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ON SOME CLASSES OF UNIVALENT POLYNOMIALS
0. 1. RAHMAN AND J. SZYNAL

1. Introduction. It was in the year 1931 that Dieudonné [4] proved the
following necessary and sufficient condition for a polynomial to be univalent in
the unit disk.

TueorEM A (Dieudonné criterion). The polynomial
1) Puz) =z+ a2+ ...+ a2"

is univalent in |z < 1 if and only if for every 6 in [0, w/2] the associated poly-
nomial

_ sin 20 sinnf 1
2) o¢@k6) =1+ Smoagz—i—...—l— g

does not vanish in |z| < 1. For 6 = 0, ¢(z, 0) is to be interpreted as P, (3).

Since then very little was done about univalent polynomials until Brannan
((11, also see [2]) in the year 1967 used the above criterion in conjunction with
the well-known Cohn rule [7] to get some interesting results. Subsequently,
Suffridge (see for example [10; 11]) made notable contributions to the theory
of univalent polynomials. Amongst other things Brannan proved the following

THEOREM B. Suppose Pi(z) = z + a2 + i2°, where t is real and positive.
Then for 0 <t £ 1/5, Py(3) is univalent in |z| < 1 if and only if as lies in the
ellipse

el ()<
gs"‘{x+$yeci(1+3t) T\izs) =1

whereas, for 1/5 < t < 1/3, P3(2) 1s untvalent in |z| < 1 if and only if as lies in
the intersection

6@d.t

(1=27) /(Sas3

of the family of ellipses

2 . . X : ( ¥ ) 1 }
é([,l'{x—l_lyeci(l_i_td) + 1—td) g1‘|’d ’

The preceding result was also obtained by Cowling and Royster [3] by a
completely different method.
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Let us now introduce some notations. The family of all polynomials of the
form

(3) P(z) = 2 4+ a2 + B2, p(integer) = 2,0, € G, 8, € C

which are univalent in [5| < 1 will be denoted by .%,. We will denote the sub-
families of %, consisting of polynomials of the form (3) which are starlike and
convex by .%,* and .%,¢, respectively.

Ruscheweyh and Wirths [8] considered the problem of determining the
coefficient regions

‘@p s ey, Bo)lz + ap® + B € P,
’@p* : {(apv 6p)|z + oap2? 4 B2 € yp*}'

In order to extend Theorem B to the case p = 3, they used the Dieudonné
criterion and the Cohn rule like Brannan but they had to restrict themselves
to the sub-family .S, consisting of those polynomials in .¥, whose coefficients
are real. They proved:

THurorREM C. Gwen 8, in [— 1/(2p — 1), 1/(2p — 1)] let v(B,) be defined by
the requirement thal

gz 4+ apz? 4 Bz € S,

for |o,| £ v(B,). Then the function v(B8,) increases monotonically for B, €

[—1/@p —1),1/@2p — 1];
14 @2p —1)6, 1 p+1

I+@-18  p+1 N
v(8) < p L@ NG D) P =y

v( 1 ) N
-1 " 2p— 12"
They also proved:

TueoreM D. If S,* denotes the sub-family of ¥ consisting of those poly-
nomials in ¥ whose coefficients are real, then z + a,z” + Bp327~" belongs to
S,* if and only if

1+ @ -8 _ 1 _, o ptl
p DT 1EPE R DG -

(11— ©2p—1)8,1p8, |""
@) el = 4[ b+ 1) = 3p— 1)2617} ’

p+1 - 1

Eh =57
2 —-1DBp -1 2p—1
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Here we will characterize the regions %, %,* as well as the coefficient
region

B, { (o, Bp)|z + 2 + Byt € S},

For this we will use the Dieudonné criterion like Brannan [1; 2], Ruscheweyh
and Wirths [8], Michel [7], etc. but instead of the Cohn rule we will use an
elementary fact presented in Lemma 1.

We will also determine the radius of convexity of S,* as well as the radii of
convexity and starlikeness of the families S, and S;. Here our main tool will be
Lemma 3 which is a result of independent interest.

Besides, we will determine the so-called Koebe constants for several of the
above mentioned families.

2. Statement of results. 2.1. For the kind of problems under consideration,
there is clearly no loss of generality in supposing that in (3), 8, is real and
positive. Further, for sake of simplicity we will write ¢ instead of 3,.

The region &, is given by the following.

THEOREM 1. Suppose P(z) = z + a,3? + (2%~ where t is real and positive,
and o, € C. If

1 + t ng,_z(u) 1 — ¢ U2p____2_(u_)

Upr(u) Upr(u)
where U, (1) is the Chebyshev polynomial of the second kind of degree k, then
P(z) € L, if and only if «, lies in the intersection D, , = (\y Eypu.. of the
ellipses

®)  A,(w) = B, (u) =

u 1.

S SRR I
®  Ee e 0l Gty = 0

IIA
IIA

The case p = 2 of this theorem is equivalent to Theorem B of Brannan.
Now let p = 3. We have

14 (160 — 124° + 1)
4’ — 1 ’

1 —t(16u" — 124° + 1)
4u* — 1 '

0=<u=<1).

As(u) Bi(u) =

The minor axis B3(u) decreases for 0 < # < 1 whereas

3 1 1— ¢\
auA3(u)—0 foru—§ 14 ;

which lies in the range 0 < # < 1 only when 1/10 = ¢ = 1/5. For u <

(1/2) V14 (1T =1)/6)172, A3(u) decreases and for u > (1/2) v/T+ (1 —¢8)/1)172

it (4;(u)) increases. Hence the following analogue of Theorem B holds in the

case p = 3.
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TueorREM 1'. Let Ps(z) = z + agz® + 125 where t is real and positive. Then
for 0 =t £ 1/10, P;(z) is untvalent in |z| < 1 if and only if az lies in the ellipse

2 2
X y 1}
(1+5t) +(1—5t) =3

whereas, for 1/10 £ t £ 1/5, P;(3) is univalent in |z| < 1 if and only if as les
in the intersection

ES.u.z
1/D41+(1—p) /172 <u<1

of the ellipses Ej ., defined in (6).

E;g,l,l N {x +1y E C

From Theorem 1’ we readily obtain the following result of Ruscheweyh and
Wirths [8, p. 350].

COROLLARY 1. The polynomial P(z) = z + asz® + tz° where a3 is real, is
untvalent in |z| < 1 if and only if

14 5¢
@) laaié{ 7 0=t=1/10
WIM =1 —t, 1/10=<t=1/5.

We believe that for all p 2 2 and ¢t € [0, (p + 1)/((2p — 1)(3p — 1))],
P(z) = 2 4+ a5 + 22771 € ¥, if and only if a; lies in the ellipse

x2_  + _yz_ 3 < 1
(1+(2§ 1);) (1 (2£___1_)¢) }

but we are unable to prove it for p > 3.
The following theorem gives the region Z,*.

Eﬂ.l,t . {x +’Ly € C

THEOREM 2. The polynomial P(z) = z + a,z° + 12271, p = 2 belongs to the
class ¥ if and only if o, lies in the region D, * which is symmetrical with re-
spect to the coordinate axes and the portion of dD, * lying in the first quadrant
has the parametric equation

{+ 1+ @p— DA +1)
X{p+1)+ @Gp—1Ep— i}
2(p) = — A+ D'+ Bp = D cos’ e
(8) T B+ D+ Bp— D —2(p+ 1)(3p = Dcos’ ] ¢

{(p+ 1)+ Bp — DtJ*f1 — (2p — 1)t}
(o) = —4pt{(p + 1)" = 3p — 1)} cos’ 6in ¢
Pl + 1)+ Bp — Dt}  — 4(p + 1)(3p — 1)t cos’ ¢]

where ¢ 1s to vary from 0 to w/2 or from

1— - D" {p+1) + Bp — 1)y
4pt{(p + 1)" — Bp — YT

@o = arc cos to /2
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according as

p£1 p+1

1
0 G -Dep-1 7 Gr-D@p-D='=p-1’

IIA

t =

respectively.
The preceding result extends Theorem D to the case of complex coefficients.

Remark. It may be noted that if ¢ = 1/(2p — 1) then P(z) = z + a,2? +
tz22=1 can belong to.%, only if a, is real, whereas it belongs to.%,* if and only
if a, is zero.

The next result follows from Theorem 2 on using the fact that zP’(z) € .%,*
if and only if P(z) € .%,°

THEOREM 3. The polynomial
P(z) =z + ape? + 1771, p 2 2

belongs to the class &, if and only if a, lies in the region D, ° which is sym-
metrical with respect to the coordinate axes and the portion of 0D, ,° lying in lhe
Sirst quadrant has the parametric equation

{+ 1D+ Cp—1Bp — Di}{l+ 2p — 1)t}
X {(p+ 1)+ @ —1)°Gp — 1)
—4p2p — Di{(p + 1) + Bp — 1)*2p — 1)t} cos’ ¢

x(e) =

PG+ 1)+ Bp— 1)(2p — i} cose
©) —4(p + 1)Bp — 1)(2p — 1)t cos’ ¢]
((p+ 1) + 20 — HBp — DiY'(1 — @p — 1))
3e) = —ww—anH>—w—nowme¢3

P+ 1)+ Bp — 1)(2p — 1)t}* sin ¢
—4(p+1)(3p — 1)(2p — 1)t cos’ ¢]

where ¢ 1s to vary from 0 to =/2 or from

f1—@p— D™ e+1)+ G~ 1)Ep — Y
[4p2p — Dif(p + 1" — Bp — 1)°2p — 1)1}]"*

@1 = arc cos

to ©/2 according as

p+1 1 _ 1

0 @G -DGr—D " DG -D ==

IIA

14

lIA

respectively.
As a special case of the preceding result, we have

CoROLLARY 2. If S,° denotes the sub-family of % ,° consisting of those poly-
nomials in F,° whose coefficients are real, then z + a,2? + 22=1 belongs to S,°
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if and only if

1_+_(2_P___1)2f p + 1
p2 ) (QP_I)Z(?)Z)—]_)’

4 p@p—DH1— @p -1 |

(10) o] = p[(H s — e 1>¢] '
p+1 - 1
@p—1D'Gp—1) =

0

IA

¢

IIA

No doubt, Corollary 2 can be deduced from Theorem D as well.

2.2. Once the regions D, ,, D, *, D, ,° have been characterized, we may
argue as follows in order to determine the radius of starlikeness 7,* of the family
Y, and the radii of convexity 7, 7, +¢ of the families.¥,, % ,*. If P(z) = z +
a,2? + 132771 belongs to ., then (1/p)P(pz) = z + p? 2P + p? 23?1 is
starlike in |z] < 1 for 0 < p < 7,* and so

(11) pPlay € D, ooz /¥,

The largest value of p for which (11) holds for all £ € [0, 1/(2p — 1)] is r,*.
We may argue the same way for7,° 7, «°. Since the regions D, ,, D, /*, D, ,° are
very complicated it is not really easy to carry out the details. We therefore
restrict ourselves to the case of real coefficients.

For a fixed ¢ in [0, 1/(2p — 1)] let S, ;* denote the class of all polynomials
of the form z + a,2? + #2271, «, € R which are starlike and univalent in
|z] < 1. In order to determine the radius of convexity p, ¢ of the family S,*
we prove:

THEOREM 4. Lef

to = ———1— b = p+1
TR o1 PT@ DG
(12) { ¢ty = 0+ 1)6p° — 11p4-|—5p2(_ 6p+2) B
T Rp DB - DY 3P - 18"+ 17p° — 10p + 2)”
t 2p* —p' —4p’ —3p+ 2 1
3

S oD 3 It lp ) T o1

pt{l — (2p — D} |'”*
(13) 4 = [(p F 07— @p— l)zt] '

Then the radius of convexity p, of the class S, * is given by the formula

(14) Pt = wi(t) fort 6 “1:—11 ti]! /1‘ = ly 21 31 4y
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where

) = I:PU + @p— Dt} +Vp 1+ 2p — 1t} — 4(2p — 1)25]—1/(7—9
w1 = 5

w (1) = (2p*A (1) +/4p*4%(t) — (2p — 1)%)~ /@D

onlt) = | L= Do = DG+ 4p — D — (p+ 1>2}]”””‘”
' 2p — De{2p — DBp — 1t — Gp* — 1}
wilt) = {@p — 1700,

The extremal polynomials have the form

P(z) = 2 & a2 + 122771,

where

Sl_—l——(M lfﬁ E [to' tl]

R Y N PRV R
14[(1) + 1)° — (3p — 1)2;‘ ift € [t ta].

COROLLARY 3. In the notations of Theorem 4, every polynomial P(z) € S,* is
convex in the disk |3| < wq(p*), where p* is the unique root of the equation

(15) AW — D@+ 1)24p* +4p* — 1) = 2(p + 1)2(2p — 1)
X (4p* +8p* — 6p + 1)t + (2p — 1)(3p — 1)?
X (4p® + 8p* — 6p + 1)2} 4 2p3{(2p — 1) (3p — 1)%u?
—22p = D)+ D%+ (p+ 1) vapid2(t) — 2p — D% =0
lying in the interval
( p+1
2p—-1DEp—-1)°

Cr—De+1"— p+ 1) - DV2Cp— D(p = 1>)
@ — 1By — 1)

Remark. Since the polynomials
P(z) = 2 £ 44 (p*)z? + p*z2?1 € S*

are convex in |z| < we(p*) and in no larger disk, ws(p*) is, in fact, the radius of
convexity of the family S,*.

By a reasoning different from the one explained at the beginning of this
section we will determine the radii of convexity R,°, R3¢ and the radii of star-
likeness Ro*, R3* of the families Ss, S; respectively.

THEOREM 5. R:¢ = 1/4/7, R;° = {(9 + +/305)/112}1%2,
THEOREM 6. R.* = 3/4/11, Rz* = (10/13)1/4,

https://doi.org/10.4153/CJM-1978-030-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-030-2

UNIVALENT POLYNOMIALS 339

2.3. As usual, we define the Koebe constant K (¥ ) of a family # of nor-
malized functions z 4+ as22 4 . . . holomorphic in the unit disk (|z] < 1) as the
radius of the largest disk centred at the origin which is always contained in the
image of the unit disk by an arbitrary function belonging to the family.%# . We
prove

THEOREM 7. Let S,, S,*, S,° be as above. Then

K(s) =252 K(s) =22

___6¢-1’
KD =G - -1
p' = 1)(12p* — 16p + 3)
P2 — 1@ -1
and the extremal funclions have the form

g4 2 \/“ + \/_3 z:|:3\/§4—223—|-2—_4\/§z5,

’

K(Sﬂc) = (

4 (P"‘ 1) 2p—1
R TS L N G v D

4 n (P + 1) 2p—1
@D T DG -D°

3. Lemmas. For the determination of the regions &% ,, Z,* and Z,° we use
the Dieudonné criterion in conjunction with the following lemma.

Lemwma 1. If
f(z) =14 az + bz% breal,a c C

does not vanish in |z| < 1, then a lies in the ellipse

o () + (729) =
E-{”W (1——|—b) tlrTy) =1t
if =1 <b<1.1Ifb=1,thena € [—2, 2], whereas a € [—2i,2¢] ¢f b = —

Proof. Since the transformation

w(z) = — l-I—bz , b= £l
z

maps the unit disk |z| < 1 onto the exterior of the ellipse E, ¢ cannot lie outside
Eorelse 1/z + bz + a would vanish in |z| < 1 and so would 1 + az + bz2. We
similarly see thata € [—2,2]if b = 1 and thata € [—2¢, 2¢] if b = —1.

LevMMma 2. Leta > b >d > ¢ > 0, and let
(16) A(p) = a%d? — {d?(a® — b?) + (d* — ¢?)(a® + d* — ¢*)} cos’ ¢
+ (@ —c?)(a?— b2+ d* — ) costy, 0= ¢ = /2
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Then the envelope of the family of circles
(17) (x —acos @)+ (y — bsin ¢)? = c2cos? ¢ + d?sin? ¢, 0 < ¢ < 7/2
has the paramelric equation

afa® + (@ - &)
—af(@ =0 + @ ~ )

‘o £ VA
18 x(e) = o’ — (a" — Zg)cgzsfwﬂ: = cose .
1) b~ 8) + @~ ) 0ses]
2
y(@) — X cos ¢ &4 av/ A((p) sin o

a’ — (@® = b°) cos” ¢
where the plus sign before an/A(p) goes wilh the plus sign before b/ A(¢) and the
minus sign before an/A(p) goes with the minus sign before b~/ A(p).

Proof. The envelope is given by the system of equations
(19) (x —cose)?+ (y — bsinp)? = c?cos? ¢ + d?sin® ¢ }
(x —acosg)asing — (y — bsin ¢)b cos ¢ = (d® — ¢?) sin ¢ cos ¢} ,
0= ¢ =7/2
On eliminating x between these two equations we obtain
(20) {a® — (a* — b?) cos? o} (y — bsin ¢)? + 2b(d* — ¢?)
X (y — bsin ¢) sin ¢ cos? ¢ — [a2d? — (d? — ¢?)
X {a? 4+ (d* — ¢?)} cos? ¢] sin? ¢ = 0,
which gives us

@1) y — bsing = =2@ =) cos’o £ av/Ale) o

a® — (@® — b)) cos’ ¢

where A(e) is defined in (16). This readily leads us to the desired result.

The next lemma gives us some useful information about the location of the
zeros of a polynomial P(z) € .%,.

LEMMA 3. If P(2) = z + o2° + B,z Visunivalent in |z| < 1, thenz 1P (z) #
01n |z] < (2p — 1)120-D,

Proof. For the proof we will not need univalence of P(z) but the weaker
requirement that P’ (z) # 0 in |z] < 1. The lemma will be proved if we show
that the polynomial

h(z) = 1 4+ apz + B,3°

does not vanish in |z] < (2p — 1)/2. For this we observe that %(z) is the com-
position (in the sense of G. Szeg6 [6]) of the polynomials

fE@) =14+paz+ 2p — 1):817227

_ & _2
g(z) = 1+pz+2~——p_1
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Since f(z) = P'(z1/®V) % 0 in |z] < 1 and the zeros of g(z) lie on |z =
(2p — 1)12, it follows [6, pp. 65-66] that %(z) does not vanish in
ls| < (2p — 1)1,

By considering the univalent polynomials

z+ A\ 52%—1 (sm ——) 2’ + Q—FI g7

where N is any number such that —1 = N = 1 [9], we see that the result is
sharp.

4. Proofs of theorems.

Proof of Theorem 1. According to the Dieudonné criterion, P(z) = z +
a,?? + 2?7~ is univalent in |z| < 1 if and only if for all § € [0, =/2] the poly-
nomial

sin pf sy tsm (2p — 1)6 S22

fole) = T+ sin 8 sin @

, (fole) = P'(2))

has no zeros in |z] < 1.
Replacing z#~! by ¢ and putting cos § = « we conclude that P(z) € ., if
and only if the function
sin {(k + 1) (arc cos u)}
sin (arc cos u)

14 apUp1(u)f + tU2p_2(u)§'2 where U, (u) =

is the Chebyshev polynomial of the second kind of degree k, does not vanish
in [¢| <1 for all u € [0, 1]. Now the desired result follows on applying
Lemma 1.

Proof of Theorem 2. The polynomial P(z) = z + a,2” + 2%~ belongs to
& ,* if and only if
(i) P(z)/z#0 in|z £ 1
(ii) Re 2P’ (z)/P(z) 2 0 in|z] = 1.

Since Re zP’(z)/P(z) is harmonic in |z| £ 1, (ii) may be replaced by the con-
dition that Re zP’(z)/P(z) = 0 on |3| = 1, or equivalently

|2P"(2)/P(z) + p| = [2P"(2)/P(z) — p| on|z] = 1.
This leads us to the requirement that
[(p + 1) 4+ 2pa¢ + Bp — D =2 [(p — 1) — (p — 1)i?

for all ¢ on the unit circle. Writing this inequality in the form

P+ - Gp—1) ’(L:l_);w
(22) op ¢ Tt gyt 2p ¢

v

(P _ 1>l w
()p y
(0= ¢ <27
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we see that o, must lie outside the ring shaped region G generated by a disk
D, of varying radius

r(p) = (—pé—;ﬁ\/(l + 1)* — 2t cos 2¢
and centre

(p+1)+ Gp =1t (P+1)—(3;b—1)t-
( % 0S ¢ % sin )

moving along the ellipse

2 2

3 i+ * =1
{(p +1)+ Gp— 1):} {(p +1)— (3p— 1)t} ‘
2p 2p

But for P(2) to belong to.%,* we must also have P(z)/z # 0 in |z| £ 1. So in
view of Lemma 1, P(z) € .%,* if and only if &, belongs to the maximal con-
nected set D, * containing the origin and lying in the complement of G. In
order to determine the boundary of D, * we look at the envelope of the family
of disks D, (0 £ ¢ < 27). Since D, * is clearly symmetrical with respect to
the coordinate axes we may focus our attention on the sub-family D,
(0 £ ¢ £ 7/2). We apply Lemma 2 to get the envelope and see that the
portion which is relevant for our purpose has the parametric equation

{o+1)+ Gp— DA+ 1)

X{(p+1)+ Bp — 1)(219 — 1t}
— 4pt{(? + 1)+ Bp — 1) t} cos’ Se.
PG+ 1)+ Bp — Di}* —4(p + 1)(Bp — 1)t cos” o] s

(e + 1D+ @Gp — D1 — 2p — 1)
(¢) = —41”5{(?-*-1) —(3p—1)t}c05¢
YO =G F D+ Gp = i) —4(p + D@Bp — Dicos’ ] ¢

where ¢ is to vary from O ton/2. If 0 = ¢t < (p + 1)/((2p — 1)(3p — 1)), then
v(p) vanishes only once in the interval [0, 7/2], namely at ¢ = 0. For other
values of ¢ itis positive. Butif (p + 1)/((2p — 1)Bp — 1)) <t =1/(2p — 1)
then

x(p) =

y() =0

1 —(2p— l)t}ll%}{ p+1)+ (?,_p ~ 1)}
[4pt{(p + 1)° — Bp — 1)*t}]'” .

For ¢ < ¢ < 7/2, y(¢) > 0. Hence, if (p +1)/((2p — 1)Bp — 1)) <t =
1/(2p — 1), the portion of 8D, * lying in the first quadrant is given by the

for0 £ ¢ £ ¢o= arccos
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above parametric equation where the parameter ¢ varies from ¢, to 7/2. This
completes the proof of Theorem 2.

Proof of Theorem 4. Observe that p, is the largest number with the property
that for every polynomial P(z) = z 4+ a,3” + z2271 € S, * and all p € (0, p,]
the corresponding polynomial

f(z,0) = P(2p)/p = 2 + app?'2? + {p*=*

is convex in |z| < 1. Thus, clearly [¢[(p,)?"2 £ 1/(2p — 1)%
The detailed calculations for determining p, depend on whether

. 1 b+ 1
(’”E[‘2p—1’<2p——1><3p—1>} or
. p+1 1|

(u)te((Qp—-l)(?,p—l)’Qp—l :

First, let ¢ € [¢o, t1]. We show that p, cannot be larger than
{0+ 1/(2p — 1)*(3p — )p)}r/2e-n,
For this let p, denote the largest number in
[0, {(p + 1)/((2p — 1)*(B3p — 1))} 2@=1]

with the property that f(z, p) = P(2p)/pis convexin |z < 1forall p € (0,5,].
According to (10)

lapp” ! = (1 + (2p — 1)xp=2)/p?

for0 < p < p,aslongasz + ayz? + 22271 € S)* e o] < (14 2p — 1)8)/p
Hence

po=lp+ @p—10) +p" (1 4+ 2p—1)1) —42p— 1)t} /2]7/*

1/2(p—1)
Ag=tti "
2p—1)"Bp — 1)

Since g, turns out to be strictly less than {(p + 1)/((2p — 1)2(3p — 1)¢)}12@=D
it follows that

pe = [(p{1 + (2p — 1)t} +
VPTTF @ = D7 = 42p — /2100 = wy (1),
Secondly, let t € (t1, t2). Here again we see that p, is smaller than
{6+ 1)/(2p — 1)*Bp — )i)}re-v.
In fact, in this case, the number g, defined above turns out to be equal to
oa(t) = 1204 (1) + VAPATD) — (@p — Do
which happens to be strictly less than {(p 4+ 1)/((2p — 1)2(3p — 1)t)}1/2@-D

P
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for t € (t, t3). Hence
pi =P S wa(f).
Now let t € [tq, ts]. It is easily verified that in this case
ez {0+ 1)/(2p — 1)2@Bp — 1))},
Hence in view of (10)
i < 4_[ p@p — il — (2 — D ]
(p+1)"—Bp—1)(2p— 1t

for 0 < p £ p,as long as 5 + a,z” + £222~1 € S,*. Since according to (4), |a,)
can be as large as 4[{1 — (2p — Dit}pt/((p + 1) — (3p — 1)%)]'/%, we con-
clude that p, < w;3(t). But, as remarked earlier p, cannot be larger than
wi(t) = {(2p — 1)2}~1/2¢=D_ Hence

ws(t) ifty
w4(t) if t3

pr =P

Iapp

p: < min {as(f), ws(t)} = { Z

Thus we have shown that

Pt < wl(t) fOl‘t E [ti—ly tt], ’L = 1, 2, 3, 4_.

=
=

IIAHIA

By considering the polynomials P(z) = z 4= a,2? + 2~ where

Sl_tizp__ DE s ¢ Tt tal

% 1/2
pll— (2p — 1)1} ]
14[ (» + 1)2 — (3p — 1)2f if ¢t € [t4, t4]
we see that, in fact
o= w(t) fort € [ty t]),1=1,2,3,4.

Remark. The proof of Theorem 4 and the result contained in Theorem C
show that every polynomial

_ P )
P@) =z+aqf +1277 €5, ( Op—l_t—(2P+1)(3P—1 ’

is convex in
LA ENV T ET R
@ -+
Proof of Theorem 5. Let P(3) = 2 4 a92* + t2* € Sy. Then P’ (z) does not
vanish in |z| < 1 and
as] < {(1 +30)/2 for—1/3<t<1/5
=A@ =) for1/5 <t <1/3.

Hence for 0 < ¢ = 1/3 we may write
P'(z) = (1 — z/pe™)(1 — z/pe "),
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where u = 1,

(" +1)/@2) fori/5/3<p <
(28) leosal = 3%\/??;?—1 for 1 £ u =/5/3.

It is clear that Re {1 4+ 2P’ (z)/P’(z)} > 0 if and only if

©4) |14+:28 1o

SEl ol
() >’1+2 5 2|

Thus our problem is to determine the largest disk |z| < R.®in which (24) holds.
We may write (24) in the form

|522 — Suz cos a + 3u?| > |32 — p?.

This inequality clearly holds for z = 0 and in the punctured disk 0 < |z] < R,°
it will hold if and only if

|52 — Sp cosa + 3u/z| > |z — p¥/3
holds. Thus if 2 = re?® we wish to determine R,° such that
(25) w(u, 7, a, 0) : = Sur?cos? 0 — 2ur(3u® + 5r%)(cos a) cos 0
+ (w2 — %) (u® — 372) + Su2r?costa > 0

for 0 <7 < Ry and 6 real. Without loss of generality, we may assume
0 £ a = w/2. For given u, 7, & the minimum of w(x, 7, «, 6) can occur only if

(Which is admissible only if
Sur )

2 . <
(26)  cosa = 347 + 572
or

(i) cos 6 = 0
or

(iii) cos 6 = 1.

If cos 6 = ((3u® + 57%)/Sur) cos « is admissible, then
ww, 7, e, 0) = (w2 — ) { (u? — 3r%) — §(9u® — 25r?) cos® a}

which is positive for r < u/+/5 and so certainly for » < 1/4/7, since (26)
holds.
If cos 8 = 0, then clearly, w(y, 7, , 8) > 0 for r < u/~+/3.
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Finally, if cos 8§ = 1, then

w(u, 7, a,0) = 8,11,27’2 — 2ur(3u2 + 57’2) cosa + (u2 — 72) (;/.2 — 3?’2)
+ Surtcos’a = (3r" — 4ur cosa + #2) (r* — 2ur cosa + u*)
(3r' — 2w’ + 1) + W' —r( 1D+ 4" VBB Sk <0

(372 - %’-\/W -1+ ﬁ) (ﬁ — 431\/3,;? -1+ ;ﬁ) if1<u=<5/3

Hence in this case, w(u, r, @, ) > 0if r < (W2 +1 — v/p* — 2+ 1)/3 or
r < (44/3pt — 1 — A/21u? — 16)/9 according as v/5/3 S u< o orl =
w = 4/5/3 respectively. From this it follows that for 0 < ¢t < 1/3 the poly-
nomial P(2) = 2 + as3? + £2% € Syis convexin 2] < 1/4/7. 1f —1/3 £t <0
then |as| < 3(1 + 3¢) and P’(z) has two real zeros u;, ps with [ui| = 1, |us| = 1.
By the same reasoning as above it can be shown that in this case
P(z) = 2 + ass? + 128 € S, is convex in |z < 1/4/3, so that R.* = 1/+/7.

Extremal polynomials are
e S T
P(z) —zﬂ:23\ﬁz +23z.
We can similarly prove that R3¢ = {(9 4+ +/305)/112}1/2 where the extremal
polynomials are
_ ) (50 + 184/305) 3 112° .
P@) =2+ 112G 75 /305y + 11227 T B1 T 0v/305)° 4 11222

Proof of Theorem 6. Let P(z) = z + o2? + 122271 € S, p = 2. For positive
{ we may, in view of Lemma 3 write:

P) = (I/\)2(@" — ™) (@ — A ™) = 5 — 2050 C;’S“z" + ;2 277

where A = (2p — 1)1/2. Besides, there is no loss of generality in supposing that
0 =< a = 7/2. Since Re zP’(2)/P(z) > 0 if and only if

27) [zP'(2)/P(2) + p| > |2P'(2)/P(2) — pl,
our problem is to determine the largest disk |z| < 7,* in which (27), i.e.
(28) [Bp — 122~ — dpzP~tcosa + (p + 1N > (p — 1)[z2@=1D — \?|
holds. Inequality (28) holds for z = 0. On dividing the two sides of this
inequality by [2#~1] and putting z~' = Re® it takes the form
2AR[2pAR cos? ¢ — {(B3p — 1)R? + (p + 1)N*} (cos a) (cos ¢)
+ 2pAR cos? a] + {(2p — 1)R? — N2} (R? — A%) >0.
It is clear that this latter inequality certainly holds as long as
Wp, N, R,a) : = {4p(2p — 1) — (3p — 1)? cos? a} R*
— Mdp? — (5p2 — 2p + 1) cos? a) R?
4+ M{4p — (p 4+ 1)2costa} > 0.

For fixed p, \, R the function W({p, \, R, a) is smallest when cos « assumes its
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largest admissible value. Using the fact that, if p = 2, then

2
‘%—_;:-g for A € [v/5,0)
cosa = Vo —
1_—)\7:-1 for » € [v/3,4/5],
whereas, if p = 3, then
2
A 6_|>: 5 for A € [\/10, )
cosEE oA — 11
1——2)\— for » € [V5,4/10],

it can be shown that for positive ¢, P(z) = z 4+ a,5% + 122! € S, is starlike
in 2] < 3/4/11if p = 2 and in [z| < (10/13)'/4 if p = 3. As in the case of
Theorem 5 it turns out that the same holds a fortiori for negative ¢, so that
Ry* = 3/+/11, Ry = (10/13)1/4,

In the case p = 2, the extremal polynomials are

Py(z) =z + 2—3\/—5224— %zg

and Re {3P’3(z)/P:(z)} vanishes on |z] = 3/+/I1 at z = F (3/4/11)e'?0
where 6y = arc cos v/(8/11).

In the case p = 3, the extremal polynomials are
L u3a.1,
Pi(z) = z:i:5z +5z
and Re {2P3 (3)/P3(z)} vanishes on |z| = (10/13)4 at 3 = F (10/13)1/4¢*
where 6, = arc cos (17/(2+/130)).
Proof of Theorem 7. Let %, denote any one of the families %, S,, S,*, S,°,
and for an admissible ¢ let %, , denote the class of all polynomials of the form
P(z) = 2 4 a,z? + 1227}

belonging to &% ,. It is clear that K(¥,) = min, K(¥,.,). So we may fix our
attention on the family %, ,. From Theorem 1 it follows that for P(z) € %, ,
the region of variability of , is a set A, , contained in the ellipse

, . x \? (y)2 }
Et.{x-wy (1+t) +l7) =17

Now our idea consists in observing that K (% ,.,) is equal to the shortest dis-
tance between 94, , and dE,. In fact
K(%,,) = min min |P(")]
P(2)€Fp,t 050<2r

. . —ip=1o 10
= min min |77V + a, + "7V
ap€lp,t 056<2r

I

. . —10 i0
min min |e" ' te’ + )
ap€lAp, e 056<2r
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which obviously represents the shortest distance d, between d4, , and 9E,.

If %, is one of the families .%,, S,, S,*, S,¢ then the corresponding set A,
is known to be convex. In such a case

d; = min {ki(¢) — k2(p)}
0Se<2r

where k1(p), k2(¢) are the supporting functions of the sets E,, A, , respectively.

In order to illustrate the method it is enough to carry out the details for the
class S,*. In this case the set 4, , is the interval [—c¢,, ¢,] where

1+ @p-1t _ 1 _, p+1

_ p ' 20 =17 "= 2p—-1@p—-1)

‘T [ {1—(2p—1)t}ptf}”2 p+1 PR
P+ =@p—1D%1 " @p—-1@Bp—1)~ =2p—1

The supporting functions k;(¢), k2(¢) are
kBile) = V(1 — )2+ 4dtcosy, 0= ¢ <2r
ka(e) = cicos ¢|, 0 < ¢ < 2m,

respectively. It is easily seen that for

te[=1/2p—1), (0 +1)/((2p — 1)(3p — 1))]

14+ 2p — 1)t

— -
Htelp+1)/((2p —1)Bp —1)),1/(2p — 1)], thenfor 0 < ¢ < 7/2

ki' (o) — ko' (e)

~ 4sin [{ (L— 2p — Di)pt_ }"” {cos ¢ ]
ALl +1)7 = Bp — D AV A =D P+ dcostel
Now observe thatif ¢t € [(p + 1)/((2p — 1)(3p — 1)), to] where ¢, is the unique
root of the equation
{ (L—@p—Dnpt V* 1
G+ —Gp—14 "1+
in [(p+1)/(2p — 1)3p — 1)), 1/(2p — 1)] then ki'(¢) — k' (¢) does not

vanish at any point in [0, 7/2] other than ¢ = 0. This helps us to conclude

that for ¢t € [(p + 1)/((2p — 1)(3p — 1)), to]

d, = min {ki(p) — ka(e)} = k1(0) — k2(0)
_ B (1L—@p—1)pt '
=+ 4{@ 1 - Gp — 1)2;} '

For t € [ty, 1/(2p — 1)], d, turns out to be equal to ki1(po) — k2(ws) where ¢
is the unique root of the equation

tcos ¢ { (1= @p— Dpt }”2
VI =8 F4tcoss o o+ D' — (Bp — 1%

(29) d, = k1(0) — k2(0) = 1+ 1 —

(30)
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in (0, 7/2], i.e.
P —1)A —D\1 —¢
G =+ D = Gp - D%
From (29), (30), and (31) it can be deduced that
6(p — 1)°
2p—1DEp—1)°

The proofs of the other assertions in Theorem 7 are omitted.

K(Sp*) =
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