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ABSTRACT. We give a unified overview of the study of the effects of
additional set theoretic axioms on quotient structures. Our focus is
on rigidity, measured in terms of existence (or rather non-existence)
of suitably non-trivial automorphisms of the quotients in question. A
textbook example for the study of this topic is the Boolean algebra
P(N)/Fin, whose behavior is the template around which this survey
revolves: Forcing axioms imply that all of its automorphisms are triv-
ial, in the sense that they are induced by almost permutations of N,
while under the Continuum Hypothesis this rigidity fails and P(N)/ Fin
admits uncountably many non-trivial automorphisms. We consider far-
reaching generalisations of this phenomenon and present a wide variety
of situations where analogous patterns persist, focusing mainly (but not
exclusively) on the categories of Boolean algebras, Cech—Stone remain-
ders, and C*-algebras. We survey the state of the art and the future
prospects of this field, discussing the major open problems and outlining
the main ideas of the proofs whenever possible.

Dedicated to Saharon Shelah, without whom the topic of this
survey would not have existed.

1. INTRODUCTION

In 1956 W. Rudin proved that if the Continuum Hypothesis (CH) holds
then P(N)/ Fin, the quotient of the Boolean algebra of P(N) by the Fréchet
ideal (i.e., the ideal of finite subsets of N), Fin, has 2¢ automorphismsﬂ with
¢ = |R| being the size of the continuum ([I41]). In 1979 Shelah described
a forcing extension of the universe where all automorphisms of P(N)/Fin
are induced by an almost permutation of N, namely a bijection between two
cofinite subsets of N ([147]). We refer to these automorphisms as trivial.
Later on, in the work of several authors, Shelah’s conclusion was proved to
follow from forcing axioms ([I52} [I73]). Since there are only ¢ almost per-
mutations of N, Shelah’s theorem contradicts Rudin’s, while Rudin’s result
shows the failure of the rigidity of P(N)/Fin under CH.

Rudin’s result is, by today’s standards, trivial: The algebra P(N) is count-
ably saturatedﬂ (in model-theoretic sense; this is not to be confused with the
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IThis is not the whole truth, see
2I,e.7 Ni-saturated.
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set-theoretic notion of a saturated ideal, also not to be confused with the no-
tion of countable saturation as defined in [25, §2.3]), hence CH implies that
it is saturated. A routine back-and-forth argument produces a complete
binary tree of height N; = ¢ whose branches are distinct automorphisms.
The fact that the theory of atomless Boolean algebras admits elimination of
quantifiers facilitates the construction by implying that any partial isomor-
phism between countable subalgebras of P(N)/Fin can be extended to an
automorphism. This is, however, a convenience rather than a necessity. On
the other hand, Shelah’s construction of an oracle-cc forcing extension of the
universe in which every automorphism of P(N)/Fin is given by an almost
permutation is, unlike most of the 1970s memorabilia, still as formidable
as when it first appeared and its ramifications reverberate throughout the
subject this survey is about.

Fast-forwarding 30 years, the same pattern was isolated again in a dif-
ferent quotient structure, this time originating in the context of algebras
of operators on Hilbert spaces (see for the definitions): The Calkin
algebra. The Calkin algebra Q(H) is the quotient of the C*-algebra of
all bounded linear operators on a complex, infinite-dimensional, separable
Hilbert space H, by the ideal of all compact operators. In this case, we say
that an automorphism of Q(H) is inner if it is implemented by a unitary
in Q(H) (equivalently, it is lifted by a conjugation by an isometry between
two closed subspaces of H with finite co-dimension). In the early 20th cen-
tury Weyl and von Neumann initiated the study of unitary equivalence of
self-adjoint operators modulo compact perturbations. Their elegant charac-
terisation of this equivalence was extended to normal operators ([10} [159])
and then to essentially normal operators, those whose images in Q(H) are
normal (J20]). While two normal operators are unitarily equivalent modulo
compact perturbations if and only if their images in the Calkin algebra are
conjugate by an automorphism, it was not clear whether this conclusion
could be extended to essentially normal operators. In 1973 (a few years
before Shelah’s result) Brown, Douglas, and Fillmore asked whether Q(H)
has an outer (i.e. not inner) automorphism. If one replaces ‘trivial auto-
morphism’ with ‘inner automorphism’ then the exact analogs of Rudin’s and
Shelah’s results hold for Q(H): Phillips and Weaver ([I30]) showed that CH
implies that Q(H ) admits 2° automorphisms (most of them outer), while the
first author ([60]) proved that under forcing axioms all of its automorphisms
are inner.This implies that, consistently with ZFC, two essentially normal
operators are unitarily equivalent modulo compact perturbations if and only
if their images in the Calkin algebra are conjugate by an automorphism. It
remains open whether this is a theorem of ZFC.

These theorems taken together form only the tip of the iceberg and this
survey is largely motivated by the remarkable fact that many quotient struc-
tures follow this dichotomous paradigm. In §2| we will introduce a general
framework of Borel quotient structures, leading to the following question.
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Question 1.1. Under what assumptions is it true that every isomorphism
(homomorphism) between Borel quotient structures M/E and N'/F has a
Borel lifting?

The assumptions referred to in this question come in three varieties:

(1) The assumptions on the original structures M and N.
(2) The assumptions on the congruence relations E and F.
(3) The additional set-theoretic assumptions.

In terms of , we will mostly concentrate on the categories in which we have
something nontrivial to say: Boolean algebras, C*-algebras, fields, linear
orderings, trees, and sufficiently random graphs (see also questions in .
Regarding , we will assume that E and F are Borel (but see a short
paragraph in on ultrapowers). The two long and central sections,
and are devoted to (3).

In this survey we endeavour to revisit the most influential results and dis-
cuss the new developments in this field, while also emphasizing the analogies
and pointing to the differences in the methods used in these rigidity proofs.
Our ultimate goal is to give a broad exposure to the emerging unifying the-
ory of this subject, and to provide a unique meta-mathematical framework
capable of describing, using a common language, the concept of rigidity of
Borel quotients across different categories.

Summary. This manuscript was written by four authors, and each has brought
their view of the subject as well as some idiosyncrasies. It is composed of
twelve sections. Each section is as self-contained and autonomous as possi-
ble (accordingly, some redundancies can be noted here and there), yet most
sections rely on One can safely skip any number of sections as there is
only a minimal amount of references to other sections. The survey is also
sprinkled with conjectures and open problems.

In §2| we present the abstract rigidity problem. serves as a warm-up.
Here we present some basic examples of quotient structures from the worlds
of Boolean algebras and of topological spaces, in the form of Cech-Stone
remainders. In §4| we introduce C*-algebras as well as the framework which
eventually motivated and ignited the study of rigidity questions in the non-
commutative setting. is devoted to Ulam-stability and to the problem of
obtaining algebraically trivial liftings from topologically trivial onesE| This
topic, as interesting and as necessary for understanding quotient rigidity,
has little to do with logic and readers interested only in logical aspects may
want to skip it. §6]and §7]are the main body of this survey, and they portray
two faces of the same coin. The former describes various constructions of
isomorphisms of Borel quotient structures which are not topologically triv-
ial, under set-theoretic assumptions such as CH and some of its weakenings.
The latter, on the other hand, presents rigidity results, either obtained via

3An isomorphism is called topologically trivial if it has a Borel lifting, see Deﬁnition
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forcing or as a consequence of Forcing Axioms, and instances where all auto-
morphisms of certain quotient structures are topologically trivial. In §8| we
explore rigidity results for maps more general than isomorphisms and au-
tomorphisms, such as endomorphisms of the Calkin algebra. is devoted
to large quotients of the form P(x)/Fin and Q(¢2(x)) for uncountable x,
while focuses on rigidity results on uniform Roe and Higson coronas,
C*-algebras arising from coarse metric spaces. In §11| we provide a quick
overview of a selection of topics loosely related to the contents of this sur-
vey. Finally is reserved for remarks of metamathematical nature on the

rigidity problems discussed in the rest of the survey.
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2. THE GENERAL RIGIDITY QUESTION

In this section we introduce a unifying framework for describing all the
categories and rigidity instances considered in the rest of the survey. Readers
interested in less abstract results are encouraged to skip ahead and refer to
this section as needed. Two critically important notions are that of topologi-
cally trivial and algebraically trivial automorphisms (respectively Definition
and , before which we isolate the class of quotients we aim to study,
with a definition that generalises both the Boolean algebra P(N)/Fin and
the Calkin algebra Q(H).

Definition 2.1. A Borel structure M in a signature £ is a structure whose
universe M is a Polish space and such that the interpretations of all functions
and relations are Borel (a general study of Borel structures was initiated by
H. Friedman, see [163]). A Borel quotient structure is obtained from M by
specifying a congruence E on the universe M that is a Borel equivalence
relation; it is denoted M/ Eﬁ The quotient map is denoted 7g.

4An equivalence relation on a Polish space M is said to be Borel if it is Borel when
identified with a subset of M?2.
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Suppose that ®: M/E — N/F is a homomorphism between Borel quo-
tient structures. A lifting of ® is a function ®,: M — AN such that the
diagram on Fig. [I] commutes.

| . |

M/E —— N/F
Ficure 1. A lifting ®, of ®.

The Axiom of Choice (assumed throughout) implies that every homomor-
phism ® between quotient structures has a lifting. Imposing the existence of
a lifting with additional requirements results in more interesting assertions.

Definition 2.2. An isomorphism & as in Fig. [1] is topologically trivial if it
has a Borel-measurable lifting.

As pointed out by many (not least the referee), a better terminology would
be ‘Borel liftable’. Regrettably, this terminology has already taken root and
it may be too late to change it now. The choice of Borel-measurable instead
of (for example) continuous may appear to be arbitrary, in some situations
the existence of a Borel-measurable lifting already implies the existence of
a continuous one.

The (even more desirable) notion of an algebraically trivial isomorphism
is a bit trickier to define. The obvious attempt, to require ®, to be an iso-
morphism, is too restrictive—defining an automorphism, even topologically
trivial, of P(N)/Fin with no lifting that is an automorphism is quite easy.
(It is defined by its lifting, the map that sends A C Nto {n+1|n € A}.)
In the case of Boolean algebras of the form P(N)/Z for a Borel ideal Z, a
lifting is algebraically trivial if it is a Boolean algebra homomorphism (this
definition, and that of a topologically trivial lifting, comes from [58]). The
existing theorems justify this definition as optimal, as we will see in §7 How-
ever, in the case of more complicated objects, such as the Calkin algebra
Q(H), it is not difficult to define a topologically trivial automorphism that
cannot be lifted by a *-homomorphism (see the obstruction is similar
to that in the case of Boolean algebras—the automorphism is conjugation
by a unitary with a nontrivial Fredholm index). In short, the definition of
algebraically trivial depends on the category of interest. To keep a unifying
approach, we import the following Gordian definition from [I78].

Definition 2.3. An isomorphism & as in Fig. [1]is algebraically trivial if it
has a lifting that preserves as much of the algebraic structure as possible.
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We move on to examples of trivial isomorphisms outside the abovemen-
tioned setting of Borel quotients of P(N). The second part of the following
example gives some justification for the current form of Definition

Example 2.4. Suppose that M = N is a Polish group and £ = F is
the coset relation associated with a normal Borel subgroup G C M. If an
automorphism ® of the quotient group M /G is inner (i.e., the conjugation
f + gfg~! for some group element g) then ® has a lifting that is both
algebraically and topologically trivial.

In case of groups, every element defines an inner automorphism hence
every inner automorphism of the quotient lifts to an inner automorphism.
In more complicated categories, such as C*-algebras, this is no longer true.
Inner automorphisms correspond to conjugation by unitary elements and not
every unitary u in the quotient can be lifted to a unitary. Nevertheless, if a
lifts u then conjugation by a is Borel-measurable and it preserves as much
of the algebraic structure as possible as in Definition 2.3] The appropriate
definition of algebraically trivial isomorphism in this setting has to therefore
accommodate for these conjugations.

An analogous statement to that in Example holds for C*-algebras
(see and in any other category that has naturally defined inner auto-
morphisms

Example 2.5. If the signature of Borel structures M and N is empty and
E, F are (not necessarily Borel) equivalence relations, then the existence
of an injective morphism from M/FE into N'/F with a Borel lifting is, by
definition, equivalent to the assertion that the equivalence relation E is
Borel-reducible to F' (e.g., [92]).

The question of whether it is possible to modify a topologically trivial lift-
ing to an algebraically trivial one will be treated in §5] Our focus in §6]and
will be on the other side of the coin, Question from the introduction:
Under what assumptions is it true that every isomorphism (homomorphism)
between Borel quotient structures has a Borel lifting? The remaining part
of this survey revolves around the following meta-conjecture related to this
question.

Conjecture Template 2.6. For Borel quotient structures M/E and N'/F
we have the following statements.

(1) The Continuum Hypothesis (CH) implies that M /E has 2¢ automor-
phisms (and therefore 2¢ topologically nontrivial automorphisms). It
also implies that M/E and N'/F are isomorphic, unless there is an
obvious obstruction for thisﬁ

5This does not obviously apply to the abstract definition of an inner automorphism
studied in the context of abstract functorial classification in [46].
6A reader familiar with Woodin’s %2 absoluteness theorem will recognise its relevance;

more on this in
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(2) Forcing Azxioms imply that all automorphisms of M/E are topologi-
cally trivial. They also imply that every isomorphism between M/E
and N'/F is topologically tm’m’alﬂ

The results by Rudin and Shelah in [141] and [147] and by Phillips—Weaver
and the first author in [I30] and [60] that were discussed in the introduction,
precisely demonstrate that both instances of Conjecture Template turn
into theorems for P(N)/Fin and Q(H). More recently, it was shown in [32]
that can be extended to reduced products of fields, linear orderings, trees,
and sufficiently random graphs. The present survey covers a remarkable
number of Borel quotient structures that follow the same pattern, and we
find the possibility that these results are instances of a general theorem
taunting, to say the least.

The following easy example from [54] shows that there are situations in
which the second part of Conjecture Template [2.6] fails, and this should not
come as a surprise.

Example 2.7. Consider the group G := (Z/27)N with respect to the prod-
uct topology. If E is the coset equivalence relation associated with a sub-
group of G, then the isomorphism type of the quotient G/E depends only on
its cardinality, x. Moreover, if k is infinite then G /E has 2% automorphisms.
In particular, if F is associated to the subgroup® {a € G | (V*n)a,, = 0}
(or any other countable subgroup), then G/E has an automorphism with
no Borel lifting.

The reason for the first assertion is that G/E is a vector space over the
two-elements field F5. The second follows from the fact that 2° is strictly
greater than ¢, the number of Borel functions on a Polish space.

A model-theorist will see an alternative explanation: The theory of G is
Ng-stable (thus all of its uncountable models are saturated), admits elim-
ination of quantifiers, and is preserved under quotients. An even better
explanation is given below in Theorem below, taken from [31].

The following incomparably deeper example, giving a scenario (still within
the confines of group theory) in which the first part of Conjecture Tem-
plate fails, comes from [168].

Example 2.8. Consider S, the group of all permutations of N, with its
unique Polish group topology (see e.g., [105]). Let H be the subgroup of
finitely supported permutations (i.e., those f € S, that fix all but finitely
many n). Then every automorphism ® of So,/H has a continuous lifting.
Moreover, there exists a bijection h between cofinite subsets of N such that ®
is implemented by conjugation with h: ®(f/H) =ho foh™1/H.

TA heuristic argument for the assertion that there are no nontrivial isomorphisms has
been given by K. P. Hart: If there were one, we would have thought of it. All work on
Conjecture (2)[ can be viewed as partial results towards proving Hart’s apothegm.

8y stands for the quantifier ‘for all but finitely many’.
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Here is an alternative formulation. Consider the semigroup of bijections
between cofinite subsets of N (they are called almost permutations of N),
equipped with composition. The quotient of this semigroup by the finitely
supported permutations is a group, and by [16§] all automorphisms of this
group are inner.

A simpler proof of Truss’s theorem used in the previous example was
announced in [I]. There is unfortunately a gap in this proof; see [37, Re-
mark 11.A.6].

Going back to Conjecture Template while its first part is mainly
developed under the assumption of CH (and some of weaker forms of it),
the second part relies on the use of Forcing Azioms. Forcing axioms are
extensions of the Baire Category Theorem, asserting that in certain compact
Hausdorff spaces K the intersection of N; dense open subsets is dense. The
strength of a forcing axiom is given by the category of compact Hausdorff
spaces to which it applies. Already the case when K is the unit interval
contradicts CH (for every x € [0, 1], the set [0, z)U (z, 1] is dense and open).
From Martin’s Axiom, via the Proper Forcing Axiom, to Martin’s Maximum
(see e.g., [110, 119]), the study of forcing axioms and their applications has
had, and still has, a special place in set theory.

3. THE ABELIAN CASE: BOOLEAN ALGEBRAS AND CECH-STONE
REMAINDERS

Historically the first instance of Conjecture Template comes from the
study of Boolean algebras P(N)/ Fin and P(N)/Z for other analytic ideals on
N and of Cech-Stone remainders (also known as coronas) of locally compact
spaces. In this section, we will formulate a specific instance of Conjecture
Template (Conjecture and give a rigorous notion of algebraically
trivial automorphism (Definition for these families of quotients, but we
shall refrain from stating any specific independent result, whose discussion
is postponed to §6] and 7}

As the title of the section suggests, we refer to these as abelian or commu-
tative quotients, implicitly hinting at their correspondence, via the Gelfand
duality, with abelian C*-algebras. A more detailed explanation of this con-
nection, as well as the introduction of the more general framework of non-
commutative quotients, is deferred to

A good vantage point for our analysis is given by the Stone duality. The
category of Boolean algebras and homomorphisms is equivalent to the cat-
egory of Stone spaces (i.e. compact, totally disconnected Hausdorff spaces)
and continuous maps between them. To a Stone space one associates the
algebra of its clopen sets, and to a Boolean algebra one associates its Stone
space, that is the space of all ultrafilters on it.

This (contravariant) correspondence associates P(N) to AN, the Cech-
Stone compactification of N (taken with the discrete topology), and P(N)/ Fin
to the Cech-Stone remainder SN\N. While the Boolean algebra P(N)/ Fin is
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homogeneous (i.e., its automorphism group acts transitively on the elements
other than [()] and [N]), it is not obvious whether SN \ N is a homogeneous
compact Hausdorff space.

In his proof that CH implies that SN \ N is not homogeneous, Rudin
([141]) showed that, under CH, P(N)/Fin has 2¢ automorphisms. The fam-
ily of almost permutations of N has size ¢, hence Rudin’s result provided
the historically first confirmation of Conjecture Template The nonho-
mogeneity of SN\ N in ZFC was later proven by Frolik ([80]), and we refer
to [I18] for more on the peculiar dependence of SN \ N on the choice of
set-theoretic axioms.

We now turn to two classes of Borel quotient structures that generalise
P(N)/Fin in different directions:

e §3.1| Quotients of the form P(N)/Z where 7 is a Borel ideal,
e §3.2 Cech-Stone remainders of locally compact spaces.

3.1. Borel ideals in P(N). We identify sets of natural numbers with their
characteristic function in 2V and equip P(N) with the topology resulting
from this identification with the Cantor space. Alternatively, this is the
compact topology induced by the metric d(A, B) = 1/(min(AAB) +1). An
ideal Z of the Boolean algebra P(N) is Borel (analytic, F,, etc.) if it is Borel
(analytic, Fy, etc.) with respect to this topology.

Every Borel ideal Z in the Boolean algebra P(N) provides us with a text-
book example of a Borel quotient structure, P(N)/Z. Reformulating Con-
jecture Template in this setting leads to the following problem, which in
its most general form is still open (more on this in and .

Conjecture 3.1. Let Z and J be a Borel ideals in P(N). Then

e CH implies that if there is an isomorphism between P(N)/Z and
P(N)/T, then there is an isomorphism between them which is not
topologically trivial;

e Forcing Azioms imply that all isomorphisms between P(N)/Z and
P(N)/T are topologically trivial.

The following is the proper definition of algebraically trivial automor-
phisms for Borel quotients of P(N).

Definition 3.2. Let Z and J be Borel ideals in P(N). A homomorphism
o: P(N)/T —PN)/T

is said to be algebraically trivial if it has a lifting ®,: P(N) — P(N) which
is a Boolean algebra homomorphism.

Rigidity problems for such quotients can be traced back at least to [49,
p. 38-39], where Erdés and Ulam asked whether the quotients over the two
ideals, known as the asymptotic density zero ideal Zy and the logarithmic
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density zero ideal Zjog, are isomorphic, where

(3.1) ZOZ{AQNUim'AW:O},

n—o00 n

. Dicarn 11
2 Zloe = VA CN| lim &=2&80n 2 — gt
(3) o { B |"Ln;° Zz‘<n1/i 0

The unexpected (at the time) answer to this question will be discussed in
and §7.2] where we will have something interesting to say also for the
classes of analytic P-ideals and of generalised density ideals, to which both
Zy and Zjeg belong, and which we briefly anticipate here.

Definition 3.3. An ideal Z is a P-ideal if for any countable collection
{Ap}tneny C Z, for n € N, there exists A € Z such that 4, \ A € Fin
for all n.

Verifying that Zy and 2,5 are Borel P-ideals is a nice exercise, to which
the following definition provides a hint.

Definition 3.4. A submeasure on N is a function pu: P(N) — [0, 00] such
that, for every X, Y CN

(3.1) p(®) =0,

(3.2) u(X) < oo when X is finite,
(3.3) w(X) < wu(Y) when X CY
(3.4) w(X UY) < pu(X) + p(Y).

A submeasure is lower semicontinuous if p1(X) = lim;, oo p(X Nn).
For a lower semicontinuous submeasure ¢ on N let
Fin(u) = {X C N | u(X) < oo},
Exh(p) = {X C N| lim u(X\n)=0}.

The requirement that p is finite on finite sets gives that both Fin(u) and
Exh(u) contain the ideal Fin.

Definition 3.5. Let N = | | I, be a partition of N into finite sets and
m be a submeasure concentrated on I, for all m. Consider the measure
w(X) = sup,, pim (X N L;,). An ideal is a generalised density ideal if it is of
the form Exh(u) for a p arising this way. If each p,, is a measure, then this
is a density ideal.

Density ideals were introduced in [52] Definition 1.13.1], and it is not diffi-
cult to see that both Zy and Zj,, are density ideals ([52, Theorem 1.13.3 (a)];
for a fix to part (b) of this theorem see [169]). We also have the following
results of Mazur ([114]) and Solecki ([I61]).

Theorem 3.6. An ideal is F, if and only if it is of the form Fin(u) for a
lower semicontinuous submeasure . An analytic ideal is a P-ideal if and
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only if it is of the form Exh(u) for a lower semicontinuous submeasure L.
In this case,

du(A, B) = lim, p((AAB) \ n)
is a complete metric on P(N)/Z.

(The last line is the easy [52, Lemma 1.2.3].) Note that if Z is not an
F,; ideal, then there is a decreasing sequence of Z-positive sets A, such that
lim,, (Ay) = 0. This shows a failure of the countable saturation of P(N)/Z
as a discrete structure, and we shall see why this is relevant to us in

An important problem in the framework of Borel quotients of P(N) is
whether topologically trivial homomorphisms are automatically algebraically
trivial. Submeasures from Definition [3.4] will be used in §5] to give partial
answers to Question below, which in its most general form is still open
(see Theorem for partial results).

Question 3.7. Let T and J be Borel ideals in P(N) containing Fin. Are
all topologically trivial homomorphisms ®: P(N)/Z — P(N)/J algebraically
trivial?

3.2. Cech—Stone remainders. Given a locally compact space X, its Cech—
Stone compactification SX is the ‘largest’ compact space in which X sits
densely as an open set. SX is defined as the space with the universal prop-
erty that if K is a compact Hausdorff space and f: X — K is continuous,
one can find a continuous extension Sf: X — K ﬂ The compact space
BX \ X is the Cech-Stone remainder (or the corona) of X. Cech-Stone
remainders of zero-dimensional spaces and their homeomorphisms from a
set theoretic point of view were analysed in [52] with the aid of Boolean
algebraic methods.

We already mentioned how the Stone Duality relates P(N)/Fin to SN\
N. To study homeomorphisms of Cech-Stone remainders of other spaces,
we need to take a closer look at the duality between homeomorphisms of
remainders and homomorphisms of quotient algebras.

Fix a locally compact noncompact space X. When X is zero-dimensional,
autohomeomorphisms of SX \ X are completely determined by the image of
clopen subsets. By identifying clopen sets with their characteristic functions,
one endows the Boolean algebra of clopen subsets of X, Clop(X), with the
topology of pointwise convergence. If X is in addition second countable, this
is a Polish topology. Since the Boolean algebra Clop(SX \ X) is isomorphic
to the quotient of Clop(X) by the ideal of compact-open sets, Clop.(X),
a continuous map from X \ X to BY \ 'Y corresponds to a Boolean alge-
bra homomorphism from the Borel quotient structure Clop(Y')/Clop.(Y’) to
Clop(X)/Clop.(X). As homeomorphisms of Cech-Stone remainders corre-
spond to isomorphisms of Boolean algebra quotients, we have a notion of

9Functional analyst’s definition of SX: It is the Gelfand spectrum of the C*-algebra
Cy(X) of all continuous, bounded, complex-valued functions on X (see and §4.2).
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topologically trivial homeomorphism (where the induced isomorphism ad-
mits a Borel lifting), and one of algebraically trivial (admitting a lifting
which is a Boolean algebra homomorphism).

For non zero-dimensional spaces, one cannot rely on any Boolean algebraic
underlying structure, even though the remainder of R was studied using
topological tools in [42] and [89]. To study these objects, we enter the realm
of C*-algebras. The appropriate versions of Conjecture Template and

Question [3.7] will be stated in §4.2]

4. THE ORIGINS OF RIGIDITY QUESTIONS IN C*-ALGEBRAS

The interest in rigidity phenomena in the noncommutative setting began
with the study of the existence of outer automorphisms of the Calkin alge-
bra in [130] and [60] (see §6.5 and §7.3), which lead to one of the deepest
interplays between set theory and operator algebras to date. The methods
developed therein have become a benchmark for the successive investiga-
tions on rigidity phenomena of more general massive quotients C*-algebras
(see §7.3).

Similar to other categories we discuss in this survey, the rigidity phenom-
ena in the category of C*-algebras are deeply influenced by set-theoretic
axioms. Nevertheless, the initial motivations for these studies were of purely
C*-algebraic nature, and they originate from the influential works [20] and [21].
These motivations are discussed in In we provide an introduction
to the necessary material to carry on with our discussion, and we refer the
reader to the textbooks [12] and [61] for a more extensive introduction to the
subject and all the omitted details. Readers familiar with these topics can
safely skip to §4.2] where, in addition to recalling the classical notions of mul-
tiplier and corona algebras, we establish a suitable definition of algebraically
trivial isomorphism for the category of C*-algebras (Definition .

4.1. Preliminaries. There are essentially two ways to present C*-algebras,
an abstract one and a concrete one. We start with the latter.

Let H be a complex Hilbert space, that is, a complex Banach space
equipped with a sesquilinear inner product (-, -) and a norm given by ||£]| :=
(€,6)1/2. Note that the theory of Hilbert spaces is s-categorical (in the con-
text of continuous logic) for every infinite cardinal k, indeed every infinite-
dimensional Hilbert space H with density character s is isometric to the
space

la(rk) = {(2) € T | 12, 12[* < oo}
Let B(H) denote the set of all linear bounded operators from H to itself.
It is equipped with the structure (B(H),|| - ||, 4+, {\:}zec, "), where + is
the usual sum, A, is the scalar multiplication by z, - is the composition of
operators, * is the adjoint, and the operator norm || - || for a € B(H) is
defined as
fall = sup 14O g jageyy.
cerr €

ll<t
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A concrete C*-algebra is a norm-closed complex subalgebra of B(H) closed
under *.

Alternatively, C*-algebras can be defined by providing an axiomatisation
in the following way. A *-Banach algebra is a tuple (A, |||, +,+,* ) such that
(A, +,-) is a C-algebra, the tuple (A, || - ||, +) is a complex Banach space, *
is a linear involution, and the following conditions hold:

(4.1.1) (ab)* =b*a* for all a,b € A,
(4.1.2) ||ab]| < ||al|||b]| for all a,b € A,
(4.1.3) |la*|| = ||a| for all a € A.

A (abstract) C*-algebra is a *-Banach algebra satisfying the following addi-
tional condition, known as the C*-equality.

(4.1.4) |la*a| = |a||? for all a € A.

Albeit seemingly mild, the C*-equality is a powerful condition that tightly
connects the topological nature of C*-algebras with their algebraic proper-
ties. It implies, for instance, that in a C*-algebra the norm is completely
determined by its algebraic structure, and therefore it is unique ([61, Corol-
lary 1.3.3]). It moreover entails that *~homomorphisms between C*-algebras,
namely linear multiplicative maps preserving the involution * (the relevant
arrows in this category), are automatically continuous ([61, Lemma 1.2.10]).

By the Gelfand-Naimark-Segal (GNS) construction (see [61], §1.10]) every
C*-algebra A is isometrically isomorphic to a concrete C*-algebra in some
B(H). Equivalently, the GNS-construction shows that concrete C*-algebras
are axiomatised by the conditions listed above, allowing us to identify the
two definitions.

4.1.1. Ezamples I: Abelian C*-algebras. One of the cornerstones in the the-
ory of C*-algebras is the Gelfand Representation Theorem ([61, Theorem
1.3.1]), which states that every abelian C*-algebra is isomorphic to one of
the form C((X), for some locally compact X, where

Co(X)={f: X = C| f is continuous and vanishes at infinity}

is considered with the supremum norm and pointwise operations. The
Gelfand Representation Theorem establishes a natural equivalence between
the category of unital abelian C*-algebras and the category of compact Haus-
dorff spaces (e.g. [61, Theorem 1.3.2]). This duality, usually referred to
as the Gelfand—Naimark Duality, motivates the leading philosophy in the
subject, namely that C*-algebras provide the noncommutative analogue of
topological spaces. Indeed, many definitions, techniques, and results in C*-
algebras arise as adaptations of ideas that stem from topology.

In the special case where X is moreover compact zero-dimensional, the
Gelfand—Naimark Duality can be combined with the Stone Duality, allowing
to interpret Boolean algebras as a particular instance of abelian C*-algebras,
as hinted at the beginning of §3
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If X is a locally compact space, consider the C*-algebras
Cy(X)={f: X — C| f is continuous and bounded}

with the sup norm and pointwise operations. Then, Cy(X) is a norm-closed
ideal in Cy(X); furthermore, Cp(X) is isomorphic to C(SX) and the C*-
algebra quotient Cy(X)/Cp(X) is isomorphic to C(SX \ X).

4.1.2. Ezamples II: General C*-algebras. The following are some of the fun-
damental examples of noncommutative C*-algebras.

(4.1.5) The *-algebra B(H) of all bounded operators on H is a C*-algebra.
In the case when H has a finite dimension equal to n, it is the C*-
algebra of all n x n matrices with complex entries M, (C).

(4.1.6) The set of all operators in B(H) that have finite-dimensional range
is a C-subalgebra of B(H) closed under *. Its norm closure is the
set of all compact operators, denoted by K(H), a C*-algebra that is
moreover a two-sided ideal in B(H).

(4.1.7) Given a separable, infinite-dimensional Hilbert space H, the Calkin
algebra is the quotient Q(H) := B(H)/IC(H). Being the quotient of
a C*-algebra by a two-sided norm-closed ideal, it is itself a C*-algebra
(this is nontrivial—see [61, Lemma 2.5.2]) with the operations and
norm induced by B(H).

C*-algebras are preserved by standard operations such as direct sums and
products (with pointwise operations and the supremum norm), quotients by
two-sided closed ideals, and inductive limits. Many important classes of C*-
algebras are constructed this way. For instance, uniformly hyperfinite (UHF)
algebras are unital inductive limits of matrix algebras, and approzimately
finite (AF) algebras are inductive limits of finite-dimensional C*-algebras.

Given the aforementioned correspondence between C*-algebras and alge-
bras of operators on Hilbert spaces, much of the standard terminology used
to denote classes of operators in B(H) is extended to abstract C*-algebras.
In particular, given an element @ in a C*-algebra A we say that

(4.1.8) a is normal if a*a = aa*,
(4.1.9) a is self-adjoint if a* = a,
(4.1.10) a is positive if a = b*b for some b € A,
(4.1.11) if A is unital, a is a unitary if a*a = aa™ =1,
(4.1.12) if Aisunital, o(a) :=={A € C|a—Alis invertible}mis the spectrum
of a,
(4.1.13) a is a projection if a = a* = a?,
(4.1.14) a is an isometry if a*a =1,
(4.1.15) ais a partial isometry if a*a is a projection (equivalently, if both a*a
and aa™ are projections).

10The spectrum of a normal element a of a non-unital C*-algebra A is defined as the
spectrum of a in the unitisation of A.
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4.2. Multiplier and corona algebras. Multiplier algebras provide an ab-

stract generalisation of B(H) and a noncommutative analogue of the Cech—

Stone compactification, while corona algebras similarly generalise the Calkin

algebra and Cech-Stone remainders of topological spaces (Example .
An ideal J in a C*-algebra A is essential if its annihilator,

Jt={acAlab=0ba=0forallbe J}

is trivial. For example, Cy(X) is an essential ideal in C,(X), and a direct
summand is an inessential ideal in a direct sum of (nontrivial) C*-algebras.

There are many ways in which a non-unital C*-algebra A embeds as an
essential ideal into a unital one. In the abelian case of A = Cy(X), by
the Gelfand—Naimark duality these correspond to the ways a locally com-
pact Hausdorff space X can be embedded as a dense open set in a compact
Hausdorff space. Among these, the Cech-Stone compactification SX is the
maximal compactification of X, in the sense that every other compactifica-
tion vX is the continuous image of SX via the continuous extension of the
identity map on X.

Given a C*-algebra A, its multiplier algebra M(A) is the unital C*-algebra
such that when a unital C*-algebra B contains A as an essential ideal, then
the identity map on A extends uniquely to a *-homomorphism from B to
M(A) ([12, 11.7.3.1]). The correspondence with the Cech-Stone compactifi-
cation is due to the fact that when A = Cy(X) then M(Ch(X)) = C(BX).
We refer to [12, I11.7.3] and [61], §13] for a rigorous presentation and equiv-
alent definitions of M(A). The following one is illuminating ([61, Corol-
lary 13.2.2]).

Lemma 4.1. For a non-unital C*-algebra A, and any nondegenemt@faith—
ful representation ®: A — B(H) there is an isomorphism between M(A) and
the idealiser

(b e B(H) | b®[A] U B[A]b C B[A]}.

The multiplier algebra of a non-unital C*-algebra is always nonseparable
in the norm topology. It is however possible to make up for this for separable
C*-algebras by considering the strict topology.

Definition 4.2. Let A be a non-unital C*-algebra. The strict topology on
M(A) is the topology generated by the seminorms

Aa(b) := ||ab|| and pu(b) := ||bal|, Ya € A,b € M(A).

The multiplier algebra M(A) is the completion of A with respect to the
uniformity associated with the strict topology ([61, Lemma 13.1.5]). More-
over, if A is separable, the strict topology is Polish on the unit ball of M(A),
giving it the structure of a standard Borel space ([61, Lemma 13.1.8]). If X
is a locally compact second countable topological space, this is the topology
on C(SX) given by uniform convergence on compact subsets of X.

A representation is nondegenerate if ®[A]* = {0}.
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Definition 4.3. The corona of a non-unital C*-algebra A is the quotient
Q(A) := M(A)/A. We let ma: M(A) — Q(A) be the quotient map.

Corona algebras constitute the main family of noncommutative quotient
structures considered in this survey. We list some examples that are dis-
cussed in the following sections.

Example 4.4. (1) Coronas are the noncommutative analogues of Cech—
Stone remainders, since M(Cy(X)) = C(BX), and thus Q(Co(X)) =
C(BX\ X).

(2) Given a Hilbert space H, the multiplier algebra of the algebra of
compact operators K(H) is B(H). Hence, when H is separable and
infinite dimensional, the corona of IC(H ) is the Calkin algebra Q(H).
We sometimes use the notation a to denote the class m(a) € Q(H)
of an operator a € B(H).

(3) Given a countable family of unital C*-algebras (Ay)nen, the direct
sum @, A, is the set of all sequences (an)nen such that a, € A,
and lim,_,« ||an|| = 0. Its multiplier algebra is the direct product
L, An, the set of all bounded sequences whose n-th entry is in A,.
Its corona, [[,, An/€D,, An, is referred to as the reduced product of
(An) over the Fréchet ideal Fin, often denoted [[,, An/ @iy, An-

(4) Given a countable family of unital C*-algebras (A, )nen, and an ideal
7 on N, let

@Z A, = {(an) € Hn Ap ‘ hnln—>I+ Han” = 0}7
where
li = inf .
ity flag]| = inf sup o

Then @, A, is a closed ideal of [ ], A, and its multiplier algebra is
again [, An. The corona algebra [[,, A,/ @ An is usually called
the reduced product of (A;,) over the ideal I.

As mentioned before, if A is separable the unit ball of M(A) is equipped
with a natural Polish topology (the strict topology) containing the unit ball
of A as a Borel subset where all considered operations are Borel. This
endows the unit ball of the corona of A with a Borel quotient structure as
in Definition 2.1]

Definition 4.5. Let A and B be separable C*-algebra. A homomorphism
®: Q(A) — Q(B) is topologically trivial if there is a map ®,: M(A) —
M(B) that is Borel when restricted to the unit ball of M(A) considered
with the strict topology, and makes the following diagram commute.

M(A) —2 s Mm(B)

| |
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The following, stated in [29], is an instance of Conjecture Template
in the current setting.

Conjecture 4.6. Let A and B be separable non-unital C*-algebras. Then

o CH implies that if there is an isomorphism between Q(A) and Q(B)
then there is an isomorphism between them which is not topologically
trivial;

e Forcing Azioms imply that all isomorphisms between Q(A) and Q(B)
are topologically trivial.

4.2.1. Algebraically trivial automorphisms. We contextualise the discussion
in §2Jto the category of C*-algebras, aiming to introduce a suitable definition
of algebraically trivial isomorphism (Definition for corona algebras. A
natural notion of triviality for automorphisms of C*-algebras is given by
their innerness.

Definition 4.7. Let A be a unital C*-algebra. Every unitary u € A induces
an automorphism Ad(u) on A, defined as Ad(u)(a) = uau* for every a € A.
An automorphism of this form is said to be inner. An automorphism that
is not inner is called outer.

Inner automorphisms of coronas of separable C*-algebras (considered with
the Borel structure induced by the strict topology) are topologically trivial.
Adopting the notion of inner automorphisms as algebraically trivial ones is
however futile in the abelian setting since the only inner automorphism of
an abelian C*-algebra is the identity. The definition of algebraically trivial
is thus given by generalising the concept of ‘almost permutation’ (appearing
in [75]) as follows.

Definition 4.8. Let X and Y be a second countable locally compact non-
compact spaces. A homeomorphism ®: SX \ X — Y \ Y is said to be
algebraically trivial if there are open sets with compact closure Kx C X
and Ky C Y and a homeomorphism ®,: X \ Kx — Y \ Ky such that
fP,. =P on BX \ X.

The following definition provides a suitable generalisation of Definition
to all C*-algebras.

Definition 4.9 ([I78| Definition 2.3]). An isomorphism ®: Q(A) — Q(B)
is algebraically trivial if there exist positive elements a € M(A), b € M(B)
and an isomorphism ®,: aAa — bBb such that

(1) 1-a€ A, 1-be B,
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(2) @, extends to a strictly continuous *-homomorphism ®,: aM(A)a —

bM(B)b such that the following diagram commutes.

_— Q)* —_
aM(A)a — bM(B)b

| |

Q(A) —— 9(B)

In many examples, the notion of algebraically trivial automorphism corre-
sponds to the automorphisms of coronas that are constructed by hand. For
abelian C*-algebras, an algebraically trivial isomorphism between C(5X\ X)
and C'(BY'\Y) is dual to an algebraically trivial homeomorphism as in Defini-
tion ([I78, Proposition 2.7]). Another natural description of algebraically
trivial isomorphisms can be made for reduced products of unital separable
C*-algebras that do not have central projections (see [178, Proposition 5.3]).
In case of the Calkin algebra, algebraic triviality coincides with innerness.

Theorem 4.10 ([29, Lemma 7.2]). An automorphism of the Calkin algebra
is inner if and only if it is algebraically trivial.

Algebraically trivial isomorphisms are topologically trivial if A and B are
separable ([I78, Theorem 2.5]). The converse is not known (at least not
unconditionally on A and B), and it is tightly related to Ulam-stability phe-
nomena. The following is the absolute (see portion of [I78, Conjecture
5.1], partially answered in Theorem below.

Question 4.11. Let A and B be separable C*-algebras. Are all topologically
trivial isomorphisms between Q(A) and Q(B) algebraically trivial?

4.3. The BDF Question. The interest in the existence of outer automor-
phisms of the Calkin algebra was sparked in the groundbreaking paper [21],
which was the apex of a long series of efforts aiming to classify elements of
B(H) up to essential unitary equivalence (we refer to [30] for an excellent
survey on the subject).

Definition 4.12. Two operators a,b € B(H) are essentially unitarily equiv-
alent (or unitarily equivalent up to a compact perturbation) if there exists a
unitary v € B(H) such that uau* —b € K(H). We abbreviate this relation
with the notation a ~x ) b.

The search for an invariant able to completely classify elements of B(H)
up to essential unitary equivalence goes back to the early investigations on
operator algebras by Weyl and von Neumann, where the relation ~y () nat-
urally came out in the study of the stability of pseudodifferential operators
under compact perturbations. In 1909 Weyl proved in [I8]] that every self-
adjoint operator a on a separable Hilbert space can be written as a = d + c,
where d is a diagonalisable operator and ¢ € K(H). Weyl also observed that
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if @ ~ () b then the essential spectra of a and b are the same. Given an
operator a € B(H), its essential spectrum oe(a) is the subset of C consisting
of all the elements in the spectrum of a which are either eigenvalues of infi-
nite multiplicity or accumulation points. The set o(a) is known to be equal
to o(a), the spectrum of @ in the Calkin algebra ([91, Proposition 2.2.2]).

More than 20 years after Weyl’s work, in [I80] von Neumann proved the
converse, and much harder, implication: if two self-adjoint operators a and
b have the same essential spectrum, then a ~x (g b.

In Problem 4 of his Ten Problems in Hilbert Space [88], Halmos asked
whether every normal operator is the sum of a diagonalisable operator and
a compact one, pushing towards an extension of Weyl’s studies. A positive
answer to his question was found shortly after by Berg [10] and Sikonia [159],
who independently generalised Weyl and von Neumann’s results to normal
operators. This collective effort is nowadays summarised by the so called
Weyl-von Neumann—Berg—Sikonia Theorem.

Theorem 4.13 (Weyl-von Neumann-Berg—Sikonia Theorem). Any two
normal operators in B(H) are unitarily equivalent up to compact pertur-
bation if and only if their essential spectra are equal.

This latter characterisation also applies to all compact perturbations of
normal operators in B(H). In [20] Brown, Douglas and Fillmore further
extended the scope of this classification to all essentially normal operators.
These are all the elements a € B(H) such that aa* — a*a € K(H) or,
equivalently, such that & is normal in Q(H).

Note that the family of essentially normal operators is strictly larger than
the set of compact perturbations of normal operators. The most notorious
witness of this fact (and possibly ‘the most important single operator’ in
B(H), [12, Example 1.2.4.3(ii)]) is the unilateral shift s.

Definition 4.14. Given an orthonormal basis {&, }nen of H, the unilateral
shift s € B(H) is defined on the basis by s, = &,+1 for every n € N.

The operator s*s— ss* is a projection whose range is 1-dimensional, hence
compact. Therefore s is essentially normal, in particular § is a unitary
in Q(H). We remark that, although the definition of the unilateral shift
depends on the choice of a basis, it is unique up to unitary equivalence.

The Fredholm index can be used to check that s is not a compact pertur-
bation of a normal operator. The Fredholm index of an operator a € B(H)
is defined as

ind(a) := dim(Ker(a)) — dim(Ker(a*)),
whenever the two quantities on the right-hand side are finite, in which case
we say that a is Fredholm. Atkinson’s Theorem ([12, Theorem 1.8.3.6]) states
that an operator a is Fredholm if and only if a is invertible in Q(H). Hence
the unilateral shift s is Fredholm.

The Fredholm index is an invariant for the relation of essential unitary
equivalence, and direct computations show that it is always zero on Fredholm
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normal operators. Since ind(s) = —1, it follows that s cannot be a compact
perturbation of a normal operator. Furthermore, the Fredholm index shows
that the essential spectrum alone is not sufficiently fine to completely classify
essentially normal operators up to essential unitary equivalence. Indeed
there exist unitaries in B(H) whose essential spectrum is equal to o.(s) =
T (one example is the bilateral shift, which is defined as a shift on some
orthonormal basis of H indexed over Z), but none of these operators is
essentially unitarily equivalent to s, as their Fredholm index is equal to 0.

Brown, Douglas and Fillmore gave a full characterisation of unitary equiv-
alence up to compact perturbation on essentially normal operators in [20)]
by adding the Fredholm index to the invariant.

Theorem 4.15 ([20, Theorem 11.1}). Given two essentially normal oper-
ators a,b € B(H), then a ~xm) b holds if and only if o.(a) = oc(b) and
ind(a — \id) = ind(b — Xid) for all A ¢ o¢(a).

If moreover a and b are such that @ and b are unitaries in Q(H), then the
classification is even cleaner, as the two operators are equivalent if and only
if 0c(a) = 0.(b) and ind(a) = ind(d) ([20, Theorem 3.1]).

At the very end of [20] the authors introduce a weakening of essential
unitary equivalence. Given a,b € B(H) we say that a =~ b if and only if
there exists an automorphism a € Aut(Q(H)) such that a(a) = b. When
restricting to essentially normal operators, the relation ~ ) is obtained
from & by requiring that « is innerﬂ In [20] it is asked whether ~ and
~ (i) coincide on such operators. Note that a ~ b implies oc(a) = o¢(b),
thus the two relations are different only if there is an automorphism of Q(H)
which moves an element of Q(H) to another one with a different Fredholm
index. Since a unitary of Fredholm index n # 0 has an m-th root if and only
if m divides n, every automorphism of Q(H) induces a group automorphism
of Z (the range of the Fredholm indices) and this question boils down to the
following.

Question 4.16. Is there an automorphism of the Calkin algebra that moves
the unilateral shift $ to its adjoint §* %

Since inner automorphisms preserve the Fredholm index, an automor-
phism witnessing a positive answer to Question [1.16] cannot be inner. As
a test question, in [2I], §1.6(ii)] the authors asked whether outer automor-
phisms of the Calkin algebra exist at all.

It is unlikely that Brown, Douglas and Fillmore expected that the answer
to their question might involve set theory, although a few years after Shelah
started a subject that would eventually lead to the resolution of the second

121) the Calkin algebra it is possible to define two notions of unitary equivalence. Two
elements a,b € Q(H) are weakly unitarily equivalent if there is a unitary v € Q(H) such
that Ad(v)a = b, and they are (strongly) unitarily equivalent if furthermore v can be
chosen to be equal to u, for some unitary u € B(H). We will not stress too much this
distinction since for normal elements these two relations coincide.
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problem (§7.1). The question of the existence of outer automorphisms of

the Calkin algebra will be thoroughly discussed in and

We remark that it is still not known whether Question has a positive
answer consistently with ZFC. Indeed, the restriction of every known outer
automorphism of Q(H) to a separable C*-subalgebra is implemented by a
unitary, and therefore preserves the Fredholm index.

The methods developed by Brown, Douglas and Fillmore in [20] had much
deeper implications than simply classifying normal operators in Q(H) up
to unitary equivalence. Their work led to the introduction of a new C*-
algebraic invariant Ext, which is defined as follows (we refer to [11, Chapter
VII] for a textbook on the topic).

Definition 4.17. A wunital extension of a given unital C*-algebra A is a
unital injective *-homomorphism ®: A — Q(H). Two extensions @1, Py
are unitarily equivalent if there is a unitary u € B(H) such that Ad(u) o
& = ®3. We define Ext(A) as the set of all unital extensions of A modulo
unitary equivalence. Exploiting the fact that Q(H)® Q(H) C My(Q(H)) =
Q(H), one defines the direct sum of two extensions, unique up to unitary
equivalence, thus endowing Ext(A) with a structure of an abelian semigroup.

With the language of extensions, the classification problem we are dis-
cussing can be investigated from a much broader perspective. Note first that,
given an essentially normal element a € B(H), by the Gelfand—Naimark
Duality the unital C*-algebra generated by @ in Q(H) is isomorphic to the
abelian C*-algebra C(cc(a)). The isomorphism sends the identity map on
oe(a) to a, and can be thought as a unital extension of C(o.(a)). Given
two essentially normal operators a,b € B(H) such that X := o.(a) = 0c(b),
asking whether a ~y () b translates into verifying that the two unital exten-

sions of C'(X) by @ and b defined above are unitarily equivalent. Hence, the
classification of essentially normal operators up to ~ ) is reduced to the
study of Ext(C(X)) (usually simply denoted by Ext(X)), in the particular
case where X is a compact subset of C.

In [21] the authors extend their study to Ext(X) for X a general compact
metrisable space, which by the Gelfand—Naimark Duality corresponds to
the analysis of Ext for separable, abelian, unital C*-algebras. They prove
that Ext(X) is always an abelian group, and that it in this setting Ext is
a homotopy invariant, covariant functor, which is moreover a K-homology.
Their work effectively led to the birth of a brand new subject combining
C*-algebras and algebraic topology, known as extension theory (standard
references for this subject are [I1] and [91]).

Note that the group Aut(Q(H)) acts by composition on Ext(A), for every
unital separable C*-algebra A. From this perspective, Question [4.16] inter-
rogates about the triviality of the action of Aut(Q(H)) on Ext(T), since
0e(s) = oe(s*) = T. More specifically, the function that maps each (class of
an) extension ¢ € Ext(T) to the Fredholm index ind(¢(idr)), is an isomor-
phism between Ext(T) and Z. The extensions of C(T) which are mapped
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by this isomorphism to —1 and 1 are exactly those that send id to (some-
thing which is unitarily equivalent to) $ and $*, respectively. Since the only
nontrivial automorphism of the group Z is the one moving 1 to —1, un-
derstanding whether the action of Aut(Q(H)) on Ext(T) is trivial reduces
to answering Question We conclude this section with a more general
problem suggested by Nigel Higson.

Question 4.18. Are there unital, separable C*-algebras A such that, con-
sistently with ZFC, Aut(Q(H)) acts nontrivially on Ext(A)?

In the case when A = C(T), Higson’s question reduces to Question m
In general, every inner automorphism acts trivially on Ext(A), and both
questions are ¥? statements hence Woodin’s theorem (see §12)) suggests that
CH provides an optimal setting for a possible positive answer to either of
the two questions.

4.4. Sakai’s Question. In this section we introduce an old open problem
which originated from a series of papers due to Sakai ([142], [143] and [144]),
and which has been abundantly overlooked over the last decades. Similarly
to some other topics discussed in the current section, this question has a
purely C*-algebraic flavour and was motivated by the investigations on inner
derivations of simple C*-algebras contained in Sakai’s aforementioned works.

Question 4.19. Let A and B be two separable, simple non-unital C*-
algebras, and suppose that Q(A) = Q(B). Are A and B isomorphic?

Both simplicity and separability are necessary in Question [£.19] The
former is due to the elementary example B = A @ C, where A is any non-
unital C*-algebra and C' is any unital C*-algebra, which gives Q(A) = Q(B).

For what concerns separability, in [144] Sakai shows that there exist multi-
ple nonseparable simple C*-algebras whose corona is equal to any prescribed
finite-dimensional C*-algebra (see also [85] for examples of non-simple non-
separable C*-algebras whose corona is one-dimensional).

Question [4.19 was attributed to Sakai and was explicitly stated for the
first time in Elliott’s work [47], where (a strengthening of) the following
theorem is proved. Recall that a C*-algebra is UHF if it can be written as
the direct limit of matrix algebras.

Theorem 4.20 ([47, Theorem 1]). Let A and B be separable unital UHF
algebras. If QLA K(H)) =2 Q(B® K(H)) then AQ K(H) 2 B K(H).

The methods used to prove this result involve the study of the connected
components of the unitary group of Q(A), which are shown to be directly
related to the Kyp-group Ky(A), which in turn characterises A ® IC(H) up
to isomorphism. We refer to [139, Chapter 1] for further details and proper
context on this foundational classification result, and to [I82] for an up-to-
date overview of the Elliott classification program. In [65, Corollary D] it
was proven that Q(H) is not isomorphic to Q(A ® K(H)) for any Elliott-
classifiable C*-algebra A, thus giving support to the conjecture that Q(H)
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is not isomorphic to Q(A) for a simple A not isomorphic to the algebra of
compact operators. This result was extended in [76, Corollary 5.3] where it
was proven that there are 280 non-isomorphic coronas of simple separable
C*-algebras.

We remark that the analogue of Question for multiplier algebras has
been fully answered in [19], where it is proved that if A and B are separable
C*-algebras such that M(A) = M(B), then A= B.

It is not clear whether set theory could play a role in further progress
on Question Nevertheless, this problem highlights how little we know
about the general structure theory of corona algebras. The paper [144] ends
with a series of open problems aiming at a better understanding on this
matter; we include a sample.

Question 4.21 ([144, Problems 5-7]). Given any prescribed unital abelian,
or simple, or even arbitrary C*-algebra C, does there exist a simple C*-

algebra A such that Q(A) = C?

For an arbitrary C*-algebra C' there exists a C*-algebra A such that
Q(A) = C (see [18, Proposition 3.2]), but it is not known whether such A
can be chosen to be simple. As we said, it is possible to have Q(A) = C
for a simple A ([144], Theorem 1)), and also for an approximately finite (but
not simple) A ([85]). Since for a finite-dimensional C*-algebra F' and any
A we have F @ Q(A) =2 Q(F ® A), the answer to Question is positive
for a finite-dimensional C. Also, for every compact metric space K there
is a separable Banach space X such that the ‘Calkin algebra’ B(X)/K(X)
is isomorphic to C'(K) ([I21]; the case when K is a singleton was a major
open problem until [2]).

5. ULAM-STABILITY

The present section is of central importance to the subject of corona
rigidity, but it has little to do with logic. Readers interested only in logic
may want to skip this section and refer to it as necessary. In (J[L70, §VI.1])
Ulam asked a series of questions about stability of mathematical theorems
and solutions to functional equations. In particular, he asked whether ‘ap-
proximate’ morphisms in certain categories (such as metric groups or vector
spaces) are close to morphisms. The subjects inspired by Ulam’s questions
are independently studied and related results have been proved in numerous
contexts (see the introduction of [22] for an overview). As we shall see in
this chapter, these stability-type questions naturally arise in the study of the
rigidity of Borel quotients. In fact, Ulam-stability questions are often tightly
connected to whether topologically trivial isomorphisms between quotient
structures are algebraically trivial.

We first review the connection of Ulam-stability to rigidity in the cate-
gories of Boolean algebras and reduced products of finite structures, where
the ‘asymptotically additive liftings’ act as a bridge between the topologi-
cal and algebraic trivialities. Later, we briefly discuss Ulam-stability in the
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categories of C*-algebras, its effect on the rigidity of maps between their
reduced products, and its connection with the Kadison—Kastler conjecture.

5.1. Approximate homomorphisms. The following is probably the most
studied context for Ulam-stability. For ¢ > 0, a function f: G; — Go
between groups such that G2 is equipped with a metric d is said to be an
e-homomorphism if

(5.1) d(f(gh), f(g)f(h)) <e

for all g and A in G;. The question is, under what conditions one can
conclude that f is near a true group homomorphism?

The following convention clearly does not cover C*-algebras, to which we
will return later.

Convention 5.1. Throughout this section G denotes a category of finite
algebraic structures in a fized finite signature equipped with a metric, and of
a uniformly bounded diameter.

Definition 5.2. Suppose that G is as in Convention An e-homomor-
phism between structures in G is defined by requiring the analog of to
hold for every function symbol. The category G is said to be Ulam-stable if
for every € > 0 there exists § > 0 such that every J-homomorphism can be
uniformly e-approximated by a homomorphism.

There are numerous variations of this definition—one can talk about a
specific class of maps being stable, or specify different classes for the struc-
tures in the domain and those in the range (note that the former need not
be metric structures).

Example 5.3. The category of all finite subgroups of the unit circle, with
the induced metric, is not Ulam-stable. Define f,,: Z/(2n+1)Z — Z/(2n)Z
by

fn (eiQﬂ'ﬁ) _ eiﬂ'%
for 0 < k < 2n + 1. Since for all k, k¥’ < 2n + 1 the difference (modulo 2n)
between [k + k']op,11 and [k + k]2, is at most 1, we have that

. k < & o ktk
fn (67'271-2714»1) fn <612ﬁ2n+1> — fn <612ﬂ'2n+1>

hence f, is a 27/(2n + 1)-homomorphism. Since every homomorphism be-
tween these two groups is trivial, f,, cannot be 1-approximated by a homo-
morphism.

. 1
— |1_6227TT+1| < 5

A clever way to remedy Example is to allow passing to a larger group
in the range. This approach is taken in [86], where it was shown that an
approximate representation of a finite group I' in M, (C) (with respect to
the Hilbert—Schmidt norm) is near a representation of I' in a larger matrix
algebra in which M, (C) embeds unitally; see also [36] for a von Neumann-
algebraic adaptation of the Gowers-Hatami result. Also, Kazhdan ([104])
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showed that approximate representations of amenable groups (where the
range is the unitary group on an infinite dimensional Hilbert space) are
uniformly close to representations, while the same fails for the free group
F2, or any group which contains it ([23]).

5.2. From Borel to asymptotically additive. Ulam-stability is directly
connected with the existence of liftings for homomorphisms between reduced
products, the definition of which we quickly recall.

Definition 5.4. Fix G as in Convention If (A,,d,), for n € N, is
a sequence of metric structures in G and 7 is an ideal on N, the reduced
product [], An/ @7 Ay is the quotient of the product [],, A, modulo the
congruence that identifies (x,) and (y,) if and only if

lim d = inf d =0.

i di (20, yn) Jnf, sup n(Tns Yn)

The following convention will help to simplify the notation (see (5.2))

below).

Convention 5.5. In addition to Convention [5.1, we assume that the sig-
nature of G contains a binary operation + and a constant 0, interpreted as
the neutral element for + in every element of G.

In the case of groups, or rings, + and 0 have the obvious interpretation.
In Boolean algebras, + will stand for U.

For a fixed sequence of structures A, the following notation will come
handy. For I C N, we write A; = [],,c; An (thus Ay = [],, A») and consider
the natural projection map ny: Ay — A;. We identify A; with

(5.2) {a € Ax | a, =0for alln ¢ I}.
This convention identifies a quotient A; of Ay with a subalgebra thereof.

Definition 5.6. A function ®,: [], A, — [],, Bn is asymptotically additive
if there are partitions N = | |, I(n) and N = | | J(n) into finite intervals and
maps fn: Arn) — By such that (identifying a € [, A, with the sequence
(an) such that a, € Aj(,) and similarly for the range) ®«((an)) = (fn(an))n-

In the following lemma P(N) is identified with [[{0,1}.

Lemma 5.7 ([62, Theorem 1.5.2]). If Z is an analytic P-ideal, then every
topologically trivial homomorphism ®: P(N) — P(N)/Z has an asymptoti-
cally additive lifting.

In the case when Z = Fin, Lemma [5.7] was extracted from Shelah’s proof
(§7.1)) in [I74]. Tts proof and the proof of the following (taken from [54, §4])
use the method of stabilisers, isolated by Just in [97].

Lemma 5.8. Suppose that G is a category of Boolean algebras or groups
as in Convention and A, and B, belong to G. Let T and J be ideals
in P(N), both containing Fin. If

®: 1, An/ @z An = 11, Bn/ D7 Bn
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is a topologically trivial homomorphism, then ® has an asymptotically addi-
tive lifting.

In the proof, the assumption that all A, are finite is needed in order to
use the classical characterisation of comeager subsets of the product [[,, A,
(see e.g., [61, Theorem 9.9.1]). The analog of Lemma is true in some
other categories (see .

Problem 5.9. Find new instances of categories G and ideals Z, J under
which the analog of Lemma [5.8| holds.

Every progress on Problem connects Ulam-stability to the question
when topologically trivial homomorphisms are algebraically trivial for cer-
tain quotient structures. In the following, G is a class of structures as in
Convention In addition, we assume that G is closed under taking finite
products.

Proposition 5.10. For G as in the previous paragraph, the following are
equivalent.

(1) The class G is Ulam-stable.

(2) If a homomorphism between reduced products of structures in G over
ideals that include Fin has an asymptotically additive lifting then it
1s algebraically trivial.

A sketch of a proof. implies Assume fails. Fix € > 0 such that
for every n > 1 there is a 1/n-homomorphism f,: A, — B, that cannot be
uniformly e-approximated by a homomorphism. Then (a,) — (fn(ay)) is a
lifting of an algebraically nontrivial homomorphism from [[, A,/ @p;, An
into [T, Bn/ Bpin Bn-

(1){implies Fix an asymptotically additive lifting of a homomorphism
@: [, An/ D1 An — [, Bu/ @7 Bn. Since G is closed under finite prod-
ucts, we can assume I(n) = J(n) = {n} (see Definition for all n. Thus
there are f,,: A, — B, such that ®.((a,)) = (fn(an)) lifts ®. Since the sig-
nature is finite and the structures are finite, a pigeonhole argument shows
that for every m > 1 the set

Xm ={n| fn is not a 1/m-homomorphism}

belongs to Z. Choose a sequence (&,,) such that every 1/m-homomorphism
can be g,,-approximated by a true homomorphism and lim,, ,, = 0. Let
Xo = N and for j € X,, \ X, 41 replace f,, with a true homomorphism g,
that ep,-approximates it (for n that does not belong to J,, Xy, if any, fp
is already a homomorphism). The asymptotically additive lift given by the
sequence (gy) is a true homomorphism, as required. O

5.3. Boolean algebras. A submeasure (Deﬁnition on a set I is strictly
positive if p(X) > 0 for every nonempty X C I. In this case, the Boolean
algebra P(I) is equipped with the distance d,(X,Y) = p(XAY'). Of interest
to us is the following.
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Proposition 5.11. IfZ is a generalised density ideal (Definition , then
P(N)/Z is isomorphic to the reduced product [ [, (P (1), dn)/ Bpin(P(In), dn)
for some finite sets I,.

Proof. Fix a partition N = | | I, into intervals and submeasures ¢,, that
concentrate on each n such that Z = Exh(sup,, ¢,). (This is possible
thanks to Definition [3.5]) Identify X C N with the element (X N I,,), of
[L.(P(In),dy,). Then X € T if and only if ¢, (X NI,) - 0asn —oco. O

Lemma Proposition and Proposition together imply that,
for homomorphisms between quotients over analytic P-ideals (and espe-
cially for generalised density ideals), the equivalence of algebraic triviality
and topological triviality hinges on Ulam-stability of approximate homo-
morphisms between metric Boolean algebras of the form (P(N),d,) where
d, = p(XAY) for a strictly positive submeasure ¢ on N. The failure of
Ulam-stability for such class was proved in [51].

It makes therefore sense to isolate the following property.

Definition 5.12. Anideal Z on N has the Radon—Nikodym property if every
topologically trivial Boolean algebra homomorphism ¢: P(N) — P(N)/Z is
algebraically trivial (see [52], §1.4 and §1.9])H

A submeasure is said to be nonpathological if it is the supremum of mea-
sures dominated by it[”] As suggested by the adjective, pathological sub-
measures are not easy to come by, and for the naturally occurring F, and
analytic P-ideals, the submeasure ¢ associated to them (see Theorem [3.6))
can usually be chosen to be nonpathological. Such ideals are called non-
pathological. In [51] and [53] it was proved that the approximate Boolean
algebra homomorphisms and group homomorphisms with respect to non-
pathological submeasures are Ulam-stable. Thus Lemma and Propo-
sition together imply that nonpathological analytic P-ideals have the
Radon—Nikodym property. The other parts of the following partial answer
to Question are proved using similar ideas.

Theorem 5.13. The following ideals have the Radon—Nikodym property.

(1) ([62, Theorem 1.9.1]) Nonpathological analytic P-ideals.

(2) ([103]) Nonpathological Fy ideals.

(3) ([103]) For every countable additively indecomposable ordinal o, the
ideal {X C | the order type of X is less than a}.

(4) ([I03]) For every countable multiplicatively indecomposable ordinal
a, the ideal {X C a | X does not contain a closed (in the order

topology) copy of a}.

13The kernel of ® is possibly nontrivial.

14This is not the standard definition, according to which no submeasure on a finite set
is pathological. Pathological submeasures have been intensively studied in connection to
Maharam’s and von Neumann’s problems on characterisation of measure algebras, in a
work that culminated in [166].
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(5) ([57, Theorem 12.1]) The ideals NWD(Q) and NULL(Q), of subsets
of Q whose closures are nowhere dense and Lebesgue null, respec-
tively and the Weyl ideal Zyy .

Therefore every topologically trivial homomorphism between analytic quo-
tients P(N)/Z and P(N)/J such that J belongs to one of these classes is
algebraically trivial.

The first four items in Theorem [5.13|apply even when these structures are
considered as just groups, with the appropriate notion of Radon—Nikodym
property; see [103] and [102] for additional information. Analytic, and
even F,, ideals without the Radon—Nikodym property exist by [52, The-
orem 1.9.5], but the following is open.

Question 5.14. Is every topologically trivial Boolean algebra isomorphism
between quotients of analytic P-ideals algebraically trivial? What about group
isomorphisms?

A version of this question for analytic P-ideals appears in [52, Ques-
tion 1.14.3], and its reformulation in terms of Ulam-stability for approximate
isomorphisms is [52, Question 1.14.4].

5.4. C*-algebras. We now describe the situation in the case of C*-algebras
and how Ulam-stability phenomena affect the relation between topologically
trivial and algebraically trivial automorphisms of corona C*-algebras (see
Question .

For Banach space-based structures, such as C*-algebras, an e-*-homo-
morphism is a map between their unit balls which satisfies the analog of
for the algebraic operations and for multiplication by scalars of modulus at
most 1@ By A1 we denote the unit ball of a C*-algebra A.

Definition 5.15. A function f: A; — Bj between unit balls of C*-algebras
is an e-*-homomorphism if for all z and y in A; and every A € C with |\| <1
each of the following has norm at most &:

fla+b) = f(a) = f(b), f(ab) = f(a)f(b), f(Aa) = Af(a), f(a®)— fa)"
We abuse notation, and say that a map between C*-algebras is an e-*-
homomorphism if its restriction to the unit ball is such.

In the following we deviate from the convention established in Defini-
tion [5.2] and consider the stability of approximate morphisms between spec-
ified ‘source objects’ and ‘target objects’. This is done partly in order to
efficiently handle the Calkin algebra and partly out of despair for the current
lamentable lack of sharper results.

Definition 5.16. A pair (B,C) of classes of C*-algebras is Ulam-stable if
for every € > 0 there is 6 > 0 such that if A € B and B € C, then every 6-
*-homomorphism ¢: A — B can be e-approximated by a *-homomorphism,

15T his is not the only way to define an e-homomorphism between Banach algebras; we
will return to this point in the proof of Theorem |5.18
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uniformly on the unit ball of A. A class of C*-algebras B is Ulam-stable if
the pair (B, B) is.

Apart from the following two results, the question of Ulam-stability for
other classes of C*-algebras is wide open.

Theorem 5.17 ([116, Theorem A]). The pair (finite-dimensional C*-algebras,
C*-algebras) is Ulam-stable.

Theorem 5.18 ([146]). The class of separable abelian C*-algebras is Ulam-
stable.

Proof. In [146] an e-homomorphism between C*-algebras was defined by

requiring
1f (@ +y) = f@) = fF@) < ezl +y]),
(5.3) 1f (zy) = f(@) f W)l < e(llzlllylD),
1 (") = f2)"]] < ell]]

for all x and y in the domain, and proved that for such a function f between
abelian C*-algebras there is a *-homomorphism @ such that ||® — f] <
(4+32(1+m))e+1—+1—4e)|f| ([146, Theorem 5.1]).

A simple computation (regrettably absent from [I78]) shows that if p: Ay —
By is an e-*-homomorphism in the sense of Definition then f: A— B
defined by f(z) = ||z||¢(x/||z]) for z # 0 and f(0) = 0 is a 4e-homomorphism
in the sense of and that || f(z) — ¢(z)|| < e for all x € A;. The thesis
follows by connecting the dots. ([

The proof of the following uses the Gelfand—Naimark duality, the topologi-
cal definition of algebraic triviality (Deﬁnition, a weakening of Lemma
and Theorem (.18

Theorem 5.19 ([I78]). All topologically trivial automorphisms of coronas
of abelian C*-algebras are algebraically trivial.

5.5. Reduced products of C*-algebras. In the noncommutative case,
the route towards proving algebraic triviality from Ulam-stability is some-
what oblique (and in fact, not yet completely understood in the general
case), unless the algebras are reduced products. A unital C*-algebra A does
not have central projections if it cannot be written as A = B & C where
B and C' are nonzero C*-algebras; this assumption is used only to miti-
gate notational issues. The reduced product [[, A,/ €P,, An was defined in

Example

Theorem 5.20 ([I17, Theorem 3.16]). Let B and C be classes of separable
unital C*-algebras. Suppose that algebras in B have no central projections,
and that C is closed under finite products. The following are equivalent:

o The pair (B,C) is Ulam-stable.
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e If A, € B and B,, € C for all n, and
p: HAH/EBAn%HBn/@Bn

18 a topologically trivial *-homomorphism, then it is algebraically
trivial.

The proof of Theorem roughly follows the line of the proofs of
Lemma [5.8—Proposition [5.10] with some technical wrinkles. First, one
applies Lemma to the projections in the center of [[,, A,/ &D,, An, which
is isomorphic to P(N)/ Fin, to get an asymptotically additive lift, and then
one runs similar arguments as in Proposition [5.10

Definition 5.21. For an infinite X C N let
Mx = HneX Mn((c)/ @nGX MN(C)-

Corollary 5.22. FEvery topologically trivial *-homomorphism between C*-
algebras of the form Mx is algebraically trivial.

FEvery topologically trivial *-homomorphism from a C*-algebra of the form
Mx into the corona of a separable C*-algebra is algebraically trivial.

Proof. The first part is a consequence of Theorem [5.17] and Theorem [5.20
Proof of the second part involves similar ideas and the observation that the

product structure is used only in the domain. ([
Corollary applies only to reduced products, and Q(H) isn’t one; see
for a remedy.

We conclude with a very general question and two of its very specific
instances. Each one of these questions corresponds to a particular instance
of the lifting problem for x-homomorphisms between quotient C*-algebras.

Question 5.23. Is the category of all separable C*-algebras Ulam-stable?

Question 5.24. Is the category of C*-algebras of the form C(X, M,(C)),
where X is compact and metrisable, Ulam-stable?

Question 5.25. Is the pair (separable abelian C*-algebras, all C*-algebras)
Ulam-stable?

5.6. The Kadison—Kastler conjecture. Since our main interest is in iso-
morphisms, it is natural to consider the following notion ([I16, Definition
1.2]). Recall that by A; we denote the unit ball of a C*-algebra A.

Definition 5.26. Let A and B be C*-algebras, ¢ > 0. A map ®: A — B is
an e-*-isomorphism if the following holds.

e [t is an e-*-homomorphism;
e It is e-injective: if a € Aj, then | ||®(a)]| — [la]| | < ¢;
o It is e-surjective: ®[A] is e-dense in Bj.
If there is an e-*-isomorphism A — B, A and B are said to be e-*-isomorphic.
A C*-algebra A is said to be stable under approximate isomorphisms if
there is € > 0 such that A =2 B whenever B is e-*-isomorphic to A.
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Ulam-stability of C*-algebras is related to the Kadison—Kastler perturba-
tion theory. In [I00], Kadison and Kastler initiated the study of perturba-
tions of algebras of operators. If A and B are two C*-algebras sitting in the
same B(H), the Kadison—Kastler distance is the Hausdorff distance between
their unit balls, that is

dxk (A, B) maX{feufl Jof [l —3] ; Sup Jnf Jja —b][}.
Kadison and Kastler asked what properties are preserved at a small dgk-
distance. They implicitly conjectured that, given a C*-algebras A, there
exists € > 0 such that if dxk (A, B) < € then A and B are isomorphic. (A
stronger version of this conjecture asks for the C*-algebras to be conjugated
by a unitary close to the identity.)

We say that A satisfies the Kadison—Kastler conjecture if such an ¢ exists.
A class C of C*-algebras is said to be Kadison—Kastler stable (or KK stable)
if each algebra in C satisfies the Kadison—Kastler conjecture and the same ¢
witnesses stability uniformly on elements of C. The class of nonseparable C*-
algebras is not KK stable, and there is even a nonseparable C*-algebra that
does not satisfy the Kadison—Kastler conjecture ([27], see also [61, §14.4]).
The class of unital separable amenablﬂ C*-algebras is KK stable (]28]),
but it is not known whether the class of all separable unital C*-algebras is
KK stable.

Fix € > 0, and suppose that A and B are two separable C*-algebras such
that dxk (A, B) < €. If to each element of A; we associate an element of B;
at distance < e, we obtain an e-*-isomorphism between A and B. Therefore,
if A is stable under approximate isomorphisms, A satisfies the Kadison—
Kastler conjecture. Similarly, if a class of C*-algebras is Ulam-stable, it is
KK stable. We do not know whether either of the two implications above
can be reversed.

6. INDEPENDENCE RESULTS, I. NONTRIVIAL ISOMORPHISMS

In this section we analyse constructions of isomorphisms of Borel quo-
tient structures which are not topologically trivial, therefore giving partial
answers to Question[I.I} To do this, we often rely on additional set theoretic
assumptions such as the Continuum Hypothesis or its weakenings.

The section is structured as follows: §6.1] and are devoted to model
theoretic methods, in particular the concept of countable (i.e. W;-)saturation,
and how they are applied to prove the existence of topologically nontrivial
automorphisms from CH. In §6.3] we investigate the failure of countable
saturation for the Calkin algebra from a few angles, and mention a weaker
version of countable saturation called the degree-1 saturation that is satis-
fied by the corona of every separable C*-algebra. In we show how the
Calkin algebra can be stratified into a direct limit of Banach subspaces.

16 Amenable, or nuclear, C*-algebras form the most studied and arguably the most
important class of C*-algebras.
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uses §6.4)to describe how CH implies the existence of topologically nontrivial
automorphisms of a large class of corona C*-algebras to which model theo-
retic methods do not apply. In we describe how to construct nontrivial
homeomorphisms of Cech-Stone remainders of a large class of topological
spaces, including all manifolds of nonzero dimension. Finally, in we dis-
cuss some models of the negation of CH in which nontrivial automorphisms
exist.

6.1. Saturation. If there is no obvious isomorphism between two struc-
tures, then a standard method for constructing one uses ‘back-and-forth’
methods. These techniques generally consist of an inductive process build-
ing an increasing sequence (transfinite, if need be) of partial isomorphismﬂ
between the objects involved, and whose domains become larger and larger
as the induction goes on. These constructions often require a considerable
amount of bookkeeping to keep track of the partial maps defined at each
step, especially if the structures are nonseparable. Nevertheless, a theorem
of Keisler states that if two structures are saturated and have the same
cardinality, then a back-and-forth system between them exists if and only
if they are elementarily equivalent (Theorem below). This readily ex-
tends to metric structures of same density character. Since many quotients
such as ultraproducts and some corona algebras are saturated under CH,
Keisler’s theorem often reduces the question of isomorphism to the question
of elementary equivalence. Analogous back-and-forth methods can be used
to prove, again under CH, the existence of topologically nontrivial isomor-
phisms.

In this subsection we review the effects of countable saturation on the
isomorphism questions for coronas of C*-algebras under the assumption of
CH. The non-expert reader may refer to [9] for all basic definitions and for
an introduction to the model theory of metric structures, and to [69] for a
reference focusing specifically on operator algebras.

6.1.1. o-complete back-and-forth systems. Each isomorphism between met-
ric structures of density character ¥; corresponds to a o-complete back-and-
forth system (see [61, Proposition 16.6.1]). If A and B are metric structures,
a o-complete back-and-forth system between A and B is a poset F such that
each element p of F denotes a partial isomorphism ®? : AP — BP for AP C A
and BP C B, with the following properties:
e p<qif AP C A? and BP C B9, and ®9 extends ®P.
e For every p € F and a € A and b € B there exists ¢ > p in F such
that a € A? and b € BY.
e [ is o-complete: For every increasing sequence {p,: n € N} in F the
partial isomorphism (J,, ®?» : J,, AP» — (J,, BP~ belongs to F.

175 partial isomorphism, as any function, is identified with its graph, thus ‘increasing
sequence of partial isomorphisms’ has a precise and intended meaning.
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We assume that the reader is familiar with the notion of a type and sat-
uration, but the following is stated explicitly because we somewhat depart
from the standard model-theoretic terminology.

Definition 6.1. A structure is countably saturated if every consistent type
over a countable set is realised.

Thus ‘countably saturated’ is what is usually called ‘Nj-saturated’ and
should not be confused with the notion of ‘countably saturated’ as defined
in e.g., [25, §2.3] (such models are countable by definition, and countably
saturated models in our sense are necessarily uncountable). The reason
for this change of terminology is the same as the reason why countable
additivity of Lebesgue measure is rarely referred to as Nj-additivity. If the
language is countable, then countable saturation is equivalent to countable
compactness, i.e., the requirement that every countable consistent type is
realised.

If two structures are countably saturated and elementarily equivalent,
then there is a o-complete back-and-forth system between them (see [61],
Theorem 16.6.4]). This implies a special case of the following theorem due
to Keisler (e.g., [25, Theorem 5.1.13]).

Theorem 6.2. Countably saturated structures of density character Wy are
isomorphic if and only if they are elementarily equivalent.

Since infinite-dimensional countably saturated C*-algebras have density
character at least ¢, if CH is assumed then two elementarily equivalent count-
ably saturated C*-algebras of density character not greater than ¢ are iso-
morphic.

The countable saturation of metric structures of density character N; also
has fundamental effects on the automorphism groups, since it allows the
construction of 28t distinct o-complete back-and-forth systems, giving rise
to 2% distinct automorphisms of the structure (see [61, Theorem 16.6.3]).

Theorem 6.3. Every countably saturated structure of density character Xy
has 28 automorphisms.

Unless CH holds, the theory of such structure has to be stable, for the
following reason. If the theory of a countably saturated structure M is
unstable, then by the order property (which is equivalent to unstability)
there are a countable subset X of M™ for some n and a definable relation p
on X such that (X, p) is isomorphic to (Q, <). Since every gap in (X, p) is
described by a countable type, it is filled, and therefore the size of M is at
least ¢. On the other hand, such models exist. In general, if the theory of M
is Nj-categorical then all uncountable models of its theory are saturated (this
is a feature of the proof of Morley’s theorem, [25 Corollary 7.1.8]).

Given any reasonable definition of ‘trivial’ automorphism, the conclusion
of Theorem [6.3] is often paired with a cardinality argument to show that,
under CH, these structures have many nontrivial automorphisms. First we
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review a few applications of this theorem to commutative coronas via the
Stone and Gelfand dualities.

6.1.2. Borel quotients of P(N). As already pointed out in §2|and §3] in [141]
Rudin used a back-and-forth argument to show that there are 2° homeomor-
phisms of SN\ N under CH, and therefore 2¢ automorphisms of the Boolean
algebra P(N)/Fin. This can indeed be considered as an instance of Theo-
rem since P(N)/Fin is countably saturated as a Boolean algebra (this
is a consequence of [93]). More generally, it was shown in [99] that, for
any Fy, ideal Z containing Fin, the Boolean algebra P(N)/Z is countably
saturated. Since there are only ¢ many topologically trivial automorphisms,
and all atomless Boolean algebras are elementarily equivalent, we have the
following.

Corollary 6.4. Assume CH. Then P(N)/Z is isomorphic to P(N)/Fin
for every F, ideal T O Fin. Fach of these quotients has 2° topologically
nontrivial automorphisms.

The situation with ideals which are not F, is more interesting. As pointed
out in Erdos and Ulam asked whether the quotients over the density
ideals Zg and Zjo4 ( and ) are isomorphic. These quotients, as well
as the quotients over all analytic P-ideals, are equipped with a complete
metric (Theorem [3.6)). If an ideal is not F,, then one can take a strictly de-
creasing Cauchy sequence which witnesses that the quotient is not countably
saturated as a classical (discrete) structure. This presents a serious obstacle
to constructing an isomorphism between such quotients by a back-and-forth
method.

However, in [99] CH was used to prove that the quotients over Zy, Zjqg,
and even all so-called EU-ideals, are isomorphic. The intricate back-and-
forth construction produced an isometric isomorphism. It took a couple of
decades before this heroic achievement was put into a proper context: All
quotients of P(N) by generalised density ideals (Definition[3.5]) are countably
saturated metric structures by Proposition and Theorem This fact
was used in [50, Theorem 2| to prove that under CH there are only two non-
isomorphic quotients over dense density ideals, and it implies the following.

Corollary 6.5. Assume CH and let Z C P(N) be a generalised density ideal.
Then there are 2° topologically nontrivial automorphisms of P(N)/Z.

In general, we do not know whether CH implies the existence of topo-
logically nontrivial automorphisms for every quotient of the form P(N)/Z,
where 7 is an analytic P-ideal containing Fin. A vaguely related result,
that there are ¢ many non-isomorphic quotients of P(N) over Borel ideals,
appears in [123].

6.1.3. Zero-dimensional remainders. In [127] Parovi¢enko characterised, un-
der CH, SN\N as the only space sharing certain topological properties (such
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properties define a Parovi¢enko space, in today’s terminology). These topo-
logical properties are indeed shared by all spaces of the form X\ X, where X
is a second countable locally compact noncompact zero-dimensional spac
Through Stone duality, Parovicenko’s theorem essentially states that the
Boolean algebras of clopen sets of those remainders are atomless and count-
ably saturated. Since the theory of atomless Boolean algebras is complete,
all of its models are elementarily equivalent. With the definition of alge-
braically trivial homeomorphisms (Definition in mind and the fact that
topologically trivial automorphisms of coronas of abelian C*-algebras are
dual to algebraically trivial homeomorphisms ([I78, Proposition 2.7]), this
implies the following.

Corollary 6.6. Assume CH. Let X be a second countable locally compact
noncompact zero-dimensional space. Then X\ X is homeomorphic to FN\N
and it has 2% algebraically nontrivial autohomeomorphisms.

There is no obvious obstruction preventing the statement above from
holding even outside the zero-dimensional framework, where Stone duality
is lacking.

Conjecture 6.7. Assume CH and let X be a locally compact noncompact
Polish space. Then X \ X has 2° (algebraically nontrivial) autohomeomor-
phisms.

Thanks to the Gelfand—Naimark duality, one can verify Conjecture [6.7
on a space X by studying the countable saturation of C(SX \ X). In what
was Question 5.7 in an earlier version of this paper it was asked whether
the corona C(SX \ X) is countably saturated for every locally compact,
noncompact, Polish space X. In [78] it was proven (among other things)
that C(SR™ \ R™) is not countably saturated unless n = 1 (compare foot-
note , giving a strong negative answer to this question. In [78] there are
two proofs of this result, one relatively elementary and one using ‘definable
homotopy’ (it is not difficult to see that homotopy is in general not definable
in continuous logic).

On the positive side, if X is equal to a strictly increasing union of com-
pact subsets K, which satisfy (0K, is the topological boundary of K)
sup,, |0K,| < oo, then C(5X \ X) is countably saturated (this is a special
case of [75, Theorem 2.5], and includes the case X = R).

6.1.4. Countable saturation of the reduced products. Our next task is to re-
view some of the applications of Theorem in the noncommutative setting
of reduced products. Ultraproducts associated with countably incomplete
ultrafilters are countably saturated (see [25, Theorem 6.1.1]). This, in par-
ticular, is the case for the norm ultraproducts of C*-algebras. As for coronas

181t was proved in [I72] that SN\N being unique among Parovi¢enko spaces is equivalent
to CH.
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of separable C*-algebras, they are not necessarily countably saturated. No-
tably, the Calkin algebra is not countably saturated (§6.3]). However, corona
algebras that are reduced products over Fin are countably saturated by the
following result ([75], see also [61, Theorem 16.5.1]).

Theorem 6.8. If (A,)nen 1S a sequence of melric structures in the same
language, then the reduced product [[,, An/ @pyy An is countably saturated.

Recall that if A,, are unital C*-algebras then [],, A,/ @p;, An is isomor-
phic to the corona of the direct-sum @y, An (Example [4.4). This class
includes all the asymptotic sequence algebras Ao = loo(A)/co(A), associ-
ated to a C*-algebra A.

Corollary 6.9. Assume CH. If (An)nen 1S a sequence of metric struc-
tures of density character < Ry in the same language, the reduced product
IL, An/ Dy, An has 2° topologically nontrivial automorphisms.

6.1.5. Metric Feferman—Vaught theorem. Theorem[6.8]is proved by combin-
ing the metric version of the classical Feferman—Vaught theorem with the
proof of the countable saturation of ultraproducts associated with count-
ably incomplete ultrafilters (see e.g., [61, §16.5]). In classical model theory
Feferman and Vaught ([79]) gave an effective way to determine the satis-
faction of formulas in the reduced products of models of the same language
associated with any ideal over N. Their result was generalised in [84] to
metric structures. The metric Feferman—Vaught theorem essentially states
that if (A, )nen are L-structures and Z is an ideal on N then the theory of
the reduced product [],, A,/ @7 An can be recursively computed from the
theories of A,, and the theory of P(N)/Z as a Boolean algebra.

The following theorem can be deduced from the metric Feferman—Vaught
theorem. It follows directly from [84, Theorem 3.3]. It applies to both con-
tinuous and discrete languages, in which case, if a sentence 6 is interpreted
in a structure A, the value #4 belongs to {true, false}.

Theorem 6.10. Let Z be an ideal on N, and suppose that (Ap)nen and
(Bn)nen are structures in the same language. If for every sentence 6 we have
lim,,_,7 04 = lim,,_,7 65 then [L,An/ ©BrAn = 11, Bn/ D7 Bn. There-
fore, if Ay, = B, for all n then [, An/ @7 An =11, Bn/ @1 Bn-

In fact, the results of [63] provide a canonical model for the theory of the
reduced power Ay :=[],, A/ @p;, A for every structure A. Let C(K, A) de-
note the structure of the language of A consisting of all continuous functions
from K into A, where K is the Cantor spaceH

Theorem 6.11. If A and (Ap)nen are structures of the same language
such that lim,_,. 047 = 64 for every sentence 0 then IL, An/ g, An =
C(K,A).

Note that C(K,A) is naturally identified with the inductive limit lim, A, where

Ao = A and Ant1 = A, ® A, for all n, with the connecting maps a — (a,a). This
definition also makes sense if A is discrete.
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Proof. An elementary embedding from C'(K, A) into A was exhibited in [63]
Proposition 3.5], and the general case follows from Theorem O

6.1.6. The Palyutin—Palmgren approach. An elegant alternative approach to
proving countable saturation of reduced products associated with countably
generated ideals that does not use the Feferman—Vaught theorem is given
in [124]. It uses analysis of reduced products due to Palyutin ([125, [126])
that deserves to be better known. Palyutin defined the set of h-formulas of
a language £ (not to be confused with Horn formulas) to be the smallest set
of L-formulas that includes all atomic formulas and such that if ¢ and 1 are
h-formulas then so are ¢ A, (Vx)p, (Fz)p, and (Fz)p A (Vz)(p — ¥). By
induction on complexity, one proves the following analog of Lo$’s theorem
for arbitrary reduced products.

Theorem 6.12. If M;, for i € I, are structures of the same language, T is
an ideal on I, M =[], M;/ @1 M;, ¢(Z) is an h-formula, and a = [a;]7 in
M is of the appropriate sort then M = ¢(a) if and only if

{iel| M —p(a)} €T.

The key to Palmgren’s proof is the observation that in every reduced
power associated with Fin (or any other ideal such that the quotient Boolean
algebra is atomless) every formula is equivalent to a Boolean combination of
h-formulas. Therefore every type over such reduced product is axiomatised
by a set consisting of A-formulas and negations of h-formulas. This proof
was extended to prove countable saturation of reduced powers over a larger
class of the so-called layered ideals in [31, Theorem 4.1].

6.1.7. Asymptotic sequence algebras. We write A, for [[,, A/ @Pp;, A for
any structure A, metric or discrete (in case of C*-algebra, this is the as-
ymptotic sequence algebra). The following is an immediate consequence of

Theorem [6.8 Theorem [6.10, Theorem [6.11} and Theorem [6.2]

Corollary 6.13. Assume CH. If (Ap)nen and (Bp)nen are structures of
the same language of density character < Wy such that A, = B,, for all but
finitely many n, then [[,, An/ @piy An and [1,, B/ @Bpiy, Bn are isomorphic.

In particular, if A and B are elementarily equivalent and of density char-
acter < Wy, then Ay = B, and both structures are isomorphic to the
ultrapower of C (K, A) associated with any nonprincipal ultrafilter on N, K
being the Cantor space.

For discrete structures ‘density character’ is of course a synonym for car-
dinality. For more see [63, Theorem A-F].

This brings us to the question of elementary equivalence of C*-algebras.
Finite-dimensional C*-algebras and separable UHF-algebras are elementar-
ily equivalent if and and only if they are isomorphic ([24, Theorem 3]).
However, even for (separable) AF-algebras the relation of elementary equiv-
alence is ‘smooth’ while the isomorphism of AF-algebras is a ‘non-smooth’
relation (it is classifiable by countable structures [77]). Hence, there are
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non-isomorphic elementarily equivalent unital AF-algebras whose asymp-
totic sequence algebras, under CH, as well as their ultrapowers are isomor-
phic (see [45, [34] for examples of such AF-algebras).

We finish this section by another application of the metric Feferman—
Vaught theorem which was used in [84] to provide examples of ‘genuinely’
noncommutative C*-algebras A and B such that the existence of an isomor-
phisms between them is independent from ZFC.

Example 6.14. Fix a sequence (A;,),ecn of pairwise non-isomorphic unital
separable C*-algebras (for example, each A, could be M, (C)). Suppose
L is the language of C*-algebras and fix a countable uniformly dense set
{1; | i € N} of L-sentences. That is, for every € > 0, for every L-sentence 6
and for every L-structure A there is ¢; such that

WA — 04 < e.

The set {1); | i € N} exists by [9, Proposition 6.6]. Since the range of each 1);

is a bounded subset of R, by compactness arguments we can find a sequence
. . Ag(n

of natural numbers (k(n)),en such that every i we have lim,, v, ™ = r; for

some r; € R. As 1; are uniformly dense, for every L-sentence 6 there is a

real number ry such that

(%) lim 64k = .

Suppose X = {g(n) | n € N} and Y = {h(n) | n € N} are disjoint infinite
subsets of {k(n) | n € N}. Let

A= 1T A/ B Ay and B =[] Anm)/ D Anim)

Fin Fin
For every L-sentence 6 from (%) we have lim, % = lim, #4rm and
therefore Theorem implies that A = B. Since A and B are countably
saturated (Theorem[6.8) CH implies that A = B. However, XNY = (), which
means Age,) # Ap(m), for all n,m € N. This shows that any isomorphism
between A and B, constructed under CH, cannot be algebraically trivial

(see Corollary [7.21)).

6.2. Full saturation: The dividing line. In Example we presented
a counterexample to the second part of Conjecture 2.6, The gist of this
example is that the reduced product (], Z/2Z)/(@Pn7Z/2Z) is fully satu-
rated, regardless of whether CH holds or not. The fact that this does not
apply to P(N)/ Fin, the grandfather of all structures that satisfy the second
part of Conjecture is a classical result of Hausdorff who in [90] famously
constructed an (w1, wi)-gap showing that P(N)/Fin is not an Ny-saturated
Boolean algebram By Theorem every reduced product associated with
Fin is countably saturated. Are there other possibilities for saturation of
reduced products associated with Fin? In Question 10.1 in the original

20Hausdorff’s motivation for constructing such gap was different: at the time it was
considered as a partial result towards proving CH in ZFC.
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draft of the present paper we asked a vague question along these lines, an-
swered by [31, Theorem 1 and Theorem 2] as follows (‘stable’ refers to the
model-theoretic notion, see e.g., [131]).

Theorem 6.15. Suppose that M is a reduced product over Fin of structures
in the same language. Then

(6.2.1) If its theory is stable, then M is c-saturated.
(6.2.2) If its theory is not stable, then M is not Ra-saturated, and therefore,
if CH fails, not saturated.

A result analogous to|(6.2.1)|for ultrapowers appears in [69, Theorem 5.6],
and the original proof of |(6.2.1)| closely followed the proof of the latter. This
proof was considerably simplified by using ideas of Palyutin and Palmgren
(see §6.1.6)). Item is proven by injecting P(N)/ Fin into the quotient
in a gap-preserving manner. Its proof applies in a wider context, showing
for example that if M is a reduced product over the asymptotic density
zero ideal Z (see , or any other Z such that P(N)/Z is not countably
saturated, whose theory is not stable then M is not even countably saturated
(31l Corollary 2.3]).

6.3. The failure of countable saturation. In hindsight, the two factors
that make the construction of nontrivial automorphisms of P(N)/Fin so
easy (by today’s standards) are its countable saturation and the elimination
of quantifiers in atomless Boolean algebras. The latter bit can be easily
dispensed with: In a structure whose theory does not admit elimination
of quantifiers, one just needs to consider only partial isomorphisms that
are elementary. On the other hand, saturation makes all the difference.
In hindsight, it is not very surprising that, unlike ‘commutative’ quotients,
the Calkin algebra and many other coronas are not countably saturated.
Known instances of the failure of countable saturation in coronas of o-unital
C*-algebras are associated to obstructions of K-theoretic nature.

6.3.1. The Fredholm index obstruction. The simplest example of the fail-
ure of countable saturation in the Calkin algebra is related to the original
Brown—Douglas—Fillmore question, whether there is an automorphism of
Q(H) that sends $ (where s is the unilateral shift) to its adjoint (see Ques-
tion . This is really a question about orbits of unitaries in the Calkin
algebra under the action of the automorphism group by conjugation. Ev-
ery unitary u in Q(H) lifts to a partial isometry (see |(4.1.15)) between
closed subspaces of H of finite co-dimension. The difference between the
co-dimensions of the domain and the range of the lift is its Fredholm index
(. The function that sends u to the Fredholm index of its lift is a group
homomorphism from U(Q(H)) into (Z,+). This implies that the type of
a unitary that (for example) has 2"th root for all n, but no 3rd root, is
consistent but not realised in Q(H). (The proof uses definability of the set
of unitaries, in the sense of [9], see also [68, §3] to show that in Q(H)—and
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in any C*-algebra—applying quantification over the unitary group to a de-
finable predicate results in a definable predicate). By adding a variable for
each 2"th root, this example provides a universal type which is consistent
but not realised in Q(H).

6.3.2. Homotopy. The Calkin algebra fails even to be quantifier-free sat-
urated, as we can see in the following examples. If A and B are unital
C*-algebras, unital *-homomorphisms ®y and ®; from A into B are homo-
topic if there is a unital *-homomorphism ¥: A — C([0,1], B) such that
U(a)(0) = ®p(a) and ¥(a)(1) = ®1(a) for all a € A.

Example 6.16. For n > 2, all unital copies of M, (C) in Q(H) are unitarily
equivalent, but there are n homotopy classes of unital copies of M, (C) only
one of which lifts to a unital copy in B(H). When n = 2, this can be seen
0 1
0 o
isometry (see v in B(H) such that v*v and vv* are orthogonal
projections and 1 — v*v — vv™ has finite rank. The parity of this rank is a
homotopy invariant.

by considering the matrix unit e;o = It can be lifted to a partial

By iterating the construction of Example one obtains the following,
due to N.C. Phillips ([67, Proposition 4.2]); recall the convention that p
denotes a lift of p.

Example 6.17. There is a unital copy A of the CAR algebra @y M>(C)
in Q(H) such that for every projection p € B(H) with p € A, none of the
tensor factors My(C) lifts to a unital copy of M3(C) in pB(H)p (for more
see [145]). Fix a unital copy B of the CAR algebra that lifts to a unital copy
of the CAR algebra in B(H) and an isomorphism ®: A — B. The type of a
unitary that implements this isomorphism is, by Example [6.16] consistent,
but it is not realised in Q(H).

The Galois type of a tuple (i.e., its orbit under the action of the auto-
morphism group) provides more information than its first-order type. Ex-
ample shows that in C*-algebras, the Galois type of a tuple needs to
be supplemented with its homotopy type. There is an alternative way of
defining the homotopy type of a tuple in a C*-algebra. For a definable set
X (such as the set of unitaries or the set of projections; see [68 §3]) one
says that two elements of X are homotopic if they can be connected by
a continuous path inside X. This approach is used in defining K-theory
groups of C*-algebras (see [137]), and we will take advantage of it in the
next subsection.

6.3.3. Countable homogeneity. In the construction of automorphisms, count-
able saturation can be replaced by a weaker condition. A structure C is
countably homogeneous if for every isomorphism ® between separable ele-
mentary submodels A and B of C, a type over A is realised in C if and
only if its ®-image is realised in C. Countable homogeneity implies that a
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structure in a countable language of density ®; has 2% automorphisms, by
using o-complete back-and-forth systems as in

By [70, Theorem 1], Q(H) is not countably homogeneous. Readers not
used to continuous logic may find the fact that the offender is a quantifier-
free 2-type consisting of one condition amusing. Surprisingly, in [70, The-
orem 2| it is shown that even the subgroup of U(Q(H)) consisting of the
unitaries of Fredholm index 0 taken with the metric induced by the norm is
not countably homogeneous.

Another failure of countable saturation deserves mention. We will state
it in the context of C*-algebras. If A is a separable C*-algebra and U is a
nonprincipal ultrafilter on N, then both the (norm) ultrapower A;; and the
asymptotic sequence algebra As = loo(A)/co(A) are countably saturated
(. Let my denote the quotient map from A., onto Ay. A question
on the relation between A., and A, motivated by the recent progress on
Elliott’s classification programme of C*-algebras, brought the two-sorted
structure 2 = (Ao, Ay, my) into the focus (see [63]). At the hindsight, it
is not too surprising that the countable saturation of 2l is equivalent to the
ultrafilter ¢ being a P-point ([63, Theorem CJ).

Despite all the failures of saturation considered so far, the following ques-
tion is still open.

Question 6.18. Is there a simple, separable C*-algebra A such that Q(A)
is fully countably saturated, or even quantifier-free countably saturated?

The remainder of this subsection is concerned with a weakening of sat-
uration strong enough to explain the ‘massiveness’ of coronas of o-unital
C*-algebras.

6.3.4. Degree-1 saturation. Despite the failure of countable saturation, coro-
nas of o-unital C*-algebras satisfy a weaker version of countable saturation
called ‘countable degree-1 saturation’. A degree-1 type t(z) over a C*-algebra
C is a set of conditions of the form || P(Z)|| = r with noncommuting variables
zZ = (zg,...,%n_1), where P(Z) is a *-polynomial of the form
D jen 00,jTj015 + D5y, 02,7703, +a

with coefficients a; j in C' and r € R;.. For a degree-1 type t(z) over C the
notions of satisfiablity and realisation in C' are defined similar to the general
types (§6.1)), replacing arbitrary conditions with degree-1 conditions. A

C*-algebra C' is countably degree-1 saturated if every satisfiable countable
degree-1 type over C' is realised in C.

Theorem 6.19 ([67]). The coronas of o-unital non-unital C*-algebras are
countably degree-1 saturated.

The countable degree-1 saturation has been shown to unify the proofs
of several properties of coronas of o-unital C*-algebras (see [67]). Infinite-
dimensional countably degree-1 saturated C*-algebras have density charac-
ter at least ¢ and possess closure properties resembling those of von Neumann
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algebras. For instance, if C' is a countably degree-1 saturated C*-algebra
then there are no (No,Ng)-gaps in C4, or in operator algebraic terms C
has the countable Riesz separation property (CRISP, for short). Addition-
ally, every countably degree-1 saturated C*-algebra is an SAW*-algebra: For
any two orthogonal elements a and b in C there exists ¢ in Cy such that
ac = a and bc = 0. The class of SAW*-algebras was introduced by Peder-
sen in [128] as noncommutative analog of sub-Stonean spaces, where it was
shown that the corona algebra of any o-unital non-unital C*-algebra is an
SAW*-algebra. SAW*-algebras have CRISP ([129]) and they are not iso-
morphic to a tensor product of two infinite-dimensional C*-algebras ([83]).
The latter implies that, for example, the Calkin algebra is not isomorphic to
the tensor product of the Calkin algebra with itself, which suggests the ex-
istence of (at least to some extent) dimension phenomena associated to the
Calkin algebra (see . The class of SAW*-algebras is much larger than
the class of countably degree-1 saturated algebras since every von Neumann
algebra is an SAW*-algebra, while no infinite-dimensional von Neumann al-
gebra is countably degree-1 saturated. For a more complete list of properties
of countably degree-1 saturated C*-algebras, see [61} §15].

6.4. Stratifying Q(H). As hinted after Corollary in this section we
will show how Q(H) can be presented as an inductive limit of subspaces
that resemble reduced products. This stratification will be used in to
construct an outer automorphism of Q(H) and again in to prove that
all of its automorphisms are inner.

On NV, the relation

(6.1) f < g if and only if (V*°n)f(n) < g(n)

is a quasi-ordering (i.e., it is transitive and reflexive, but not antisymmetric),
where V*° stands for the quantifier ‘for all but finitely many’. We will need
a noncommutative analog of (NN, <*).

Definition 6.20. By Party we denote the set of all sequences E = (E;: j €
N) where E; = [n(j),n(j + 1)) (an interval in N) and n(j), for j € N, is a
strictly increasing sequence in N.

Order Party by the only order that makes below hold:
(6.2) E <* F if and only if (v*°n)(3Im)E,, C F,.

An easy diagonalisation argument shows that (Party, <*) is o-directed (for
the aficionados of Tukey ordering, (Party,<*) is cofinally equivalent to
(NN, <*) by [61, Theorem 9.7.8]).

Let e, be an orthonormal basis for H. If n € N, g, is the rank 1 projection
onto Ce,. If E € Party, let ¢© = Yicp, ¢, and if X C N, let & =

Y onex qE. Consider the algebra
(6.3) D[E] = {a € B(H) | « commutes with ¢& for all X C N}.
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This is a C*-subalgebra of B(H) that is moreover closed in the strong opera-
tor topology, SOT, E which is the topology of pointwise convergence on the
unit ball of H. D[E] is isomorphic to [[ M|z, |(C), and it equals all a such

that @ = 3,y anagy -
If E=(E;: j € N) € Party, let

(6.4) ESV" = <E2j U E2j+1: j € N) and E°44 = <E2j+1 U E2j+22 jE N>
Define (see Fig.
f[E] _ D[Eeven] + D[EOdd].

Alternatively, fix E € Party, and consider the finite-to-one function fg € NN
that collapses E, to {n}. Then

(6.5) F[E] ={a € B(H) | (Vm,n)fe(m) = fe(n) +2
implies gna(l — gm) = (1 — gm)agn = 0}.
This is a Banach subspace of B(H ), but not a subalgebra.

FiGUure 2. With E; = [n(j),n(j + 1)), for every a in F[E]
its support (i.e., the set {{m,n} : ghagm, # 0}) is included in
the union of the solid line square and the dashed line square
regions.
It can be verified that
(6.6) E <* F if and only if n[F[E]] C #[F[F]].
A diagonal argument provides the desired stratification.

Lemma 6.21 ([61, Proposition 17.1.2]). For every a € B(H) there is E €
Party such that m(a) € n[F[E]]. Therefore Q(H) = Ugepa, T[F[E]]-

2130T-closed self-adjoint subalgebras of B(H) are called von Neumann algebras, and
their relation to C*-algebras is analogous to the relation of descriptive set theory to com-
binatorial set theory.
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6.5. Cohomology and automorphisms. At the first glance, the outline
of the original construction of an outer automorphism of the Calkin alge-
bra ([130]) using CH is unsurprising. The automorphism is constructed
recursively in N steps, assuring that its restriction to every separable C*-
subalgebra is implemented by a unitary. (In fact, the construction pro-
duces 2% distinct outer automorphisms, but this is not surprising either.)
At a closer glance, this is one of the subtlest CH constructions known to the
authors. As could be expected, the subtlety of this approach shows at the
limit stages. At the first limit stage, one has an increasing sequence A,, for
n € N, of separable C*-subalgebras of Q(H ) and unitaries u,, such that for
m < n the actions of u,, and u, on A,, agree. In order to continue the con-
struction, one needs to choose a single unitary u that implements the action
of u,, on A, for all n. The construction of two non-unitarily equivalent unital
copies of the CAR algebra in Example [6.16] and Example [6.17] shows that
this is in general impossible. The latter example gives a sequence of unitaries
u, whose actions on a unital copy of the CAR algebra in Q(H ) cohere, but
the Fredholm indices of u,, converge to co and u,, cannot be uniformised by
a single unitary. In [130], the unitaries implementing partial isomorphisms
are assumed to be homotopic. The construction of a unitary extending the
paths constructed up to that point uses difficult ideas developed in relation
to Kasparov’s KK theory.

A simpler—to a logician—construction of an outer automorphism of Q(H)
was described in [60, §1] and extended to coronas of some other o-unital C*-
algebras in [29] (see [61, §17.1]).

Theorem 6.22. Ifd = Ry, then the Calkin algebra has 28 automorphisms.
Therefore if in addition 280 < 281 then it has outer automorphisms.

The proof relies on Let T denote the multiplicative group of complex
numbers of modulus 1. Identify TV with the unitary group of £ (N), and
therefore with the group of unitaries in B(H) diagonalised by a distinguished
basis of H.

The main idea of the proof of Theorem [6.22] employs the stratification
of Q(H) from §6.4] and an inverse limit of quotients of the compact metric
group T, also indexed by the poset Party (see Definition .

6.5.1. An inverse limit. We introduce the components of the inverse limit
that will be injected into the automorphism group of Q(H). Let

FE = {u € TV | (Va € F[E]))ua — au € K(H)}.

By parsing the definition one sees that Fg is the set of all uw that satisfy
(writing "N Q(H) for {a € Q(H) | (Vb € S)ab = ba}):

m(u) € w[F[E])] N Q(H).

In other words, u € Fg if and only if the restriction of Adu to F[E] is equal
to the identity modulo the compacts.

https://doi.org/10.1017/bs|.2025.10084 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2025.10084

46 I. FARAH, S. GHASEMI, A. VACCARO, AND A. VIGNATI

For any fixed E, Fg is clearly a subgroup of TV. To see that it is nontrivial,
fix an increasing sequence r,, in Ry such that 44 —r, — 0 but > r, =
0o. Then u defined by u(j) = e if j € E, is a nontrivial (i.e., non-
scalar) element of Fg. By choosing different sequences (7y)necn, one can
prove that Fg contains a perfect set.

Definition 6.23. A family F is a coherent family of unitaries if its elements
are pairs (E,u) € Party xTY such that

(1) The set Fo = {E | (3u)(E,u) € F} is directed in (Party, <*).

(2) For every E € F there is a unique v = ug such that (E,u) € F.

(3) If E <* F are in Fy, then Adn(ug) | 7[F[E]] = Adn(ur) | n[F[E]]
(equivalently, uguy € Fg).

A coherent family F is total if Fy is <*-cofinal in Party.

The third condition in Definition [6.23| is the coherence requirement. In
particular a coherent family F naturally induces a well-defined map on
Uger, 7[F[E]] (see Lemma below). A coherent family of unitaries
F is trivial if there exists a unitary v € Q(H) such that Adv | n[F[E]] =
Adn(ug) | n[F[E]] for all (E,u) € F.

In [61], all coherent families are by definition total. Our modification of
terminology was made in order to make it possible to say that an easy diago-
nalisation argument shows that every countable coherent family of unitaries
is trivial.

Let Gg = TN /Fg. For all E and F in Party the following three conditions
are equivalent.

(6.5.1) E <* F.
(6.5.2) Fg is a subgroup of Fg.
(6.5.3) The identity map on TV lifts the quotient map from G onto Gg.

The inverse limit of quotients of TV, @EerN Gg, with the connecting

maps as in is the key to our construction. Its elements naturally
correspond to total coherent families of unitaries. If there is a cofinal <*-
increasing family of length X; in Party (i.e., if @ = ¥;y), then by using
the triviality of countable coherent families and the nontriviality of Fg for
all E, one easily produces 28! distinct coherent families of unitaries. An
application of the following lemma completes the proof of Theorem [6.22]

Lemma 6.24 ([61, Lemma 17.1.4]). Every total coherent family F of uni-
taries defines an automorphism ®r of Q(H). This automorphism is outer
if and only if the coherent family is nontrivial.

Proof. Note that {(E,u*) | (E,u) € F} is a coherent family of unitaries.
By coherence, both ®x(a) = (Ad7(u))(a) if (E,u) € F and a € 7[F[E]]
and V(a) = (Adn(u*))(a) if (E,u) € F and a € 7[F[E]] are well-defined
endomorphisms of Q(H). Clearly ¥ is the inverse of ®r, and ®r is as
required. O

https://doi.org/10.1017/bs|.2025.10084 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2025.10084

CORONA RIGIDITY 47

6.5.2. Automorphisms of other coronas. The flexibility of the construction
used to prove Theorem was explored in [29]. If A is a o-unital, non-
unital, C*-algebra that has an approximate unit (p,)nen consisting of pro-
jections, then one can consider the analog of F[E| in M(A) instead of B(H).

With this modification, the proof of Theorem [6.22] adapts to provide a
group homomorphism from @Eeparm Gg into Aut(M(A)/A). Automor-
phisms obtained in this way are not necessarily interesting. For example, if
all projections p,, are central, then F4[E] is equal to M(A) for some E and all
automorphisms obtained in this way are inner. However, if A = B® K(H)
for some unital C*-algebra B (such A is said to be a stabilisation of B),
then F4[E] is a proper subspace of M(A) for every E, and distinct coherent
families of unitaries map to distinct automorphisms of M(A)/A.

6.6. Higher-dimensional Cech—Stone remainders. So far we discussed
how to construct topologically nontrivial automorphisms for coronas which
are countably saturated (, or coronas of stabilisations of unital separable
C*-algebras (§6.5)).

There are though plenty of algebras to which the arguments we exposed
so far do not apply. A good example is CO(RQ)H Its corona is not saturated
([78, Corollary 2]) and, being abelian, its only inner automorphism is the
identity, making the methods of completely ineffective.

The following result covers this and other abelian C*-algebras whose coro-
nas are not countably saturated.

Theorem 6.25 ([177]). Let X be a locally compact noncompact second
countable manifold which is not zero-dimensional. Ifd = Ny, then C(SX\X)
has 28t automorphisms.

The above gives the following immediate corollary.

Corollary 6.26. Assume d = Ry and 280 < 28, Let X be a locally compact
noncompact second countable manifold. Then C(SX \ X) has topologically
nontrivial automorphisms.

A sketch of the proof of Theorem [6.25. Here we give a sketch of the argu-
ment in case X = R2. With the definition of the quasi-order <* on NV in
mind (see ), by using 0 = Ny fix a <*-increasing and <*-cofinal sequence
of functions f,, for « < Ry, in NN, A further technical requirement is that,
for all @ < Ny and n € N,

(6.7) nfa(n) < fatr1(n).
These functions are used to define homeomorphisms of SR? \ R? in the

following way: Let X, be the ball around (0,3n) € R? of radius 1. For

22The corona Co(R) is countably saturated (see [75]) and therefore it has 2° auto-
morphisms that are not topologically trivial under CH. These were also constructed, via
topological methods, by Yu, see [89].
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m € N, let ¢, ,, be a homeomorphism of X, fixing the boundary of X,, and
with the property that

1
Sup d(z, pnm(@)) = —
where d is the usual distance on R?. Such homeomorphisms can be obtained,
for example, by rotating the circle {z € X,, | d(z,(0,3n)) = 1}. As all the
X,’s are disjoint and each ¢, ., does not move points of R? \ X,,, for every
sequence (My)nen, the map (J nm, is an autohomeomorphism of R? that
canonically induces a ®((my,),) € Homeo(SR? \ R?). Let

Do = O((fa(n))n),

and let ®,, be the automorphism of C'((8R? \ R?) dual to @, (

For every branch p of the complete binary tree of height N;, we construct
an automorphism ¥P by composing exactly those ®, for which p(a) = 1.
This composition is well-defined because of the following strong form of
coherence of ®,’s.

Claim 6.27. There is an increasing (under the inclusion) sequence D, for
a < Ny, of unital C*-subalgebras of C(BR?\ R?), such that

C(BR*\R?) = J,en, Da
and the restriction of ®,, to Dg is equal to the identity if and only if 8 < o

The D, consists of functions which are more and more Lipschitz when
restricted to X, (see for details [177, §2]). )
Fix p € 2% and let U5 = Id. If p(a) = 1 and W% have been defined, let

\TIZ_H = &Dao\pg.

Note that \ilg 41 and P agree on D,. At limit stages, a diagonalisation
argument shows that indeed if § is a limit ordinal, the map

‘i’g = Ua<,3 ﬁlg
is a well-defined automorphism of C(SR? \ R?). This is the coherence we
need: for p € 28 set 3 ~

P = Ua<N1 \Ijg
It is routine to check that this is an automorphism of C'(SR?\ R?), and that
if p # ¢, then UP and 9 are different. This concludes the argument. U

A variant of the proof of Theorem [6.25] applies to a class of topological
spaces called flexible, whose technical definition asks for the existence of a
variation of the sets X,, and the homeomorphisms ¢, ,, given as above. All
manifolds of nonzero topological dimension are flexible, but the converse is
not true. Furthermore, by tensoring with a unital separable C*-algebra A,
the above argument gives the existence of topologically nontrivial automor-
phisms of coronas of algebras of the form Cy(X, A), for a flexible space X
and a unital C*-algebra A.

https://doi.org/10.1017/bs|.2025.10084 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2025.10084

CORONA RIGIDITY 49

6.7. Other models for non-rigidity. Due to their complexity, the ques-
tions of the existence of nontrivial automorphisms of P(N)/Fin, the Calkin
algebra and other quotient structures, are open in ‘most’ models of ZFC.

The success of CH in constructing nontrivial automorphisms and isomor-
phisms of Borel quotient structures has a satisfactory metamathematical
explanation. As discussed in part of the reason comes from countable
saturation, nevertheless, even in this most general setting, Woodin’s ¥3-
absoluteness Theorem provides a strong justification for the effectiveness of
CH in solving these problems (we will return to this point in .

What interests us in this section is the dual problem: In what models of
the negation of the Continuum Hypothesis do some quotient structures have
nontrivial automorphisms?

This question has been resolved for P(N)/Fin in Cohen’s model for the
negation of CH, obtained by adding RXo Cohen reals to a model of CH ([I53]).
In this generic extension, P(N)/Fin arises as the union of an increasing
Ng-chain of the algebras P(N)/Fin in the intermediate forcing extensions,
denoted B,, for @ < No. The salient observation is that for every new
X C N, bothsets Ly ={Y € P(N)V | Y C* X} and Ry = {Y € P(N)V |
Y C* N\ X} have countable cofinalities. Therefore, if ® € Aut(P(N)/ Fin),
then ®[Lx], ®[Rx] can be split by a (new) Cohen real C' C N. If the real
is sufficiently generic, then the restriction of ® to B, can be extended by
sending [X] to [C], and a standard bookkeeping device produces 2%2 non-
trivial automorphisms of P(N)/Fin. The full saturation of B, is essential
for this construction, and it is not known whether there are nontrivial auto-
morphisms of P(N)/Fin in a model obtained by adding more than X9 Cohen
reals to a model of CH.

The idea of representing P(N)/Fin in this way was elucidated further
in [I64] and [43]. It is an open problem whether analogous results hold
for random reals, or any other standard model of ¢ = Ny obtained by the
countable support iteration of a single Suslin forcing (see [184] for more on
such models).

Finally, by a result of Baumgartner reproduced in [174, p. 130], the ex-
istence of an Nj-generated P-point ultrafilter &/ implies the existence of a
nontrivial automorphism of P(N)/ Fin that fixes &. On the other hand, an
automorphism of P(N)/ Fin is nowhere trivial if its restriction to P(A)/ Fin
is not trivial for any infinite A C N (the restriction of Baumgartner’s au-
tomorphism to any set in U is trivial). It is possible to construct such
automorphisms from CH, and in [I56] (see also [I58]) they were constructed
from an assumption reminiscent of 0 = N;.

23The reason for avoiding the related question, asking in what models of the negation of
the Continuum Hypothesis do nontrivial isomorphisms between some quotient structures
exist, is that for C*-algebras we do not have any answers. No example of a pair of simple,
separable, C*-algebras whose coronas are isomorphic for a nontrivial reason is known, even
when the CH is assumed (see Example for the best known result in this direction).
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7. INDEPENDENCE RESULTS, II. RIGIDITY

In this section we study the ‘other side of the coin’ and survey the existing
rigidity results for Borel quotients. There are two kinds of such results. Some
of them are obtained in forcing extensions invented specifically for the occa-

sion ( , while the others are consequences of forcing axioms (§7.2
§7.3). The question of whether a given topologically trivial isomorphism is
algebraically trivial, studied in is in reasonable categories absolute be-
tween models of ZFC (see . Therefore in this section we concentrate on

the question of whether all isomorphisms are topologically trivial.

7.1. Shelah’s proof. This proof (first appearing in [147, §IV], then in [150,
§IV], and in an improved form, allowing ¢ to be arbitrarily large, in [97])
started the entire subject that this survey is about. Since several features of
Shelah’s proof still, over forty years later, resonate throughout the subject,
we take the opportunity to sketch it.

Some standard terminology: Subsets of N are said to be almost disjoint if
they are disjoint modulo Fin, and we write a =* b if the symmetric difference
aAb is finite.

Suppose that CH holds and Py, = (Pq, Qa)a<N2 is a finite-support itera-
tion of ccc posets, each of cardinality N;. Suppose that G C Py, is a generic
filter. A standard reflection argument shows that if ® is an automorphism
of P(N)/Fin in V|G| then the set of @ < Ny such that the restriction ®,
of ® to (P(N)/Fin)V[¢Pal is an automorphism of this structure includes a
club (i.e. closed unbounded set), and that if ® is nontrivial then the set of
a such that ®, is nontrivial in V|G NP,] also includes a club.

Thus, in order to force that all automorphisms are inner, it suffices to
construct an iteration so that, for every potential offender ®, its reflection
®,, is intercepted and nipped in the bud stationarily often. The interception
device is {$y, on cofinality ®; ordinals. The ‘nipping in the bud’ technique
is more exciting.

Lemma 7.1. If CH holds and ®. is a lifting of a nontrivial automorphism

® of P(N)/Fin, then

(7.1.1) there are Ay, C By €N for o < Ny such that By, are almost disjoint,

(7.1.2) there are a forcing T = Tz 4, and a T-name X for a subset of N
such that T forces X N By € {Aa, Ba \ Ao} for all a,

(7.1.83) for every further forcing Q and every T x Q-name Y it is forced that,
for some o, ®,(X N B,) #* Y N®,(B,).

The phrase ‘every further forcing’ requires an explanation. For this proof,
Shelah introduced the notion of oracle-c.c.—a class of particularly mild forc-
ings with the property that every real added by an oracle-c.c. forcing exists
in an intermediate forcing extension obtained by adding a Cohen real over
the universe. The iteration Py, is a finite-support iteration of oracle-c.c.
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forcings and thus it ‘only’ remains to prove Lemma with the simpli-
fication that Q is the poset for adding a single Cohen real, but with the
requirement that Tp 7 is oracle-c.cﬂ

Sketch of the proof of Lemma[71 Given a < Xj, almost disjoint sets Bj,
and sets Ag € Bg C N for 8 < «a, write B = (Bg : 8 < ), and for v < «
write B | v = (Bg : 8 < 7). We use a similar notation for 4 and A | .
Consider the forcing notion Ty 5 defined as follows. Each condition p is a
partial function from a subset of N into {0, 1}, the domain of p is included
modulo finite in Jgep(,) Bs, for a finite F'(p) C «, and p1({1}) N Bs is
equal modulo finite to Ag or to Bg \ Ag for all 5 € F(p). If o is countable,
then so is Tp 5. It is therefore forcing-equivalent to the forcing for adding
a single Cohen real. A A-system argument shows that even when a = Ny,
this poset has ccc. It generically adds a function from N into {0,1}. With
carefully chosen parameters, this function is the characteristic function of
X, as required.

Write T for a forcing of the form Tp 5 if B and A are clear from the
context, a(T) for o which is the length of the sequence B, and T(y) for
Ty, 414 The poset T(y) is in general not a regular subordering of T (much
of the oracle-c.c. machinery is devoted to mitigating this inconvenience; see
footnote . Nevertheless, by ccc-ness, every T-name for a real is countable
(even when « isn’t), and it is therefore a T(v)-name.

Therefore by CH we can enumerate all forcings of the form T with o(T) <
N; and all names for a real in forcings T x Q, where Q is the forcing for adding
a single Cohen real, as Y., a < Ny. Assure that each name occurs cofinally
often. .

One recursively finds B, and A, for a < Ny, assuring that, if Y, is a
T(«) xQ-name, then T(a+1) xQ forces that neither ®,(A,) nor ®,.(B,\ Aqn)
is equal to ®.(B,) N Ya modulo finite. The choice of B,’s depends on the
following :

Jo ={BCN|® | P(B)/Fin is algebraically trivial}.

This is an ideal, and we now know that it is equal to the ideal of all B such
that the restriction of ® to P(B)/Fin is topologically trivial. (This fact,
implicit in Shelah’s proof, first appears explicitly in [174].) One considers
the following two cases.

(7.1.1) Jgp is dense, i.e., jqf ={C CN | CnNB is finite for all B € J3}, is
equal to Fin.
(7.1.2) There is an infinite set B in Jg .

24Whatever that means’, an impatient reader may grumble.
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If |(7.1.1) applies, then one chooses B, € Jp. If|(7.1.2)[ applies, then one

carefully chooses B, € j(ﬁ-. The sets B, have to be taken with an extra
care, to assure that the poset T has the oracle—c.c.ﬁ

If this recursive construction can be completed, then ® is ‘nipped in the
bud’ by T, as desired. We proceed to analyse the situation in which the
construction halts at stage «. Assume for a moment that B, has been
fixed. For A C B, write T[A] for Tz~ p, i~a)- If applies, then the
set

Z={(A,C)| AC B,lrqqxg C =" Y, N ®,(By)}

is Borelm Therefore ® is topologically trivial, and algebraically trivial, on
P(B,)/ Fin; contradiction.

We may therefore assume hence B, € Jp as witnessed by an
injection g: B, — N such that A — g[A] lifts ® on P(B)/Fin. Consider
Y, as a T/ = T(«) x Q-name. For p in T, the set dom(p) N By is finite and
(with a slight abuse of notation, harmlessly ignoring the Q component) for
m € B, \ dom(p) both pU{(m,0)} and pU{(m, 1)} are conditions extending
p. The key claim is that (Vp)(3q < p)(V*°m € B,)

(7.1) qU{(m,0)} IF g(m) ¢ Y, and qU {(m, 1)} IF g(m) € Y,.

Otherwise, one recursively finds a decreasing sequence of conditions in T’
that define A C B, and whose union is a condition in T[A] that forces
X NB,=Aand Y, N®,(B,) =* ®.(A); contradiction.

From q as in one can extract a partial function g, whose restriction
to B, is equal to g modulo finite (let’s say that g, ‘works’ on B,). This
is true for every eligible candidate for B,. Since does not refer to
B, there is a countable set of functions, g4, for ¢ € T', that between them
serve as a lift of ® on P(B), for every B € {Bs | B < a}t N Jp. The ideal
Z ={Bs| B < a}* is included in jq)m As an orthogonal of a countable set,
it is countably directed under C*, and therefore a single function g, ‘works’
on a cofinal set of B € Z. An easy diagonalisation argument shows that
there is k£ € N such that g, ‘works” on N\ Uj<k Bj, hence this set belongs
to Jp. Thus N, as the union of k£ + 1 sets in Jg, belongs to Jp and P is
trivial; contradiction.

One can therefore recursively find B, and A, for a < Ry, such that the
poset T adds X C N but no Y C N which satisfies

(I)*((X N Ba) =" CI)*(Y) n (I)*(Boz)

25The construction is more complicated; for every a one chooses a partition B, =
C1 U Cs and A, is included in one of these sets, but hiding this under the rug does not
make much difference in this sketch, except at one subtle point later on.

26For the readers who enjoy reading complicated formulas: (A4,C) € Z if and only if
(Vp)(3¢ < p)(3n)(¥r < q)(¥m > n)r Ik m € Y < m € C, where p,q, and  range over the
countable poset T[A4] x Q.

27This is the white lie promised in footnote
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for all a, and this property is preserved by the remaining part of the itera-
tion 2 0

Lemma implies that the only automorphisms that cannot be ‘nipped
in the bud’ are the trivial ones, hence we can construct a forcing extension
in which all automorphisms of P(N)/Fin are trivial.

By using a modification of the oracle-c.c., Just proved that the assertion
that all automorphisms of P(N)/Fin are trivial is consistent with the con-
tinuum being arbitrarily large ([97, Theorem A]). More importantly for our
story, he also proved that in his model P(N)/Z cannot be embedded into
P(N)/ Fin for any Borel ideal that is not generated by a single set over Fin
([97, Theorem 0.6])@ Just proved that in the same model every isomor-
phism between quotients over Borel ideals is topologically trivial on a large
set (see [96] for a nice application).

Having these statements hold in a model of ZFC constructed specifically
for the purpose is not completely satisfactorym and the question arose
whether forcing axioms imply these conclusions. Which brings us to the
next subsection.

7.2. Quotients of P(N) and zero-dimensional remainders. Shelah’s
proof outlined in relies on creating a gap in P(N)/Fin and then metic-
ulously arranging for this gap not to be filled by the remaining part of the it-
eration. In [I09] Kunen introduced the method of ‘freezing gaps’: arranging,
by a ccc forcing, that a given gap cannot be filled without collapsing X;. An
infusion of Kunen’s idea into Shelah’s construction resulted in a proof that
the Proper Forcing Axiom (PFA) implies all automorphisms of P(N)/Fin
are trivial ([I52]). Around the same time, Velickovi¢ deduced the same con-
clusion from the conjunction of OCAt (Definition below) and Martin’s
Axiom, MAy, ([I73]). We take a moment to present Velickovié¢ ingenious
open colouring, a variant of which appeared in every single rigidity result
for quotient Boolean algebras and C*-algebras since.

For a set X, let [X]? denote the set of unordered pairs of elements of X
If X is a topological space, we say that L C [X]? is open if {(z,y) € X? |
{z,y} € L} is open. The following was isolated and proved to follow from
PFA in [167, §8].

Definition 7.2. OCAr asserts that for every separably metrisable space X
and an open L C [X]? either there exists an uncountable ) C X such that
[V]? C L or there is a partition X = |J,, A}, such that each [X,]? is disjoint
from L.

An easy, but far-reaching, observation is that if [&;,,]? is disjoint from an
open set L then so is the topological closure of X),. This is a part of the

28 We are using the feature of oracle-c.c., that T(«) x Q is a ‘sufficiently regular’
subordering of T x Q to preserve the property of Y.

29 Just’s proof used a measurable cardinal, but this assumption has later been removed.

30This is clearly a personal opinion, but it is a very strong personal opinion.
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magic of OCAr and its ability to turn arbitrary objects (such as liftings)
into topologically trivial ones.

Two more definitions before we can state Velickovi¢’s result. A lifting of
a homomorphism ® between analytic quotients is o-Borel if there are Borel
functions 6,,: P(N) — P(N), for n € N, such that for every a € P(N) there
is n for which ®([4]) = [,(A)]. A family A of subsets of N is tree-like if
there is an injection y: N — {0,1}<N such that each y[A], for A € A, is
included in a different branch, B(A), of {0, 1}V.

The following is an initial segment of [I73, Lemma 2.2].

Lemma 7.3. Assume OCAry. If ® is an automorphism of P(N)/Fin and
A is a tree-like family, then for all but countably many A € A the restriction
of ® to P(A) has a o-Borel lifting.

Sketch of a proof. Consider the subset of the Cantor space ({0, 1}V)? defined
by X = {(B,C) | C C B C A for some A € A and B is infinite}. As A is
almost disjoint, for every (B,C) € X we have B C A for a unique A € A,
and we set B(B) = A. Fix a lifting ®, of ® and identify (B,C) € X with
(B,C,®,(B),®.(C),B(B)) in the Cantor space ({0, 1})?. Consider X with
the subspace topology and define L C [X]? by {(B,C), (B’,C")} € L if the
following conditions hold.

(L1) B(B) # B(B).

(L2) BNC'=B'NnC.

(L3) @,(B)N®,(C") # ®,.(B") NP (C).

This set is open (the set of pairs that satisfy (L2) is not open, but the set
of pairs that satisfy both (L1) and (L2) is).

Assume that J) C X is uncountable and [)]?> C L. By (L1) and (L2),
Z=U{B| (B,C) € Y} satisties ZN B = C for all (B,C) € ). Therefore,
just like in Lemma [7.1 ®,(Z) N ®.(B) =* ®,(C) for all (B,C) € X. By
the pigeonhole principle, fix m such that (®.(Z) N ®.(B))A®.(C) C m for
uncountably many (B, C) € ). By another use of the pigeonhole principle,
find subsets s and ¢t of m and a further uncountable Y; C Y such that
@, (B)Nm = s and ®,(C) =t for all (B,C) € Y;. Then [V1]? is disjoint
from L; contradiction.

By OCAr, X can be covered by closed sets X, whose combinatorial
squares are disjoint from L. Fix a countable dense D, C X, for each n.
An intricate argument shows that every B € A\ {B(A) | A € A} can be
partitioned as B = By U B; such that the restriction of ® to P(Bj), for
j =0,1 has a o-Borel lifting. Since ® is a Boolean algebra homomorphism,
this implies that the restriction of ® to P(B) has a o-Borel lifting. O

In the following step of the proof that ® is topologically trivial one shows
that if ® has a o-Borel lifting on P(A) and A = J,, A, then ® has a Borel
lifting (i.e., is topologically trivial) on some P(A4,). An elegant proof of this
using the Kuratowski-Ulam Theorem is due to Fremlin, given in a more
general context in [52, Lemma 3.12.3]. This, together with Lemma and
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MA, shows that the ideal Jp of A C N such that ® is topologically trivial
on P(A) is large (e.g., it is nonmeager, but the details are not relevant for
our purposes).

Once again, it was Just who broadened the scope of the subject by con-
sidering ideals other than Fin. In [98] he introduced the notions of a closed
approximation and a C-approximation to an ideal.

Definition 7.4. Some K C P(N) is hereditary if A € K implies B € K for
all B C A. For subsets A and B of P(N) let

AUB={AUB| A€ A, Be€B}

A hereditary £ C P(N) is an approzimation to an ideal Z if CUFin D .
For d > 1 write K¢ = KU...UK (d times).

Definition 7.5. If ®: P(N) — P(N)/J is a Boolean algebra homomor-
phisrrﬂ and K C P(N), then some 6: P(N) — P(N) is a K-approzimation
to @ if 0(a)A®.(a) € KUFin for all a € P(N). If 6 is Baire-measurable,
then @ is called K-sharp and if 8 is o-Borel then ® is called K-precise.

If 1 is a lower semicountinuous submeasure (Definition |3.4) on N and
0<r<oo,let

K(p,r) ={ACN[p(A) <rj.

These give closed approximations to both Fin(u) and Exh(u). The utility
of the following easy lemma will become clear in a few paragraphs.

Lemma 7.6. If p is a lower semicontinuous submeasure on N and d > 1.

Then Fin(p) = U,,en K(1,m) and Exh(p) = ,,,(K(1, 1/m)?U Fin).

The following is a special case of [98, Theorem 11] (Just considered ®
which is a lattice embedding and obtained a slightly weaker conclusion).

Lemma 7.7. Assume OCAr. If K is a closed approrimation to an ideal
J, ®: P(N) = P(N)/J is a Boolean algebra homomorphism, and A is a
tree-like family, then for all but countably many A € A the restriction of ®
to P(A) is KUK-precise.

Sketch of a proof. With X as in the proof of Lemma define Lx C [X]?
by letting {(B,C), (B’,C")} € Lk if the following conditions hold

(Lc1) B(B) £ B(B).

(Lx2) BN C'=B'ncC.

(Li3) (2+(B) N 2.(C"))A(P(B") N 2.(C)) & K.

Then L is open, and an analog of the proof of Lemma|[7.3]yields the desired
o-Borel KUK-approximation on P(A) for all but countably many A € A. O

31Since no conditions are imposed on ker(®), this covers the case when @ is an auto-
morphism of P(N)/J.
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Solecki’s characterisation of analytic P-ideals (Theorem associates a
sequence of closed approximations to every analytic P-ideal by Lemma
Together with a meticulous uniformisation of locally defined liftings ([52),
§3.13]) one obtains the following (see [52, Theorem 3.3.5]).

Theorem 7.8 (OCA Lifting Theorem). Assume OCAt and MA and let
®: P(N) —» P(N)/T be a homomorphism such that J O Fin is countably
generated or an analytic P-ideal. Then ® is the direct sum of a topologically
trivial homomorphisms and one with a nonmeager kernel. In particular,
every isomorphism between a quotient over an analytic ideal and P(N)/J
is topologically tm’m’alﬂ

As a consequence, thanks to Ulam-stability and the Radon—Nykodim
property (see Theorem [5.13]), we obtain the following:

Corollary 7.9. Assume OCAt and MA. Let T and J be Borel ideals in
P(N) such that J be either a nonpathological P-ideal or countably generated.
Then

e all automorphisms of P(N)/J are algebraically trivial,
e P(N)/Z and P(N)/J are isomorphic if and only if T and J are
Rudin—Keisler isomorphic,

As pointed out in all analytic P-ideals are F,s5, but there are Borel
ideals of arbitrarily high complexity (e.g., the ideals from Theorem
and are Borel, with arbitrarily high Borel complexity).

This is a good moment to state a revised version of [57, Question 15.2]
(the original question asked for d = 3204 in place of d = 80; compare [64],
Theorem 1.4] and [57, Theorem 10.4]).

Question 7.10. Suppose that T is an F,5 ideal on N. Are there closed
approzimations Kp,, for m € N, such that T = ) (K% UFin) for every
d > 1?2 What about the cases d =1 and d = 807

An ideal for which the answer to Question [7.10]is positive is said to be
80-determined by closed approzimations. By [64, Theorem 1.4] (see [57,
Theorem 10.4]), OCA1 and MA, _jinkeq together imply that for such Z and
any analytic ideal 7, every isomorphism between P(N)/Z and P(N)/J is
topologically trivial. This class includes the ideals NWD(Q), NULL(Q), and
the Weyl ideal Zy (see Theorem [5.13).

Question 7.11. Does OCAt + MA imply the analog of OCA Lifting Theo-
rem for all analytic ideals, or at least that every isomorphism between their
quotients is topologically trivial?

We don’t even know whether Question has a positive answer for
all F,s ideals (see however Theorem [7.22). After two decades with virtually
no progress, in [64] the conclusions of Theorem and Corollary have

32t is well-known that every proper analytic ideal that includes Fin is meager.
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been strengthened to include all ideals that satisfy the property from Ques-
tion with d = 80 and their assumptions have been weakened to OCA
and MA, _jinkeq (see §11.0.2).

7.2.1. Cech-Stone remainders of zero-dimensional spaces. The following was
proved by combining the ideas from [52], §4] and a stratification of the clopen
algebra of SX with copies of P(N).

Theorem 7.12 ([71]). Assume OCAt and MAy,. Let X and Y be second
countable locally compact zero-dimensional topological spaces. Then all au-
tomorphisms of C(8X \ X) are topologically trivial and X \ X and fY \Y
are homeomorphic if and only if X and Y have co-compact homeomorphic
subsets.

Related results along the lines of the OCA lifting theorem will be discussed
in the context of general endomorphisms in §§ Theorem[7.12]is as far as one
could get by sticking to Boolean algebras in the rigidity results for Cech—
Stone remainders. We move on to C*-algebras.

7.3. Coronas and Forcing Axioms. This section is dedicated to a sketch
of the proof that Forcing Axioms imply all isomorphisms of coronas of sep-
arable C*-algebras are topologically trivial. We start by studying the first
noncommutative example: the Calkin algebra.

7.3.1. The Calkin algebra.

Theorem 7.13 ([60, Theorem 1]). Assume OCAt. Then all automorphisms
of Q(H) are inner.

We will sketch the proof from [61}, §17], based on [60] (see also [62]). Fix an
automorphism ® of Q(H). By using the stratification of Q(H) from an
initial segment of the proof is concerned with the restrictions of ® to reduced
products of the form D[E]. We quickly recap the key ideas from while
slipping in a few additional definitions. Recall that Party is the poset of
partitions E = (E;: j € N) of N into finite intervals, ordered by E <* F if
(V°°n)(Im)E,, C F,. Fixing a basis of H once and for all, to E € Party
one associates a decomposition of H into a direct sum of finite-dimensional
subspaces H = €, H,. Denote the projection to H, by q¥ and let, for
XCN, g8 =, cxar. Let

DIE] = {a € B(H) | a commutes with ¢% for all X C N}.
Let E®v*" E°dd and F[E] be as in The following are the main steps
of the proof, obtained for all E simultaneously.

(7.3.1) @ is topologically trivial on Dx[E] for some infinite X.

(7.3.2) @ is algebraically trivial on Dy [E] for some infinite X.

(7.3.3) @ is algebraically trivial on D[E].

(7.3.4) @ is algebraically trivial on F[E].

(7.3.5) A certain coherent family of unitaries (Definition is trivial.
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We will first sketch the implications from |(7.3.1)[ to [(7.3.5), and then how
OCA~ implies [(7.3.1)]

The implication from|(7.3.1)|to|(7.3.2)| uses the methods from §5| In order
to use the analog of Lemma[5.8|for finite-dimensional C*-algebras, one needs
to replace the matrix algebra components of D[E] with finite sets. Identify
D[E] with [],, Myn)(C) (with k(n) = |E,|) and choose a finite 27"-dense
D(n) € My (C) (it is convenient to impose additional properties on Dy,
see [61, Definition 17.4.2]). Then D[E] = [[, D(n) is a discretisation of
DIE]. Since for a € (D[E]); there is a’ € D[E] such that a — @’ is compact,
topological triviality on D[E] implies topological triviality on D[E]. By the
Ulam-stability (Lemma and the analog of Proposition ,
follows. (See [61], §17.4] for the details.)

We move into the fun part—the middle of the proof, |(7.3.2)| = [(7.3.3)—
leaving the naughty bits for later. One of the main causes of the differ-
ence in behaviour between the commutative and the noncommutative set-
tings is that for every nonzero projection p € Q(H) some isometry v satis-
fies vv* = p (this is an instance of the Murray—von Neumann equivalence,
the noncommutative analog of equinumerosity). Suppose E and X satisfy
sup,cx |En| = 0o. For every F there is an injection g: N — N such that

|[Fn| < [Eg(n)| for all n. Thus there is a partial isometry (see |(4.1.15)]) vy,

such that viv, = ¢& and v, < qf(n). Then ), v, SOT-converges to an
isometry v such that Adv is an injective *-homomorphism from D[F] into
Dx|E]. This, and Lemma are the reasons why the present proof, unlike

those in does not require MA.

Lemma 7.14 (The Isometry Trick). Suppose that A and B are C*-subalgebras
of Q(H) and v is an isometry such that (Adv)[A] C B. If ® € Aut(Q(H))
is implemented by a unitary u on B, then it is implemented by any lifting
of ®(m(v*))m(uv) on A.
Proof. Fix a € A. Since v*v = 1, we have a = v*vav*v, hence

O(m(a)) = @(m(v"))@(m(vav”)) @ (m(v)) = (x(v"))m(wvav u") @ (m(v))
which is equal to (Ad ®(7(v*))m(uv))7w(a), as required. O

Thus in order to prove |(7.3.2)| = [(7.3.3)| it suffices to start from E such
that lim, o |E,| = 0o. Moreover, the proof of Lemma is flexible
enough to transfer other properties of ®, such as topological triviality, and
the existence of an e-approximation (see below) from D[E] to DI[F] (see [61,
Lemma 17.5.3]).

[(7.3.3)] = |(7.3.4)| is easy ([62], Proposition 17.5.8]).

Still postponing the technicalities, we handle |(7.3.4)| = [(7.3.5)l Let F
be such that each F), is a singleton. Then A = D[F] is a maximal abelian
C*-subalgebra of B(H) (this is the atomic masa of B(H); see [61), §12.3])
isomorphic to £. Let u be the unitary that implements ® on D[F|. Then
®; = Adn(u*) o @ is an inner automorphism if and only & is, and its
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restriction to A is equal to the identity. Also, for every E, if v is a unitary
that implements ® on F[E], then (Adu*v)(a) — a is compact for all a € A.
By the Johnson-Parrot Theorem ([61, Theorem 12.3.2]), there is v9 € A
such that vy — u*v is compact. A standard perturbation argument gives a
unitary vg € A such that vg — vg is compact.

This shows that, as in Lemmal[6.24] ®; is induced by a coherent family of
unitaries Fo = {(E,ug)}. The poset Party is o-directed and every subset
of cardinality N; is bounded (this is a consequence of [61, Theorem 9.7.8]
and the analogous facts for (NN, <*)), and uniformisation of coherent fam-
ilies with such an index set is something that OCAr is really good at. A
somewhat elaborate, yet fun, argument shows that Fg is trivial ([61, Theo-
rem 17.8.2]). The trivializing unitary implements ®; on Q(H), and there-
fore @ is inner.

We procrastinate for another moment to point out that, together with
this shows that the assertion ‘every automorphism of Q(H) induced by a
coherent family of unitaries is inner’ is independent from ZFC.

It ‘only’ remains to prove that OCAr implies Fix E such that
limy, |E,| = oo and a discretisation D[E] =[], D(n) of D[E]. Fix e > 0. A
function 6: Dx|[E] — B(H) is an e-approzimation to ® if

[7(®s(a) = O(a))] <€

for all a in Dx[E]. Approximations can be topologically trivial, Borel, or
o-Borel, with the natural definitions. We will need a self-strengthening of
OCA~. For distinct z and y in {0, 1}N, A(z,y) = min{n | x(n) # y(n)}.

Definition 7.15. OCA asserts that for every separably metrisable space X
and a decreasing sequence of open sets L™ C [X]?, for n € N one of the fol-
lowing alternatives applies.

(1) There exist an uncountable 7' C {0, 1} and a continuous f: T — X
such that {f(z), f(y)} € LA@Y) for distinct z and y in T

(2) There is a partition X = J,, X;, such that [X,,]? is disjoint from L"
for all n.

Moore proved that OCA7 implies OCA, ([120], see also [61, Theo-
rem 8.6.6]). Here is another descendant of Lemma via Lemma and
[52, Proposition 3.12.1].

Lemma 7.16 ([62, Lemma 17.6.3]). For every E and every € > 0, there
exists an infinite X such that ® has a o-Borel e-approximation on Dx[E].

Proof. We first fix some notation. Fix a discretisation D[E]. Since E is
fixed, let gy = q{“;, for Y € N. We also fix a second basis for H, and let r,
be the canonical projection onto the n-th element of the such basis, and rx,
for X C N, be equal to ), .y r,. Further, fix an injection x: N — {0, 1}p<N
and a lifting @, of ® such that py := ®.(qy) is a projection for every Y C N
and that ||®.(a)|| < 1 whenever |la| < 1.
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The space
X ={(Y,a) | Y C N is infinite, a € (Dy[E]);}

is equipped with a separable metric topology, obtained by identifying (Y, a)
with (Y, a, gy, ®«(a)). As before, B(Y") denotes the unique branch in {0, 1}
containing x[Y]. For n > 1 define a subset of [X]? by {(Y,a),(Z,b)} € M="
if the following conditions hold.

(M1) B(Y) # B(2)

(M2) gza = gyb.

(M"3) max(||r(,c0)(Px(a)pz — py P« (b))|[; [7fn,00) (P2 Px(a) — u(D)py)]]) >
g/2.

(Note that |[7(a)|| = lim, o0 [|T[n,c)all.) Then M", for n € N, is a de-

creasing sequence of open subsets of [X]2.

The first alternative given by OCA, is that there is an uncountable
T C {0,1}Y and a continuous f: T — X such that {f(x), f(y)} € MA@
for all distinct  and y in 7. Define ¢ = (¢;) € D[E] by ¢; = qgjaf™] if
(Y,a) is in the range of f and j € Y. Then ¢ is well-defined, and by (M1)
and (M2) both py®.(c) — ®.(a) and @, (c)py — P.(a) are compact for all
(Y, a) in the range of f. Fix n such that for an uncountable T3 C T we have
17(,00) (Py P (¢) — @u(a))[| < €/2 and |7, 00) (Pu(c)py — Pu(a))]| < /4 for
all (Y,a) in f[T1]. We may assume A(z,y) > n for all distinct  and y in
T (and this is the step in the proof that requires OCA, instead of OCAr).
Then distinct (Y, a) and (Z,b) in the range of T} satisfy

/4 /

T[n,oo)q)*(a)pz ~* T[n,oo)pyq)*(c)pz ~e/4 T[n,oo)pY(I)*(b)

and therefore the first half of the condition (M"3) fails. By swapping
(Y,a) and (Z,b), we see that the second half fails as well, and therefore
{(Y,a),(Z,b)} ¢ M™ although their f-preimages = and y satisfy A(z,y) > n;
contradiction.

The second alternative of OCA  gives a sequence of closed subsets of X
which can be used to find a o-Borel e-approximation to ® on Dx[E] for an
infinite X C N. O

A Kuratowski—Ulam argument and a o-Borel e-approximation on Dx[E]
are used to find a C-measurable 3e-approximation on Dy [E] for an infinite
Y C X ([61, Lemma 17.7.2]). A Baire category argument produces an in-
finite Z C Y and a continuous 3e-approximation on Dz[E]. By the analog
of the Isometry Trick (Lemma ® has a continuous 3e-approximation
on D[E] for all ¢ > 0, and the Jankov—von Neumann Uniformisation The-
orem can be used to prove that ® is topologically trivial on D[E] ([61,

Lemma 17.4.5]), completing the proof of |(7.3.2)]

33We would normally write p;, but in this situation there is a danger of confusion.
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Question 7.17. Is it relatively consistent with ZFC' that there exists an
automorphism ® of Q(H) whose restriction to some D[E] is not implemented
by a unitary?

If ® sends the atomic masa to a masa unitarily equivalent to it, then
® cannot send the unilateral shift to its adjoint (see footnote , thus a
negative answer implies a negative answer to Question However, an
adaptation of the construction from [I30] may provide a positive answer.

7.3.2. More coronas. Theorem[7.13|inspired the second part of Conjecture[4.6]
asserting that under forcing axioms every isomorphism between coronas of
separable C*-algebras is topologically trivial. Building on [I15] and [117],
and a noncommutative version of the OCA Lifting Theorem from the latter
reference in particular, this conjecture was confirmed in [I78].

Theorem 7.18 ([178, Theorem BJ). Assume OCAT + MAy,. Let A and B
be separable C*-algebras. Then all isomorphisms between Q(A) and Q(B)
are topologically trivial.

The outline of the proof of Theorem follows the proof of Theo-
rem but is much more difficult. First, even though one can stratify a
general corona Q(A) (similarly to §6.4)), the building blocks consist not of
products of matrix algebras, but of products of finite-dimensional Banach
spaces instead. The appropriate version of the ‘OCAr lifting theorem’ for
reduced products of finite-dimensional spaces appears in [117, Lemma 5.10].
Secondly, the assumptions of the isometry trick do not apply in most coro-
nas (Lemma [7.14). The latter obstruction is the reason why we need to
assume Martin’s Axiom in Theorem [7.18

The reader interested in the proof of Theorem can find the details
in [I78] and [117].

As a consequence of Theorem and Ulam-stability (§5} in particular
Theorem , we have the following extension of Corollaryh to the non
zero-dimensional setting.

Corollary 7.19. Assume OCAr+MAy,, and let X andY be second count-
able locally compact topological spaces. Then:
e all automorphisms of C(BX \ X) are algebraically trivial;
e if BX\ X and BY \'Y are homeomorphic then X andY are home-
omorphic modulo open sets with compact closure.

As a corollary of this and Corollary there are abelian separable C*-
algebras A and B such that the assertion Q(A) = Q(B) is independent
from ZFC. Since M, (Q(A)) = Q(My(A)) for all n, by tensoring A and B by
M,,(C) for some n one obtains a pair of noncommutative C*-algebras with
this property.

The following is what remains of Question after §6] and

Question 7.20. Are there simple, separable C*-algebras A and B such that
the assertion Q(A) = Q(B) is independent from ZFC?
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A C*-algebra is subhomogeneous if it is isomorphic to a subalgebra of
M,,(¢so(r)) for some n € N and cardinal K,.Iﬂ It is not difficult to see that if
A is subhomogeneous, then so is Q(A), but not vice versa.

Corollary 7.21. There are separable C*-algebras A and B whose coronas
are not subhomogeneous and such that the assertion ‘the coronas Q(A) and
Q(B) are isomorphic’ is independent from ZFC.

Proof. As in Example fix an infinite X C N such that Th(M,,(C)), for
n € X, converge (in the logic, i.e., weak™, topology). Let Y and Z be disjoint
and infinite subsets of X. By Example CH implies that the coronas
My and My (see Definition , are isomorphic. However, Theorem
implies that every isomorphism between such algebras is topologically triv-
ial, and therefore algebraically trivial (see [82]). O

7.4. Rigidity in other categories. In Theorem [6.15| we saw that a divid-
ing line for the first part of Conjecture [2.0] is the stability of the theory of
the reduced product. We do not have a clean dividing line for the second
part of this conjecture, but it has been confirmed in several categories. So
far we have seen that the second part of this conjecture holds for quotient
Boolean algebras P(N)/Z for certain analytic ideals Z as well as for coronas
of separable C*-algebras. The case of semilattices P(N)/Z was considered
in [98], [94], and [54]. Rigidity results for some other categories of discrete
structures appear in [32]. The following example, suggested to us by Zoé
Chatzidakis, is suggestive. If F' = [[, F;,/Z is a reduced product of fields,
then the idempotents in F' form a copy of P(N)/Z, with the multiplication
and addition (on disjoint sets) interpreted as the Boolean algebraic inter-
section and union. Thus we have a definable copy of the Boolean algebra
P(N)/Z, and to an isomorphism ® between such reduced products one can
associate an isomorphism ag between quotients of the form P(N)/Z. Trivi-
ality of the latter is the first step in a proof (using OCAt and MA) that ® is
(with a natural definition) trivial. This observation was formalised as ‘the-
ory recognizing coordinates’ in [32, Definition 2.6], giving rigidity in reduced
products of structures in some other categories (linear orderings, trees, suffi-
ciently random graphs) in which there is no obvious ‘global’ copy of P(N)/Z.
These rigidity results came as a surprise (even to the authors) and they also
led to more optimal proofs that all automorphisms of P(N)/Fin are trivial
and of the OCA Lifting Theorem (see §11.0.2). In [66, Theorem 1] it was
proved that a category (not necessarily axiomatisable) of countable struc-
tures recognises coordinates (and therefore OCAt and MA imply that all
automorphisms of reduced products over Fin of its elements are trivial) if
and only if the formula z = 2’ — y = ¢/ is equivalent to an h-formula (see
§6.1.6). One consequence is that a category recognises coordinates if and
only if its theory does. This paper, true to its title, contains other surprises
on the theory of recognizing coordinates.

34This is equivalent to the standard definition.
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The continuous version of the main rigidity result of [32] appears in [35]
and it was applied to universal sofic groups and Higson coronas, respectively,
in [33] and [I76].

7.5. Other models for rigidity. We continue the narrative of by
reviewing some of the consistency results regarding the rigidity questions for
the Borel quotients of the Boolean algebra P(N) and their generalisations to
noncommutative C*-algebras. We will briefly discuss some iterated forcing
models and, more specifically, the forcing extension used in [74], in which
all the isomorphisms between the Borel quotients of P(N) are topologically
trivial. Then we review the main theorem of [82] which uses a slightly
different forcing to generalise the result of [74] to the Borel quotients of direct
products of sequences of matrix algebras. As we shall see, the results of [74]
and [82] are more peculiar when noticing that in these generic extensions
the Calkin algebra has outer automorphisms.

7.5.1. P(N)/Fin wvs. the Calkin algebra. Another major progress in the
rigidity of the isomorphisms of Borel quotients of P(N) was made in [74],
where the following theorem was proved.

Theorem 7.22 ([74]). Assume there is a measurable cardinal. There is
a forcing extension in which every isomorphism between quotient Boolean
algebras P(N)/Z and P(N)/J over Borel ideals T and J has a continuous

lifting, and yet the Calkin algebra has outer automorphisms.

The forcing extension satisfies 0 = Xy and 2% < 2% therefore outer
automorphisms of the Calkin algebra exist by Theorem [6.22] For the same
reason, in this model, Cech-Stone remainders of non zero-dimensional non-
compact manifolds have nontrivial autohomeomorphisms.

The general idea is as in §7.1] with a few twists. The forcing extension
used in [74] is a countable support iteration of length ¢* of creature forcings
(see [140]) and random reals (see [7}, §3.2]). The creature forcings assure that
the ideal of sets on which ® is topologically trivial is dense while the random
reals facilitate the uniformisation, namely that N is in this ideal. Several
definability and absoluteness results from descriptive set theory have been
used along the way in the proof. In particular, it is crucial that these forcings
are proper, Suslz’ﬁ and NN-bounding. The reflection argument used here is
analogous to the one described at the beginning of

The results of [74] were generalised in [82] to the noncommutative setting
of the reduced products of the matrix algebras. Moreover, in the forcing
extension used in [82] the creature forcings are replaced with a ‘groupwise
Silver forcing’.

357 forcing notion is Suslin if its underlying set is an analytic set of reals and both <
and | are analytic relations.
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7.5.2. Groupwise Silver forcings. They are defined similar to the infinitely
equal forcing notion E (see [7, §7.4.C]). Let I = (I,,) be a partition of N into
nonempty finite intervals and G,, be a finite set (of finite rank operators, in
the case of [82]) for each n € N. Endow the set [], G, with the product
topology. For each n, let F), = [[,c; Gi and F' = [],cy F. Define the
groupwise Silver forcing Sp associated with F' to be the following forcing
notion: A condition p € Sp is a function from M C N into |, Fy, such
that N\ M is infinite and p(n) € F,. A condition p is stronger than ¢ if
p extends gq. Each condition p can be identified with [p], the set of all its
extensions to N, as a compact subset of F'. Groupwise Silver forcings, as well
as the random forcing, fall in the scope of ‘forcing with ideals’. These forcing
notions and their countable support iterations were investigated by Zapletal
in [I84] and [I85]. Some of the properties of these forcings were applied to
a countable support iteration of Silver and random forcings in [82] in order
to prove that consistently every isomorphism between the Borel quotients
of products of matrix algebras (and in particular Borel quotients of P(N))
is topologically trivial.

7.5.3. Reduced products of matrix algebras. For an ideal Z on N consider the
reduced product (Example

Mz = T1,, Ma(C)/ @7 M (C),
This is a generalisation of the algebras M x introduced in Definition [5.21

Theorem 7.23 ([82]). Assume there exists a measurable cardinal. There is
a forcing extension in which the following assertions hold:

(1) for all Borel ideals T and J on N every isomorphism between Mz
and M7 has a continuous lifting,

(2) for all analytic P-ideals T and J on N, Mz and M7 are isomorphic
if and only if T = T, and every isomorphism is trivial and equal to
the identity on the center,

(3) the Calkin algebra has outer automorphisms.

In particular, all automorphisms of coronas of the form Mx are inner while
the Calkin algebra has outer automorphisms.

The main reason why (2) of Theorem is true for all analytic P-
ideals is that the class of all finite-dimensional C*-algebras is Ulam-stable
(Theorem . It is not known whether all approximate homomorphisms
between finite Boolean algebras with respect to arbitrary submeasures are
stable (see §)).

Theorem gives an alternative proof of Corollary modulo the
existence of a measurable cardinal. We do not know whether the conclusion
of Theorem (1) and (2) follows from forcing axioms.

7.5.4. Large continuum. All models of PFA and all known models of OCA
satisfy ¢ = Ny, and so do all models described in earlier sections. Mod-
els of ZFC with arbitrarily large continuum in which all automorphisms of
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P(N)/ Fin are trivial were obtained in [97, p. 327] (using a modification of
oracle-cc) and then again in [40], this time together with the MA.

8. ENDOMORPHISMS

In the previous parts of the survey we considered notions of topological
and algebraic triviality mainly focusing on isomorphisms or automorphisms
of quotient structures. In the current section we extend the scope of our
analysis to more general maps, in various particular cases.

An example where the rigidity phenomena verified under Forcing Ax-
ioms for homeomorphisms extend to other classes of functions, arises in the
context of continuous surjections between Cech-Stone remainders of locally
compact, second countable, spaces. In [41], Dow and Hart proved that, if
BX \ X is a continuous image of SN\ N, then X is the union of N with
a compact set, when OCA~ is assumed. Their result was later extended
in [I78, Theorem E] as follows.

Theorem 8.1. Assume OCAt and MAy,, and let X andY be locally com-
pact, second countable spaces. If BX \ X is continuous image of fY \'Y,
then there are Z CY and K C X such that BZ \ Z is clopen in BY \Y, K
is compact, and X \ K is a continuous image of Z.

A stronger conclusion applies to a more restricted class of spacesﬂ

Theorem 8.2. [52] Theorem 4.9.1] Assume OCAt and MAy,, and let X
and Y be locally compact, second countable, zero-dimensional spaces. If in
addition X is countable, then for every continuous f: X\ X — Y \Y
there are a clopen partition UUV = X and a continuous g: V — BY such
that f[U] is nowhere dense in Y \'Y and f =g | (6X \ X)

This theorem was stated and proved for arbitrary finite powers of SX \ X
and BY \ Y. Soon afterwards it was discovered that the above implies the
full version of the theorem because continuous maps between Cech-Stone
remainders of locally compact second countable spaces respect coordinates
(see . By these results, Definition and Theorem below are
equivalent to their analogues stated for arbitrary finite powers.

The conclusion of Theorem 8.2 was called weak Extension Principle in [52].
This principle was extended beyond the zero-dimensional setting in [179).
Its (slightly) more intricate definition is due to the fact that clopen sets in
BX \ X do not necessarily come from clopen sets in X when X is not
zero-dimensional.

Definition 8.3. Let X and Y be locally compact noncompact second count-
able topological spaces. We say that X and Y satisfy the weak Extension
Principle if the following happens:

36An analogous result holds for powers of Cech-Stone remainders, but this is not a
good moment to digress; see the subsection ‘Dimension phenomena’ in
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For every continuous map F': BX \ X — Y \ Y there exists a partition
into clopen sets X \ X = UUV, an open set with compact closure Vx C X
such that F[U] is nowhere dense in SY \ Y, and a continuous function
G: (X \ Vx) — BY which restricts to F' on V.

The weak Extension Principle is the statement “All pairs of locally com-
pact noncompact second countable topological spaces satisfy the weak Ex-
tension Principle”.

The following is the main result of [179].

Theorem 8.4. Assume OCAt and MAy,. Then the weak Extension Prin-
ciple holds.

The conclusions of Theorem R.2] and Definition [8.3]look much better with
U = (), and in [52, §4.11] it was all but conjectured that this “Strong Ex-
tension Principle” follows from forcing axioms. Alas, the following example
shows that we cannot take U = ().

Focusing on the case X = Y = N, we say that a subset A C SN\ N
homeomorphic to SN\ N is a nontrivial copy of SN \ N if it is not equal to
B\ B for any countable B C BN. By the Gelfand-Naimark Duality, this
corresponds to a surjective unital *-homomorphism ® : £>°/co — €% /¢y that
it is not induced by a unital *~homomorphism from ¢ into itself, that is
a algebraically nontrivial map. While Forcing Axioms forbid the existence
of algebraically nontrivial homeomorphisms of SN\ N (this was thoroughly
discussed in §3|and , the existence of nontrivial copies of SN\ N on the
other hand follows from ZFC alone.

Theorem 8.5 ([39]). There exists a nontrivial copy of BN\N inside SN\ N.

Turning to the noncommutative setting, in [I71] rigidity phenomena are
investigated for *~-homomorphisms from the Calkin algebra to itself. Unlike
the abelian setting, in this case the rigidity forced on the structure of Q(H)
by OCA~, along with some peculiar features of this algebra, allow to extend
the triviality results obtained for automorphisms in Theorem to all
unital *-homomorphisms.

As Q(H) is simple (as a C*algebra), all *~homomorphisms from the Calkin
algebra to itself are either zero or injective, hence we are simply going to
refer to them as endomorphisms. Although the results in [I71] also apply
to non-unital maps, in the present discussion we restrict to the unital case,
since the core ideas are the same and this allows us to avoid unnecessary
technical details.
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Definition 8.6. A unital endomorphism ®: Q(H) — Q(H) is algebraically
trivial if there is a unitary v € Q(H) and a strictly continuous unital endo-
morphism ®,: B(H) — B(H) such that the following diagram commutes.

BUH) —2* B(H)

J’ Ad(v)o @ J’

QH) ——— Q(H)

Note that an automorphism of Q(H) is algebraically trivial as in Defini-
tion if and only if it is inner. Because of Theorem Definition
agrees with Definition on automorphisms of Q(H). Hence the following
is an extension of Theorem to endomorphisms of Q(H ).

Theorem 8.7 ([I71, Theorem 1.3]). Assume OCAr. All endomorphisms
of Q(H) are algebraically trivial.

The techniques required to prove Theorem are refinements of the tools
developed to prove Theorem Indeed a significant portion of the most
technical results in [60] already applies to endomorphisms (the same argu-
ments are also exposed in full detail in [61], §17]). By the appropriate analog
of Lemma it suffices to prove that the restriction of the endomorphism
under consideration to some corner pQ(H)p is algebraically trivial.

Along with some elementary observations on endomorphisms of B(H)
(see [I71, Remark 2.3]), Theorem [8.7| permits to completely classify unital
endomorphisms of Q(H) up to unitary equivalence via the Fredholm index
of the image of the unilateral shift s. What can be obtained under OCA
is thus a result in the same spirit of the early studies on essential unitary
equivalence discussed in

Theorem 8.8 ([I71, Theorem 1.1]). Assume OCAt. Two unital endomor-
phisms ®1, P9 : Q(H) — Q(H) are unitarily equivalent if and only if the
Fredholm indices ind(®1($)) and ind(P®2($)) are equal.

The latter theorem enables to define a bijection between the set of unital
endomorphisms End(Q(H)) modulo unitary equivalence ~,,, and the set of
positive integers. The index map is concretely defined as

©: End(Q(H))/ ~y — NT
[®] — —ind(P($)).

Both Theorem and Theorem fail badly under CH. In [130] the
authors build a collection of size 2¢ of pairwise inequivalent, outer (hence
nontrivial) automorphisms. Composing these automorphisms with an (al-
gebraically trivial) endomorphism of index m > 0 produces an uncountable
family {®o},comy © End(Q(H)) such that [®,] # [®g], but O([®,]) =
O([®g]) =m, for all § # .
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A further difference in the behavior of the index map ©, when assuming
CH, is its range. Under OCAt the range of © coincides with the set of
positive integers. On the other hand, CH entails the existence of a unital
endomorphism ® € End(Q(H)) that maps every unitary of Q(H) into a
unitary with index zero, thus giving O([®]) = 0 (this follows from the main
result of [70]; see also [I71, Example 5.4]). It is not known whether the
map O can assume negative values consistently with ZFC. This problem
relates to Question since a ® € End(Q(H)) such that ©([®]) = —1
is an endomorphism which, up to unitary equivalence, sends the unilateral
shift to its adjoint. Finding such an endomorphism does not seem to be a
much easier task than answering Question [£.10] itself.

We conclude with an amusing corollary to Theorem In [70] it was
proved that every C*-algebra of density character < N; embeds into Q(H),
and therefore CH implies that A embeds into Q(H) if and only if its density
character is not greater than N;. In particular, CH implies that the class of
C*-algebras which embed into Q(H) is, not surprisingly, closed under taking
limits of countable inductive systems and under tensor products. What is
surprising is that this is not a theorem of ZFC.

Corollary 8.9. OCAr implies that the class of C*-algebras that embed into
Q(H) is not closed under tensor products and that it is not closed under
countable inductive limits.

Proof. The conclusion of Theorem implies that, under OCAt, Q(H) ®
Alﬁ embeds into Q(H) if and only if A is finite-dimensional. The first part
follows immediately. For the second part, choose A that is an inductive limit

of a sequence of finite-dimensional C*-algebras (e.g., any infinite-dimensional
AF algebra). O

9. LARGER CALKIN ALGEBRAS

This section is devoted to the strain of research initiated in the last two
pages of the pivotal paper [I73]. There Velickovi¢ proved that OCAr and
MAy, imply that all automorphisms of P(X;)/ Finlﬂ are trivial and that PFA
implies that, for every infinite cardinal x, all automorphisms of P(x)/ Fin are
trivial. In the topological reformulation (see , the conclusion of the lat-
ter result asserts that every autohomeomorphism of the Cech-Stone remain-
der Sk \ k taken with the discrete topology can be extended to a continuous
map from Sk into itself. A nontrivial automorphism of P(N)/Fin trivially
(no pun intended!) extends to a nontrivial automorphism of P(x)/ Fin, and
therefore by Rudin’s result CH implies that P(x)/ Fin has a nontrivial auto-
morphism for every infinite cardinal k. The situation with the Calkin algebra
associated to a nonseparable Hilbert space is, not surprisingly, considerably
more complicated.

37For the readers who would care, this is the spatial tensor product.
38Fin is the ideal of finite subsets of , denoted [£]<%° by some authors. The cardinal
k will be clear from the context and this notation should not lead to any confusion.
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9.0.1. Large Calkin algebras. Fix an uncountable cardinal x and (in this
paragraph only) let H = /3(k). Let K(H) denote the ideal of compact
operators on B(H). For an infinite cardinal A < k let

Kx(H) = {a € B(H) | the density character of a[H] is smaller than A},

in particular K(H) = Ky,(H). It is not difficult to see that every norm-
closed, self-adjoint ideal of B(H) is of this form for some A ([61, Proposi-
tion 12.3.4]). In particular, for any N, the proper ideals of Q(¢2(R,)) are
linearly ordered by inclusion in type . Suppose that ® is an automorphism
of the Calkin algebra Q(H) = B(H)/K(H). Then ® sends K)(H)/K(H) to
itself for every uncountable A < k. A moment of thought reveals that it is
not at all clear whether the existence of an outer automorphism of Q(¢2(Ry))
implies the existence of an outer automorphism of Q(¢2(x)) for any uncount-
able value of k. Indeed, it is an open problem whether the existence of an
outer automorphism of Q(¢2(k)) is relatively consistent with ZFC for a sin-
gle uncountable x. Constructions of awkward objects using CH are typically
easier (and historically obtained much earlier) than the proofs from forcing
axioms that those objects do not exist. Nevertheless, a modification of
Velickovié¢’s argument can be adapted, by introducing curious objects called
‘Polish Aronszajn trees’, to show that PFA implies all automorphisms of
Q(l2(k)) are inner for all infinite £ ([59]), in spite of an observation that the
noncommutative analog of the poset for adding uncountably many Cohen
reals fails to be ccc.

Our understanding of the triviality of automorphisms of ‘other Calkin
algebras’, those of the form Q(l2(k))/Kx(l2(k)) for ¥y < A < k brings yet
another reversal.

Question 9.1. Let A < k be uncountable cardinals. Are there outer auto-

morphisms of Q(l2(k))/Kx(l2(k))?

The answer is easily positive if K = A and 2 = k™ ([72, Theorem 1]), but
nothing else is known.

9.0.2. The noncommutative Katowice nonproblem. The ideas from the pre-
vious paragraph can be used to undermine another heuristic principle, that
questions about noncommutative objects are more difficult than their ‘com-
mutative’ analogs. The Katowice problem asks whether the Boolean alge-
bras P(N)/Fin and P(X;)/ Fin can be isomorphic in some model of ZFC; it
is wide open (see e.g., [26]). On the other hand, the fact that the ideals of
Q(l2(R,,)) are linearly ordered in type v immediately implies that Q(¢3(k))
and Q(f2())) are non-isomorphic for any pair of distinct infinite cardinals
k and A. (It should be noted that, by [6], for uncountable cardinals x and
A, ZFC implies that P(x)/Fin and P(\)/ Fin are isomorphic if and only if
k=A)

9.0.3. P(k)/Fin again. The study of automorphisms of P(x)/Fin for un-
countable x is only loosely related to our story, but it hides surprises worth
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mentioning. If k is uncountable, then MAy, and OCAr already imply that
all automorphisms of P(x)/ Fin are trivial, for all k < ¢ ([112] Theorem 3.4]).
In [I57, Corollary 1.2] this conclusion was extended to all x smaller than the
first inaccessible cardinal (or all &, if there are no inaccessible cardinals).

Rigidity for the quotient of P(x) modulo the ideal of subsets of cardinality
smaller than x was studied in [112, 108 [107].

10. UNIFORM ROE CORONAS

In this section we study automorphisms of certain quotient structures
constructed from a class of C*-algebras linked in a natural way with the
coarse geometry of metric spaces.

Coarse geometry is the study of metric spaces when one forgets about
the small scale structure and focuses only on large scale. This philosophy
underlies much of geometric group theory. Since we can forget about what
happens at a small scale, we focus on metric spaces which are discrete,
or, even more, uniformly locally finite. A metric space (X, d) is uniformly
locally finite (u.lf. from now on) if for every r > 0 we have sup,¢ x |B(2)| <
00, By(x) being the ball of radius r around x. Examples of such spaces
are finitely generated groups with the word metric and discretisations of
Riemannian manifolds.

Associated to a u.l.f. metric space (X, d) is a C*-algebra called the uniform
Roe algebra of X. Prototypical versions of this C*-algebra were introduced
by Roe [134] for index-theoretic purposes. The theory was consolidated in
the 1990s, and uniform Roe algebras have since found applications in index
theory (e.g., [162] [48]), C*-algebra theory ([138]), single operator theory
([133]), topological dynamics ([106]), and mathematical physics ([50]).

The formal definition of C; (X)) is the following. For a metric space (X, d),
the propagation of an X-by-X matrix{ﬂ a = [agy is

prop(a) == sup{d(z,y) | azy # 0} € [0, 00].

If a = [aszy] has finite propagation and uniformly bounded entries, then a
canonically induces a bounded operator on the Hilbert space f2(X) as long
as (X,d) is u.l.f.. For any such (X,d), the operators with finite propaga-
tion form a *-algebra and its norm closure, a C*-algebra, is the uniform
Roe algebra of (X, d), denoted by C}(X). The algebra C; (X) contains the
compacts C(¢2(X)) as a minimal ideal. We define the uniform Roe corona
of X, denoted by Q(X), as the quotient C}(X)/KC(f2(X)).

In the setting of coarse geometry, homeomorphisms are replaced by maps
remembering the large scale structure.

Definition 10.1. If (X,d) and (Y, 0) are metric spaces, a map f: X — Y
is said to be coarse if for every r > 0 there is s > 0 such that if z, 2’ € X are

39We view an X-by-X matrix as a function a: X x X — C.
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such that d(z,2’) < r then d(f(z), f(2')) <s. If f: X Y and g: Y — X
are coarse maps such that

sup d(z, g o f(z)) < oo and supd(y, f o g(y)) < oo,
reX yey

f and g are called mutual coarse inverses. In this case, each of f and g is a
coarse equivalence, and the spaces X and Y are said coarsely equivalent.

The ‘rigidity problem for uniform Roe algebras@ asks whether two u.l.f.
metric spaces X and Y whose uniform Roe algebras are isomorphic must
be coarsely equivalent. This was recently solved in [13]@ The ‘quotient’
version of this problem was formulated and studied in [I4]. It is known as
the rigidity problem of uniform Roe coronas.

Problem 10.2. Let X and Y be u.l.f. metric spaces such that Q}(X) and

Q: (YY) are isomorphic. Does it follow that X and Y are coarsely equivalent?

In [14], Problem was solved in the presence of geometrical assump-
tions on the spaces involved, asking for the non-existence of certain ‘ghost’
operators. Relying on the recent results obtained in [I3], it is possible to
remove these hypotheses and fully solve the rigidity problem for uniform
Roe coronas.

Theorem 10.3 ([I3] Theorem 1.5]). Assume OCAt and MAy,. Let X and
Y be w.l.f. metric spaces. If Qi (X) = QL(Y), then X and Y are coarsely
equivalent.

We streamline a proof of this result. Fix two u.lf. metric spaces (X, d)
and (Y,0), and let ®: Q¥ (X) — Q}(Y) be an isomorphism. We focus on
the algebra of propagation 0 operators, corresponding to diagonal matrices.
As characteristic functions on subsets of X give diagonal matrices which in
turn correspond to propagation 0 operators, we have that /o (X) C C!(X).
Since loo (X)NK(l2(X)) = co(X), we have a canonical copy of £, /¢ sitting
inside Q}(X), and therefore we have an injective *-homomorphism

D [ loo(X)/co(X): loo/co — Qu(Y).
The methods of [14, §6] (assuming geometric assumptions on the spaces X

and Y'), recently generalised to all u.l.f. spaces in [I3], §3], show that, to get
coarse equivalence, it is enough that ® lifts on the canonical copy of £ (X).

Proposition 10.4. Let (X,d) and (Y,0) be u.l.f. metric spaces. Suppose
that ®: QX (X) — QX (Y) is an isomorphism and that @ | oo (X)/co(X) has
a lifting ®.: loo(X) — C:(Y) which is a *-homomorphism. Then X and Y
are coarsely equivalent.

40The word rigidity is so flexible that it is obviously overused in mathematics.

41Although uniform Roe algebras are nonseparable, they are separably representable
and an isomorphism between them is implemented by a unitary. The rigidity problem
for uniform Roe algebras is therefore absolute, i.e., its solution cannot depend on the set
theoretic ambient.
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Sketch of a proof. Using the geometric property on Y (e.g., [14], §6]), or the
novel recent results contained in [I3] §3], one can prove that

(36 > 0)(Va € X)(Fy € V) [| P+ (Xa)xyll > 0.

This induces a function f: X — Y, and such a function can be proved to be
coarse. Similarly, by using that ® is an isomorphism, one applies the above
reasoning to get a coarse g: Y — X. Using that f is constructed with an eye
on ®, while g gets constructed from ®~', one then shows that f and g are
mutual coarse inverses, and therefore X and Y are coarsely equivalent. [

To get a @, as above, we need Forcing Axioms. Using techniques similar to
the ones of we show that under OCAt and MAy,, ® | loo(X)/co(X)
must admit a Borel lifting /o (X) — C;(Y). Consequently, using Ulam-
stability type of results (in particular [I17, Proposition 7.6 and 7.8]), we
can show that the *-homomorphism @ [ /o(X)/co(X) — QL(Y) is al-
gebraically trivial (in the terminology of , and therefore there exists a
*-homomorphism lo (X ) — C5(Y) that lifts ®.

Theorem begs the question: Does the solution to the rigidity prob-
lem of uniform Roe coronas depend on set theory? Here is a soft partial
result. Let X = {n? | n € w} with the usual metric. In this case, all opera-
tors in B(¢2(X)) with strictly positive propagation must be compact, hence
LX) = Loo(X) + K(6(X)), and Q(X) = Loo(X)/c0(X). TF Loo(N)/co(N)
has nontrivial automorphisms, this gives an automorphism ® of Q’ (X) such
that @ [ £oo(X)/co(X) does not have a lifting @,.: £o(X) — C!(X) which is
a *-homomorphism, and therefore Proposition does not apply. There-
fore, consistently, not all isomorphisms of uniform Roe coronas can be lifted
*-homomorphically on the canonical diagonal copy of fo,. In this case,
though, we started by setting X =Y. More interestingly, by combining the
idea from Theorem with an analytic argument, in [I8, Theorem 6.5]
it was proven that there are 2% coarsely non-equivalent uniformly locally
finite metric spaces whose uniform Roe coronas are isomorphic under CH.
Together with Theorem [I0.3] this gives an example of uniformly locally finite
metric spaces such that the assertion Q(X) = Q(Y) is independent from
ZFC.

10.1. The Higson corona. Another interesting quotient C*-algebra asso-
ciated to a u.l.f. metric space (X, d) is the Higson corona. This algebra was
introduced by Higson (yet it is sometimes referred to as the Higson—-Roe
corona) in connection with a K-theoretic analysis of the Roe index theo-
rem for non-compact Riemannian manifolds. It is studied for its relevance
in the connections between topology and coarse geometry ([44]) and index
theory (e.g. [135, §6 and 7] and [I83]). In general, the Higson corona gives
a unique access to study the ends (or directions) of a u.l.f. metric space, and
specifically of a finitely generated group.
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A bounded function f: X — C is said to be slowly oscillating (also known
as a Higson function) if

(Ve,r > 0)(vV¥a,y € X)(d(z,y) <r=|f(z) = fy)| <e).

In layman’s terms, slowly oscillating functions become more and more con-
stant as we go to infinity. Slowly oscillating functions belong to £ (X),
and they form a C*-algebra denoted by Cp,(X). The Higson corona of X,
denoted by C,(X), is the quotient

Cy(X) == Cp(X)/Co(X) € Qu(X).

The Higson remainder vX is the spectrum of the Higson corona, that is, the
compact topological space such that C,(X) = C(vX). It is a good exercise
(see [8, Proposition 3.6]) to show that C,(X) is exactly the center of the
uniform Roe corona Q} (X).

The following is (a restricted version of) Proposition 2.41 in [136].

Proposition 10.5. Let X and Y be infinite u.l.f. metric spaces. Fvery
prope@ coarse map ¢: X — Y extends to a continuous map vyp: vX — vY.
Also, @ is a coarse equivalence if and only if v is a homeomorphism.

In [132], Protasov noticed that if the u.l.f. metric space X has asymp-
totic dimension zerﬂ, then the spectrum of C,(X) is a Parovicenko space
(see §6.1)). This implies that the Higson corona of X is a countably satu-
rated C*-algebra elementarily equivalent to ¢, /co. Parovicenko’s Theorem
(see Corollary [6.6), as well as Keisler’s Theorem (Theorem [6.2)), then gives
the following:

Theorem 10.6. Assume CH. Let X be a u.l.f. metric space of asymptotic
dimension zero. Then Cy,(X) is isomorphic to lo/co.

Since there are many coarsely inequivalent u.l.f. metric spaces of asymp-
totic dimension zero (e.g., if X = {n? | n € w}, then X and X? are not
coarsely equivalent), the result above shows that isomorphism of Higson
coronas cannot detect coarsely equivalence, at least under CH.

What about the other side of the coin? The problem of establishing
rigidity of Higson coronas under suitable Forcing Axioms was studied by
the fourth author, who in [I76] proved the following:

Theorem 10.7. Assume OCAT and MAy,. Let X and Y be u.l.f. metric
spaces. If X and Y have isomorphic Higson coronas then they are coarsely
equivalent.

In addition to Theorem m [176] characterises in a strong way all *-
homomorphisms between Higson coronas, stating the coarse version of the
weak Extension Principle (see and proving it in presence of Forcing
Axioms.

4211 the setting of u.l.f. spaces properness reduces to ‘finite-to-one’.
43Asymptotic dimension is the large-scale analog of Lebesgue covering dimension. It
was introduced in [87] by Gromov in the context of geometric group theory.
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11. THIS PAPER WAS TOO SHORT FOR. ..

Given the scope of the present paper, it was inevitable that some of the
topics closely related to its subject matter had to be omitted. We therefore
feel obliged to indicate some of these topics, in spite of the fact that every
topic mentioned brings us closer to additional omitted topics, conflicting
with the finiteness requirement on this paper.

11.0.1. Dimension phenomena. The reader may have noticed some asym-
metry in our treatment of Boolean algebras and C*-algebras. In the latter
case, the quotients were of the form M(A)/A, hence we considered quotients
of a variety of C*-algebras M(A). In the former case we (so far) considered
only the quotients of P(N). There is however a rich rigidity theory of quo-
tients M /Z where M is a closed Boolean subalgebra of P(N)/Fin and Z is
an ideal of M. For example, the rigidity of homeomorphisms between the
Cech-Stone remainders of countable locally compact spaces (i.e., the count-
able ordinals) discussed in §3| are the Stone duals of quotients M/Z for a
Borel subalgebra M of P(N) and a Borel ideal Z on M. Another related
thread of research arose from the consideration of dimension phenomena,
initiated by Eric van Douwen in [38].

For n > 2, the tensor product §),, P(N) can be identified with a Borel
subalgebra of P(N™). The Stone dual of this tensor product is (5N)™. Via
this observation, the isomorphisms between finite powers of SN\ N dualise
to isomorphisms between quotients M /Z where M is a Borel subalgebra
of P(N) and Z is a Borel ideal, and hence belong to our rigidity program.
In [38], van Douwen proved that (SN \ N)” and (SN \ N)" are isomorphic
if and only if m = n. This was extended in [55]. The most appealing
formulation of this result is topological: for every continuous function f
from a product of compact Hausdorfl spaces Hg < X¢ into 8 there is a
partition of the domain into clopen sets such that the restriction of f to each
one of them depends on at most one coordinate (a similar result was proved
from OCA~ in [95]). This is one of the few nontrivial facts about SN\ N
that can be proved in ZFC. The only known result along these lines for
C*-algebras is that no corona of a separable C*-algebras can be presented
as a tensor product of infinite-dimensional C*-algebras ([83]).

11.0.2. The role of MA, OCA*, and Biba’s trick. In [173], it was proven that
MA alone does not imply that all automorphisms of P(N)/Fin are trivial,
and in [I54] it was shown that in Velickovié’s model every automorphism is
somewhere trivial (see the last paragraph of . This was complemented
in [155], where a model of MA in which nowhere trivial automorphisms exist
was constructed. These results explain, to some, why Shelah’s eradication of
nontrivial automorphisms proceeds in two stages, by considering somewhere
trivial and nowhere trivial automorphisms separately.

44The theorem is more general: it holds when ON is replaced by any SN-space, as
defined in [3§].
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MA is not needed in order to prove that all automorphisms of the Calkin
algebra are inner, because of the isometry trick (see Lemma . In [32,
Theorem 1] it was finally proved that OCAr alone imples all automorphisms
of P(N)/Fin are trivial. The proof filters through a variant of OCAr called
OCA# that follows from OCAT by a modification of Moore’s proof that
OCA implies OCA, ([120], [32, Theorem 3.3]). This axiom does not have
the elegance of OCAr, but its complexity is generously compensated by its
utility in analysing automorphisms of quotient structures, via the so-called
Biba’s trick. It was used in [64] to prove that OCAt and MA,_jinkeq together
imply the conclusion of the OCA Lifting Theorem (Theorem and to
show that all isomorphisms between quotients over countably 80-determined
ideals on N are topologically trivial, partially answering Question from
an earlier version of this paper.

11.0.3. The cardinality of the group of automorphisms of P(N)/Fin. In [165]
it was proven that, in the presence of a topologically nontrivial automor-
phism, it can be any regular cardinal between ¢ and 2°.

11.0.4. A ‘commutative’ version of the BDF question. An analog of Ques-
tion[4.16|has attracted some attention. Consider the action of Z on P(N)/ Fin
where
nAl=[{j+nlje A}

for n € N and A € P(N). Is there an automorphism ® of P(N)/Fin such
that 1.®([A4]) = ®(—1.[A]) for all Aﬁ Such @ cannot be trivial. Nu-
merous partial positive results on this problem have been obtained in [81]
and [I60]. This and related problems were tackled from the dynamic side
in [16] and [I5]. A positive answer to this question was announced in [17].

11.0.5. Near actions. The concept of near action studied in [37] is closely re-
lated and highly relevant to questions on the rigidity of uniform Roe coronas
associated with countable groups (see and [14, Example 9.4]).

11.0.6. Rigidity for ultrapowers. The abstract and general setup outlined
in §2| is an attempt to capture the notion of a definable (Borel) quotient
structure whose properties (automorphism group in particular) are sensi-
tive to the choice of additional set-theoretic axioms. Needless to say, some
quotient structures of general interest are not covered by our setup—for
example, ultraproducts (see also . Throughout this survey, we con-
sidered only structures M/FE for a Borel M and a Borel E. An important
instance of the rigidity question is obtained by relaxing the Borelness re-
quirement on F, is the rigidity question for ultrapowers. For a given Borel

45T¢ should be noted that a positive answer to this question would not be a progress
towards solving Question This is because Truss’s theorem (see Example implies
that if an automorphism of the Calkin algebra sends the atomic masa fo(N)/co to itself
then its restriction to the normaliser of the atomic masa is implemented by a unitary;
see [61] Notes to §17.9].
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structure M (belonging to an axiomatisable category, so that the ultrapow-
ers are defined) consider the Borel structure MY. If I/ is an ultrafilter on N,
then the ultrapower My, of M associated with U is of the form MY /Ey, for
an appropriately defined Ep;. The standard saturation arguments™| (§6.1))
implies that, under CH, My, has 28t automorphisms and that My and Ay
are isomorphic if and only if M and N are elementarily equivalent. Whether
this conclusion is true without the CH depends on whether the theory of M
is stable or not (see [69] and [73]).

Much deeper rigidity results appear in Shelah’s series of papers ([148,
149 151]). In the third paper it was proved that, relatively consistently
with ZFC, there exists a nonprincipal ultrafilter &/ on N such that if M and
N are models of the canonical theory of the independence property then
every isomorphism between My, and N, is topologically trivial (and even
a product isomorphism). To say that the ramifications of this remarkable
result have not been explored would be a gross understatement.

11.0.7. Mazimal Hardy fields. Another class of examples not covered by our
setup, well-known to model-theorists but largely overlooked by contempo-
rary set-theorists, is given by maximal Hardy fields ([3]). Being defined as
maximal subfields of the ring of germs at 400 of real functions differentiable
on an end-segment of R and closed under differentiation, their construc-
tion involves the Axiom of Choice. The exact analogy with the second part
of Conjecture Template [2.6][]] holds: CH implies that all maximal Hardy
fields are isomorphic ([3, Corollary B]). Since the proof involves a lemma re-
sembling countable saturation ([3, Lemma 10.1]), there is a possibility that
the analogy extends to Conjecture Template and that forcing axioms
(or some other additional set-theoretic axioms) imply the existence of non-
isomorphic maximal Hardy fields. It should be noted that CH implies that
all maximal Hardy fields are isomorphic to a canonical object, the ordered
field No(wy) of surreal numbers of countable length. Analogous remarks ap-
ply to maximal analytic Hardy fields ([4, Theorem A]), and [4, §8] contains
several questions about the structure of maximal analytic Hardy fields with
strong set-theoretic flavour.

11.0.8. Borel liftings of the measure algebra. A well-known question on the
boundary of our framework is: Do forcing axioms imply that the measure
algebra has no Borel lifting (see [I50] for an oracle-cc consistency proof)?
Any attempt at sealing gaps in the algebra Borel/ Null (where Null denotes
the o-ideal of Lebesgue negligible subsets of R) is hindered by the fact that,
because of the countable chain condition, the gaps produced to witness the
fact that a given partial Borel lifting cannot be extended to a Borel lifting are
countable. All presently known gap-sealing techniques rely on uncountable
combinatorics and the methods going back to [90], [113], and [I09]. It is not

46\e assume that the ultrafilters ¢/ and V are nonprincipal.

https://doi.org/10.1017/bs|.2025.10084 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2025.10084

CORONA RIGIDITY 7

known whether (uncountable) gaps can be frozen outside of the context of
certain F,s ideals on N; see [57].

11.0.9. Mazimal rigidity. In Example We saw that by [168] another quo-
tient group, Soo/H, (where H denotes the normal subgroup of all finitely
supported permutations of N) has the property that (provably in ZFC) each
of its automorphisms is given as conjugation by an almost permutation, and
in particular it has a continuous lifting. One consequence of this strong
rigidity result is the following. Fix a pair f, g in Sy, and let M = (S, f)
and N = (S, 9). Then M/H and N/H are isomorphic if and only if f
and g are conjugate (by an almost permutation) in the quotient, and in par-
ticular the question of the isomorphism of these structures is independent
from ZFC.

Question 11.1. What other structures (or categories) have this rigid be-
haviour, and is it possible to give a general characterisation of such struc-
tures?

12. ABSOLUTENESS

In this, concluding, section we discuss the necessity of set theory and the
relevance of model theory to the rigidity problems discussed in the earlier
parts of this survey. We also outline a very general framework for rigid-
ity problems of this sort, extending one that the senior author has been
promoting for years (see e.g., [52], [58], [54]).

12.0.1. Absoluteness of topologically trivial isomorphisms. A strong evidence
of the merit of the notion of a topologically trivial isomorphism (Defini-
tion is given by an absoluteness argument. By counting quantifiers,
one sees that if M/FE and N/F are Borel quotients in the same countable
signature and F': M — N is Borel, then the assertion “F' lifts an isomor-
phism” is II} and therefore subject to Shoenfield’s Absoluteness Theorem
(e.g., [I01]). Similarly, the assertion “F lifts an embedding” is IT}, and
therefore the assertion “There is an embedding of M/E into N/F with a
Borel lifting” is absolute between transitive models of ZFC that contain all
countable ordinals. The assertion “There is an isomorphism between M/E
and N/ F with a Borel lifting” is X3, and therefore absolute between forcing
extensions, at least once one assumes the existence of class many measurable
cardinals.

12.1. The general rigidity problem (again). The problem introduced
in §2 can be construed as follows. Given a Borel structure M (in this paper
we mostly considered Boolean algebras and C*-algebras, only because these
are the contexts in which we had something to say), consider the space
of congruences of M. In our case, congruences were given by ideals, but
depending on the category one can consider normal subgroups or arbitrary
equivalence relations that are congruences with respect to the algebraic and
relational structure of M. For a pair of Borel structures M and N of the
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same signature and congruences 7,7 of M and N, respectively, consider
the following two questions.

(12.1) Is the assertion that M /Z = N /T relatively consistent with ZFC?
(12.2) Is the assertion that M/Z = N /J provable in ZFC?

We start with|(12.1)] deferring the discussion of (a modified form of) |(12.2)
to §12.1.3] If Z and J are Borel, or even projective, then the assertion that
M/ =2 N/J is a X2 statement:
There exists f: M — N such that ®¢([alz) = [f(a)]s is
well-defined and an isomorphism between M /Z and N/ J.

By Woodin’s X3-absoluteness theorem (see e.g., [L11]), if|(12.1)|can be forced
to hold and there are class many measurable Woodin cardinals in the uni-
verse, then M/Z =2 N/J in every forcing extension that satisfies CH. For
metamathematical reasons, this is strictly weaker than the assertion that if
MJZ =2 N/J is relatively consistent with ZFC then CH implies it. Nev-
ertheless, this observation usually gives a good lead on how to approach
a problem at hand, shifting focus from set-theoretic methods to model-
theoretic analysis of the theories of M /Z and N/ 7, as well as the saturation
properties of these structures

12.1.1. Absoluteness of model-theoretic properties. The theory of a given
structure is absolute between transitive models of ZFC. However, if the
structure in question is Borel, then it is re-evaluated from its Borel code in
every model. This process results in not necessarily isomorphic structures.

Proposition 12.1. Suppose that M is a projective structure (of classical,
discrete, logic) and T is a Borel congruence on M. For every formula o(Z)
of the signature of M and every tuple a in M /T of the appropriate sort, the
assertion

M/T = (@)

18 a projective statement.

We will sketch the proof of a slightly more precise statement in case Z is
Borel. If ¢ is quantifier-free, then the assertion is clearly Al. By induction
on complexity of ¢ one shows that if ¢(z) is ¥, (II,,) then M/Z = ¢(a) is
L (IT}). The proof in the case when Z is projective is similar.

An analogous proof gives Proposition below. The (hopefully inoffen-
sive) phrase ‘Borel metric structure’ is short for ‘a structure with a metric
signature which is also Borel’.

Proposition 12.2. Suppose that M is a Borel metric structure and Z is
a Borel congruence on M. For every formula ¢(Z) of the signature of M,
every r € R, and every tuple a in M /T of the appropriate sort, the assertion

M/T Epla) <r

q

47As we have seen in §6.5) in the case of C*-algebras model theory has to be supple-
mented by other methods.
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is a projective statement. More precisely, if T is Borel and ¢ is ¥, (11,,)
then this assertion is 35 (T11).

The assumption of Corollary is, unlike the (to an untrained ear,
similar-sounding) assumption of Woodin’s $3 absoluteness theorem, within
reach of inner model theory ([122]) and therefore fairly innocuous@

Corollary 12.3. Suppose that there exist class many measurable Woodin
cardinals. If M is a Borel structure (discrete or metric) and Z is a projective
congruence on M, then neither Th(M/Z) nor the truth of the assertion
‘M/T is countably saturated’ can be changed by forcing.

Note that the theory of the standard model of second-order arithmetic,
which is a Borel structure (see e.g., [101]) can be changed by forcing if no
large cardinals are assumed.

For the theory of M /Z this is a consequence of Proposition Propo-
sition [12.2] and the fact that if there are class many Woodin cardinals then
the truth in L(R) cannot be changed by forcing (e.g., [L01]).

Countable saturation of M/Z is not a projective statement since there
is no guarantee that all formulas of the type in question will be X, for a
fixed n. Nevertheless, it is clearly a statement of L(R), and Corollary
follows.

Under what conditions is the quotient M /Z as in Corollarycountably

saturated? As we have seen in §6.3] under general conditions one can only
expect a restricted form of saturation, such as the degree-1 saturation in the
category of C*-algebras. It is tempting to conjecture that if 7 is sufficiently
ergodic—in the sense that each equivalence class [a]7 is dense in the sort of
a as interpreted in M-—then M /7 has some (nontrivial and useful) form of

countable saturation.

12.1.2. BDF. The Brown-Douglas-Filmore question (§4.3)), whether there
exists an automorphism of the Calkin algebra that sends the unilateral shift
to its adjoint, can be considered within the framework of Consid-
ering M = (B(H),s) and N' = (B(H),s*) as structures in the language
of C*-algebras expanded by a constant interpreted by the shift or by its
adjoint, the question is whether M /IC(H) is isomorphic to N'/IKC(H). The
lamentable status of this question can be summarised in two remarks. First,
it is not even known whether these two structures are elementarily equiv-
alent. Second, even if they were, the Calkin algebra—and therefore each
of these two structures—fails even to be countably homogeneous (see .
Nevertheless, Woodin’s Y22 absoluteness theorem suggests that assuming the
Continuum Hypothesis may help. In addition, forcing CH without adding
reals preserves Y7 statements and therefore assuming CH does no harm in
this context.

48By Th(A) we denote the theory of a structure A.
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12.1.3. Non-isomorphism. In order to avoid metamathematical detours, in-
stead of question we consider a question that is, given the current
state of the art in set theory, easier to analyse: When does M /Z % M /J
hold in a forcing extension?

Conjecture 12.4. Suppose that there exist class many supercompact cardi-
nals@ Suppose that M and N are Borel structures (discrete or metric) of
the same signature and that E and F are Borel congruences on M and N,
respectively. If M/E and N'/F are non-isomorphic in some forcing exten-
sion, then they are non-isomorphic in every forcing extension that satisfies
Martin’s Mazimum (MM).

In this context, the choice of MM, provably the strongest forcing axiomm
may appear to be arbitrary, but the recent unification of forcing axioms with
Woodin’s axiom (*) in [5] gives additional weight to the view that forcing
axioms provide a coherent alternative to the CH. In all the (many!) in-
stances in which Conjecture has been confirmed (, OCA# and MA
(see suffice. As we have seen in and in the case of Boolean
algebras P(N)/Z for a Borel ideal Z, a confirmation of Conjecture relies
on whether gaps in the corresponding Boolean algebra can be frozen (i.e.,
can be made indestructible by an Wj-preserving forcing) in P(N)/Z. This
extends, using OCA# in place of OCAr, to reduced products of fields, linear
orders, trees, and sufficiently random graphs ([32], see §7.4). As noted in
in [74] and [82] it was proved that there exists forcing extensions of the
universe in which every isomorphism

®: P(N)/ZT - P(N)/T

has a continuous lifting. Since counting the quantifiers shows that the exis-
tence of such isomorphism is a E;) statement, granted a mild large cardinal
axiom (class many measurable cardinals, see e.g., [101]), the existence of a
continuous lifting of ® is absolute between set-forcing extensions. There-
fore in these models two quotients of the form P(N)/Z are isomorphic if and
only if they are isomorphic in some forcing extension. It is however not clear
whether this conclusion follows from forcing axioms. In the case when Z is
an Fy; ideal, the results of [57] come close to confirming Conjecturem (see
Question . The most frustrating instance of this conjecture is when 7
is the Fubini product Fin® Fin = {4 C N2 | (V*®°m)(V>®n)(m,n) ¢ A} (as
common, for convenience P(N) is replaced with the isomorphic P(N?).)
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