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Abstract

In this paper we study the number of random records in an arbitrary split tree (or,
equivalently, the number of random cuttings required to eliminate the tree). We show
that a classical limit theorem for the convergence of sums of triangular arrays to infinitely
divisible distributions can be used to determine the distribution of this number. After
normalization the distributions are shown to be asymptotically weakly 1-stable. This
work is a generalization of our earlier results for the random binary search tree in
Holmgren (2010), which is one specific case of split trees. Other important examples
of split trees include m-ary search trees, quad trees, medians of (2k + 1)-trees, simplex
trees, tries, and digital search trees.
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1. Introduction

1.1. Preliminaries

We study the number of records in random split trees which were introduced by Devroye [7].
As shown by Janson [22], this number is equivalent (in distribution) to the number of cuts needed
to eliminate this type of tree.

Given arooted tree T, let each vertex v have arandom value A, attached to it, and assume that
these values are independent and identically distributed (i.i.d.) with a continuous distribution.
We say that the value A, is a record if it is the smallest value in the path from the root to v. Let
Xy (T) denote the (random) number of records. Alternatively, we may attach random variables
to the edges and let X¢(7") denote the number of edges with record values. Only the order
relations of the A, s are important, so the distribution of A, does not matter, i.e. we can choose
any continuous distribution for A,.

The same random variables appear when we consider cuttings of the tree T as introduced
by Meir and Moon [27] with the following definition. Make a random cut by choosing one
vertex or edge at random. Delete this vertex or, respectively, edge so that the tree separates into
several parts and keep only the part containing the root. Continue recursively until the root is
cut or, respectively, only the root is left. Then the total (random) number of cuts made is X, (T')
or, respectively, X.(7T). More precisely, cuttings and records give random variables with the
same distribution. The proof of this equivalence uses a natural coupling argument as shown in
[21] and [22].
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Expanding the earlier studies on selected conditioned Galton—Watson trees [27], [29], [30],
Janson [22] found that the numbers of cuts (or the numbers of records) of conditioned Galton—
Watson trees are asymptotically Rayleigh distributed. There the proof relied on the fact that the
method of moments can be used. For the deterministic (nonrandom) complete binary tree, it is,
however, not possible to use the method of moments to determine the asymptotic distribution of
the number of cuts. To overcome this problem, Janson [21] introduced another strategy, which
is to approximate X, (7") by a sum of independent random variables derived from A,, and then
apply a classical limit theorem for triangular arrays; see, e.g. [24, Theorem 15.28]. We recently
showed that Janson’s approach could also be applied to the random binary search tree [18].
Applications of the limit theorem for triangular arrays have also recently been exploited in [5]
and [6] for the study of some two-sided fixed points of smoothing transforms.

In this paper we consider all types of (random) split tree defined by Devroye [7]; the binary
search tree that we considered in [18] is one example of such trees. Some other important
examples of split trees are m-ary search trees, quad trees, median of (2k + 1)-trees, simplex
trees, tries, and digital search trees. The split trees belong to the family of so-called log n trees,
which are trees with height (maximal depth) asymptotically almost surely (a.a.s.) @ (logn). (For
the notation a.a.s., see [23, p. 10].) These have similar properties to the deterministic complete
binary tree with height |log, n] considered in [21]. In the complete binary tree (with high
probability) most vertices are close to |log, n] (the height of the tree). In split trees on the other
hand (with high probability) most vertices are close to depths of approximately ¢ In n, where ¢
is a constant; for the binary search tree that we investigated in [18], this depth is approximately
2Inn (see, e.g. [8]). Here, by using renewal theory we extend the methods used in [18] for
the specific case of the binary search tree to show that, for split trees, it is also possible, in
general, to apply a limit theorem (see, e.g. [24, Theorem 15.28]) for the convergence of sums
of triangular arrays to infinitely divisible distributions to determine the asymptotic distribution
of Xy(T).

1.1.1. The split tree generating algorithm. The formal, comprehensive ‘split tree generating
algorithm’ is as follows, with the following introductory notation; see [7] and [17]. A split
tree is a finite subtree of a skeleton tree Sp, i.e. an infinite rooted tree in which each vertex
has exactly b children. The split tree is constructed recursively by distributing balls one at a
time to generate a subset of vertices of S,. We say that the tree has cardinality # if n balls are
distributed. Each vertex v of S, is given an independent copy of the so-called random split
vector V = (V1, Va, ..., V) of probabilities, where Zi Vi=1,V,>0.

Let n, denote the total number of balls that the vertices in the subtree rooted at v hold
together, and let C,, be the number of balls that are held by v itself. We say that a vertex v is a
leaf if v itself holds at least one ball but no descendants of v hold any balls. Equivalently, we
define v as a leaf if and only if C, = n, > 0. A vertex v € S, is included in the split tree if
and only if n, > 0;if n, = 0, the vertex v is not included and it is called useless.

Initially, there are no balls, i.e. C;, = 0 for each v. Choose an independent copy V, of V
for every v € S,. Add balls one by one to the root using the following recursive procedure for
adding a ball to the subtree rooted at v.

Step 1. If v is not a leaf, choose child i with probability V; and recursively add the ball to the
subtree rooted at child i, by the rules given in steps 1, 2, and 3.

Step 2. If visaleafand C, = n, < s, then add the ball to v and stop. Thus, Cy, and n, increase
by 1.
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All internal vertices

have sy =1 bjlly

All leaves have between 1
and s = 3 balls (note that s is at most 0)

FIGURE 1: An illustration of a split tree with parameters b = 4, s = 3,590 = 1, and 51 = 0.

All internal vertices
have sy = 0 balls

VT

All leaves have between 2 and s = 4 balls
(note that sy is at most 2)

FIGURE 2: An illustration of a split tree with parameters b = 2, s = 4, 59 = 0, and 51 = 2.

Step 3. If v is aleaf and C,, = n, = s, the ball cannot be placed at v since it is occupied by
the maximal number of balls it can hold. In this case, let n, = s + 1 and C,, = s0, by
placing 5o < s randomly chosen balls at v and s + 1 — s balls at its children. This is
done by first giving s; randomly chosen balls to each of the b children. The remaining
s+1—so—bs balls are placed by choosing a child for each ball independently according
to the probability vector V,, = (V1, Va, ..., V), and then using the algorithm described
in steps 1, 2, and 3 applied to the subtree rooted at the selected child.

From step 3, it follows that the integers sg and s; have to satisfy the inequalities 0 < sg < s
and 0 < bs; < s 4+ 1 — sg. Step 3 also shows that all internal vertices hold sg balls and the
leaves between max{1, s1} and s balls. For illustrations of split trees, see Figures 1 and 2.

We can assume that the components V; of the split vector 'V are identically distributed. (If this
were not the case, they could be made identically distributed by using a random permutation,
as explained in [7].) Let V be a random variable with this distribution. In a binary search tree
b = 2, the split vector V = (V, V») is (U, 1 — U), where U is a uniform U (0, 1) random
variable, and in this specific case N = n. However, in most cases of split trees n %= N and N
is random although 7 is deterministic.
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1.2. Some important facts and results for split trees

1.2.1. Results concerning depth analysis. In [7, Theorem 1] Devroye presented a weak law and
a central limit law for the depth D,, of the last ball in a split tree. Let

w:=bE(=VIn(V)), o2 :=bE(VIn?V) — u> (1.1

IfP(V =1)=0and P(V = 0) < 1, then D,/Inn — p~! (where ‘>’ denotes convergence
in probability) and E(D,)/Inn — ,u_l, and if o € (0, o) also,

D, — 1
o MR b N(O, 1),
Voiu3lnn

where N (0, 1) denotes the standard normal distribution and 2 denotes convergence in
distribution. Supposing that o > 0 is equivalent to assuming that V is not monoatomic,
i.e. it is not the case that V.= 1/b.

Let D} be the average depth, and let Dy be the depth of the kth ball. In [17, Theorem 2.3],
using the same assumptions for V as when proving the limit law for D,, we showed that
E(D;})/Inn — p~!and that, forall n/Inn < k < n, var(Dy)/Inn — o =3.

1.2.2. Results concerning the number of nodes.

Assumption 1.1. Assume asin Section 1.2.1 thatP(V = 1) = 0, and, as in [17], for simplicity,
also assume that P(V = 0) = 0 and that —In 'V is nonlattice.

Tries and digital search trees are special forms of split trees with a random permutation

of deterministic components (p1, p2, ..., pp) and, therefore, are not as random as many other
examples. Of the common split trees only for some special cases of tries and digital search trees
(e.g. the symmetric ones, p; = p» = --- = pp = 1/b) does —In V have a lattice distribution.

By supposing that Assumption 1.1 holds we showed in [17, Theorem 2.1] that there is a constant
o depending on the type of split tree such that, for the random number of nodes N,

E(N) = an + o(n), (1.2)

and var(N) = o(n?).

Let d(v) denote the depth of a node. In [17, Theorem 2.2] we showed that the expected
number of nodes, where d(v) < u~'Inn — n%*¢ nord(v) > ' Inn + In%>*€ »n for some
arbitrary & > 0, is @ (n/ In* n) for any constant k. In this paper we assume that this number is
O/ In3 n). In [17, Remark 4.3] we noted that, for any constant r, there is a constant C > 0
such that the expected number of nodes with d(v) > CInn is O(1/n"); hence, the number of
vertices with ‘large’ depths can be bounded by a small error term.

1.2.3. Results concerning the total path length. In the present study we consider the ‘total path
length’ of a tree T as the sum of all depths of the vertices in 7. Since the split tree is a random
tree, the total path length is a random variable, which we denote by Y(7"). However, a more
natural definition of the total path length is the sum of all depths of the balls in 7', which we
denote by W (7).

From the fact that, for the average depth, E(D})/Inn — ,u_l, it follows that

E(W(T™) = n'nlnn + ng(n), (1.3)

where g(n) = o(Inn) is a function that depends on the type of split tree. Using (1.2), it follows
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from the profile result [17, Theorem 2.2], including its remark [17, Remark 4.3], that
E(Y(T")) = /L_lom Inn + nr(n), (1.4)

where « is the constant that occurs in (1.2) and the function r(n) = o(Inn).

Assumption 1.2. Assume that q(n) in (1.3) converges to some constant q.

Examples of split trees where the limiting constant that g(n) converges to is explicitly
calculated are binary search trees (see, e.g. [11]), random m-ary search trees [25], quad
trees [28], the random median of a (2k 4 1)-tree [31], tries, and Patricia tries [3]. In fact,
Assumption 1.2 has now been shown to hold for general split trees; see [4, Theorem 3.1]. We
keep it as an assumption for the sake of precision.

Assumption 1.3. Assume that the result in (1.2) can be improved such that E(N) = an+ f(n),
where f(n) = O(n/1n'*¢ n).

Assumption 1.3 is reasonable. For instance, it holds, e.g. for m-ary search trees [26]; for
such random trees, f(n) is o(y/n) when m < 26 and (9(n1’*’) when m > 27. Furthermore,
as described in Section 1.2.2, tries are special cases of split trees which are not as random as
other types of split tree. Flajolet and Vallée [13] recently showed that, for most tries (as long
as —In V is not too close to being lattice), Assumption 1.3 holds.

In [4, Corollary 5.1], under Assumption 1.3, we showed, by applying [4, Theorem 3.1], that
r(n) in (1.4) converges to some constant {. By applying [4, Corollary 5.1] we showed the
following result, which we will apply in the proof of the main theorem below.

Lemma 1.1. Let L = |Blog, Inn] for some large enough constant B. Assume that —In'V is
nonlattice and that Assumption 1.3 holds. Then

bL ’Y‘(T) hL
1 oan; n n
> — =) ——+ ¢ +o,,< > ) (1.5)
— Inn; In“n

= w=21n2 n; w=2In%n

where ¢ is the constant that r (n) in (1.4) converges to.
Proof. See Appendix A.
1.3. The main theorem
The main theorem of this study is presented below.
Theorem 1.1. Suppose that Assumptions 1.1-1.3 hold. Then, as n — oo,

D

(X(T")—C)/La—w (1.6)
! "/ u2n’n ’ )

where

Inln
C, = an an n n

+ —
wllnn * p='?n  p'nn

forthe constant ¢ in(1.5), and W has aweakly 1-stable distribution, with characteristic function

EE"™) = exp(—in'w|t| +it(C — n~ " In|e))). 1.7)
HereC = —p 'Inp~ ' +2u~ ' — =262 — 7'y — (62 — /,LZ)/Z,LLZ, wand o' are the con-
stants in (1.1), a is the constant in (1.2), and y is the Euler constant. The same result holds for
X (Th).
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Recall (see, e.g. [10, Section X VII.3]) that the characteristic function of an infinitely divisible
distribution is

. a’t o0

exp(ltb -5 —i—/ ™ — 1 —irx1[|x| < 1] )dv(x)> (1.8)
—00

for constants @ > 0 and b € R, where v is the so-called Lévy measure which satisfies dv/dx =

c+/]x|*t! for a € (0, 2) and constants c. if the distribution is weakly a-stable.

The explicit constants in Theorem 1.1 for some types of split tree are as follows. For the
binary search tree (see also [18]), « = 1 (sincen = N), u = 2, ol = 4, and { = 2y — 4.
For quad trees, @ = 1 (sincen = N), u = d/2, 0% =d*/4,and ¢ = (3d — 3 +4y)/2d —
Zd‘HZm: 1/m(m¢ — 2%). For m-ary search trees, « = 1/2(Hy, — 1), p = Y, 1/i, and
o2 = Y, 1/ i2. The constant ¢ for m-ary search trees when m > 3 is not as easy to calculate
since the total path length Y (T') is the sum of the depths of the random number of nodes (here
n # N) instead of the depths of the n balls. However, applying [12, Theorem 2.4(b)] (in which
general functionals of m-ary search trees are considered) with b, = E(N) — 1, it is possible to
give an analytic expression for ¢. Let b, = E(N) — 1 = (n + 1)/2(H,, — 1) + h,,. Then the
constant ¢ for m-ary search trees can be expressed as

i (Hp)? —4H, + HY +2
G+ 1)(1 +2) 4(Hp —1)2 ’

where H,, is the harmonic number and H,E,z) = ZT:] 1/m? is the second-order harmonic
number. An explicit expression for E(V) for all N (which determines the £ s) is given in [25].

Remark 1.1. Even without Assumptions 1.2 and 1.3, the normalized X, (7") (or X.(T"))
ought to still converge to a weakly 1-stable distribution with characteristic function as in (1.7)
for some constant C. However, in this case C,, in (1.6) ought to be expressed as

5 ?EN) —2E< Z E(Ny | nlv) 1;1(nv/n)> B E(N)L —:—a;zlnlnn
ulinn A= w=ln“n uw'In“n
&)
—E —l nil,
(Z p2In? n; ‘ l>

i=1
where Y (T;) is the total path length of the subtrees 7; rooted at depth L.

Remark 1.2. In the proof of Theorem 1.1 we obtain

EEY) = exp(it(C +u 'y = 1) +/ ™ — 1 —irxlx < 1])dv(x)>, (1.9)
0

where C is the constant in (1.7), y is the Euler constant, and the Lévy measure v is supported
on (0, co) and has density dv(x)/dx = w~'/x2. Thus, W has a weakly 1-stable distribution.
The expression in (1.9) can be simplified to (1.7).

Remark 1.3. Asin[21]and [18], most records occur close to the depth where most vertices are,
i.e. approximately 1+~ In n for split trees. Also, in analogy with [21] and [18], from Lemma 2.4
and the proof of Theorem 2.1, it follows that most of the random fluctuations of X, (7") can
be explained by the values at depths close to InIn n.
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Remark 1.4. As for the binary search tree [18, Remark 1.3], for other split trees,

E(Xe(T")) — E(X,(T")) = E(Z - ) 1~

¢ v dW)d®) + 1) "o n

v#Eo

for some constant C; > 0, while there is no similar difference in the limit distribution; see

Theorem 1.1. As in [18], this behaviour suggests that it is impossible to use the method of

moments to find the distribution of the number of cuts (or records) for split trees, unlike for the

(nonlogarithmic) conditioned Galton—Watson trees in [22]. In [18] we instead used methods

similar to those that Janson used for the complete binary tree in [21]. In this paper we generalize
the proofs in [18] to consider general split trees.

Remark 1.5. The method used here should most likely work for other trees of logarithmic
height as well, and, thus, the limiting distribution for these trees should also be infinitely
divisible and probably also weakly 1-stable. This turns out to be the case for the random
recursive tree (that is, a logarithmic tree), where the limiting distribution of X.(7) was recently
found to be weakly 1-stable; see [9, Theorem 1.1] and [20, Theorem 1.1]. However, the methods
used for the recursive trees in [9] and [20] differ completely from our methods. The advantage
of studying split trees compared to the whole class of logn trees is that there is a common
definition that describes all split trees, and this is the reason why we only consider these trees
in this paper.

1.4. Renewal theory applications for studies of split trees

1.4.1. Subtrees. For the split tree where the number of balls n > s, there are s balls in the root
and the cardinalities of the b subtrees are distributed as (sq, ..., s1) plus a multinomial vector
(n —so — bsy, V1, ..., Vp). Thus, conditioning on the random V vector that belongs to the
root, the subtrees rooted at the children have cardinalities close to nVy, ..., nVj. This fact is
often used in applications of random binary search trees; in particular, we used this frequently
in [18].

Conditioning on the split vectors, n, at depth d is in the stochastic sense bounded by the
following random variables:

d d
binomial(n, I1 W) —sd <n, < binomial(n, I1 W) + s1d, (1.10)
r=1 r=1
where the W,.,,, r € {1, ..., d}, are i.i.d. random variables given by the split vectors associated

with the nodes in the unique path from v to the root; see [7] and [17]. This means in particular
that W, ,, 2 V, where ‘=’ denotes equality in distribution. It follows from an application of the
Chebyshev inequality that n, for v at depth d is close to

M:} =naWi,oWay - Wa s (1.11)

see [17]. Since the nys for all v at the same depth are identically distributed, we sometimes
omit the vertex index of W, , in (1.10) and just write W,..

1.4.2. Results obtained using renewal theory. In [17] we introduced renewal theory in the
context of split trees, and in this study we further demonstrate its usefulness in the proof of
Theorem 1.1.
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For each vertex v, where W, ,, 2 v are thei.i.d. random variables defined in Section 1.4. 1, let
Yo i=— Zle In W, . Below we omit the vertex index and just write Y, since, for vertices
v at the same depth k, the Y ,s are identically distributed.

Recall from (1.11) that the subtree size n, for v at depth k is close to M} = ne~Yc In[18],
where the binary search tree is considered, we defined Yy := — Zle In U, for uniform U (0, 1)
random variables U, ; recall that the split vector is (U, 1 — U), where U is uniform for this type
of split tree. The sum Zle In U, is distributed as a —I"(k, 1) random variable,whereas, for
general split trees, for which we do not know the common distribution function of Y, renewal
theory can be used instead. (For an introduction to renewal theory, see, e.g. [14, Chapter II]
or [1, Chapter IV, pp. 105-124].) We define the exponential renewal function

Uty:=Y b'Pi<n=) F. (1.12)

k=1 k=1

In view of the assumption that P(V = 1) = 0 it is easy to show that U(¢) is finite for all
t > 0; see [2, Theorem 1] or [19, Theorem 2.1]. Recall the definitions of the constants u and o
in (1.1). In[17, Lemma 3.1] we stated the following result, which is fundamental for the proof
of Theorem 1.1. The function U (¢) exhibits the asymptotics

Uit)= " +o(l)e' ast— oo. (1.13)

The asymptotics in (1.13) follow as a consequence of [1, Theorem VI.5.1], which deals with
nonprobability measures. In [17] we also defined W (x) := f(f e " (U@t) — u_le’) dz, and in
[17, Corollary 3.2] we showed that

o2 — 2 .
5 M +o0(l) asx — oo. (1.14)

Wx) = o

2. Proofs
2.1. Notation

Most of our notation is similar to that used in [ 18], where the binary search tree is considered.

We use the notation log, for the b-logarithm (recall that a split tree with parameter b is a
b-ary tree) and In for the e-logarithm. We treat the case X, (7") in Theorem 1.1 in detail and
then indicate why the same result holds for X.(7"). From now on, since it is clear that we
consider the vertex model, we just write X (T"). First let X(7"), be X(T") — 1 conditioned
on the root label A, = y.

We say that Y, = o,(ay) if a, is a positive number and Y), is a random variable such that
Y,/an L 0asn — oo, We say that Y, = Oprr(ay) if a, is a positive number and Y, is a
random variable such that (E(Y,?))!/? < Ca, for some constant C.

We sometimes use the notation m = p ! Inn. In the sequel we write 7' instead of 7. For
avertex v € T, we let T, be the subtree of T rooted at v. Recall that n, is the number of balls,
and, similarly, let N, be the number of nodes in T;,.

We write Exp(6) for an exponential distribution with parameter 0, i.e. the density function
f(x) = e*/?/0. Without loss of generality, we can assume that the labels A, have an
exponential distribution Exp(1). As mentioned above, this does not affect the distribution

of X(T").
Let d(v) denote the depth of v, i.e. the distance to the root. Recall that V is arandom variable
distributed as the identically distributed components in the split vector V = (V1, ..., V). Also,
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recall that, for each v, we let Yy , := — er;] In W,.,,, where W, , 2 v are the i.i.d. random
variables defined in Section 1.4.1. Since the Y ,s are identically distributed for vertices at
the same depth, we often omit the vertex index and write Y. Recall from (1.12) the renewal
function U () := Y32 b*P(Yy < 1).

Let A,; be the minimum of A, along the path P(v;) = o, ..., v;, from the root o of T
tov;, 1 <i < bL, where the v; are the vertices at depth L = | Blog, Inn] for some constant .
Thus, the assumption that A, = Exp(1) gives Ay, = Exp(1/(L + 1)).

For simplicity, we write T; := T,,, n; := ny;, N; := Ny, and A; = A,,. We write
d;(v) := d(v) — L (i.e. the depth in the subtree 7;, i € {1, ..., b}, of a vertex v € T;). We
say that a vertex v in T" is ‘good’ if

an.

,u_llnn— 6nfd(v)5;1,_11nn—i—1n0'6n

and ‘bad’ otherwise. In particular, a vertex v € T; is ‘good’ if

w linn; =% n; <dj(v) < w 'Inn; + 0% n;. 2.1

We define ¢(T;, A;) := E(X(T)Al | T;, Ay) and Y (T;, A;) == var(X(T;)a, | T;, A;). The
conditional expected value given n; 1s denoted by E,; (Z) := E(Z | n;).

We write &, := nyu” ! In nehuk” In7 /. which is used in the later part of the proof. We
define 7, as the o-field generated by {n,,d(v) < L}. Finally, we write §; as the o-field
generated by the 'V vectors for all v with d(v) < j. Equivalently, this is the o-field generated
by (Wi, r € {1,2,...,j}} for all v with d(v) = j. In particular, we use the fact that
{ny,d(v) < L} up to small errors is determined by the o-field G ; this follows because of the
representation of subtree sizes in Section 1.4.1.

2.2. Expressing the number of records as a sum of triangular arrays
Recall from Section 2.1 that o(T;, A;) := E(X(T)a, | T;, Ay).

Lemma 2.1. For all subtrees T; rooted at v; with d(v;) = L, conditioned on n;,

N; Cen—tn . Y(T) — w 'Nilnn;
(ﬂ(Tl,Al)= _lll n(l_e (n lnn,)A,)_ ! = 5 .l i
i %% n-n;
(di(v) — p~ " nn;)? ( n; >
+ + 0 —— ], 2.2
googeT _3 In’ nj o In?? n; @2

where Y (T;) is the total path length of T;, and the ‘good’ v € T; are those with d;(v)
satisfying (2.1).

Proof. For each vertex v € T;, let I, be the indicator that A, is the minimum value (from
v to v;) given T; and A;. We obtain ¢(T;, A;) = Zv#vi E(ly). If di(v) = jin T;, let
Vi, Vi1, ..., vjj = v be the vertices in the path from the root v; to v. Then, I, = 1 if and
only if Ay;; < A; and Ay > Ay fork € {1,..., j — 1}. Since the A,s are independent Exp(1)
random variables,

Vij

Ai j ! Ai . 1_e_in
E(I)—f l_[P(kvk>x)e xdx—f e_”dxzf.
0
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Thus, o(T;, A;) = Zv#vi(l — e‘di(v)Ai)/di(v). Expanding 1/d; (v) for arbitrary ‘good’v € T;
gives
L 1 d@—p e @) —p nny)’

di(v) pllnn; w=21n%n; w=31n3 n;
di(v) — u~'1nn;)3
Jr(9<|( i (v) it n;) I).
In n;

Recall from Section 1.2.2 that the number of ‘bad’ vertices in 7}, i.e. those that are not in the
strip in (2.1), is Op1(n;/ In3 n;) and can thus be ignored. Hence,

1 1 n;
L +0,,( —=—
= i) 2 diwy <ln3 n; )

good v#£v;
_ N Y(T;) —p~'Nilnn;
wlnn; M—z In? n;
(d;(v) — p ' Inn;)? n;
Y S am o, e
good veT; !
Now we prove that
1 ~di(v) _ o—(u " Inny)A; ni
i DYy = @ | —5— |, 2.4
Z d; (v) T ) L In?2 n; @9
vF#Y;
which obviously implies that
_ nj
o(T;, Aj) = (1 — (w! Inni)Aiy Z _d 5 + 0O (—lnz‘é ni). 2.5)
vFEV;

For s1mpler calculations, we show the bound in (2.4) by considering e ~%il*~ 'Inni] instead of

e~ Inm)A; That we can do this follows from the fact that multiplying the Taylor est1mate
in (2.3) by e_A L i) gives the same expression up to the error term O 1(n;/ In>2 n;) as
multiplying by e =%~ nni)Ai | For j >0,

el Inni |+ ) A;

R s LN C s UL VTS

el N =Ai _ o= AilpT i) (=l Inm )AL (o=2i A _ g =iy

Since we only have to consider the ‘good’ vertices, it is enough to show that

ni
Ql + Q2 = (DLI <m), (26)
where
[In%0 ;|
= > Y e LT i DA () oAy~ —
=l =] L ln”J_]
[n®® n; } |
Z Z e(fLu’llnniH/‘)Ai(eijAi_efin)ﬁ.
= diw=j ™ Inm] +

https://doi.org/10.1239/aap/1300198517 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1300198517

Records and cuttings in split trees 161

We have
1

lu='1nn;| — % n;

0.6
VIR LU WIS PR REIRYY
"\ u g ’

0 < Nie(—Uf1 ln”iJ-HnO‘(’ni)Ai(l _ e—ln0'6niAi

and, similarly,
11‘10'6 n; Al'
wlnn;

0> = Ni(9<

)e(Lu' I 10 n) A7
Since A; is an Exp(1/(L + 1)) random variable, using integration by parts, we obtain

(=L~ Iy J 41006 ) A = (=L~ Iy J 41006 )y~ y(L+1)
E(Aje { PRy = A (L+ Dye i e dy
B L+1
C (M) =% + L+ 1)

Thus, (2.6) holds and it follows that (2.5) is satisfied.
Now we show that (2.5) implies (2.2) in Lemma 2.1. We have

o= Ay _ (9L1( L )
Inn;

Hence,

LYY Z (di(v) — p~'Inny)? _ (DLI( n; )

3 .
good veT; n= Int

Recall from Section 1.2.2 that the number of ‘bad’ nodes in 7; is Q1 (n;/ In3 n;) and that,
for any constant r, there is a constant C > 0 such that the number of nodes with d(v) > CInn
is @1(1/n"). Using these facts, we obtain an obvious upper bound for the total path length,
ie |Y(T;) — u™'N;Inn;| < N;In®Sn; + O,1(n;/ Inn;). Hence,

(Y(T) — =" Ny Innpye= ¢ s ni
pn=21n% n; =Ou ni)’
]

n2
and Lemma 2.1 follows.

Recall that ¥ (T;, A;) := var(X (T;)a; | T;, A;) and that E,,; (-) := E(- | n;).
Lemma 2.2. For all vertices v; with d(v;) = L, conditioned on n;,
2

En, (W (i, A7) = (9( i )
In

n;

Proof. We say that a pair (v, w), with h(v) = j and h(w) = k, is ‘good’ if j and k satisfy
/L*l Inn; — n0-¢ n <j k< ufl Inn; + In-¢ ni,

and ‘bad’ otherwise. In analogy with [18] and [21], using the same indicator I, as in the proof
of Lemma 2.1, we show that, for a ‘good’ pair,

1 ; d d
1> cov(ly, Iy) = —e " UH=Di(g —e“’Ai)““@( 3 )ZOL'(s—)' 27)
Jk In° n; In° n;
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(Compare this with [18, Equations (2.13)—(2.14)].) Since the number of ‘bad’ vertices is
Op1(n;/ In3 n;), it follows that the number of ‘bad’ pairs is O; 1 (n%/ In3 n;). Hence, the sum of
covariances for the ‘bad’ pairs is (9(”1'2/ In3 n;). Thus,

2
En,(x/f(Ti,A,»))=En,.< > cov(lv,lw)>+<9< i ) (2.8)

good (v,w)eT; In ni

Recall that § ; is the o-field generated by the split vectors for all vertices v with d(v) < j. Let
n;, denote the number of balls in the subtrees rooted at v for v € T;. From (1.10) we have,

for v, where d; (v) = d,
d

En (niy | Go+a) < ni [ [ Wy +51d.
r=1

Thus,
d

n;
Ey, (niy) < mn; | | E(W,) +s1d = i +s1d.
r=1

Again, by using (1.10) we obtain

d d
En iy | $rea) =ni [[W} +0 <n,-d I1 Wr) +0@d).

r=1 r=I1
Thus,
d nid
Ey (niy) < nf [ [EOW,) + 0 (;Td) +0(d). 2.9
r=1

Note that E(Wrz) < E(W;) = 1/b since W, € [0, 1] and W, is nondegenerate. Hence, there is
an & > 0 such that the right-hand side of (2.9) is bounded by nl.z/(b +&)+0(nid/b%)+0(d?).
Hence, from (2.8), using (2.7) and (2.9),

nl.zbdd ”12 n’2
En, (W (T;, A)) = O ;—(b+8)dln3ni +0 o =0 i )

The estimate in Lemma 2.2 is used in the proof of the following result.

Lemma 2.3. In a split tree T", let v;, 1 <i < bL, be the vertices at depth L = | B log, Inn],
choosing 8 > 1/(—log, E(V?) —1). Then
bL
n
X(T" = Z‘P(Ti, A;) +0p<T)-
P In“n

Proof. We write the number of records as {P* + P + - - - + P,r}, where P* is the number
of records with depth at most L and P; is the number of records in the subtree 7; rooted at
depth L, except for the root v;. Let 7, be the o-field generated by {A,: d(v) < L}, and let
F | be the o-field generated by 7" and 7. We also note that E(P; | ,*) = ¢(T;, A;). By the
same calculation as in [18, Equations (2.17)—(2.18)],

bt 2 bt
E((X(T") —P* =) (T, A») ) =Y Ey(T;, Ab. (2.10)

i=1 i=1
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Obviously, for large enough &,
3 .<bLb'ZL—(9<1" > 2.11)
i{l,...,bL}, nj<nb—kL n’n

(By choosing k large enough in (2.1 l) the power of the logarlthm can be taken to be arbitrarily
large.) Lemma 2.2 and (2.11) give Zl 1 Bn, (W (T3, A))) = O(Zl 1 nz/ln n); compare with
[18, Equation (2.20)]. The expected value of this sum is equal to the expected value of the
left-hand side of (2.10). From the calculations in (2.9), fori € {1, ..., bL},

E(n}) < n*(E(V)E + 0@nL). (2.12)

Hence, choosing 8 > 1/(—log,, E(V2) 1) we obtain Z[ 1 E(nz) = o(nz/ In n), and, thus, the
left-hand side of (2.10) is o(n2/ In* n). Thus, Lemma 2.3 follows from the Markov inequality.

Applying Lemmas 2.1 and 2.3 we obtain, for 8 > 1/(—log, E(V?) — 1),

Y.ooN Nje= (' nni)A; (di(v) — n~nn;)? Y(T})
X(Tn) — Z i _ i + Z 1 i _ i
wlnn; —lnn; =313 n; 212 n:
i=1 ! K ! good veT; pe e pe TR
n
+o0 , 2.13
p(ln2n> ( )

where we have used the fact that the Markov inequality gives Oy 1(n/ In?>%n) =0 p(n/ In? n).
In [17, Corollary 2.2] we proved that

d; "Inn)?  o?
Z Z (d;i (v) — nn;) _C 201” +0p< ’; ) (2.14)
=7 good veT; —3ln n; In*n In*n
We obtain, for n; > n/bL,
N; - N; - L?
E(|——e ™ nni)Ai _ ——e fnmAil ) — @ —— 2 ; (2.15)
u=tInn; u=tinn bt 1In’n

compare with [18, p. 404].

Again, we use the bound in (2.11) for the n; < n /bkL (for large enough k), so that we can
ignore them in the sums in (2.13). Thus, by (2.14) and (2.15), with another application of the
Markov inequality, the approximation in (2.13) can be simplified to

b* " Y(T;) e~ nn)A; 020[n n
n
X(T)_§ 711nn —-> 2 —§ Y +0”<1n2n>' (2.16)
i=l1 i=l1

w2In® n; In“n

(Compare this with [18, Equation (2.22)].)
By choosing large enough 8, from (2.12) we can achieve

bL

2 n
Skt = o 2
i=1 In

2
) 2.17)
n

for arbitrarily large k. Applying (2.17), the variance result of N in Section 1.2.2, that is,
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var(N) = o(n?), and supposing that Assumption 1.3 holds, Chebyshev’s inequality results in

bt bt
Ny, (2 (2.18)
P In n; o P In n; P\1n2n ) '

The third sum in (2.16) is treated similarly. For simplicity, we change the notation N;, 1 <
i < bl to Ny,d(v) = L, and, similarly, for n;, 1 <i < bL. Hence, from (2.16), for large
enough S,

L L _
xry =ty Ty e S (o
= - — o, —— ).
wtnn; w=2In%n; wlinn In2n  “\In?n

—2In%n
2.19)

i=1 o=l L=l

Lemma 2.4. Let L = |Blog, Inn] for some constant B. Then

hL

Z o imA; _ —(u" )1, n
n;e nye +o0p .

P l Z <lnn>

d(v)<L
Thus, choosing B > 1/(—log,, E(V?) — 1), from (2.19),

bk —(amn, 2

bL
2an; Y(T;) anye g an
XaTm =) — — -
T pnn; ;M il d p e e

)
i—1 In“n; 20

“oo(i)
o, — ).
P\1n2n

Proof. Recall that m := pu~!'Inn and that A; is the minimum of the L + 1 i.i.d. random
variables Ay, U € P(v;), defined in Section 2.1. Thus, e M is the maximum. Now we define
A{ as the jth smallest value in {A,, v € P(v;)}, so that e —mA; is the jth maximum. Note, in
particular, that Al.1 = A;. Choosing a = 21Inm/m means that, for some i, the probability that
at least | 8] + 1 of the A,s, v € P(v;), are less than a is @ (b* (La)P1*1) = o(1). Thus, with
probability tending to 1, there are at most | 8] values A, less than a in each P (v;), giving, for
each i,

L8] .
0< Y e N e < (L [ = L;—l:m.
=1

veP(v;)

Hence, using the fact that n, — sb™ < Z{i: veP)) i = v,

bE L8]
; 2:: mA/Zan Z e m)\Ldl_OP(lnn)

veP(v;)
eI e
) ! P\1nn
d(v)<L {i: veP(vj)}
n
npe ™ 4o, — ).
= mevon()
d(v)<L
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Observing that the second smallest value A2 in {i: v € P(v;)} is at most x if at least two A,
are at most x, and using the fact that the A,s are i.i.d., we calculate P(A2 <Xx)as

1—POy >0 —LPOy > ) TPOy, <x)=1—e1¥ — Le =Dy — ).

a2
Hence, E(e A7) can be expressed as

e L—12 L?— L L?
/ e (L — LYe ™ + L(L — 1)e” TV dx = + 0( )
0

m+L  m+L—1 m?
implying that Zl 17 ZLﬁ ! Al = @;1(nL*/m?). Thus, the Markov inequality gives
bL
e nmA; _ —(u" ' Inn), o
> e 3 e +o,,<lnn).
i=1 d(v)<L

From Lemma 2.4 (where B is chosen large enough), by applying (2.18) and the total path
length result in (1.5), we thus obtain

—(u " nn)r, 2
c oano
X(T") = Z Oinv - Z e 1 - {nz + n2
dioyar M~ Inn, doer M7 Inn w2In’n  In’n
n
+o,,( > (2.20)
InZn

As in [18] and [21], our aim is to express X (7") as a sum of triangular arrays. Recall that
£, := mnye~"™ /n. Normalizing X (T™) gives, using (2.20),

w2In?n X (T — an_an Inlnn n
an wllnn  p-'n?n  u2Inn
—21n2
1
Z§U+M rn Z lnv —u_llnlnn—u_llnn
n w=tnn,
d)<L d(v)=L
+u 20 +0,(1). 221
Let 5
1
D := romn Z M —u inlnn —p ' Inn + p?0? (2.22)
uwlnn,
d(v)=L
and élf = —D/n. Then
w2Inn an anlnlnn Zn
— | X1 - —
an wlinn  p='In®n  w2In’n
n
== Y & - &+o,(D). (2.23)
d(v)<L i=1

As in [18], since the nys in (2.21) are not independent, {&,} U {él., } is not a triangular array.
Recall that 2 is the o-field generated by {n,, d(v) < L}. Conditioned on 27, {£,} U {El.,} is
a triangular array with élf conditioned on €27, deterministic.
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2.3. Applying a limit theorem for sums of triangular arrays

2.3.1. Theorem 2.1, which proves Theorem 1.1. As in [18] and [21], the proof of Theorem 1.1
will be completed by a classical theorem for convergence of sums of triangular arrays to infinitely
divisible distributions; see, e.g. [24, Theorem 15.28]. For the sake of independence, we intend
to condition on the n,s in the sums in (2.23). We show that, conditioned on the n,s, we
obtain convergence in distribution for the normalized X (7") to a random variable W with an
infinitely divisible distribution, which is not dependent on the n,s we conditioned on. Then it
follows in the same way as in [18] that, also unconditioned, the normalized X (7"") converges
in distribution to W. The main theorem, Theorem 1.1, is proven by Theorem 2.1 below.

Theorem 2.1. For any constant ¢ > 0, large enough B, and L = | B log, Inn], the following
statements hold: as n — 00,

i) sup P& >x| Q) =50 foreveryx >0,
v,d(v)<L
-1
(i) A := Z P&, > x| Q) LN v(x, 00) := i for every x > 0,
X
d(v)<L

w21’ n ny 1
(i) Az := E EG1[& <c] | QL) — ——— E —— +u Inlnn
n w=tInny,
dw)<L d(v)=L
+ M_l Inn — ;1,_202
P 1 1 1 2 2 o’ —p? 1
- —u "Inp T +pu —pu 0" — ———+u Ing,
2u?
(V) Az:= Y varllE < cl| QL) > pule.

d(v)<L

Compare this theorem with [18, Theorem 2.5]. Before proving Theorem 2.1 we show how it
proves Theorem 1.1. Recall D from (2.22). We apply [24, Theorem 15.28], with the constants

o2 — u?
a=0 and b= —,u_l ln;L_1 + u_l - ,u,_za2 -
2u?
t0 Y ywy<r & + 2y £/ conditioned on Q7 with & = —D/n deterministic. The constants a

and b are those that occur in (1.8). Note that D/n — 0; thus, because of (i), conditioned on
Qr, {&,} U (g} is a null array.

We define S(n) := Zd(v)fL v+ >0, S;. Let v(x) =: 1 — v(x, o0). From (ii) we have
that dv(x)/dx = u~'/x?; hence,

c c 1 1 M_l
/ x? dv(x) = / ,u_l dx = u_lc and / xdv(x) = / —dx = —y,_l Inc.
0 0 c c X

Thus, the right-hand sides of (iii) and (iv) are b — fcl xdv(x) and f; x2 dv(x), respectively,
where b is the constant just defined. In analogy to the binary search tree in [18], we can also
apply [24, Theorem 15.28] to general split trees, implying that, conditioned on €27, S(n) 2w
as n — oo, where W has an infinitely divisible distribution (in particular, a weakly 1-stable
distribution) with characteristic function as in (1.9). Since the conditioning does not affect
the distribution of W, it follows that, also unconditioned, S(r) 2 W; for a formal proof of
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this fact, see [18, p. 408]. Thus, unconditioned, the normalized X (T") in (2.21) converges in
distribution to —W. Thus, the proof of Theorem 1.1 for X, (T) is completed. Now it simply
follows, by the same type of argument as for the binary search tree [18, p. 409], that the result
holds for X.(T') too.

Remark 2.1. Theorem 15.28 of [24] in fact requires usual convergence, i.e. standard pointwise
convergence of sequences with no probability involved, whereas the convergence in Theo-
rem 2.1 is in the probabilistic sense. However, in [18, pp. 408—409] we proved in two ways
(firstly by using subsequences and secondly by using Skorokhod’s coupling theorem) that
convergence in probability is actually sufficient for S(n) 2 W to hold. By analogy, these
proofs also work for general split trees.

The idea of the proof of Theorem 2.1 is, as for the binary search tree [18, Theorem 2.5], to
use Chebyshev’s inequality. In [18] we frequently used the fact that the sum Zle In U, where
the U, are uniform U (0, 1) random variables, is distributed as a —I"(k, 1) random variable. For
general split trees, the exponential renewal function U (¢) defined in (1.12) is fundamental.

2.3.2. Lemmas for the proof of Theorem 2.1. Recall that Q; is the o-field generated by {n,,
d(v) < j} and that §; is the o-field generated by {W,.,, r € {1,2..., j}}, d(v) = j. Recall
that m := ! Inn, and write

v i=n [ Wewe &= %e_m“. (2.24)

Note that §; is equivalent to the o-field generated by {71, : d(v) < j}.
We now present four crucial lemmas, which we use to prove Theorem 2.1.

Lemma 2.5. For any constant ¢ > 0, large enough B, and L = |Blog, Inn], the following
statements hold: as n — oo,

YO PE>x Q)= Y PE >x|§L)+op(),

d(v)<L d(v)<L

Y EGIUE <cl Q)= Y EEIE <cll§)+op),

d(v)<L d(v)<L
ny n iy In(ny, /n) n

Z nwllnn :u—llnn_ Z “1n2n +0"(ln2n>’
d(w)=L v dw= M

Y ovar@ g <cl Q) = Y varE1E <cl | §1) + o, (D).
d(v)<L d(v)<L

For simplicity, we sometimes use the shorthand notation

n Ay In(ny/n)
Dy = Tlnn Z U—11v2/ J (2.25)
® =y HR
Riz= )7 Plu>x|§uo). (226)
d(w)<L
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R ~21n?
Roi= Y EBGlid <cl| g - T "o, (227)
d(v)<L n
Ry:= Y varG1& <cl | §o). (2.28)
d(w)<L

Lemma 2.6. For any constant ¢ > 0, large enough B, and L = |Blog, Inn], the following
statements hold: as n — 00,
p!
E(Ry)) = — 4+ 0(1) =v(x,00) +0(1) foreveryx > 0,
X

_ —1 —1 —1 —1 -1 1 o —/ﬂ
E(R)=—p " Inn—p " Inlnn+pu —pu "Inp™ +pu "Inc— 702 + o(1),
m
E(R3) = ™ 'c + o(1).
Let! := [log, Inn/2], and, for short, write
Sii= Y PG >x|§L),
I<d(v)<L
A LA w2n?n
S:= Y  EEIE <cl|§)— —L, (2.29)
n
I<d(v)<L
Syi= Y varG1E <l | §o)
I<d(v)<L

Lemma 2.7. Forany constant c > 0, large enough B, L = |Blog,lnn], andl = |log,lnn/2],
it holds that, fori € {1,2,3}, asn — oo,

var(E(S; | $1)) — 0. (2.30)

Lemma 2.8. Forany constantc > 0, large enough 8, L = |Blog,Inn]|, andl = |log,Inn/2],
it holds that, fori € {1,2,3}, asn — oo,

E(var(S; | 1)) — 0. (2.31)
Before proving these lemmas we show how they lead to the proof of Theorem 2.1.

2.3.3. Proof of Theorem 2.1. For any x > 0 and v with d(v) < L, we have

P&, > x | Q) = P(e—’“v -2 QL)
mn,
1
= P(kv < — 2 QL>
m nx
1
=1— exp(—— In* %) (2.32)
m nx
Thus, for every x > 0,
1 L mny 1 Lm
P, >x | Q)< —Inm — < —Int — -0, (2.33)
m nx m X

which proves (i).
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Recall the definitions of Ry, R», and R3 in (2.26), (2.27), and (2.28). Lemma 2.5 shows that
the left-hand sides of Theorem 2.1(ii), (iii), and (iv) have the following asymptotics:

A1 = Ry +o0,(1),
Ar=Ry+p 'Inlnn+ ufl Inn — /L*zaz +op(1) = Iéz +op(1),
Az = R3 +o0,(1).

Lemma 2.6 shows that the expected values of R, ﬁz, and R3 converge to the right-hand sides
of Theorem 2.1(ii), (iii), and (iv).
We complete the proof of Theorem 2.1 by showing that

var(Ry) — 0 forevery x > 0, var(R;) — 0, and var(R3) — O. (2.34)

Then, by Chebyshev’s inequality, Theorem 2.1(ii), (iii), and (iv) follow. Thus, it remains to
show how (2.34) follows from Lemma 2.6 and Lemma 2.7. By using (2.33), we easily obtain

Yo PE>x1g)= Y, P& >x]|g)+o(D),

d)=L I=d()=<L
Y EGUE <c g = ) EEIE <cll§r)+o),
d(v)<L I<d(v)<L
Yoovar@E <cll g = Y var1E <l §o) +o(D).
d(v)<L I=d(v)<L
Hence,
Ry =814+ 0(1), Ry =8 +0(), R3; =83+ 0(1). (2.35)

To show (2.34), we use a variance formula that is easy to establish (see, e.g. [15, Exer-
cise 10.17-2]) var(X) = E(var(X | §)) + var(E(X | 4)), where X is a random variable and
4 is a sub-o-field. Consequently, by applying the variance formula, from Lemma 2.7 and
Lemma 2.8, we obtain, as n — oo, fori € {1, 2, 3},

var(S;) = E(var(S; | §1)) + var(E(S; | $1)) — O,

and, thus, (2.34) follows from (2.35). Hence, Lemmas 2.5-2.8 prove Theorem 2.1, and, thus,
also Theorem 1.1.

2.3.4. Proofs of Lemmas 2.5-2.8. Finally, we present the proofs of Lemmas 2.5-2.8.

Proof of Lemma 2.5. Since a binomial (k, p) random variable has expected value kp and
variance kp(1 — p), by applying (1.10), the Chebyshev inequality results in

k
P( Ny —n l_[ Wi
r=1

This motivates the notation n, :=n ]_[]r‘:l W, in (2.24). Also, recall év from (2.24) and
the o-field §; from Section 2.1. By using (2.32) and (2.33), we obtain (compare with [18,

- I’l0'6

1
szL) < =m- (2.36)

Equation (2.50)]),
L 1 mn Inm
Z P&, >x | Q) = Z Z —1n+<—”) (1 + @(—)) (2.37)
d)<L =1 d(wy=k " nx "
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and, similarly,

L ~
Y PEcxlg=) > %m%"}i’i”)(wo(%)). (2.38)

d(v)<L k=1dv)=k

Using (2.37), (2.38), and (2.36), we obtain

Yo PE>x1Q)= Y PE >x|§L)+op). (2.39)

d(v)<L d()=<L

Similarly, (2.36) implies that

Y BEIE <cl Q)= Y EEIE <cll§r)+op(D),

d(v)<L d(v)<L
where
A miy m+1_ . (mn,
Y EEUE <clg= ) ———exp(———1n . (240)
n(m+1) m nc
d(v)<L d(w)<L

(Compare with [18, Equations (2.56)—(2.57)], where Zd(v)fL EE1[E, < c] | 1) is esti-
mated.)
Using (2.36) (compare with [18, Equations (2.62)—(2.63)]), we obtain

ny n ﬁvln(ﬁv/n) n
Z wlnn, p'lnn Z “1n2p +op In?n)’

d(v)=L dwy=r "

By applying (2.36) and using similar calculations as in (2.37)—(2.39), we obtain

Yo ovarGllE <l | Q)= Y varGliE < ol | o) +o,(D),

d(v)<L d(v)<L

where (compare with [18, Equation (2.65)])

252 ~
A A mn 2m 4+ 1 mn
S varGli <l 19 = Y ;exp<— ln+< )) o).
2mn m nc
d(w)<L d(w)<L
Proof of Lemma 2.6. Recall that Yy = —Zle In W, and that Ry = ) ;)<1 P, >

x | ). As in the calculations in [18, Equation (2.51)], from (2.38) and using integration
by parts, we obtain

L
E(R) = (1+0(1) Y b E(w I[Yk - ln(ﬂﬂ)
m X

k=1
In(m/x) L

=+ 0(1))%/0 Zka(Yk < 1)dr. (2.41)

k=1
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We want to show that

1 In(m/x)
—/ Z P*P(Y; < t)dt = o(1). (2.42)
mJo k=L+1
To show this, we use large deviations. Choose an arbitrary s > 0. By applying the Markov
inequality and using the fact that the W, ,,, r € {1, ..., k}, are i.i.d., we obtain
P(Yp <) =P(=Y; = —1) = P(e ™ > ™) < (E(V*))ke". (2.43)

In the definition of L = |8 log;, Inn |, the constant 8 can be chosen arbitrarily large. Itis enough
to show that (Inm /m) Z,fiur] b*P(Yx < In(m/x))iso(1) for proving (2.42). Choosings > 1,
we obtain E(V*) < E(V) = 1/b. Thus, we can find a § > 0 such that E(V*) < 1/b!*3. By
applying this fact together with (2.43), we obtain

> k m > b* m* S8 s
k=L+1

k=L+1

Thus, choosing 8 > (s — 1)/§ in L gives (2.42). Now it follows from the asymptotics of U (¢)
in (1.13) that the principal term in (2.41) has the following asymptotics:

1 In(m/x) -1 1 In(m/x)
—/ Ut)dt + o(1) = LO()/ e'dr + o(1) = v(x, 00) + o(1). (2.45)
m Jo m 0

Hence, E(R1) = v(x, 00) + o(1). Similar to [18, Equation (2.58)], using (2.40), we obtain

E( > EBENE < | gm) = E + Es, (2.46)
d(v)<L
where .
E,=E Z p* n e Yk exp(—ﬂ(ln(ﬁ> — Yk)) 1|:Yk < ln(ﬂ)},
m+1 m c c
d(v)<L
Ex=E Y »-" N I[Yk > 1n(T>]. (2.47)
m—+ 1 c
d(v)<L
Using integration by parts, we obtain
L In(m/c)
m m+1 m X
E| = ———In[ — bke!/™mP(Y, <t
=) (e o=
In(m/c) L bk
- / > —e"Py < 1) dt), (2.48)
0 m
k=1
which is asymptotic to ! + o(1) in view of (1.13) and (2.44). By similar calculations as in
(2.48) we obtain
In(m/c) L
m m
Ey= ——L— —— bke~ ! dP(Y; <1t
2T +1 m+ 1 /0 k2=1: ¢ Fe=1)
In(m/c) L
L Y bFe ™ P(Y; < 1) dr + o(1). (2.49)
m+1 J =1
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From (2.44) with 8 > s/4, it follows that

In(m/c) L In(m/c)
/ Zbk “TP(Y <t)dr = / e 'U(t)dr + o(1)
0
In(m/c)
= / e U@ —ple)dr + p! 1n< ) +o(1).
0
(2.50)
Applying the solution of W(x) = fox e (U (t) — p~'e')dr in (1.14), from (2.49) we obtain

Ey =L —p~'In(m/c) = (o2 = p?)/2u* + o(1).
Recalling (2.46) and applying the approximations of E; and E», we obtain

2 qrf -1 e o —p?
E( > E&GIE <cl|go))=L+p" —p'In( =) = ——— +o(D),
c 21
d(v)<L
which has the following asymptotics:
o2 — 2
K=L+p '—p'Inlnn—p 'Inp'+uIne— 2 4+ o(1). (2.51)
i
By the definition of 71, in (2.24),
. n ﬁv ln(ﬁv/n)
P = M_l Inn - Z M_l In2n
dw)=L
W, In W,
T il _212 = 2:52)
# d(v)=L n’n

Hence, using the definition of w in (1.1), we obtain E(®y) = n/u_1 Inn + nL/;L_2 In2 n.
Recalling R; from (2.27) and K in (2.51), we obtain E(Ry) = K — u~"'Inn —

Recall that R3 = Zd(v)< L var(év év <c] | §r). Using integration by parts and (2 43)
(choosing 1 < s < 2), we obtain, by similar calculations as in (2.41)-(2.45), E(R3) = Te4+
o(1). (Compare with [18, Equations (2.66)—(2.69)].) For a complete proof of this fact, we refer
the reader to [16].

Proof of Lemma 2.7. We show only (2.30) for i = 2. Then (2.30) fori = 1 andi = 3 are
shown by similar but simpler calculations. For a complete proof, we refer the reader to [16].
Also, compare with the similar calculations in [18, Proof of Lemma 2.7].

For a given vertex v; € T with d(v;) = [, there are at most b/ ~! choices of v at depth j
with ancestor v;. Recall that Y , := — Zle In W, ,,. For v with d(v) = j, we also write
Zigw=Yjy—=Y ,y =— ,{:]_H In W, .

Recall the definition of S, from (2.29) and the definition of @ from (2.25). Glancing at the
calculations in (2.46)~(2.47), we obtain E(Y_yq<, EGu1[E < c] | §) | §1) = Fi + Fa.

https://doi.org/10.1239/aap/1300198517 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1300198517

Records and cuttings in split trees 173

where

m
F| = E( Z 1 exp(—Y; v — Zj—l,v)exp<_

I[qu, +Zi Sln< >:| ’ 91)

S S S| )

I<d(v)<L

1
(Inm —1Inc— Y, — Zj—l,v))

Then, by similar calculations as in (2.48),

hl

m+ 1 m m In(m/)=Yiy, L.
— — = j—lat/m 4
S L)) Fep W A WA

j=I+1
b I
=> w ' [ Wew +o(1)

i=1 r=1
=ut4o(D). (2.53)

By similar calculations as in (2.48)—(2.50), we obtain

In(m/c)=Y,y;
Fz-Z]‘[Wm,<(L—l)—[ m+1 be’ fdP(Z,zv<r>)+o<1>

i=1r=1 j=I+1
I m 02 _MZ I

:ZHW’W L—l—/L_lln — ———M_IZIHW,UI. +o(1)
i=1r=1 ’ ¢ 2,LL2 r=1 ’

L (m o2 — 2 b 1 ! !
—L—l—u ln(?> BT ST ] Wew D In Wiy, +0(D). (2.54)
i=1 r=1 r=1

Thus, by applying the approximations of Fj in (2.53) and F3 in (2.54), we obtain

)
E( Z E(évl[év <c]| 9»L) ‘ 91) =,u_l + L —l—u_lln<%) — #

[<d(v)<L 2“

o I I
=Y [ Wew Y I Wey, +0(1). (255)
i=1 r=1 r=1

Let v; be a vertex at depth /, and let v be a vertex at depth L. Similarly as in (2.52) (compare
with [18, Equations (2.73)—(2.74)]), we obtain

n nL—l n Wi v lr_ In W, ,, n
E(®r | §o) = ( )_Z Moy W Xy In W, +0(1n2n>' (2.56)

,u*llnn w=21n%n w'1n?n

From (2.55) and (2.56), var(E(Ss | §)) is o(1).
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Proof of Lemma 2.8. The calculations are similar to those of [18, Proof of Lemma 2.8]. We
show only (2.31) for i = 2 and i = 3; then by similar calculations we can show (2.31) for
i = 1. For a complete proof, we refer the reader to [16].

First we consider

9»1)

var( Y EEE <l §o)
= Y covEBGENE <l §1), BEllEn <l §r) | G0 2.57)

I<d(v)<L
I<d(v)<L

I<d(w)<L

‘We can suppose that the closest ancestor u for v and w is at depth d > [, since the other terms
are just 0 because of independence. For d > [,

E(cov(E(E,1[&, < c] | §1), EEwllEy <11 91) | §1))
<EEENE, <l | §1)EGEullE, <l | §1).
For a vertex v with d(v) = j,

A A mn m—+1 mn n J
EG 106 <cl| §1) = —J:l)exp<—71n+< )) < ;” = ]j[1 Wiy

n(m nc

Denote by (v, w,) a pair of vertices with closest ancestor «. Consider one such pair (v,, wy),
and let d(u) = d, d(v) = j, and d(w) = k. Since E(W?2,) < 1/b'*? for some § > 0, it
follows that

d
EEE, 1€y, < c]| §1)EGu,1Ey, <cl| ) < CLE][W2,p- U0~

r=1

1\¢ .
—(j—d)—(k—d)
SCl(lera) b . (2.58)

where C is a constant depending on E(Wu,qu,u)), W,M is the component in the split vector
of vertex u that corresponds to the child u,, of u, and ’Wu’w has an analogous definition. Thus,
by using (2.57)—(2.58), letting v, w: v A w = u denote that the vertices v, w have closest
ancestor u, we find that

E(V&I‘( Z EGE1[E, <cl | $1) ‘ 91>>

I<d(v)<L

is bounded by

L
> Y. BEGEIE <cl | §)EBEE, <cl | §1)

d=l {u: d(u)=d} {v,weT,: vAw=u}

L L L
—8d j—d—(j—d) k—d—(k—d)
<(C; E b E b E b
d=l j=d k=d

— 0, (2.59)

where C3 is a constant. (Compare with the calculations in [18, Equation (2.82)].) Similarly,
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w2In?n
E(var| ———®, | 4 — 0.
n

By applying the conditional Holder inequality we deduce that E(var(S>2 | §;)) is o(1).
We can now easily show (2.31) for i = 3 by the same argument as in [18], i.e. we observe

that

we show that

var(€,10E, < c] | §1) < EEE < ]| §u) < cBGE <l | §o),
and, thus, (2.31) for i = 3 follows from (2.58) by calculations similar to those in (2.59).

Appendix A. Proof of Lemma 1.1
Recall that €27 is the o-field generated by {n(v), d(v) < L}. First, (1.4) gives

bL bL bL
Y(T;) ) an; nir(n;)
E — | QL) = —_— 4+ —_—. A.l
Note that, conditioned on 27, the summands Y(7;), i € {1,..., bl }, are independent.

By applying the Cauchy—Schwarz inequality, and using the facts that E(N?) = O (n?) (see,
e.g. [17, Theorem 2.1]) and E(D,%) = @(In? n) for all k (see e.g. [17, Theorem 2.3]), we obtain

bt b-
var(z Y(T) ‘ szL) =D var(Y(T) | Q1)

i=1 i=1
bL
<Y E(C (1) | Qu)

i=1
bL
=Y 0mn’n). (A.2)
i=1
For a large enough constant g, by taking expectations in (A.2) and applying (2.17), we obtain

n2
QL)) :0<1n4n)' (A3)

Using (A.1), (A.2), and applying (A.3), the Chebyshev inequality results in, conditioned on €2,

bL
1 (Ti)
E| var —_—
( (Z n2In% n;

i=1

Yoy - o ;)
i an; n;rn; n
o 2 T T2 e, o\ ) A4
; ljlen2 n; ; w'Inn; ; Mlenz 7 P <1n2 n) (A4)
Let k > 0 be a fixed constant, and assume that n; is at least n/b*"; by Taylor’s expansion we

obtain
11 +(9<1nlnn) AS)
In? n; " In?n In’n ) )

By applying (2.11) and using (A.5), we deduce that

ooy (&

o\n; n; n n
Z = Z + = . A.6
i=1 In* n; 0( 1n2ni> 0<ln2n) 0<ln2n) (A-6)

i=1
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By applying [4, Corollary 5.1], which states that r (n) converges to a constant ¢, it follows from
(2.11), (A.5), and (A.6) that

L L L

b b b
S s~ Gn | so) _ g +o<1’§n). A7)

— w=21n2 n; — w=2n%n;

Thus, the lemma follows from (A.4) and (A.7).
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