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Abstract. In this paper we study non-complemented spaces of operators and
the embeddability of £, in the spaces of operators (X, Y), K(X, Y) and K,-(X*, Y).
Results of Bator and Lewis [2, 3] (Bull. Pol. Acad. Sci. Math. 50(4) (2002), 413-416;
Bull. Pol. Acad. Sci. Math. 549(1) (2006), 63—73), Emmanuele [8-10] (J. Funct. Anal. 99
(1991), 125-130; Math. Proc. Camb. Phil. Soc. 111 (1992), 331-335; Atti. Sem. Mat. Fis.
Univ. Modena 42(1) (1994), 123-133), Feder [11] (Canad. Math. Bull. 25 (1982), 78-81)
and Kalton [16] (Math. Ann. 208 (1974), 267-278), are generalised. A vector measure
result is used to study the complementation of the spaces W (X, Y)and K(X, Y) in the
space L(X, Y), as well as the complementation of K(X, Y)in W(X, Y). A fundamental
result of Drewnowski [7] (Math. Proc. Camb. Phil. Soc. 108 (1990), 523-526) is used
to establish a result for operator-valued measures, from which we obtain as corollaries
the Vitali-Hahn—-Saks—Nikodym theorem, the Nikodym Boundedness theorem and a
Banach space version of the Phillips Lemma.

2010 Mathematics Subject Classification. 46B05, 46B28, 46B25.

1. Introduction. Let (¢,) denote the unit vector basis of ¢y. E, F, X, Y will denote
real Banach spaces. The set of all continuous linear transformations from £ to F will
be denoted by L(E, F), and the compact (respectively, weakly compact) operators will
be denoted by K(E, F) (resp. W(E, F)). The w* — w continuous maps from E* to F
(resp. w* — w continuous compact) will be denoted by L, (E*, F) (resp. K,«(E*, F)).
If (T},) is a sequence in L(E, F), then (T,,) — T in the strong operator topology (sot) if
(T,(x)) converges to T(x) for all x € E and (7,,) — T in the weak operator topology
(wot) if (T, (x)) converges weakly to T(x) for all x € E.

We note that X ~ L(R, X). Let £ be a o-algebra of subsets of Q. If (4,)2, isa
sequence from X, then o((4;)) denotes the o-algebra of subsets of UX, 4; generated
by (4;)%2,. If this sequence is pairwise disjoint, we can identify o((4;)) with P, the
power class of the positive integers. If A is an algebra of subsets of 2, a bounded and
finitely additive set function u : A — X is said to be strongly additive if ||u(A4;)|| — O,
whenever (4;) is a pairwise disjoint sequence from 4. Equivalently, a bounded and
finitely additive set function i : A — X is strongly additive iff there is a finitely additive
non-negative real valued measure A so that u < A [6, Corollary 5.3, p. 28]. Drewnowski
[7, p. 38] showed that if u : & — X is strongly additive and (4;) is a pairwise disjoint
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sequence from X, then there is a subsequence (B;) of (4;) so that u:o((B;)) > X
is countably additive. A sequence (u;) of strongly additive measures on A is said
to be uniformly strongly additive if for any pairwise disjoint sequence (4,) in A,
lim,, ||i(A4,)|| = 0 uniformly in .

The Diestel-Faires theorem [6, p. 20] is helpful in identifying isomorphic copies
of both ¢, and €. The key ingredient in the proof of the Diestel-Faires theorem is a
fundamental lemma by Rosenthal [22]. The proof of this lemma, which appears in [6],
is from Kupka [17] and is described as an elegant simplification of Rosenthal’s original
argument. The proof of the algebra version is based on the proof of the o-algebra
version, the Hahn—Banach theorem and isomorphic identifications. We present an
elementary proof of Rosenthal’s lemma that handles both cases simultaneously. (In the
o-algebra case, replace infinite sums with unions.)

THEOREM 1 ( Rosenthal’s Lemma [22]). Suppose that A is an algebra of subsets
of @, and (u,) is a uniformly bounded sequence of finitely additive real-valued measures
defined on A. If (A,) is a pairwise disjoint sequence of sets in A and € > 0, then there is
a subsequence (Ay,) of (A,) such that

D i l(4y) < €

J#i
foreachie N,

Proof. Let € > 0, and let (4;) be a pairwise disjoint sequence of sets in .A. Since
(Ju;]) 1s bounded, using a diagonal process we may assume without loss of generality
that x; = lim,, |u,|(4;) exists for all i.

We claim that limy x; = 0. Suppose not. Without loss of generality x; > § for
all k, for some § > 0. Let M > 0 so that |u,| < M for all n and let N € N so that
82 > M. Since lim,, |u,|(Ax) > & for all k, one can find an n € N so that |u,|(4;) > 3,
for all 1 <i< N. Then |/,L,1|(UfV: Ai) > % > M, a contradiction. By passing to a
subsequence, we may (and do) assume that >, xx < €/2.

Partition N into a pairwise disjoint sequence of infinite sets (M}), and let n; = 1.
Since |y, [(2) < oo and (4;) is a pairwise disjoint sequence, Z/ [ttn, 1(4;) < 0o. Choose
i € N such that

D (A < €/2.

jeM}
Let Ny = {n € M} :n > ny}. Since lim, |u,|(4,) < €/2 and N; is infinite, we can
choose ny € Nj such that |w,,|(4,,) < €/2.

Now partition {n € N : n > n;} into a pairwise disjoint sequence of infinite sets
(M?). As above, choose i € N so that 3°c i |1tn, [(4)) < €/2. Let Ny = {n € M} :n >
np} and choose n3 € N, such that |pL,,3|(A,,1) + s |(An,) < €/2.

Continuing this way we obtain a strictly increasing subsequence (#;) of positive
integers and a sequence of infinite subsets (N;) of Nso thatn;.; € N;, Niyg S {n e N;:
n > n,

Dl l(4)) < €/2,

JEN;

and Z/l;} |/Ln,‘|(An/) < 6/2
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Ifj > i, thenn; € N;,and Zj>i | n;|(A;) < ZjeN’, |ten,|(4;) < €/2 foreach i. Hence,

> i 1 (Ay) < € for eachi. 0

Rosenthal [22] showed that his lemma easily demonstrates that if 7 : £, — X isan
operator so that || T(e,)|| # 0, then there is a copy of Lo on which T is an isomorphism.
This result of Rosenthal and classical results of Bessaga and Pelczynski [4] are used to
give a new and quick proof of the Diestel-Faires theorem.

THEOREM 2 (Diestel-Faires theorem [6]). If A is an algebra, and u : A — X is
a bounded vector measure which is not strongly additive, then there is an isomorphism
T : ¢y — X and a pairwise disjoint sequence of sets (A4;) in A so that T(e,) = u(4,).
Moreover, if Ais a o-algebra, the above conclusion remains true if ¢y is replaced by €.

Proof. Suppose that A is an algebra, and u : A — X is a non-strongly additive
bounded vector measure. Let (4,) be a sequence of pairwise disjoint sets in A
so that (u(A4,)) # 0. Without loss of generality, suppose |u(4,)| > € for all n,
for some € > 0. If x* € X*, ||x*|| <1, then x*u is a bounded real-valued measure
(since u is bounded), thus strongly additive. Then ) |x*u(4,)| < oo, and > u(4,)
is weakly unconditionally converging, but not unconditionally converging. Moreover,
inf |u(A,)| > 0. By Lemma 3 in [4, p. 160], (t(A4,)) ~ (e,).

Now suppose A is a o-algebra, and u : A — X is a non-strongly additive and
bounded vector measure. As above, let (A4,) be a sequence of pairwise disjoint sets in
Aand e > 0sothat |u(4,)| > € forall n. If b € £ is a finitely valued sequence, write

b= Z}’:] bixs,» where By, By, ..., B, are pairwise disjoint sets of positive integers. Let
U be the dense linear subspace of £, consisting of finitely valued sequences, and define
T:U— Xby

T(h)=> b | 4
j=1

keB;

Note that 7' is a bounded linear operator defined on a dense subspace of ¢, and,
thus, it has a bounded extension, still denoted by 7. Then 7 : £,, — X is a bounded
linear operator and || T(e,)|| = ||u(A4,)| > € for all n. By Rosenthal’s result [22], there
is an infinite subset M of N so that T'|,_(ar) is an isomorphic embedding. If B, = 4,,,
n € M, then (B,) is a pairwise disjoint sequence in A and T'(e,) = u(B,). ]

Theorem 2 also enables (numerous) short proofs of the measure theoretic version
of the Orlicz—Pettis theorem: If ¥ is a o-algebra and u : ¥ — X is weakly countably
additive, then w is countably additive. Specifically, suppose (A4;) is a pairwise disjoint
sequence in X, A = o((4;)), and Y = [u(4;) : i > 1]. Weak countable additivity of u
and separability of Y ensure that p : A — Y is strongly additive. It is straightforward
to check that a strongly additive and weakly countably additive measure is countably
additive, i.e. w(UX, 4;) = Y_i0) w(4,)).

The next result links unconditional convergence in the strong operator topology
and the presence of isomorphic copies of £, in L(E, F).

THEOREM 3. ()If ¢, ,7L> E and (T,) is a sequence of operators in L(E,F)

so that Yy T,(x) converges unconditionally for all x € E, then ) T} (y*) converges
unconditionally for all y* € F*.
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(ii)If ¢, < E thenthereisa sequence (T,) of operators in L(E, F) so that Y, T,(x) is
unconditionally convergent for all x € E and ) T} (y*) is not unconditionally convergent
for some y* € F*.

(iii)If (T,) is a sequence in L(E, F) so that Y T,(x) is unconditionally convergent
Sorall x € E and ) T} (y*) fails to converge for some y* € F*, then o, — L(E, F).

Proof. (i) Suppose £, ~'7£> E, and let (T;) be a sequence in L(E, F) such that
>~ Tu(x) converges unconditionally for all x € E. If y* € F*, then > TF(y*) converges
unconditionally in the w*- topology of E*. By the Bessaga—Pelczyinski theorem [4] (or
[16, Proposition 3]), Y T(y*) converges unconditionally for all y* € F*.

(i1) Suppose £; S E. LetP:E— {1 bea projection and let y be a normalised
element of F. Define T, : E — Fby T,,(x) = (P(x), e,) y = e,P(x) y. Note that > T,(x)
is absolutely summable, and thus unconditionally converging for all x € E. If y* € F*,
S Ti(y*) =Y y*(») e, P. However, |le,P| 4 0, and thus > T;5(y*) does not converge
unconditionally if y*(y) # 0.

(iii) Suppose >_ T,(x) converges unconditionally for all x € E and >_ T7(y*) fails
to converge for some y* € F*. Let € > 0 and (p;, ¢;) be a sequence of intertwining
pairs of positive integers so that || 3/ T;(v*)Il > € for each i. Let L; = } /. T,
Certainly, ||L;|| # 0,and Y L;(x) is unconditionally convergent for each x € E. Define
w:P — L(E, F) by u(4) =),.,Li (sot). Then p is bounded, finitely additive and
not strongly additive (u({i}) /4 0). Apply the Diestel-Faires theorem to conclude that
lo = L(E, F). O

REMARK. If £y, < L(E, F), then £, < L(F*, E*). To see this, let U : £y —
L(E, F) be an isomorphism and consider V :{¢,, — L(F*, E*), V(b) = U(b)*. If
E and F are infinite dimensional, the question of whether ¢, — L(E, F) when
loo — L(F*, E*) is more delicate and will be discussed later in this paper.

Suppose p : P — Risa non-negative, finitely additive and real-valued set function
defined on the power class of the natural numbers, e.g. p is the total variation of
an element in ba(P). Suppose that p({n}) =0 for each n. Let {4, : « € D} be an
uncountable collection of infinite subsets of the natural numbers so that 4, N 4 is
finite if o # B, i.e. A, and Ag are almost disjoint. Then p (A4,) = 0 for uncountably
many «. If not, there is a § > 0 so that {« : p(4,) > 38} is uncountable. Since p (4, U
Ag) = p(Ay) + p(Ap) for « # B, we contradict the assumption that p () is real. Now
suppose 1 : P — X is bounded and finitely additive, u({n}) = 0 for all » and (x}) is
a sequence of functionals in X* which separates the points in w(P). If one assumes
that there are uncountably many « for which |u|(4,) # 0, then there is an n so that
{o @ |x}ul(4y) > 0} is uncountable. Let p = |x} 1|, and note the contradiction above.

LEMMA 4. If 1 : P — X is bounded and finitely additive, u({n}) = 0 for all n, and
there are countably many functionals in X* separating the points in w(P), then there is
an uncountable collection {A, : o € D} of almost disjoint infinite subsets of N so that if
a € Dand B C Ay, then u(B) = 0.

We remark that if E is separable and F is the dual of a separable space, then there
are countably many functionals separating the points of L(E, F). Lemma 4 furnishes
an almost immediate proof of Drewnowski’s result, which was highlighted in the
Introduction. Specifically, suppose 1 : ¥ — X is a strongly additive measure and A is a
finitely additive non-negative real-valued measure so that u < A. Let (4;) be a pairwise

https://doi.org/10.1017/5S0017089511000152 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089511000152

THE STRONG OPERATOR TOPOLOGY AND ¢, 587

disjoint sequence of sets in ¥ and identify o((4,)) with P. Define v(S) = Y, ¢ A({i}),
for S € N. Note that v : P — R is countably additive and v({i}) = A({i}) for each i.
Lemma 4 produces an infinite subset M of N so that v(S) = A(S) for all S < M. If
B, = A;, i € M, then (B;) is a subsequence of (4;), and A is countably additive on
o ((B;)). Since p is A-continuous, u is countably additive on o ((B;)).

Lemma 4 also plays an important role in the proofs of the next 11 results, each of
which deals with the structure of spaces of operators. Theorem 5 presents an alternate
and shorter proof of the main result in [7], Theorem 6 uses the family of projections
associated with an unconditional basic sequence together with auxiliary maps to show
that certain subspaces of L(X, Y) are not complemented, Corollaries 7-13 extend
results in several papers listed in the bibliography and Theorem 14 explicitly formalises
a phenomenon present in preceding results.

The following isometries [23] help to establish the context of Theorem 5.

(1) Ly (X*, Y) =~ Ly (Y*, X), Ky (X*, Y) =~ Koo (Y*, X) (T — T%)
(2) W(X, Y) ~ L, (X**, Y)and K(X, Y) =~ K,-(X**, Y) (T — T*).

THEOREM 5. (Drewnowski, [7]). Lo <> Kyp«(X*, Y) iff boo = X 0r loo — Y.

Proof. Suppose lo 4> X and £ > Y. Let T:lp — Kypo(X*, Y) be an
isomorphism. For x* € X*, y* € Y*, define T\ : oo — Y and A4,-: € — X by
T-(b) = T(b)(x*) and A4,-(b) = T(b)*(y*). Note that since £, ¥> X and £o ¥ Y,
the operators T : £oo — Y and 4+ : £, — X are weakly compact ([22], [6, Chapter
VI]), and thus unconditionally converging. Let 7; = T'(e;) for each i, and let

Sky=Y biT;  (so1)

for each b = (b;) € €. By the uniform boundedness principle (or the Pietsch e-norm
[20, Section 1.2]), we obtain that S(b) is a bounded linear operator. Further, S(b) €
Lo-(X*, Y).

Let R be the rational span of {7;:i > 1}. Certainly, R is countable. Further, if
L € R, then L is compact. Thus, there is a separable closed linear subspace H of X* so
that S(b)(Bx+) € S(b)(By) C [Ti(H) : i > 1]. Now we observe that [T}(H) :i> 1]isa
separable subspace of Y. Thus, there is a continuous linear transformation W : Y —
Lo so that Wiz, i>1) 1s an isometry.

Let (A) = WT(x)|g and v(4) = W3 ;.4 Tilu) = WS(xa)lu,for A € N. Then
w,v: P — L(H, {) are bounded and finitely additive measures, and u({n}) = v({n})
for all n. Thus, by Lemma 4, there is an infinite subset M of N so that u(A4) = v(4)
for all 4 € M. Consequently, W(3_,., Tiln) is compact for all 4 € M. Since W is
an isometry on [Ti(H) : i > 1], >, , T;|x is compact. Then ) ,_, T; is compact for all
A € M (by the construction of H).

For x* € X* and b € £oo(M), S(b)(x*) = Y ;cpy biTi(x*). Then S(b) =) ;4 biT:
(weakly) in K,-(X*, Y) [14], and by the Orlicz—Pettis theorem, S(b) = ), ,, b:T;
(norm) in K,«(X™*, Y), for each b € £,,(M). Hence, || T;|| — 0, i € M, a contradiction
since 7' is an isomorphism.

Conversely, suppose £oo <> X (€ <> Y). Since X and Y embed in the rank one
operators from X* to Y, £y — Ky« (X*, Y). ]

THEOREM 6. (i) Let X and Y be Banach spaces with the following properties:
There exists a Banach space G with a semi-normalised unconditional basis (g;) and
coefficient functionals (g}), and operators R : G — Y and S : X — G such that (R(g;)) is
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a semi-normalised basic sequence in Y and (S*(g})) has no norm convergent subsequence.
If (P,) is the family of projections associated to (g;) and T : L(X, Y) — K(X, Y) is an
operator, then there is an N € N so that

TRP,S # RP|,S,

forn > N. Thus, K(X, Y) is not complemented in L(X, Y).

(i1) Let X and Y be Banach spaces with the following properties:

There exists a Banach space G with a semi-normalised unconditional basis (g;) and
coefficient functionals (g}), and operators R : G — Y and S : X — G such that (R(g;)) is
a semi-normalised basic sequence in Y and (S*(g})) has no weakly convergent subsequence.
If (Py) is the family of projections associated to (g;) and T : L(X, Y) — W(X, Y)isan
operator, then there is an N € N so that

TRP,S # RP,S,

forn > N. Thus, W(X, Y) is not complemented in L(X, Y).

(iii) Let X and Y be Banach spaces with the following properties:

There exists a Banach space G with a semi-normalised unconditional basis (g;) and
coefficient functionals (g7), and operators R: G — Y and S : X — G such that R is
weakly compact, (R(g;)) is a semi-normalised basic sequence in Y and (S*(g})) has no
norm convergent subsequence. If (P,) is the family of projections associated to (g;) and
T:W(X,Y)— K(X,Y) is an operator, then there is an N € N so that

TRP,S # RP,,)S,

forn > N. Thus, K(X, Y) is not complemented in W(X, Y).

Proof. (1) Let (P,) be the family of projections associated with (g,), R and S
as in the hypothesis, and set u(4) = RP4S, A € N. Let X, be a separable subspace
of X such that ||x*|| = ||x*|x, || for all x* € [S*(g}) : n > 1]. Let (3}) be the sequence
of biorthogonal coefficients corresponding to (R(g,)), and (f;") be the sequence of
Hahn-Banach extensions to Y*. Note that pu(A4)|y, is compact ift A is finite. Indeed,
((A*(1,5)) = (S*(g}))nea, which is relatively compact iff A is finite.

Now suppose 7 : L(X, Y) - K(X, Y)isan operatorand B = {n € N : Tu({n}) =
u({n})}is aninfinite set. LetJ : ¥ — £, be an operator which is an isometry on [R(g,,) :
n > 1]. Identify P with P(B) in the obvious way, and define v : P(B) — L(Xo, £~ ) by
v(A4) = (JTw(A) — Ju(A))lx,, A < B. Apply Lemma 4 to obtain an infinite subset M
of B so that JTu(M) = Ju(M) on Xj. Since J is an isometry on [R(g,) : n > 1] and
JTu(M)|y, is compact, u(M)|y, is also compact, a contradiction. Therefore there does
not exist a projection P: L(X, Y) — K(X, Y).

(i) The proof is essentially the same as the proof of (i), replacing ‘relatively
compact’ with ‘relatively weakly compact’.

(iii) The proof is similar to the proof of (i), defining u:P — W(X,Y) by
m(A) = RP4S, A SN, and v : P(B) > W(X), L) by v(A4) = (JTwu(A4) — Ju(A))lx,,
ACB. g

REMARK. If one assumes that {S*(g7) : i € N} is not relatively compact, then one
may pass to a subsequence (g,,) and obtain the same conclusion as above.

COROLLARY 7 ([9], [19]). If X has a semi-normalised unconditional basis (x,),
(P,) is the family of projections associated with (x,) and T : (X, X) - K(X, X) is
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an operator, then there is an N € N so that TPy, # Py, for n > N. Thus, K(X, X) is
not complemented in L(X, X).

Proof Let G = Y = X, and R = S be the identity on X. Apply Theorem 6.  [J

COROLLARY 8 (Lemma 3, [16]). If ¢, is complemented in X and Y is infinite
dimensional, then K(X, Y) is not complemented in L(X, Y).

Proof. Let P be a projection from X to ¢;. Let G = £;. Since P is a projection, P* is
an isomorphism. Therefore (P*(e,)) has no norm convergent subsequence. Let (y,) be a
normalised basic sequence in Y. Define R: £, — Y by R(b) = > b, yu, b = (by) € €.
Then (R(e})) = (yn) is basic and normalised. Apply Theorem 6. ]

If each of (x,) and (y,) is a basic sequence, one says that (x,) dominates (y,) and
writes (x,) > (y,) provided that )" «,y, converges whenever » _ «,x, converges. Note
that if (y,) is any semi-normalised basic sequence, then (e}) > (y,). Singer [24, p. 68]
shows that if (x,) and (y,) are semi-normalised basic sequences and (x;,) > (3,,), then
there is an operator T : [x,] — [y.] so that T(x,) = y, for each n. Theorem 6 and the
proof of Corollary 8 immediately produce the following generalisation of Lemma 3 of
[16]: If (x,)52  is an unconditional semi-normalised basic sequence, [x,] is complemented
in X, (yu)oe, is a semi-normalised basic sequence in Y and (x,) > (y,), then K(X, Y) is

not complemented in L(X, Y).

COROLLARY 9 (11, Corollary 4). If ¢o — Y and X is infinite dimensional, then
K(X, Y) is not complemented in L(X, Y).

Proof. Let (x}) be a w*-null sequence of norm one elements in X* (Josefson—
Nissenzweig theorem). Define S : X — ¢y by S(x) = (x}(x)). Note that (S*(¢})) = (x)
has no norm convergent subsequence. Let G = ¢y and R : ¢y — Y be an embedding.
Apply Theorem 6. O

COROLLARY 10 ([8, Theorems 2 and 3]; [2, Theorem 4]). Ifco — Y and X* contains
a w*-null sequence (x};), which is not weakly null, then W(X, Y) is not complemented in
L(X, Y).

Proof. Assume without loss of generality that (x}) has no weakly convergent
subsequence. Define S: X — ¢y by S(x) = (x}(x)). Then (S*(e})) = (x}) has no
weakly convergent subsequence. Let G = ¢y and R : ¢p — Y be an embedding. Apply
Theorem 6. ]

COROLLARY 11 (Theorem 2, [9, 15]). If ¢y — K(X,Y), then K(X,Y) is not
complemented in L(X, Y).

Proof. By corollaries 8 and 9 we can suppose without loss of generality that ¢y >
X* and ¢y % Y. Suppose ¢p — K(X, Y) and let (7,) be a copy of (e,) in K(X, Y).
Then Y T,(x) converges unconditionally for each x € X. Define u : P — L(X, Y) by
w(A)(x) =", Tu(x), x e X, A S N.IfR: L(X, Y) - K(X, Y)is an operator, then
RT, = T, for only finitely many #; in fact, |RT,| — 0. Otherwise, apply Theorem 2
to the measure Ry and obtain £, <> K(X, Y). Theorem 5 and the present hypotheses
eliminate this possibility. ]

COROLLARY 12 (10, Lemma 3). If ¢y is complemented in X and Y does not have the
Schur property, then K(X, Y) is not complemented in W(X, Y).
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Proof. Let P be a projection from X to ¢;. Let G = ¢;. The proof of Corollary
8 shows that (P*(e,)) has no norm convergent subsequence. Let (y,) be a normalised
weakly null basic sequence in Y. Define R: £; — Y by R(b) = Y _ b, yn, b = (b,) € .
Since (R(€})) = (y,) is weakly null, R is weakly compact. Apply Theorem 6. Il

COROLLARY 13 ([2, Theorem 3]). Suppose that X has a semi-normalised
unconditional basis (x,), (P4) is the family of projections associated with (x,) and
S: X — Y is an operator so that no subsequence of (S(x,)) converges weakly. If
T:L(X,Y)— W(X,Y)isan operator, then there is an N € N so that TSPy, # SP,
forn > N. Thus, W(X, Y) is not complemented in L(X, Y).

Consequently, if £, is complemented in X and W(X, Y) # L(X, Y), then W(X, Y)
is not complemented in L(X, Y).

Proof. Let (P,4) be the family of associated projections, S : X — Y be as in the
hypothesis and set u(4) = SP4, A C N. Note that u(A4) is weakly compact iff A4 is
finite. Let J : Y — £, be an operator, which is an isometry on [S(x,) : n > 1]. Now,
supposethat 7 : L(X, Y) — W(X, Y)isanoperatorand B = {n : Tu({n}) = n({n})}is
an infinite set. Identify P with P(B) in the obvious way, and define v : P(B) — L(X, £x)
by v(4) = JTu(A) — Ju(A), A C B. Apply Lemma 4 to obtain an infinite subset M of
Bso that JTu(M) = Ju(M). Since J is an isometry on [S(x,) : n > 1] and JTu(M) is
weakly compact, u(M) is weakly compact, a contradiction. Therefore there does not
exist a projection P : L(X, Y) -> W(X, Y).

Now, suppose that £; is complemented in X and W(X, Y) # L(X, Y).If W(X, Y)
is complemented in L(X, Y), then W (¢, Y) is complemented in L(¢;, Y). Let (y,)
be a bounded sequence in Y with no weakly convergent subsequence and define S :
£ — YbyS(x) = > X, ¥n, X = (x) € £1. The preceding argument shows that thereis a
sequence of rank one operators (¢ ® y,) so thatany operator T : L(¢;, Y) — W({;, Y)
fixes at most finitely many terms of this sequence. O

The measure p in the first paragraph of the proof of Theorem 6 has the property
that u(A4)|x, is compact iff 4 is finite. The next result explicitly demonstrates the
significance of such a measure.

THEOREM 14. Suppose that X is separable and Y embeds in the dual of a separable
space. Suppose further that U is an infinite set and p : P(U) — L(X, Y) is a bounded
and finitely additive measure so that w(A) € K(X, Y) iff A is finite. If T : L(X, Y) —
K(X, Y) is an operator and (uy) is an infinite sequence of distinct points in U, then there
isan N € N so that Tu({u,}) # nw({u,}), forn > N. Thus, K(X, Y) is not complemented
in L(X,Y).

Proof. Note first that there are countably many continuous linear functionals
separating the points of L(X, Y). Suppose there exists an operator 7 : L(X, Y) —
K(X, Y) so that Tu({u,}) = u({u,}) for infinitely many n. Identify the power class of
the natural numbers with the power class of the subsequence satisfying the preceding
equality, and define v:P — L(X,Y) by v(B) = Tu(B) — u(B), Be€ P. Lemma 4
produces an infinite subset M of U so that v(B) =0 for all B C M. Therefore
Tu(M) = uw(M), a contradiction since (M) is not compact. Thus, there does not
exist a projection P : L(X, Y) - K(X, Y). ]

We now address the question raised in the remark following the proof of Theorem
3.If ¢, embeds in L(F*, E*), does £, embed in L(E, F)? Suppose 1 <p <2 < g < 00,
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and consider L(¢,, £,). Since every operator T : £, — £, is compact [21] and £, embeds
in neither (¢,)* nor £,, Theorem 5 shows that £, > L(£,, £)).

Now let G =¥, X =4¢,, Y =4{,, R: G— Y be the natural inclusion, and let
S : G* — X* be the natural inclusion map. A direct application of results in [9] and
[12] shows that co — K(¢,, £,), and the main result in [18] shows that £, < L(¢€,, £,).
We also observe that ¢y 4 K({,, £,) ([13, Theorem 9], [10, Theorem 4]).

As observed in the concluding paragraph of the proof of Theorem 5 (see also [16]),
if oo — X*, then £o, — K(X, Y). In fact, if T : £, — X™* is an isomorphism, y is
any non-zero vector in Y, and (T'(e;) ® y)(x) = T(e,)(x) y, then | T(e,) ® y|| /~ 0, and
> (T(en) ® y)(x) is unconditionally convergent for all x € X. Moreover, the proofs of
part (iii) of Theorem 3, Theorem 3.1 in [14], Theorem 2.4 in [3] and Theorem 1 in [11]
explicitly suggest the equivalence of (a) the embeddability of £, in L(X, Y) and (b)
the existence of a sequence (7},) in L(X, Y) so that || 7,|| / 0 and > T,(x) converges
unconditionally in Y for each x € X.

A very simple example shows that (a) does not imply (b) in general. Specifically,
oo — L(R, £), and the strong operator topology in L(R, £,) is the norm topology
on £,. However, we do have the following result.

THEOREM 15. Suppose that X is infinite dimensional.
(1) If co = Y orco — X*, then thereis asequence (T,)in K(X, Y)so that | T,| # 0
and " T,(x) is unconditionally convergent for all x € X.
(1) Ifco — L(X, Y),co 5 Y,andcy &> X*, then there is a sequence (T,) in L(X, Y)
so that Y Ty(x) and Y T} (y*) are unconditionally convergent for all x € X and
y* e Y* and | T,| # O.
(i) If boo = L(X, Y), b &> Y, and ls, > X*, then there is a sequence (T)) in
L(X,Y) so that Y T,(x) and )" T;(y*) are unconditionally convergent for all
x € Xandy* € Y*, and || T,| + 0.
(iv) If (T,) is a sequence in L(X, Y) so that |T,,|| # 0 and " T,(x) is unconditionally
convergent for all x € X, then o, — L(X, Y).

Proof. (1) Suppose that ¢ — Y and let (y,) be a copy of (¢,,) in Y. Use the Josefson—
Nissenzweig theorem [S5, Ch. XII], and choose a normalised w* - null sequence (x7)
inX* LetT,: X - Y, T, =x: Qyy i.e. Ty(x) = x}(x)y,. Then ) T,(x) converges
unconditionally and || 7},|| = ||y.|l # O.

If ¢ — X*, the discussion preceding this theorem demonstrates the existence of
a sequence of operators that has the desired properties.

(i) Next, suppose that ¢y <> Y and co <> X*. Let T:co— L(X,Y) be
an isomorphism, and let 7; = T(e;). Then |T;| /A 0 and ) Ti(x) is weakly
unconditionally convergent, and thus unconditionally converging for all x € X [4].
Further, in this case, ) 77(y*) is unconditionally convergent for all y* € Y*.

(iii) Suppose that £, ¥ Y and €, > X. Let T:4, — L(X,Y) be an
isomorphism and 7; = T(e;). Note that ||7;]| 4 0. For x € X and y* € Y*, define
Ty :lo — Y by Ti(b) = T(b)(x) and T+ : oo — X* by Ty(b) = T(b)*(y*), b € Lo
Since €, > Y, T is weakly compact, and thus Y T'(e;) = Y_ T;(x) is unconditionally
converging for all x € X [16, Proposition 1]. Similarly, since £o, > X*, T\« is weakly
compact and ) T}+(e;) = Y T;7(y*) is unconditionally convergent for all y* € Y*.

(iv) See the proof of (iii) in Theorem 3. ]

REMARK. If X is infinite dimensional, Theorem 15 shows that ¢,, — L(X, Y)
precisely when there exists a sequence (7,) in L(X, Y) so that ||T,,|| # 0 and >_ T,(x)
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is unconditionally convergent for all x € X. The proof also shows that if X is infinite
dimensional and ¢y <— L(X, Y), then £, — L(X, Y) [4, 13, 18].

The focus in the opening portion of this paper has dealt with applications of
measure theory to problems involving spaces of operators. In the remainder of this
paper, the roles are reversed.

If E is separable and F is the dual of a separable space, then there are countably
many continuous linear functionals that separate the points in L,-(E*, F). To see
this, suppose that Y is separable, F = Y* and let L, T € L«(E*, F), L # T. Let (%)
be dense in Y and consider (y;) € Y** = F*. Choose k € N so that L*(yx) # T*(yx).
Let {x, : n > 1} be dense in E, ||x,|| =1, n € N. For each n, choose x} € E* so that
Ixi =1 and x%(x,) = ||x,|l. Now let (x,,) be a subsequence of (x,) so that |x,, —

(L*(vx) — T*())ll = 0. Therefore (x> L*(vk) — T*(y)) # 0 for large .

THEOREM 16. Suppose that X is a o-algebra of subsets of 2, E is separable and F
is a Banach space which does not contain £, but does embed isomorphically in the dual
of a separable space. If u : ¥ — L,-(E*, F) is bounded and finitely additive and (A,) is
a pairwise disjoint sequence from X, then there is a subsequence (B,) of (A4,) so that

20 ((Bn) = (Lur(E", F), sot)

is countably additive.

Proof. Suppose that P is the power class of the positive integers and identify P
with o((4;)). For x* € E* and y* € F*, define F,» : P — F by F«(A4) = u(A)x* and
G+ : P — E by G«(A) = u(A)*y*. Since £o ¥ F, F\ is strongly additive for each
x* € E* (by the Diestel-Faires theorem). Hence, Y u({n})x* converges unconditionally
for each x* € E*. Since E is separable, {o, ¥ E; thus G,- is strongly additive and
> u({n})*y* converges unconditionally for each y* € F*.

Let Y be separable and L:F — Y* be an isomorphism. Define v:P —

V(A" = Lu(A)x") ~ L (Z M({n})X*) :

neAd

for A € P and x* € E*. Note that v(4) is w* — w continuous since Y u({n})*y*
converges unconditionally for each y* € F*. Further, v is a well defined, bounded,
finitely additive measure, and v({n}) = 0 for each n € N. Hence, Lemma 4 applies, and
we obtain an infinite subset M of N such that v(4) = 0 for all 4 € M. Then

w(A)x" = Z u({n})x*,

neAd

foreach 4 € M and x* € E*. Thus,
w0 ((Anhnem) = (Lu<(E”, F) (sot)

is countably additive. O

COROLLARY 17. Suppose that ¥ is a o-algebra of subsets of Q, E* is separable, and
F is a Banach space which does not contain £, but does embed isomorphically in the dual
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of a separable space. If u : ¥ — W(E, F) is bounded and finitely additive and (A;) is a
pairwise disjoint sequence from X, then there is a subsequence (B;) of (A;) so that

w:o((By)) = (W(E, F), so1)

is countably additive.
Proof. Apply Theorem 16 and the isometries stated before Theorem 5. ]

The next result is stated in two parts for clarity and emphasis. The proof of this
theorem is short and straightforward. Further, it facilitates new proofs of the Vitali—
Hahn-Saks—Nikodym theorem, the Nikodym Boundedness theorem and a Banach
space version of the Phillips Lemma.

THEOREM 18. Suppose that X is a o-algebra of subsets of Q.

(1) If Lo does not embed in E, Lo does not embed in F, u: % — K,«(E*, F) is
bounded and finitely additive, and (A,) is a pairwise disjoint sequence from X,
then there is a subsequence (By,) of (A,) so that

Mo U((Bn)) g Kw*(E*a F)

is countably additive.

(1) If £, is not complemented in E, Ly, does not embed in F, u : X — K(E, F) is
bounded and finitely additive, and (A,) is a pairwise disjoint sequence from X%,
then there is a subsequence (By,) of (A,) so that

w:o((By) - K(E, F)
is countably additive.

Proof. (i) Theorem 5 implies that £, > K,«(E*, F). Then u is strongly additive
(by the Diestel-Faires theorem), and the conclusion follows from Drewnowski’s result
stated in the Introduction.

(i1) Apply part (i) and the isometries stated before Theorem 5. U

COROLLARY 19. (i) Suppose that ¥ is a o-algebra, £, does not embed in X, and Y
is any Banach space. If u : & — K,«(X*, Y) is a measure which is countably additive in
the weak operator topology, then w is norm countably additive.

(ii) (16, Theorem 5) Suppose that ¥ is a o-algebra, £ is not complemented in X,
and Y is any Banach space. If u : ¥ — K(X, Y) is a measure which is countably additive
in the weak operator topology, then w is norm countably additive.

Proof. (1) Suppose that u : & — K,:(X™*, Y) is countably additive in the (wot) and
w is not countably additive. Then there is a p > 0 and a pairwise disjoint sequence (4;)
so that ||u(A4;)|| > pforalli. Let Z = [u(A4;)(X™*) : i > 1]. Since u is countably additive
in the (wot), w(B)(X™*) € Z for all B € 0((4;)). Note that u(A4;)(X™) is separable for
each i (since u(A4;) is compact), and thus Z is separable. Apply Theorem 18 to find a
subsequence (B;) of (4;) so that u : o((B;)) = K,+«(X*, Z) is countably additive. But
l(B;)|l > p for all i, a contradiction.

(i1) Apply part (i) and the isometries stated before Theorem 5. O

COROLLARY 20. Suppose that X is a o-algebra of subsets of Q.
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1) If too &> X, u: X — X is a bounded finitely additive set function, and (A,) is a
pairwise disjoint sequence in %, then there is a sub -sequence (By) of (A4,) such
that 1 is countably additive on o ((By)).

(1) (/5 p. 79]). If u € ba(X) and (A,) is a pairwise disjoint sequence in X, then
there is a subsequence (B,) of (A,) such that u is countably additive on o ((By)).

Proof. (1) We note that K(R, X) = L(R, X) ~ X. Apply Theorem 18. O

CoRrROLLARY 21 (Vitali-Hahn-Saks—Nikodym, [6, p. 23]). Suppose that X is a
o-algebra of subsets of Q, w,: X — X is strongly additive for each n, and p(A) =
lim,, u,(A) exists for each A € X. Then

lign sup [l (4|l = 0,
n

whenever (A;) is a pairwise disjoint sequence from %, i.e. (u,) is uniformly strongly
additive. Consequently, u is strongly additive.

Proof. Suppose not. Then there exists an € > 0 and a sequence of pairwise disjoint
sets (4,) in X such that ||u,(4,)| > € foreach n. Let X1 = 0((4,)), U = {un(4;) : n >
1,i > 1}, and Y =[U]. Then Y is a separable subspace of X (since U is countable).
Further, if 4 € 3y, then u,(A4) € Y for each n. By Drewnowski’s result quoted in
the Introduction and a standard diagonalisation argument, we may assume that each
in @ 21 — Y is countably additive. For each n € N, let x € Y* of norm one so that
|x5 n(A,)] = lln(A4,)ll > €. Denote the Hahn—-Banach extension of x} in X™* also
by x}. Since Y is separable, using a Cantor diagonalisation argument, we obtain a
subsequence (%) of (x}) so that lim,, y} () exists for each y € Y.

Therefore (37 1) is a sequence of scalar valued countably additive measures and
lim, y w,(A) exists for each 4 € X;. Let ¢ denote the space of all convergent sequences
of real numbers equipped with the sup norm. Now define 7 : ¥; — ¢ by

©(A) = (v, pn(A))n

for 4 € X;. Note that ¢ is separable and ¢ >~ L(R, ¢). By Theorem 18, there is a
subsequence (B;) of (4;) so that 7 : o((B;)) —> L(R, ¢) = K(R, ¢) is countably additive.
But [|[t(By)Il = |V} un(By)| > €, a contradiction.

The strong additivity of u follows from the uniform strong additivity of (u,) and
the fact that (u,(4)) — u(A) for each A. O

COROLLARY 22 (The Nikodym Boundedness theorem, [6, p. 14]). Suppose that ¥ is
a o-algebra of subsets of Q2 and (u,) is a sequence of X-valued bounded vector measures.
If sup{||p(A)] : n € N} < 0o for each A € X, then (w,) is uniformly bounded, i.e.

sup{llu,(4)]| :neN, 4 € T} < oo.

Proof. By replacing {u, :n € N} with {x*u, :ne N, x* e X*, ||x*|| <1}, it is
enough to prove the theorem for sequences of real-valued measures. Now suppose that
(n) 1s a sequence of real-valued finitely additive measures such that sup,, |u,(A4)| < oo
for each A. Note that, since u, is a bounded real-valued measure, u,, is strongly additive
for each n.

By contradiction, suppose that sup{|u,(4)| : n € N, 4 € =} = co. We claim that
for each M > 0, there is an n € N and a partition {4, B} of Q into pairwise disjoint
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members of X such that |u,(4)] > M and |u,(B)| > M. Letn € Nand 4 € X so that
|M11(A)| > M+ sup; |II’I(Q)| Then

(@ N\ A = |pn(A) = pn(Q)] = |n(A)] — [1a($2)] > M.

Then the sets 4 and B = Q \ A4 satisfy the claim.

Let M = 1 and choosen; € Nand {4, B} a partition of Q2 such that |u,, (4,)| > 1
and |u,, (B1)| > 1. Now, either sup{|u,(A N A1) :n e N, 4 € X} = oo or sup{|u,(4 N
By)| :ne N, 4 € ¥} = oco. Otherwise, sup{|u,(4)| : n € N, 4 € T} < oco. Without loss
of generality, suppose that

sup{lu,(ANA4):neN,4e X} =o0.

Let C; = Ay and Dy = Q\ (.
Now treat C) as €2 and choose an 1, > n; and a partition {4,, B>} of C; such that
[n, (A2)| > 2, |pn,(B2)| > 2, and without loss of generality

sup{lu(ANAy):neN, 4 e X} =o0.

Let C2 = A2 and Dz = Cl \Az

Continue this process and obtain an increasing subsequence (n;) of positive
integers and a pairwise disjoint sequence of sets (D;) such that |u,,(D;)| > i for each i.
Relabelling, we may assume that |u(D;)| > i for each i.

Define v;(A4) = %/L,‘(A), ford e X,i e N. Thenv; : ¥ — Ris strongly additive for
each i and lim; v;(4) = 0 for each 4. By the Vitali-Hahn-Saks—Nikodym theorem, (v;)
is uniformly strongly additive, and thus lim; |v;(D;)| = 0. However, |v;(D;)| > 1 for each
i, a contadiction. O

If F is a separable Banach space, then the space ¢(F) = {(y,) : n € N} € FN of
all convergent sequences in F is separable when endowed with the usual pointwise
operations and the sup norm. Let ¢o(F) be the subspace of ¢(F) consisting of null
sequences. Note that ¢y(F) >~ L(R, ¢y(F)) = K(R, ¢y(F)).

COROLLARY 23 (Banach space version of the Phillips Lemma). If u, : P — X is
strongly additive (in norm) for each n, and (u,(A)) — 0 for each A € P, then

lim ) a({k}) =0
keA
uniformly for A € P.

Proof. Suppose not. Choose € > 0, (4;) a sequence in P, and (A;) a subsequence
of (u;) such that || ZkeA; Ai({k})]| > 2¢ for each i e N. Using the unconditional
convergence of ), A,({k}) (by the strong additivity of A;) and the fact that ||, (A4)[| — 0
for each A, we can find an increasing sequence (N;) of natural numbers and a
subsequence (A,,) of (A;) such that

Yo mkh| >

kEAn,'n[Nr—l Ni)

foreachi € N. Let B; = A,,I. N [N[_1, N,‘), Y= O'((B,)) and v; = )\.n‘. IfU = {U,(Bj) >
1,7 > 1}, then Y = [U] is separable (since B; are pairwise disjoint), hence ¢(Y) and
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¢o(Y) are separable. Define
v(4) = (vi(4));

ford e .If 4 € X, thenv(4) € ¢o(Y). Applying Theorem 18tov : ¥ — L(R, co(Y)),
one obtains a subsequence (C;) of (B;) so that v is countably additive on o ((C))).
However, || 3¢ vi({k})|l > € for each i, a contradiction. O

COROLLARY 24 (A generalisation of a result of Schur, [1]). Suppose that X is a
Banach space which does not contain an isomorphic copy of L. Suppose further that
(xin) is a doubly indexed sequence in X so that

(@) Y r2 | Xin is unconditionally convergent for each i, and

(b) lim; ), , Xin exists for all A < N.
If x, = lim; x;, for each n, then

lim ) (xiy — x,) = 0

neA
uniformly for A C N.

Proof. Let v(A) =lim; ), _, xin, for A € N. Then v is finitely additive and the
Nikodym Boundedness theorem ensures that v is bounded. Furthermore, since £, >
X, v must be strongly additive (by the Diestel-Faires theorem). Define i, : P — X by

1i(A) =" xin — v(A).

neAd

Therefore (u;(A4)) — 0 for each 4 € N and u; is strongly additive for each i. Apply
Phillips’s Lemma to conclude that

lim Y " () = lim ) (i — x,) = 0

neA neA
uniformly for 4 € N. O

If ¥ is a o-algebra of subsets of 2, then ca(X) denotes the Banach space (with
total variation norm) of countably additive real measures u : ¥ — R. If X is infinite
dimensional, then there exists a bounded and countably additive measure u defined
on a o-algebra with values in X with infinite total variation. Suppose that X is infinite
dimensional and let }_ x, be an unconditionally convergent series in X which is not
absolutely summable. Define i : P — X by w(4) =Y, 4 xn, if 4 SN. Then p is
countably additive and does not have finite variation since the infinite series is not
absolutely summable. ca(X, X) denotes the Banach space (with sup norm) of countably
additive vector measures u : ¥ — X, and cabv(X, X) denotes the Banach space (with
total variation norm) of countably additive measures u : ¥ — X with bounded total
variation. For u € cabv(X, X), || denotes the total variation of p. A subset S of X
is said to be weakly precompact provided that every bounded sequence from S has a
weakly Cauchy subsequence.

COROLLARY 25. (i) If K is a weakly precompact subset of ca(X), then K is uniformly
strongly additive, i.e. if (A;) is a pairwise disjoint sequence in A, then lim; |u(4;)| =0
uniformly for u € K.
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(1) If K is a weakly precompact subset of ca(X, X) and X is a Schur space, then
K is uniformly strongly additive, i.e. if (A;) is a pairwise disjoint sequence in A, then
lim; ||(A4;)|| = 0 uniformly for u € K.

(iii) If K is a weakly precompact subset of cabv(X, X), then |K| = {|u| : u € K} is
uniformly strongly additive.

Proof. (i) Suppose that (u,) is a sequence from K, and without loss of generality
suppose that (u,) is weakly Cauchy. Now, weakly Cauchy sequences in ca(X) are weakly
convergent [5, p. 91]. Suppose (u,) converges weakly to u € ca(X). Then u,(A4) —
u(A) for each 4 € . Note that each w, is strongly additive. The Vitali-Hahn—Saks—
Nikodym theorem implies that (i) is uniformly strongly additive. If (4;) is a pairwise
disjoint sequence from %, then lim; sup,, |u,(4;)| = 0.

(1) Suppose that (u,,) is a sequence from K, and without loss of generality suppose
that (u,) is weakly Cauchy. Then for each 4 € X, (u,(A)) is weakly Cauchy in X.
Since X is a Schur space, u(4) = lim, u,(A4) exists for each 4 € X. The Vitali-Hahn—
Saks—Nikodym theorem implies that (i,) is uniformly strongly additive, i.e. if (4;) is a
pairwise disjoint sequence from X, then lim; sup, ||ux,(4;)|| = 0.

(iii) Suppose that K is a weakly precompact subset of cabv(Z, X) and |K| = { |u| :
u € K} is not uniformly strongly additive. Then one obtains p > 0, a sequence (u;) in
K, and a pairwise disjoint sequence (4;) in X such that |u;|(A4;) > p for each i. For each
i, let (4;)~, be a finite partition of 4; and (x})/_, in By- such that

> x4yl > p. (1)

J=1

Define T : cabv(Z, X) — £1 by

T(v) = (XTIU(A“), ey XTnlv(Alnl), X;lv(AZI), ey X;nz V(A2n2), x;lv(An), e )

Note that || 7(v)|| < |v|forall v € cabv(X, X) and T is a continuous linear map. Since
T(K) is a weakly precompact subset of £; >~ cabv(P, R), by (i) it follows that T(K) is
uniformly strongly additive. However, this is a contradiction with (1). ]
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