x’. We
claim that the metric d induced by the above suitably chosen riemann metric and

€/2 > 0 do the trick: Indeed, if d(&@"(2), a"(x")) < % for all # € Z, then for

each particular #n € Z" there exists a piecewise differentiable path w such that
w(0) =d""' @), w@) =" (@) and
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length(w) = j(; law® I, dt

< d(an+1 (x) , an+1(x/)) .A&%_l

edtl
2 2 -

Let @ be the unique path with ad = w, @(0) = a"(x). Clearly @ is piece-
wise differentiable.

Since

and

a@@) = w@) =" @) = ald @)

d(a"(z), @(1)) < d(a" (), a"(®) + d(a" (@), ®(1))

< % + d@(0), @(1)

(U}

<5+ length(®)
¢

1

<=+ ¥ length(®)

\V]

e A+1 ¢
<*2—-|**—‘2/1 §<8.

We conclude that @(1) = @”"(z’). Therefore
da"(x), a"(x") < length(@)

< %length (w)

A+1

<_

57 dd @, " (@)).

This is true for each # € Z* and so

A+ 1\ ” A+ 1\"
dx, z) < (~2/1—> dla (@), a (&) < (T) %-’O.
Consequently d(x, ") = 0, equivalently x = x’.

O
(It has been recently established, that essentially the converse of the above

result is true, too: Every positively expansive map of a compact manifold is topolo-
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gically conjugate to an expanding map ([5]).

3.5. LEmMA.  Let Y, W be compact spaces, b: Y— Y a surjective map, ¢ : W—
W a positively expansive map. If a map

F :im(Y, b) — lim(W, ¢)
commutes with the shift maps, that is
Fe0,= g, F
then there exists N € Z* and f : Y— W such that
fob=cof
and
F=f. 0, =0 f
Proof. d will denote the metrics on Y, W without causing any confusion, d~

is the related metric on the respective inverse limits. There exists ¢ > 0 such that
d("w), "(w)) < ¢forall w € Z* implies w = w’. Let

A = diam(Y) = max{d(y, y) |y, ¥y’ € V).

There exists § = 0(e) such that d” (n, 7") < 0§ implies d(F(n), F(n’)) < ¢ for all
n, 7’ € lim_(Y, b). Choose N € Z* with A/2" < &. We claim, that if

F((4)iez) = (W) ez
then w, depends only on y : Indeed, if 7 = (¥);cz+, ' = ¥));cz+ and
F(n) = (W) ez
F(n') = W) ez
where yy = yy, then for every s € Z" we have
d(e,’ (), 0,°(n)) = d" (6, ((¥) ;ez), 0, (W) jez))
=d (0" WD) ez 0°®)) ez

e 1 A
= — D < —<4.
k=Es+1 2" d(yk’ yk) 2N

Consequently

d(c*(wy), ¢’ wp) <d (6]°F(n), 0,°F()) < ¢
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for all s € Z*, hence w, = wj. In exactly the same way whenever F((,);cz+) =
(W,) e+, w, depends only on ¥, for each i € Z*. Hence
F°‘7b_N((yz)iez+) = (¥ icz

where each f; : Y— W is obviously continuous and satisfies
frob =S
Finally, as

_ -N
Fe0, °0,=0,°F°0,

we find

W) = [
for any (y;),ez» € lim_(Y, b). Since b is surjective, we conclude that f; = f,,, for

each i € Z" and letting f = f, obtain F = fw°0,1,v. [

3.6. Proof of 1.5. In view of 3.1 and 3.3 it remains to check that L is surjec-
tive: By 3.5, for every F € Aut(g,) there exist f, f/: X— X commuting with a
and m, n € Z* such that

F=f_-o"
Fl=f" 0"
It can be checked that f, f’ effect a shift equivalence of @ : (X, x,) — (X, x4 to
a: (X, x)— (X, z,) for some g€ m(X,x,) with flzy) =z, f'(x,) = x4
Similarly it is seen that

0 =0, f,:m (X, 2) = m (X, 1)
and

¢ =f0,:m (X, x2y) = (X, x4)
effect a shift equivalence of

a,: 7, (X, zy) — 7, (X, 2y

to

Adlglea,: (X, x,) — m,(X, x,)
and

F= (F(,¢) .0, = LKo, m, 2). O
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4. Proofs of 1.6, 1.7

1.6 is rather straightforward. Yet we prove it in detail as a foretaste of and
in preparation for the proof of 1.7.

4.1. Lemma. (o), m, w) € 9 (o) iff PR(L) S PR(p).

Proof. In view of the facts that all ¢(x) commute and that Z is a commuta-
tive group it can be seen that (o(L), m, u) € 9 (p(p)) iff there exists L' € Z
and 7 € Z* such that (L)L) = oU)eL) = o(LL) = o))" = ¢@") or
equivalently LL = p". Clearly this happens iff PR(L) < PR(p). O

4.2. Lemva. (@(L), m, u) ~ (o(L), m', w) in 9 (oB) iff Lp™" = Lp™™
and u — o' = 0 (mod(® — 1)).

Proof. (@), m, w) ~ (L), m', w) in G (@) iff there exist T =
m, m', x € Z such that
ztu=u + o) ()
oL )™ = Adlal o) @) ™"
or equivalently
u—u = (p— 1z
Lp™ =1p"",
which means that
u—u =0 (mod(p — 1))
Lpy™ =Lp™ O
4.3. Proof of 1.6. By 1.5 we have
Aut(o,,) = 9(p().

Let p = (— 1)"p™ -+ p* be the unique factorisation of p into its prime (positivel)

factors s = # PR(p). Consider
K (Z,D 2 oy Zpm = 90 (D))

defined by
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H o, &,...,5), O =<el), m, w
where L, m, u € Z with
Lj)_m = (— 1)”p1€1 e 851
u={(mod( —1)).

By 4.2 it is readily seen that this is a well-defined map which is obviously surjec-
tive in view of 4.1. To see that # is a homomorphism, note that if

%(pv (61!- --’Ss)y C) = <§D(L), m, n>
HW, .. 8D, ) = Lo, m', n»

that is
Ly = (= 1% pt
Lp™ = (=D pi- p%
and
u={ (mod(p — 1))
w = (mod(p — 1)),
then
LLIp™ ™) = (= )P pivs Lyl
and
o(DW) +u=u+Lu' =+ LY
=L+ a@) (o, & - ENW).
Consequently

H, &,... ), O, &/, ... ., )
= <o), m, uy <o), m', u> = {pLL), m +m', o(L)(u) + u>
= (p(LL), m +wm, u+ Lu>
=H+ o, EFE,. . ETED, L+ ap o E,....60) )
=H (o, (&,...,8), O, (&/,....&), ).

Finally, ker # is trivial since
#Hpo, &,...,6), O = <pl), m, w = {p(1),0,0>

implies
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(D% p=Lp" =1
equivalently
p=0, §=§&=""=§=0
and

(=0 (mod(p—1)). ]

Before going on to consider the proof of 1.7, we observe
o, g, V0@, q,r)=o@p', g+ q'p, r)
@, ¢, 0" = @", g1 + -~ +p"), "
Ad[A’B"1-0(p, ¢, » = o((—= 1)"p, (= D'q + 2z, 7).

For further details, the reader is referred to ([11], [12]).

4.4 Lemva. (@(L, M, N), m, A“B") € 4 (¢(p, q, »)) iff

a) PR(L) < PR(p), PR(N) S PR(»)
b) v = 0 (mod 2)
¢) gq(L—1) —2u =0 (mod(» — 1))

and

_qL—1) — 2u
M=

Proof. (oL, M, N), m, A“B") € G (¢(p, q, 7)) iff @(L, M, N) effects a
shift equivalence of @ (p, ¢, 7) to Ad[A“B"1° ¢(p, q, #), in other words, iff there
exist (L', M’, N’), S € Z", such that

(1) oL, M, N)oo®, g, » = AdlA"B 1.0, q, N-o(L, M, N)
2) oW, M’, N)-AdlA“B"1-¢(p, q, ¥ =¢(p, q, VoL, M’, N)

(3) oW, M', NY-o(L, M, N) = (¢(p, q, »)°

(4) oL, M, N)>o(L', M’, N') = (Ad[A"B"1-¢(p, q, »)°

which can be rewritten as

(1) oWp, M+ gL, N») = o((— D’pL, (— 1)’q + 2u + (— 1)’Mp, rN)
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whereby we immediately note and put into use
v =10 (mod 2)
and
2) oWp, M+ (q+2wL, N'v) = @@L, g+ M’'p, ¥N’)
(3 o(LL, M'+ ML, N'N) = ¢(p°, gL +p+ -+, #).
(4) oL, M+ ML, NN) = o@’, (g+2w(QAL+p+ - +p"), 7).

Upon comparison of respective components and casting away the more obviously
uninformative pieces we see that (L, M, N) effects a shift equivalence of

o, q, 7 to Ad[A“B 1= ¢(p, q, ») iff there exist L', M/, N € Z, S € Z" such

that

(1) Mp—1)=qlL—1) —2u

(2" M@p-—1=ql—1 +2ul

(3") LL=p’

(4" N'N=7r

(5") M +ML=qQ+p+ - +p7)

(6" M+ ML= (@+2w@A+p+ - +p).

It can now be checked that (1”) and (2”) are equivalent in view of (3”) and (5"),
(6”) are redundant.

4.4 shows that M is of an inessential character in {@(L, M, N), m, A“B").
Indeed, if L, u are given, M is completely determined.

45. Lewva. (o, M, N), m,A*B") ~ (o(L, M, N"), m, A“B") in 9" (0(p, q,»)
iff there exists ¥ € Z such that

aAv—v=yr—1

b) (= D’u —u' — gn(y) =0 (mod(@p — 1))
o (=D'Lpy™=Lp™"

&) Nr’™”™ =N»"

where 7 denotes the unique parity preserving map from Z into {0, 1}.
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Proof.  (@(L, M, N), m, A"B") ~ (p(L’, M', N), m, A“B") in 9 (¢(p, q,7)
iff there exist T, x, y € Z such that

T=m,m
and
() A'B"A"B" = A“B"¢(p, q, ) (A"B")
(2) Ad[A"B T-@(L, M, N)=(o(p, ¢, M) = @, M', N)*(p(p, ¢, M)
Remembering that v = 0 (mod 2) it is seen that (1) is equivalent to
(1.1) 2+ (= D'u=u +px
(1.2) yto=v +ry.
(2) is equivalent to
(2.1) (= D'Lp" " =Lp" ™"
(2.2) M +qQ+p+-+p "= (=D IM—qQ+p+-+p " DL+ 22
(2.3) N7 = Ny
It remains to observe that (2.2) is redundant in view of the equations
Mp—1)=p(L—1) —2u
M@p-—1) =pL —1) —2u
combined with (1.1), remembering 27(y) = 1 — (— 1)". ]
4.5 indicates that » is fairly inessential in <o(L, M, N), m, A"B") €
G (p(p, q, M), too. Indeed if p =0 (mod2), then {p(L, M, N), m, A“B"> is
completely determined by L, N, m, v.
4.6. LEMMA.

Cp(L, M, N), m, A“BY = lp(— L, —M, N), m, AT gy
Proof. This is obvious by 4.5. 0

4.7. Proof of 1.7. By 1.5 we have

Aut(o,,,,) = 9 p, q, M).
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Let p= (— 1) plt -+ p, r=(— D*»" - - - ¥ be unique factorisations of p, 7
into their prime (positive) factors, s = # PR(p) t = PR(7).
Case 1. p = 0 (mod 2): Consider
#:Z"P D UZDZ™) Carn Z-d = 90, 4, M)
defined by
HE 8D, (o, (n, == 1), ) =<el, M, N), m, AB">

where
(1) Lp™ =pf‘ e gt
2) Nr™ = (= 1)
(3) v =0 (mod2) and j(5) =
where j is the unique ring-with-multiplicative-identity homomorphism from
Zto Z,_; and
1

(4) u= —2-pq(L —1) (mod (p — 1))

_qL—1) —2u
(5) M=

First we observe that # is well-defined; if L', M’, N’, ', v', m' are integers
satisfying (1), (2), (3), (4), (5) then

Ly "=Lp"
Nr™™=N¢™
%—%Eo (mod ( — 1))
= = pglL—1) — = DI

1

=5p¢L — L)
= 5 baLp” — Lp™)

= %pq[(L + L))" —p™)
=0 (mod (p — 1))
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and the equations of 4.5 are fulfilled with y = 0 (mod 2) and
(oL, M, N), m, A"B"> = {o(L', M', N), m', A“B".
Secondly we check that # is surjective: Indeed, given any
Co(L, M, N), m, A"B"> € 4(p(p, q, )

we have PR(L) S PR(p), PR(N) S PR(»), v =0 (mod2). By 4.6 we may
assume that L is of the same sign as p” hence there exist, ¢&wnm€Z,eZ,_,p
€ Z, such that

Ly™ =pt - b5

Nr™" = (=1 "
-

Thirdly we check that # is a homomorphism: If
HUE &), 0, (1), O =<, M, N), m, A“B»
HE - ED, 0, ) ), ) =W, M, N',m/, A”B")
then

(LLYp™ " = Lp™"Lp™ = pitt .. pltd

s

(NN’);/‘(”‘*'”') = Nr "N» ™™ = (— 1)p+p'71n1+n1’ R
(G +NG) =N = £+ ao, (- ) (@)

ut L =5 pglL =1 + LW = DI = & pgLL = 1) (mod (p — D).

Consequently

HUE &), 0, (- m), QHWE - ED, 0 () -0, )
= <L, M, N), m, A“B"» o', M', N'), m’, A“B")
= <p(LL, M+ M’L, NN, m, w’, o(L, M, N) (A“ B")A“B">
= {p(LL', M+ M’L, NN"), m, m’, A“"* B"*""")
HE+E - E+EN, 0+, (g, +n/ 0, +n),
E+al (o, (g, n)) L))
=H0E --- &), 8ME &N, o, () - ), ED.

Finally we check that ker # is trivial: If
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HUE &), 0, (g, 1), 8 =Le, M, N), m, AB"> = {¢(1,0,0),0,A°’B*>
then

Lp™" =p o b8

Nr™”" = (=D /"
NE
iz)=¢
on the one hand and there exists y € Z with
(— l)pr_m =1]1= (— 1)ypf1 e fs

Nr” = (=D%"- o
v—0=ylr—1
on the other. We note that y =0 (mod2), & ="+ =&=0,0=0,9,= """
n, = 0 and { = 0, which implies that ker # is trivial.

Case 2. p =1 (mod 2) In this case we are to consider
K Z,DZEYDZ,DZ") [ Z, ] = %0, q, M)
defined by
H, & &), 0 (- m), 0 =<Lel, M,N), m, A"B"

where
Ly = gl gl
Nr™” = (=D o
v =0 (mod 2),
AU\
iz)=¢
1 -1
u=5pqL =1 + 6 25> (mod (o — 1)).
The proof is similar to that in Case 1. O

Some of the ideas of this work were conceived during a stay at the “Sonder-
forschungsbereich Stochastische Mathematische Modelle” of the University of
Heidelberg under the auspices of the Deutsche Forschungsgemeinschaft. It is a ple-
asure to express my thanks to S. Irk and C. Ko¢ for helping me with the computa-
tions of the last section.
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