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Summary. In[1], R. L. Goodstein has extended some well-known theorems on
functions and equations in a Boolean algebra to the case of a distributive lattice
L with 0 and 1. The purpose of this paper is to prove that most of Goodstein’s
theorems, as well as some additional results, are still valid in the case when L
is not required to have least and greatest elements.

Throughout this paper, we shall always assume that {L, U, .) is a distributive
lattice.

The definition of a lattice function of n variables is as follows:
1. The elements a, b, ¢, ..., A, B, C, ... of L are lattice functions.
2. The functions g;, defined by
Xy, s X)) =X; Vxq, .., x,el (i=1,2,..,n) )
are lattice functions.

3. If f,g:L"—L are lattice functions, then the functions fug and fg, defined
by
(ng)(xl, (AR xn) = f(xl’ vy xn)Ug(xla LT} xn) Vxl’ ey anL’ (2)

D1y ooy X)) = F (X1 oes X)X 15 ooes X)) VX4, ooy X, €L, 3)
are lattice functions.

Lemma 1. The inequality

aubx £ cudx ©)
is equivalent to the following system of inequalities:
a £ cud, 5)
bx £ cud, (6)
a = cux. @)

Proof. Since cudx = (cud)(cux), the inequality (4) is equivalent to the
system consisting of (5), (6), (7) and bx < cux; but the last inequality is
identically satisfied.

E.M.S.—D
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Lemma 2. The inequality (&) is identically satisfied if and only if
asc (®)
and
b £ cud. . ®
Proof. If (4) is identically satisfied so are the relations (6) and (7). Taking
x = bin(6) and x = c in (7), we get (9) and (8), respectively. Conversely, the
relations (8) and (9) imply that aubx < cu(cud)x = cudx for all xe L.
Lemma 3. The equation

aubx = cudx (10)
is identically satisfied if and only if
a=c an
and
aub = cud. (12)

Proof. The identity (10) holds if and only if e < ¢, b £ cud, ¢ = a,
d £ aub, by Lemma 2. These inequalities imply, in turn, @ = ¢ and

aub = cub £ cud = aud £ aub.
Conversely, (11) and (12) imply
avbx = avu(aub)x = cu(cud)x = cudx.

We come now to the study of lattice functions. It was proved in [1] that
every lattice function can be written in the form f(x) = AuBx, where A < B.
Let g(x) = CuDx, where C < D, be another lattice function. Lemma 2
shows that the inequality f(x) < g(x) is identically satisfied if and only if
A< Cand B< D. Hencef=g ifand onlyif 4 = Cand B = D.

For every n+1 elements a, x,, ..., x, € L and for every n indices oy, ..., «,
equal to O or 1, let us put

ax

By oo

2 . oy = ... =0 =1, the other a; = 0;
axl .‘.x""=

(13)

a,ifall a; =0.
The above results can be generalized as follows.

Theorem 1. Every lattice function f:L"—L can uniquely be written in the

canonical form
g s x) =) Flig, ooy I)xY X0 (14)
ity eeesin
where F(i, ..., i,) are elements of L such that
By S 1 eves by S imply F(iy, ...y 8) £ F(J15 o5 jn)- (15)
Theorem 2. Let (14) and
9(x1s s X) = U Gy, ooy idxPxp (16)
Ity ey in

be the canonical forms of the functions f and g. The inequality f < g, that is
J(xy, o x) £ 9(x4, -5 X)) VX4, oo, X, €L amn
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holds if and only if
Fliyy ooy i) £ Gy, ooy iy)  Yigy ooy in €40, 1}, (18)

Proof of Theorems 1 and 2. For n = 1, the theorems were proved before.
The next step of the inductive proof is carried out as follows.

The function f can be written in the form

T X1y cees Xn) = F/(X1y ceny Xy IO L (X1y cvvs Xpe ()X (19)
where f’ and f " are lattice functions satisfying the identity
f’(xl’ sy xn—l) _S_f”(xla sy xn-l)' (20)
In view of the inductive hypothesis, we have
F'iy ey ina1) S F'(igy ey ip—y) Vigy s in-1€{0, 1}, @21

where F’' and F” are the coefficients of the canonical forms of the functions
S and f”, respectively.
It follows that the function f can be written in the form (14), with
F(igy woes ey 0) = F'(igy oonr in—y)
and
Fliyy cosiye1, 1) = F'(igy ooy bpy—1)-
By the inductive hypothesis, both F’ and F” have the property (15); taking
into account (21), we see that the constants F have the property (15) too.
Furthermore, let g(x,, ..., x,) = g'(xq, ..oy Xy DUG (X4, ...; X,—1)X,, Where
g’ < g”, be another lattice function. The inequality f < g holds identically if
and only if the inequalities f* < g’ and f” < g” hold identically, i.e. if and only if
F'liyy ooy iyey) S Gy ooy iyey) and F'(yy ooy iyey) < G"(iyy ooy faey)
Viy, ..., iy—1 €{0, 1}. This means that the relation (17) is equivalent to (i8).
Hence we deduce the uniqueness of the representation (14), which we state
separately, thus completing the proof:

Corollary 1. The identity f = g holds if and only if
F(iy, ...y i) = Gy, vouy i) Vi, ..o, i, €40, 1}, (22)

where F and G are the coefficients occurring in the canonical forms of the functions
f and g, respectively.

Theorem 2 and Corollary 1 generalize the so-called ‘“ verification theorem
due to Lowenheim [4]. Theorem 1 and Theorem 3 below are also generaliz-
ations of a well-known result on Boolean functions.

Let us now determine the canonical forms of the functions fug and fg,
defined by (2) and (3), respectively.

Theorem 3. Let (14) and (16) be the canonical forms of the functions f and g,
respectively. Then

(fo@xs, s x) = U [FGys ooy i)UG(iy, ooy i)]xxin (23)
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and

(fg)(xgs -..r X)) = U F(iys ...y 1)G(iy, ..., i)xit...xIn 24)

are the canonical forms of the functzons Jug and fg, respectively.

Proof. Relation (23) results immediately from (14) and (16). Since
ax’x’ = ax*"’, it follows also that

(fo)x1s oo Xa) = U [U F(jys oy j)Glkys ooy k)XY x, (25)

sin JUk =i

where (] means that the join is extended over those indices
juk=1i
Jis vesJus i1 +-» in € {0, 1} which satisfy j,uk, = iy, ..., j,Vk, = i,
Since both F and G have the property (15), it follows that
p F(ys ooy j)GCky, o k) = F(iy, ..., i)G(iq, ...y i) (26)
Juk =i

and hence (25) reduces to (24).

Since the constants FUG, as well as the constants FG, have obviously the
property (15), it follows that (23) and (24) are actually the canonical forms of
fug and fg, respectively.

The above theorems can be applied to the study of lattice equations.

As was remarked in [1], any equation 4 = B is equivalent to the inequality
AUB £ AB. Hence we shall focus our attention on inequalities of the form

f(xh srey xn) é g(xh ceey xn)- (27)
We begin with the following
Lemma 4. The inequality

f(x) = 9(x) (28)
is solvable if and only if the relation

F(0) = G(1) (29)
holds. If this condition is fulfilled, then an element x € L is a solution of (28) if
and only if

F()x £ G(1) (30)
and

F0) £ G(O)ux. (3D

Proof. The result follows immediately from Lemma 1 and Theorem 1.
Corollary 2. If x' and x” satisfy the inequality (28) and x e [x’, x"], i.e.
x" £x £ x'ux’, (32)
then x is also a solution of (28).

Proof. It follows from Lemma 4 that F(1)x’ < G(1) and F()x" £ G(1);
hence F(1)x £ F(1)(x'ux") £ G(1). The inequality (31) is proved similarly.
Therefore x satisfies (28), again by Lemma 4.
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Let us now associate with each lattice function f(x,, ..., x,), the lattice

functions
FOtyy ooy X ka1 oo i) = U FQins oo by fmt 15 o0 BndXE X (33)
Theorem 4. The inequality (27) is solvable if and only if relation
Fo,..,0) = G(,..1) (34)

holds. If this condition is fulfilled, then a vector (x,, ..., x,) € L" is a solution of
(27) if and only if it satisfies the relations
F(xqy ooy X421, 0,0, ..., 0) £ G(xyq, ..., X;-1, 0, 1, ..., DUX, (35)
and
Fxyy oo %=1, 1,0, ..., 0, < G(xy, ..., Xy, 1, 1, ..., 1) (36)
fork=1,2,...,n
Proof. For n = 1, Theorem 4 reduces to Lemma 4. The proof is easily
completed by induction.
Corollary 3. If the condition (34) is fulfilled, then every vector (x,, ..., x,)e L"
satisfying
F(xla ooy Xg—15 Oa 01 cory 0) é Xk é G(xl’ cors Xp— 15 11 13 Teey 1) (37)
fork = 1,2, ..., n,is a solution of (27).
Theorem 4 can be specialized in the case when the lattice L is biresiduated,
i.e. when it is residuated with respect to the meet and join operations. In other
words, this means that for every two elements a, b € L, there exists an element
a:beL and an element a::b e L such that bx £ « if and only if x £ a:b, and
a £ buxifand only if a::5 < x. Boolean algebras and totally ordered sets with
0 and 1 are examples of biresiduated lattices; the Cartesian product L, x L, of
two biresiduated lattices L; and L, is also biresiduated.

Theorem 5. Assume the lattice L is biresiduated. If the condition (34) is
fulfilled, then the solutions of the inequality (27) are given by

F(x{y oo X21,0,0,...,0::G(xy, ..., x,-4,0, 1, .., 1) £ x,
SG(xyy oy X, L1, o DIF(Xy, oy X2y, 1,0, .00, 0), (38)
fork =1,2, .., n
Proof. The result follows immediately from Theorem 4,

Theorem 5 generalizes a result proved by M. Got6 [2] for the two-element
Boolean algebra and by the present author [5], [6] for arbitrary Boolean
algebras; see also V. N. Grebens¢ikov [3].

The next theorem refers again to the general case of an arbitrary distributive
lattice; it generalizes a theorem on Boolean functions which goes back to
A. N. Whitehead [7].

Theorem 6. Every lattice function f:L"—L maps L" onto the interval
[F(, ..., 0), F(, ..., D]
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Proof (essentially given in [1]). Let c be an element satisfying

FO,...00sc=06(Q1,...,1); (39
we have to prove that the equation f (x;, ..., x,) = ¢, which is equivalent to the
inequality

Fxyy oo x)ue < fxy, ... X0, (40)

is solvable. Taking into account Theorem 3, we see that the condition (34) for
the inequality (40) becomes F(O0,...,0)uc £ F(1, ..., I)c and it is satisfied,
because (39) implies that F(0, ..., Q)uc = ¢ = F(1, ..., De.

Conversely, it follows from Theorem 1 that

FQO, ... 0= flxys s x) S U FQy, ooy i) = F(1, .., 1),

Assume now that the lattice L has least and greatest elements and denote
them by 0 and 1, respectively. Reasoning as in the proof of Theorem D in
[1], we see that the coefficients F(i,, ..., i,) occurring in the canonical form of a
lattice function f(x,, ..., x,) are simply F(i, ..., i,) = f (i, ..., i,). Hence the
theorems proved in Sections 1-2 of [1] are particular cases of our results.
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