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IRREDUCIBILITY CRITERIA FOR POLYNOMIALS 
WITH NON-NEGATIVE COEFFICIENTS 

MICHAEL FILASETA 

1. Introduction. In [7, b.2, VIII, 128] Pôlya and Szegô state the 
following theorem of A. Cohn: 

THEOREM 1. Let dndn_x . . . d0 be the decimal representation of a prime. 
Then 

n 

f(x) = 2 djxj 

7 = 0 

is irreducible. 

Thus, for example, since 1289 is prime, x + 2x .4- Sx + 9 is 
irreducible. Brillhart, Odlyzko, and the author generalized Cohn's 
Theorem in three different directions. As examples of these types of 
generalizations, we note the following results, the first two of which are 
special cases of a result in [1] and the third of a result in [3]. 

THEOREM 2. Let dndn_x . . . d0 be the base b representation of a prime 
where b is an integer =2. Then 

n 

f(x) = 2J d:XJ 

7 = 0 

is irreducible. 

THEOREM 3. Let 

fix) = 2 djxJ 
7 = 0 

be such that f (10) is prime and 0 ^ d. ^ 167 for j = 0, 1, . . . , n. Then 
f(x) is irreducible. 

THEOREM 4. Let dndn_x . . . d0 be the decimal representation of wp 
where w e {1, 2, . . . , 9} andp is a prime. Then 
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340 MICHAEL FILASETA 

n 

f(x) = 2 d:XJ 

is irreducible over the rationals. 

The purpose of this paper is to demonstrate how Theorem 3 can be 
improved. After proving a general theorem in Section 2, we show in 
Section 3 that, rather curiously, the bound 167 on the coefficients of 
f(x) may be replaced by 1030. Furthermore, if the degree of f(x) is 
^ 3 1 , then no upper bound whatsoever is needed. We therefore conclude 
that essentially any polynomial one might encounter with non-negative 
coefficients which is prime at 10 is irreducible. However, in Section 4 we 
show that in general in order to conclude the irreducibility of f(x) in 
Theorem 3, some upper bound on the coefficients of f(x) is needed. 
In Section 5, using the methods of Section 4, we construct an explicit 
example of a reducible polynomial/(x) of degree 32 wi th / ( 10) prime and 
wi th / (x ) having non-negative integer coefficients <6.2 X 10 ; thus, the 
bound 1030 cannot be replaced by 6.2 X 1031. Section 5 also contains 
some further discussion of the case when the degree of f(x) is 32. In 
Sections 4 and 5, analogous results are also discussed for prime values of 
f(b) where b is any positive integer. Finally, we note here that the original 
results of Brillhart, Odlyzko, and the author in [1] and [3] apply more 
directly to polynomials with negative coefficients than the theorems which 
follow. 

2. A general theorem. We begin with 

LEMMA 1. Let k and b be integers with 1 ^ k < b and let 

D = {z:\b - z\ ^ Vk}. 

Suppose 

n 

f(x)= 2 ct:Xj e Z[x] 
7 = 0 

has the properties 
(i)aj ^ Oforj = 0, 1, . . . , «, 

(ii) \f(b) | = kp for some prime p, 
and 

(iii) iff(a) = 0, then a £ D. 
Then f(x) is irreducible over the rationals. 

Proof. Assume f(x) satisfies (i), (ii), and (iii) and f(x) = g(x)h(x) 
with 

deg(g(x)) = r ^ 1 and deg(/z(jc)) = s ^ 1. 
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We may also assume the leading coefficients of g(x) and h(x) are 
positive. Since 

kp = \f(b) | = \g(b) | \h(b) |, 

one of \g(b) | or \h(b) | is ë/fc. Say \g(b) | ë A:. Write 

r 

g(x) = brU(x- Pj\ 
7 = 1 

Since each root j8- of g(x) is a root of f(x), we have by (iii) that 

\b ~ Pj\ > \/k for j = 1, 2 . . . , r. 

Hence, 

r 

* ^ |g(ft) | = \br\ Ii\b- PA > kr/1 

7 = 1 

so that r = 1. Therefore, g(jc) = èjjc + b0 with Z?j > 0. If b0 < 0, then 
g(x) and therefore / ( x ) would have a positive real root, giving a 
contradiction to (i). Hence, b0 ^ 0, and 

b> k^ \g(b) | = \bxb + 60l = *i*> 

a contradiction, completing the proof. 

Comment. A result similar to Lemma 1 (where the coefficients of f(x) 
are allowed to be negative) can be found in [6]. 

We are now ready to prove 

THEOREM 5. Let 

n 

f(x)= 2 d:Xj G Z[X] 
j = 0 

such that a- â 0 for j = 0, 1, . . . , «, and let k and b be positive integers 
with b ^ 2 ûwd k ^ b — I. Let 

m = [ir/sm~~\y/k/b)] - ! 

where [ ] denotes the greatest integer function, and fix 

B ^ y(b - Vk)m(b - y/k - 1) 

where 

y = anVk/{(b2 - k)l/2 4- v ^ } . 

Suppose that a ^ B for j = 0, 1, . . . , n — m — 1 tfftd thatf(b) = wp for 
some positive integer w ^ k and some prime p. Thenf(x) is irreducible over 
the rationals. 
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Proof. Let 

S = {a = reW:r ^ b - \fk and 

\6\ ^ sin-\y/k/b)}. 

We show that if a e S, then f(a) ¥= 0. Lemma 1 will then imply Theorem 
5 since S contains 

D = {z:\b - z\ ^ \fk). 

Fix a = re1 e S and assume/(a) = 0. Since the coefficients of f(x) 
are non-negative, 6 ¥= 0. Therefore, a is not real and its conjugate is 
also an element of S and a root of f(x). We may therefore assume that 
6 > 0. Set 

m' = [77/(2/9) ]. 

Define 

0O = sin~ \-\/k/b) and 0X = IT — m60. 

Consider the first case that m = mf. Then 

jO e (0, TT/2] for y = 1, 2, . . . , ra' 

and 

jO e (77/2, 77) for 7 = ra' + 1, . . . , m. 

Indeed, mO ^ { (ir/0o) — \}0 ^ 77 — 0o since 0 ^ 0o. Hence, using 

a~j = r~J (cos(-j0) + / sin(-y0) ), 

we get 

(1) Re(a~j) ^ 0 for y = 1, 2, . . . , m', 

(2) Re(a~7) < 0 for j = rri + 1, . . . , m, 

and 

(3) Im(a ~j) < 0 for y = 1, . . . , m. 

Since 0X i? #0, 

tan(77 - jff) ^ tan 0X è tan 0O - {k/(b2 - &) } 1 / 2 

for j = m' + I, . . . 9 m. 

Hence, 

(4) |Im(a"7) I = r~J sin(77 - yfl) 

^ /*~7 t anCsin 'Vv^/^) ) c o s O " J°) 

= {k/(b2 ~ k) }1/2|Re(a"-0 | for y = m' -h 1, . . . , m. 
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We consider 

(5) \f(a)/a"\ an + a„_xa + . . . an~ma "' + 2 a„_jOL~ 
j = m+\ 

where (in the case that n < m) we interpret an_- as zero for j > n and 
the sum is zero if it is empty. Now if 

\Re(an__m,_xa~m'~] + ... + an_ma~m) | ë a„ - y, 

then we have by (1) and (5), 

(6) \f(a)/a"\ 

^ \a„ + an_xa + . . . + an^ma 2 \a„-j\ \a\ 
= m+\ 

= Re(a„ + a„.xa' an-ma~m)- 2 5r"> 
j=m+\ 

> Re(a„ + a„_,a ' + . . . + an„m,a m ) 

OO 

- I R e C a , , . ^ . ^ - " 1 ' - ' + . . . + an_ma-m) | - 2 Br' 
y' = m+l 

a y - {2?/ ( r*( r - 1 ) )} . 

One easily checks that 

{k/(b2 - k) )v\an - y) = y 

so that, on the other hand, if 

| R e K _ m , _ 1 « - ' " ' - , + . . . + an_ma-m) \ > a„ - y, 

then we have by (2), (3), (4), and (5), 

(7) \f(a)/an\ 

> \a„ + an_xa + . . . + an_ma 2 Br"'" 
/ = m+l 

= l I m ( a «-m' - l« 
-m'— 1 . . . + fl„.BB-"') | - 2 Br" 

/ = m+l 

> { / c / ( è 2 - / c ) } l / 2 K - y ) - 2 Br-'' 
y == m + 1 

Y - { W ( r - 1))}. 
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Thus, we see that in any case 

| / (a ) /«" | > y - [BUTir - 1) ) }. 

Since 

r S b - ^fk and B ^ y(b - y/k)m(b - y/k - I), 

we now get \f(a) | > 0, a contradiction. 
In the case that m < m\ (1) holds for j ^ m, and hence, as in (6), 

\f{a)/an\ >an- {B/(rm(r - 1 ) )} 

^ y - {B/ir^ir - 1) ) } > 0. 

This completes the proof. 

Comments. (1) For k = 1 in Theorem 5, one may replace the conclusion 
that f(x) is irreducible over the rationals with the statement that f(x) is 
irreducible over the integers. 

(2) Theorem 5 can be used to test the irreducibility of an arbitrary 
polynomial if b is chosen sufficiently large and a translation is made so 
that the coefficients of the polynomial are non-negative. 

(3) Note that in Theorem 5, y is chosen so that 

y = anl(\ + cottf,))-

A similar choice for y will be made in the proof of our next theorem. 
(4) Theorem 5 can be improved slightly by either of the following 

means: 
(i) For w ^ \/Â:, a0, al9 . . . , an_m_] may be allowed to be negative 

but must in absolute value be ^B. 
(ii) We may use instead of S the region D of Lemma 1 and take into 

account the fact that if 

a = rei0 with 0 — sm~\-y/k/b)9 

then \a\ > b — ^/k+ C where C is small but possible to calculate via the 
law of cosines. 

3. The case b = 10. In comment (4) (ii) of Section 2, we suggested a way 
of improving Theorem 5. We illustrate this by the following theorem. 

THEOREM 6. Let 

n 

f(x) = 2 ajxJ e Z[x] 
j=0 

be such that f'(10) is a prime. If 0 ^ a. ^ an\0
30 for each j = 0, 1, . . . , 

n — 1, then f(x) is irreducible. 
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Proof. We use ideas from the proof of Theorem 5. Here b = 10 and 
k = 1. Write T = Sx U S2 U S3 where 

Sx = {a = rel6:r â 9.75, TT/32 < |0| ë sin_ 1(l /10) }, 

5 2 = {a = r ^ : r ^ 9.64, TT/33 < |0| ^ TT/32}, 

and 

53 = {a = rel0:r è 9, 0 g |0| ^ TT/33}. 

Then Z> = (z:|10 — z| < 1} c T so that we need only show for all a G T 
we have f(a) ¥= 0. Assume for some a — re1 e T we have / ( a ) = 0. We 
may take 0 > 0. As in (6) and (7), we can arrive at 

(8) \f(a)/a"\ >y - {£/( /"(r - 1 ) ) } . 

Here the choice of m and y depends on which set S:9j = 1, 2, or 3, to 
which a belongs. For Sx we may take y = aw(0.035) and m = 31. For 
5*2 we may take y = a„ (0.089) and m = 31. For S3 we may take 
y = <2„(0.087) and m = 32. In each case we may use (8) in conjunction 
with the inequalities on r in the definitions of Sj for j = 1, 2, and 3 to 
get with B ^ 0W1O30 

giving a contradiction which completes the proof. 

Comment. Theorem 5 also suggests generalizations of Theorem 4. Thus, 
for example, if f(x) is a polynomial with non-negative coefficients which 
are ^5.79 X 107 and if /(10) = wp for some w e {1, 2, . . . , 9} and 
p a prime, then f(x) is irreducible over the rationals. As with the above 
theorem, improvements on this upper bound on the coefficients can 
be made. 

4. Results depending on the degree of f(x). We begin with the 
following: 

LEMMA 2. If f(x) e Z[X] is of degree n ^ 1 and has non-negative 
coefficients, then it has no zero in the sector 

S = {z = pe!<j):p > 0, |<f>| < ir/n}. 

Proof. Let z = pe1^ e S. If z is real, then since/(JC) has non-negative 
coefficients, f(z) ¥= 0. Suppose z is not real. Then either lm(zJ) > 0 for 
all 7 = 1, 2, . . . , n or Im(z7) < 0 for all j = 1, 2, . . . , n. In either case, 
we get that 

| I m ( / ( z ) ) | > 0 . 

Thus, f(z) ¥= 0, completing the proof. 
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We now show that if the degree of f(x) is small enough in the results of 
the previous section, then no upper bound whatsoever is needed on the 
coefficients of f(x) to deduce its irreducibility. More precisely, we show 

THEOREM 7. Let b > 1 be an integer, and let 

Nx = <nlsm~~\\lb). 

If f(x) e Z[x] is of degree n < Nx and has non-negative coefficients 
and if f(b) is prime, thenf(x) is irreducible. 

Proof Take k = 1 in Lemma 1. Note that 

{z:\b - z\ ^ 1} c {z = pe?+:p > 0, |<f>| ^ sm~\l lb) } 

c {z = f>el*\p > 0, |<f>| < m In}. 

By Lemma 2, f{z) has no zeroes in {z:\b — z\ ^ 1} so that by Lemma 1, 
f(z) is irreducible. 

Theorem 7 implies in the case that b = 10 that any polynomial 
f(x) e Z[x] of degree ^ 3 1 which has non-negative coefficients is 
irreducible if / (10) is prime. We now prove a general result which shows 
that this is best possible. More precisely, when the choice b = 10 is 
taken in the following results, we can deduce that there is a polynomial 
f(x) e Z[x] of degree 32 which has non-negative coefficients, is reducible, 
and is such that / ( 10) is prime. Using methods related to this section, an 
explicit example of such a n / ( x ) is given in Section 5. This also establishes 
that the upper bound 167 in Theorem 3 (or 1030 in Theorem 6) cannot be 
omitted. 

LEMMA 3. If g(x) G Z[X] has no non-negative real roots, then there is an 
h(x) G Z[x] such that g(x)h(x) has all positive coefficients. 

Proof Suppose g(x) e Z[x] has no non-negative real roots. Then the 
constant term of g(x) is non-zero. Since g(x)h(x) is to have positive 
coefficients, we consider only h(x) e Z[x] with non-zero constant terms. 
Note that if 

n 

g(x)h(x) = 2 a.xJ e Z[x] 

has non-negative coefficients, then for a suitable positive integer d, we get 
that 

g(x)h(x)(xd 4- xd~x + . . . + 1) 

has all positive coefficients. Thus, it suffices to show that for a given g(x) 
as in the lemma, there is an / Î ( I ) G Z[X] such that g(x)h(x) has 
non-negative coefficients. 
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Furthermore, we need only show that there is an h(x) with real 
coefficients such that g(x)h(x) has non-negative coefficients; for suppose 
this has been shown. Then, as above, we may assume that all the 
coefficients of g(x)h(x) are positive. Write 

r 

g(x) = 2 bjxK 
7 = 0 

and let Rbe a. positive integer such that Rg(x)h(x) has all its coefficients 
greater than 

r 

2 M. 
j=Q 

Write 

S 

Rh(x) = 2 yxj, 

and set c = [yy] where [ ] denotes the greatest integer function. Let 
s 

H{x) = 2 Cjx
j e Z[x]. 

7 = 0 

Then 

g(x)H(x) = g(x)^Rh(x) - 2 (Y, " c , v ) 

Rg(x)h(x) - g(x)^ (yj- c , v } 
v = 

which has all positive coefficients since each coefficient of 

v 

is 

2 (y. - Cj)xA 

( 2 |ft,|) max {|y. - d } < 2 |W. 
V=o 7 / o^7^5 y J

 j=o J 

Thus, the lemma would be proven. 
Write 

g(x) = brfl(x + fij) I ! (x2 - 2r/cos dj)x + $ 
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where br is an integer, fy > 0 (for j = 1, . . . , w)> and r- > 0 and 
0 < 6j < IT (for./ = 1, . . . , v). Let K = pe1* and X = pe~l<l> where p > 0 
and 0 < (j> < 7T. From the above, we need only show that for such K and À, 
there is an h(x) G R[X] (depending on /c and X) such that 

(x — K)(X — X)h(x) 

has all non-negative coefficients. Let s be the non-negative integer 
satisfying 

(77/<rt ~ 2 ^ S < (7T/<#>) - 1. 

For j = 0, 1, . . . , s, define 

Cj = (KS~J+1 - \S-J+1)/(K - X). 

Note that 

Cj = ps~J sin( (s - j + l)«f>)/sin(<J>) > 0 

for j = 0, 1,. . . , s. Let 

s 

h(x) = 2 C:XJ'. 
7 = 0 

Then 

(x - K)(X - X)h(x) = (x2 - (K + X)x + KX)h(x) 
s + 2 \s + 2 s+\ \s+\ 

„ i 9 K — A K — A 
= JC 5 + 2 x + KX 

K — X K — X 

= x*+2 _ J + i s i n ( ( j + 2)<fr)̂  
sin <|> 

J+2sin((,s + 1)0) 

sin <t> 

which, by our choice of s, has non-negative coefficients. This completes 
the proof. 

Comments. (1) This Lemma follows from methods developed by 
Diamond and Essen [2] or from [4, Problem #A4]. Also, the correspond
ing result for real coefficients can be found in a paper by Meissner [5]. 

(2) The converse of the lemma clearly holds for a given g(x) G Z[x]. 

LEMMA 4. Let b > 1 be an integer and N2 = 77/tan- \\/b). Let n be the 
positive integer such that N2 = n < N2 + 1. Then there is a polynomial of 
degree n with non-negative integer coefficients and with the coefficient of x 
positive which is divisible by (x — by + 1. 

Proof. Let p = (b2 + 1)1/2 and <j> = t a n - 1 ( l / * ) . Note that 
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(JC - b)2 4- 1 = (x - K)(X - X) 

where K = pe1^ and X = pe~l . Taking h(x) as in the above proof gives a 
polynomial 

/(*) = ((x - bf + \)h{x) 

with non-negative coefficients of degree n. The previous proof describes 
how to modify f(x) so as to obtain a polynomial of degree n which has 
non-negative integer coefficients and which is divisible by (x — b) 4 - 1 . 
In this case, however, f(x) already has integer coefficients. Furthermore, 
the coefficient of x in f(x) is 

— pn~l sin(j20)/(sin <p>). 

For b ^ 2, one can show that N2 is not a integer. Thus IT = N2<t> < n<j> < 
(N2 + l)<j> = TT + <j> < 2TT so that the coefficient of x inf(x) is non-zero, 
completing the proof. 

THEOREM 8. Let b > \ be an integer. Let 

Nx = 7T/sm~\\/b) and N2 = TT/tan'\\/b). 

For any integer n < Nl9 there does not exist a reducible polynomial 
f(x) G Z[x] of degree n having non-negative coefficients for which f(b) is 
prime. On the other hand, for any integer n ^ N2, there exist infinitely many 
reducible f(x) G Z[x] of degree n with non-negative coefficients for which 
f(b) is prime. 

Proof The first part of Theorem 8 is an immediate consequence of 
Theorem 7. Now, suppose n ^ N2, and note that this implies n ^ 3. Let 
g(x) = (JC — b) 4 - 1 . Let m be the integer satisfying N2 ^ m < N2 4- 1. 
By Lemma 4, there is a polynomial u(x) G Z[X] such that g(x)u(x) is of 
degree m, has non-negative coefficients, and has a non-zero coefficient of 
JC. Clearly, n ^ m. Let 

h(x) = u(x)(xn~m + . . . + JC 4- 1). 

Then g(x)h(x) is of degree n, has non-negative coefficients, and has 
non-zero constant term. Let 

w(x) = 2bh(x) 4- 1. 

Since the coefficients of g(x)h(x) are non-negative and the coefficient for 
JC is non-zero, the coefficient of JC in g(x)h(x) must be at least 1; hence, 
g(x)w(x) has non-negative coefficients. Also, 

h(b) = g(b)h(b) > 0 and w(b) = 2bh(b) + 1 > 0. 
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Now, h(b) and w(b) are relatively prime, so every sufficiently large integer 
is of the form ch(b) 4- dw(b) for some c and d positive integers. In 
particular, there is a prime p such that for some positive integers c and d, 
ch(b) + dw(b) = p. Set 

f(x) = g(x)(ch(x) + dw(x)). 

Here, f(x) is reducible, has all non-negative coefficients, and is such that 
fib) = p, a prime. Since there are infinitely many choices for the prime/?, 
we get that there are infinitely many choices fo r / (x ) , finishing the proof 
of the theorem. 

5. Concluding remarks. In this section, several results are discussed 
without proof. The proofs depend on elementary results about uniform 
distribution, on results about simple continued fractions, on the results 
contained in the previous sections of this paper, and on more advanced 
results concerning gaps between consecutive primes. 

For almost all positive integers by one can show that there are no 
integers between 

Nx = 7r/sin-1(l/Z>) and 7V2 = ir/tan~\l/b). 

In such cases, we will say that Theorem 8 is sharp. For example, Theorem 
8 is sharp when b = 10. In this case, Theorem 8 implies that if 
f(x) G Z[x] has non-negative coefficients, is of degree ^ 3 1 , and is such 
that / ( 10) is prime, t hen / (x ) is irreducible; on the other hand, there exist 
reducible polynomials f(x) e Z[x] with non-negative coefficients of 
degree 32 such that / (10) is prime. There are, however, infinitely many 
choices for a positive integer b for which Theorem 8 is not sharp. For 
example, one can show that Theorem 8 is not sharp whenever b > 1 is 
chosen to be the denominator of an odd convergent to the simple 
continued fraction for IT. The b ^ 10000 for which Theorem 8 is not sharp 
are 6, 7, 14, 21, 28, and l\3k where k e {1, 2, . . . , 17}. 

Let b be a positive integer, and suppose Theorem 8 is sharp for b\ thus, 
there is no integer between Nx and N2. Let n = [Nx] + 1. L e t / O ) G Z[x] 
be a reducible polynomial of degree n given by Theorem 8. Then for b 
sufficiently large, it is possible to show that 

f(x) = (x2 - 2bx + (b2 4- \))h(x) 

where h(x) e Z[x] is irreducible and has all positive coefficients. In 
particular, for b = 10, this result is true. 

An explicit example of a reducible polynomial f(x) G Z[X] of degree 32 
for which f(\0) is prime is given by 

f(x) = x32 + 130JC2 + 5603286754010141567161572637720JC 

+ 61091041047613095559860106059529. 
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Thus, the upper bound 10 on the coefficients in Theorem 6 cannot be 
replaced by 6.2 X 10 . The above example was arrived at in the following 
manner. Let g(x) = x2 — 20.x 4- 101, and let h(x) be the polynomial 
given in the proof of Lemma 4. The coefficient of x in g(x)h(x) is, in this 
case, large enough so that fk(x) = g(x)h(x) 4- kg(x) has non-negative 
coefficients for every non-negative integer ^ 2.8 X 10 . On the other 
hand, fk(x) is reducible and is such that fk( 10) = h(\0) + k. A search for 
a prime of the form h{\0) + k was made. Such a prime was found when 
k = 130 giving the above example. In general, let 

g(x) = x2 - 2bx + (b2 + 1). 

The polynomial f(x) = g(x)h(x) constructed in Lemma 4 may have a 
small coefficient for x, so a different choice for fk(x) is necessary in the 
above idea. For example, one could set 

fk(x) = kg(x) + g(x)h(x)(x + 1) 

and proceed as above. Let € > 0, and let b be sufficiently large (depending 
on €). Let n be as in Lemma 4. Then the above choice for fk(x) gives an 
example of a reducible polynomial f(x) e Z[x] with non-negative 
coefficients bounded by (1 + e)bn such that/(Z>) is prime. The success of 
this method depends on results about gaps between primes. One can thus 
show that for b sufficiently large, the upper bound for the coefficients in 
Theorem 5 cannot be replaced by (1 + e)bn. 

In conclusion, the author would like to thank Professor David Boyd and 
Professor Harold Diamond for some helpful suggestions throughout the 
paper. 
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