AN AXIOMATIC THEORY OF ORDINAL NUMBERS

TOSHIO UMEZAWA

In this paper, a formal theory of ordinal numbers is developed on an axio-
matic basis whose details are described in §1. Our primitive notions are set,
class, collection, a binary relation €, and collection formation {|}. Sets and
classes in our theory play similar roles as sets and classes respectively in
Godel [1] except the difference that an element of a class is a class but not
necessarily a set. A new notion, introduced into our theory is that of collections.
A collection relates to a class, just as a class relates to a set in von Neumann’s
theory. That is, a set is a class and a class is a collection but the converses
are not generally the case. For example, all the natural numbers, all the real
numbers etc. constitute sets, the ordinal numbers which are sets constitute a
proper class, and the totality of ordinal numbers as well as that of all classes
are proper collections. These relations are described by axiom group (A).

Let I" be a term, @ a formula and 6, X variables. We take {I'|@}o,x to
be a collection, and regulate its use by axiom scheme (B): If /T is a class, a
class variable, or a set variable, then I7€ {I'|0}e,x.=.305(IT=T. ®). Since O
is an arbitrary formula, ® may contain bound collection variables. This fact
renders impredicative character to our system. Such systems which are of im-
predicative character were already proposed by many authors, e.g. by Quine
[3], Wang [6] and [7], Takeuti [4], and Kuroda [2]. In our system impredi-
cativity occurs in the formulation of the axiom of foundation and also in the
definition of the collection of all ordinal numbers. The ‘axiom of foundation’
(D) is o/ & Zes(.«/) where Zes(.»/)" denotes the collection of U such that
UsXe - .o, or precisely the term {UVAL (A< X. YVX(Xe€ 4 .0 X
cX):2. U %)} in which % is a collection variable, and U and X are
class variables. The collection of all ordinal numbers, @, is given by {U|V ¢
(e . VX(XeXD2Xe ) VX(Xe Lim XSt :2.XeX):D.UeX)}
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1) The letters ‘Des’ refers to ‘descending’. Another formulation of the restrictive
axiom which may be adopted in our theory is IV(UE _/)—»> ——IV(Us_o/. UN 7/ =0),
frem which we can deduce 1.03-1.06.
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where 0 is the null set, X' is the successor of X and _*“im is the collection of
limit classes.

Our axiom system consists of four groups (A), (B), (C) and (D). The
axiom group (C) provides the existence of sets and classes. The axioms con-
cerning the existence of sets are the same as the axiom group C in Gédel [1]
with a slight difference in the formulation of the axiom of infinity. The axioms
of sum, power and replacement for classes are obtained from the respective
axioms for sets in replacing set variables by class variables. Furthermore, (C)
contains the following axiom: 3AX[0e X. Vulue X>ouw' e X). Yulue Lim.
< X: 2. ue X)] which assures that the totality of ordinal numbers which
are sets is a class.

Now we mention the basic feature of our theory. Although the usual two-
valued logic, i.e. the classical logic is adopted as the logical frame of this
theory, proofs of theorems are carried out as far as possible on the basis of
formal laws of the intuitionistic logic. ~To clarify this, we attach a sign * to
the number of a theorem if the theorem is proved beyond the scope of in-
tuitionistic logic. In this paper, theorems with the sign * are proged by using
the law of the excluded middle and on that occasion we have not been able
to prove them by logics which are weaker than the classical logic but stronger
than the intuitionistic logic, i.e. by intermediate logics (Umezawa [5]). For
this purpose, a scrutiny of usual proofs is required and the different forms of
some axioms have been adopted from the usual ones. For example, in order
to prove the transfinite induction in full strength without relying upon the law
of the excluded middle, the ordinal numbers are defined in the above mentioned
way instead of adopting von Neumann’s definition. Hence, the axiom scheme
(B) is necessary to be able to use such a definition of ordinal numbers in our
theory. It is proved within the classical logic that @ is co-extensional with
the totality of ordinal numbers in the sense of von Neumann ie., with the
collection of classes which are wellordered by the < -relation and are identical
with the segments of the collection generated by the classes (cf. p. 22, Gadel
[11). The axiom of foundation in von Neumann’s form is avoided in this paper,
since from IX(X & /) » IX(Xe .o/, XN .« =0) we obtain the law of the
excluded middle by substituting for .- the collection {U| (U =0. ®)V U = {0}}

where @ is an arbitrary formula. That is, our axiom system is so chosen that
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the law of the excluded middle might not be derived from it by the intuition-
istic logic. However, the metamathematical question of proving this fact re-
mains open. Even when a theorem is proved in this paper by the intuitionistic
logic, we do not assert strictly that the theorem is proved by using only the
intuitisnistic logic, because our system may contain the law of the excluded
middle implicitly.

Next a comment about the notion of collections follows. Although this
notion appears in each section, it is especially introduced for the purpose of
defining in §5 those symbols in a general and explicit way, which are introduced
into a formal system usually in a recursive way. Namely, let 7'n be the
class of n-tuples <a:- - - a»> such that «y, . .., a, are elements of the class 2

of all ordinal numbers which are sets, and let 7w be the class of all such

n-tuples. Then a function L is defined in such a way that L ‘<a; - - - aw
=(d;><.Q>< el X YU -- U({<tx1'--a:i>}><ocgu><.’2>< ><.Q)U
U {&ay " - an-v) Xan) ST “n.  We can prove an induction of the form:

VulueT ‘w. L uS.o/:D us.4) - T" ' w<. .« and by this induction we
prove the existence of a recursive function which takes the form (cf. 5.47)
U{F|3u(F Fnc L ‘u. ucT" o VixlxeL a2 F'x=% ‘(L x1FHD}
where F Fnc L ‘ » means that Fis a function over L ‘ # and L ‘ x 1 F denotes
the F restricted on L “ x. In general L ‘ x is a proper class and so is also
L ‘ x1F. So, in order that we define such a function for any free variable &,
we need a new type of variables which we call collection variables. The notion
is also used in the definitions of T and L mentioned above.

An important application of transfinite induction is the existence proof of
the function on ordinal numbers, that is, the proof of V¥ 3.4[.4 Fnc .
Val % ‘a=% ' (a1.9)]] (See Godel [17) where ¥ and .% are collection
variables and a is a variable ranging over ¢. We have not been able to prove
this theorem by the intuitionistic logic but can prove by the classical logic.
The corresponding statement within the scope of intuitionistic logic is this:
(1) Funct (#(¥)). ValaS Z(#(F)). al#G)e FHF): D, H#Y)  a
=% (@1 RG] [ValaC Z( L)) .D.alX(E) e 4 (¥)) .D. Z(H(L))
= @] where Funct (.#(%)) means that .£(%) is a function and .Z(.¥(Z))
denotes the domain of .#(¥) and 4(¥) is the collection U {F[3WF Fnc .

ValaeyDFa=% ‘(a1F) D} in which v is a variable ranging over ¢'. The
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statement is rather complicated and lacks uniqueness assertion. However, the
functions on ordinal numbers used in this paper satisfy the premises of the
theorem (1) and hence we obtain (2) #(%) Fnc @. Vo[ #(¥) ‘a=Y ‘ (al
#(Z))]. This is an example to show a significance of the law of the excluded
middle, i.e. that in virtue of the law we may obtain in some cases a general
theorem even when some particular cases of a theorem but not the theorem
itself is proved without the law of the excluded middle. In fact, addition,
product and exponentiation of ordinal numbers etc. can be written by the above
formula (2). E.g. if Ft( S¢, a) is H#(&) for an appropriate & (cf. §4), then
Ft(Sc,a) Fnc @. a+0=a a+b=(a+b). a+l= U{a+ylve!} where [ is
a variable over @ N Lim.

For any arbitrary ordinal numbers, we define a <b as usual to be Iyla+1b
=b.y%0). aeb.=.aCb.=.a<b is a theorem within the classical logic but
only a<b->asband asb-> aC b are theorems within the intuitionistic logic.
Further, the law of the excluded middle plays an important role in the proofs
of theorems concerning connexity and wellorder. Let Connex(.«) denote
VXY(X, Ye«/.2.Xe€YV X=YV Y< X). By the classical logic, we prove
Va Connex(a) where a is a variable over @. In our theory, wellorder is de-
fined in two senses. That .o/ is wellordered in the weak sense means (Connex
(). VEX[0eX. VX(Xe N XL DXeX) VX(XE o N Lim. XX
2. Xe X):D. < X)), which is denoted by Word(-«), and that .« is
wellordered in the strong sense means Connex(.«/). VX [AX(XE X). X C of
12.3Y(Ye . YN X =0)] We need the law of the excluded middle to
prove that, for an arbitrary ordinal number a, a is wellordered in the weak sense
and it is the same for wellorder in the strong sense.

Let a and b be elements of w. Then, aeb.=.aCbh.=.a <) is proved by
the intuitionistic logic and the same for Connex(w) and Word(w). But we
can hardly expect to prove by the intuitionistic logic that the ordinal number
o, and a fortiori an ordinal number greater than o, is wellordered in the strong
sense. Connex(e)) and Word(e) are also proved by the intuitionistic logic
where ¢ is the first eenumber. Hence it seems that, for an ordinal number a
defined by some constructive way, we can prove Connex(a) and Word(a) by
the intuitionistic iogic though Va Connex(a) and Ya Word(a) are not obtaine;i

by the intuitionistic logic. The purpose of §5 is to construct such a function.
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Taking & -appropriately, we obtain a recursive function F; (cf. 5.65-5.72) which
has the properties: F, Fnc T w. Fi" <0 - - 0ap =ay (0<n). F' <ay- - -
ap-1ak 0+ 0 aw =F' <ar- - arraran - aw (0<k<n-—1). F <ay- -~
Wn—ztnraw =F' oy anF ey s a>(1<n). B <ay - -+ ageqak 00 - -
Oard = U{F <@y ap100- - 0aplfcar (0<k<n aris a limit number).
F, satisfies the above mentioned requirement, since F;‘ <a; * * - a»> is connected
and wellordered in the weak sense if a; * - « a, are all connected and wellordered
in the weak sense respectively. The construction of F; and the proofs of the
properties of F; are carried out within our system, using no metalogical
numbers as the above » in n-tuple <a; -+ + @n>. No metalogical numbers are
used not only in §5 but also throughout this paper.

Most proofs are omitted as far as they are analogus to those in the theory

of ordinal numbers with set and class variables.

§1. Axiom system.

In this section we provide an axiomatic basis for our theory which contains
not only axioms but also axiom schemes. Our primitive notions are set, class,
collection, € and {|} which appear in context as follows: Set(a), Cls(A),

Coll(4), Ae B, X< {U|®} etc. where the convention is made thata, b, c, . .

LI

R; u, v,...,zare set variables, and that A, B, C, ..., H; U...., Z are
class variables, and that .«/, &, €, ..., ; X, y .~ are collection vari-
ables.

Term, formula, free and bound occurrences are recursively defined as usual.

Hereafter it will be taken for granted in any context that @, ¥ are formulas
and I, 4 are terms and 2, @ are variables. In some cases @ D ¥ is replaced
by & > ¥ and »(I'ed) by '€ dand —»(I'=4) by I'ssd. We write {I"|D}o
in place of {IMN®}e,e. Wheﬁ there is no fear of misunderstanding, we omit in
{I'®}e and {I'@}e,x “6” or “6, 2”. Whenever a quantifier is followed by
quantifiers of the same kind, then symbols ¥ or 2 of quantifiers which follow
are omitted.

We use a metamathematical notation £, which denotes that an expression
on the left hand of this notation is an abbreviation for an expression on the
right hand.

Def IF'=42VUUsl'=Uc 4)
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where U occurs neither in ' nor in 4 and = is defined in terms of “+” and
“ D7 as usual.

The unique existence 3! J0(2X) where 0(2) is a formula, is also defined
as usual.

Now the axiom system is divided into four parts.

(A)

1. Cls(a). 2. Coll(A). 38.Coll({I'l®}e,s). 4. ' €.B - CCls(s).

5. A€ a -~ Set(A).

6. Let 0(.+/) be a formula and @(.%) be the result of substituting .% for
each free occurrence (if any) of «/ in @(.«/) where we assume that the

substitution causes no confusion of bound variables. Then
oA =B > 0(AL)DODB).

(B) Let IT be a class or a class variable or a set variable and 7" be a term

in which @ and 2 occur free.

Te{l0le,s=303(T=T. 0).

Now let I7 be a class variable and Z(I7) be an expression €onsisting of
Lation letters, which we denote by Z, followed by (1) and denoting a formula
in which IT is only one variable such that there are free occurrences in Z(IT).
Let 5% be the result of replacing the first letter of 5 by the corresponding
script font. Then we define £ to be an abbreviation for {I7| () }n.

Example. et 2 {A|Set(A)}s. €ls 2 {A|Cls(A)}4, which represents the
collection of all the classes. Zim 2 {A|Lim(A)}s. o S B, { ot B}, {A},
sl B>, Un(sd), 0, U.sot, o U . B, .o are defined as usual. o« C ¥ is de-
fined as <. 4. 3U(Ue B. Us.«) and Lim( ) as .« = U.»/. 3UU
€ of).

©)

1. Ix[0ex Vulusx Do = x)].

2.3X[0eX. Vulue Xduw e X). Vulue Lim. uC X 2. ucs X)1.

3. VabIAxVulucsx.=.u=aV u=>l

4. VABIXVU[Ue X.=.U=ANV U=Bl.

. VxIyVulucsvexducsyl. 6. ¥YXAYVUVIUsVeXDUesY]
7. Vx3yVulucS x.D.ucyl 8 VXIAYVU[UcCXD.UeYl

o1
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9. Vx./[Un(.o/) DAyVulucy=Fvvex. ww e )]
10. VX./[Un(.«/) 23YVU[U Y=3V(Ve X VU «)]].

Def Zes(. /) 2{UNE (A . VX(Xet D XS H): 2. Us X))
1.01. .o S Zes(oL). 1.02. X Zes(.of) > X< Zes(.A).

(D) A& Tes(t).

1.038. e a. 1.04. A€ A. 1.05. v(asbea). 1.06. (A= Be A).
1.07. > (A=sBeCeA).

§ 2. Sets and classes and collections.
2.01. {ab} € FHet. 2.02. Lab> € Fet. 2.03. {AB} € %ls.
2.04. KAB> = %Is. 2.05. KAB>=<{CD>-> A=C. B=D.

ot N B, D(st), #(AL), — oL, oAoX B, Bk, "B, 47" are
defined as usual. &d is the collection {KYZ>|Y = Z}.

2.06. (of U B)XC=(of XC)U (DB XE)

2.07. A S B> ANNB1C)=41%F.

2.08. Un(oo). o/ “ac Fet > o “acs Het.

2.09. Un() » o “XE€ls. 2.10. a N 7 € Fet.

2.11. XN of € Fls. 2.12. o Ca- o € Fet. 2.13. 0 € Set.
2214, L X > oA =Els.

Def & o 2{U|AX(UEX. <A X>E T ).
VYZKAY>, kD> G :D. Y=2)).
2.15. oA =B > %" ' oA =9"F. 2.16. A= 9( %) > %" A€ Cls.
Proof. By A€ Z (%), there is a class B such that <AB>€.%. Let
Ucs.%‘A. Then there is a class C such that UeC. <AC>e.%4. By

VYYZ(KAY>, KAZ>e % :>. Y=2Z), B=C. Hence UsB. So we obtain
& AC B. Accordingly, by 2.14, .4 AeCls.

2.17. 31 XKAX> € %) » <A, & Ae s

Proof. By the premise, 3X(KAXD> € .%7). Let {AB><.4. Inan analogous
fashion to the proof of 2.16, we obtain % AcB. Now let U= B. Then
Uc B. {AB><.%. Hence HX(UéX. <AX>€ %). So we obtain Ue .9 A,
using the premise. Hence BS.%" A. Accordingly, .4 A=B and hence
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(A, 4" A>eF.

2.18. =N XKAX> e 4 ) > 4" A=0.
2.19. Ac 9( %)V —9(%)> 5 A€ Cls.

Def FPow(l)2{U\US A},

2.20. Fow(a) € Set. 2.21. Fow(X) e Cls. 2.22. Uae Set.
2.23. UXeECls. 2.24. aUbe Set. 2.25. a' € Set.
2.26. XUY€e€Fls. 2.27. X' € Gls. 2.28. X' =Y'-X=Y.

Def P 2{{KXY>|IAB(X=<KAB>. Y=A)V(-34AB(X=<AB)). Y=X)}.
Def Z,2{(XY>|3AB(X=<AB). Y=B)V(-3AB(X=<{AB>). Y=X)}.
Def #;2{KXY>|3AB(X=<AB>. Y=<BA>)}.

Def Rel(of )2 .o/ CCisxGls. Def Funct(.sf) 2 Un(sf). Rellcsd).
Def & Fnc .Z 2Funct(.%). Z(%)=9.

Def Zo2 {KXY>|Y=2(X)}. Def #2{KXY>|Y=#(X)}.

2.29. X Z(ALNF). Funct( £ ) > (AL 1. L) X=.9 X Cls.
2.30. Z(X)c H#,“X. 23l A XS P“X 232 o= P oA
2.33. Y (a) € Let.

Proof. First we prove Un(#;). Let KXY, <XZ>e . ¥,. Assume
JAB(X=<AB>. Y=A). Then 3AB(X=<AB).Z=A). Hence,by2.05, Y =2Z.
Assume -3AB(X=<AB>). Y=X. Then »3AB(X=<AB)). Z=X. Hence
Y =Z. Accordingly we obtain Un(.#;). Now let Ue .#,“a. Then there is
an X such that <XU>e #,. X€a. Assume FAB(X=<AB>. U=A). Let
X=<AB). U=A. By X€a and A5, <AB>< Set. Ac{A}<=<AB> and hence,
by A5, A . Set. So Us.Fet. Assume »IAB(X=<AB>). U=X. By X<a
and A5, Ue Set. Hence ¥, “a< et and so, by 2.08, ¥, “ac .Set. By
2.30, Zola) € ¥ “a and hence, by 2.12, Zo(a) € Set.

3. Z(X)ebls. 2.85. Yo' X=2Z(X). 2.36. Zo ac Set
37. Zo° X€Cls. 2.38. #(a) = Set. 2.39. #(X)ECls.

40. # X=#(X). 2.41. #' ' ac Set. 2.42. #' X Cls.
.axbe Set. 2.44. AXxBeE €ls.

45. AXxBe%ls—» A, BE%Is.

46. (U{z ‘UlUe 4} xB=U{% " UxBlUe o/}

.47. % Fnc a. % “ac Set-> % & Fet.

PN NN NN
N
w
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2.48. Funct(")., Y (%) e Cls—>.% € TCls.
2.49. Un(#). & “ac Set->al s € Fet.
2.50. Un(&' ) > X1.% € Cls.

Def ProCls(A) = -~ Set(A). Def ProColl(«/) = —Cls(s7).

2.51. ProColl(®ls). 2.52. % Fnc Z. ProColl(.Z) - ProColl(# ).
2.53. F Fnc D. De #roCls—> Fe& #roCls.

§ 3. Ordinal numbers.

Def O2{U|VX(0e X . VX(Xe Xt DX eX).
VX(Xe Lim. XS X 2. XeX): 2. UcsX)}.
Def O( A2 A eON A =0.

Elements of @ are called ordinal numbers and .« such that @ () is
callec_i ordinal.

Def Induc()2VA[0e L. VX(Xe A/ N DX eX).
VX(Xe 4N Lim XS :D. XeX):D. A4S X ]
Def Comp(.d) 2 U o S of.

4 .such that Induc(cs/) or Comp(.s¢’) is called inductive or complete.
Now we make the convention that a, b, ¢, ..., §; m, ..., 3 are variables

whose range is @, and that [ is a variable whose range is @ N . im.

3.0l. 0. 3.02. a'e@. 3.03. A= Lim AcO->Ac0.

3.04. Induc(@).

3.05. There holds one and only one of a =0, 3b(a="V") and a € L im.

3.06. () »Comp(f). 3.07. acb-aCh.

3.08. @(sf )~ Induc(.+o).

3.09. Induc() »VALIVX(XE.of. XS X :D. Xe ). D. .4 X]

3.10. O(A) > VEIVX(X€ A XX :D. XeX )DL X1

3.11. If U= /. Induc(.«), then holds one and only one of U=0, 3X(U
=X. Xe ) and Ue Lim.

3.12. a=0V0e<a. 3.13. 0=l 3.14. asb=a" V.

Def Gompar Z{{XY>|XeYVX=YVYeX}
Def Connex(.sf) ZVWXY(X, Y& o DLXY) € Gompar).
Def AEBL A BN oA =B
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3.15. <ab & Compar = <ab’> € Compar = {a'b"> € Compar.

3.16. O()-»Lim(A) =[VX(Xe A DX c.). AUUE )]

3.17. Lim(@).  3.18. ProColl(&@).
*3.19. Induc() > VATIX(Xe L N L) DAY (Ye XL N YN =0)]

Proof. Put BL{X|Xe X 23Y(Yet NA. YN =0)}). Assume X< .,
Xc.B. Let XeX'. If XN X =0, then AY(Ye £ N.o/. YN X =0). Hence
we assume XN X x0. Take YeXNX. By Xc.4, Ye.%. Hence, by
YeX,3Y(Ye X NA YN =0). So Xex 23yY(YeX NAL YUXL
=0). That is, Xe #. Accordingly VX(Xe.«. Xc . Z:>2. X .%). By
Induc(.«/) and 3.09, .« <. %. Hence, by the rules of inference, 3X(Xe ¥
N )2AY(Ye L' U YN X =0). Since & is arbitrary, we obtain the
theorem.

*3.20. Induc( o) > VEXTAX(Xe X)) X 2. 3YXYeX. YN X =01
3.21. <ab> € Compar~acb=aCh.
*8.22. @ (L) > Connex (7).

Proof. We prove Connex(@). Then, by this and Comp(®), ' @
- Connex(.«f). Put B 2{b|Va(Kab) € Compar)). Assume bc.B. Ifaeh,
then <ab)> € Gompar. Then we may assume a< b. Let ceb. Then ce . & and
hence <ac> € Compar. If aE¢, then a b, which is contrary to ae&b. Hence
cea. From this, bca and hence bCaVb=qa. If b=aq, then <ab> & Fompar.
Assume bCa. Then 3X(Xe<aN —b). Hence, by *3.20, 3Y(Y=aN —b.
YN(an —=b)=0). Let YeaN —b. YN(aN —b)=0. We prove b=Y. Ye@.
Let ceb. Then ce & and hence {Y> € Gompar. If YE¢ then Y &b, which
is contrary to Ye(an —b). Hence c€Y. Since ¢ is arbitrary, bCY.
Conversely, let ce Y. By YeaN —b, c€a. By YN(N —=b)=0, can —b.
So ceb. Hence Ycb. Accordingly b=Y a. Hence <ab> € Gompar. Since
a is arbitrary, Va(<ab> € Compar) and hence be . F. So Yh(bc . B.D.be . B)
and, by 3.09, @ < 4. Namely, Vab(<ab> & Gompar), which implies Connex(®).

*3.23. acbh=qaCh,

Def Word(.«/) 2 Connex(.«). Induc(sZ).
Def Word*(«") 2 Connex(.«/). VX [IX(X€ ). £ <L

0. 3V(Ye . YNA =0)]
Def @)L Word(.«/). Comp(s¢). Def EI12{(KXY>|Y e X).
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Def Sege(ot, U)2 o N (X “{U)).
Def .Ox() 2 Word* (). VUO(UE o .D. U= Fegsil 4, U)).

o is called well-ordered by < in the weak sense or in the strong sense when
Word(.«/) or Word*(.«/). @;(.«) is a definition of ordinals where Induc( =)
is a component which features the definition. @y(.«/) is a definition of ordi-
nals corresponds to von Neumann's way. Next we prove the equivalences of

these definitions, using essentially the law of the excluded middle.

*3.24. O( ot ) > O)(sf).  *3.25. Word(cf) > Word* ().
3.26. Comp( ) =VU(U<E -« .O. U= Feggi(-sf, U)).
*3.27. O(sl) > On(L).

*8.28. Oy(l). B of. Comp(B)—> B <€A

Proof. By Oy(f), Word*(«). By BC o, AUUE o/ N — .F). Hence,
by the definition of Word*(.«/), 3¥Y(YE ./ N ~ . F. YN(f N — . F)=0). Let
Yed N =B YN(AN—B)=0. We can prove .F=1Y in an analogous
fashion to the proof of *3.22. Y& .«/. Hence B .

¥3.29. A COy. AX(XE A)»IY(YE L. YNl =0).

Proof. Assume —3Y(Y e /. YNl =0). Put BL{UIVX(XE ALDU
€ X)). By the premise, there is an X such that X< .«/. Then .% < X. Hence,
by 2.14, B =%ls. Assume B =X. Hence B A. Let BNl x0. Then
there is a C such that C€ . F N.«. By the definition of .& and C e .«7, we
obtain C € C, which is contrary to 1.04. Hence .Z N/ =0. Since .Z is a
class, 3Y(Y e . YN =0), which is contrary to the first assumption. Hence
BxX By HcX BcX By Xe. o and the premise, X< @y. We prove
BeComp. Let DeCe . B and Y= .«/. By the definition of &, Ce Y. By
Yeof and o/ @y, YOy and hence Y& Gomp. So DY and hence
VY(Ye/DDeY). Therefore D . 8. Thatis DeCe .8>De.%. Since
C, D are arbitrary, .Z € Gomp. Hence Oy(X). B X.Comp(.&). By *3.28,
H <X Hence VX(XE o DB e X) and so F € . FB which is a contradiction.
Accordingly 3Y(Y e . YN =0).

3.30. O ). U oA > Ue Oy.

Proof. By Oy(.«f), Word*(.=/). Comp(.sf). By U/, Uc #ord*. Let
XeYeU By Comp(/), Xe.«. By Connex(.s), <UX)> < Compar. If
UEX, then XeYeUe X or Xe Uec X, which is contrary to 1.07 or 1.06.
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Hence X<= U. Since X, Y are arbitrary, we obtain U € Gomp. Thence U< Oy,
by 3.26.

*3.31. Oy(of) > of =0V AX (o = X'. X< Oy) V Lim(L).

Proof. Assume -/ %0. 73X (' =X. X€Oy). Let BE . By Oy(L)
and 3.30, we obtain B @y. Also, by the premise, Comp(.«/) and hence
B'c.«f/. Assume B'=.«. Then 3X(« =X'. X< @y), which is contrary to
the assumption. Hence B'C.«/. By Be @y, B Gomp and so B' = Gomp.
Hence Oy(f). B'C /. Comp(B'). By *3.28, we obtain B'c.«. Hence
AX(Be X< /) which implies B€ U.«/. Hence .o/ < U.«/. So, in virtue of
Comp(csf), o = Uesd. o' %0. Accordingly Lim(c«).

3.32. On(t) > O(A).

Proof. If o« =@, then @(.«/). Hence we may assume /x@. Let
Ues /. Assume 0 X. YX(Xe X >2XeX). VX(Xe Lim. XX :D.
Xe ). Weprove Uc Xt. Put B2{X|Xeo. XX} Then B <.
Hence, by 3.30, B < Oy. Assume 3X(Xe .F). By *3.29,3Y(Ye . YN.B
=0). Let Ae 8. AN.% =0. From this and Comp(./), we can obtain
Ac . Aeof. Oy(f) and hence, by 3.30, A= @y and hence, by *3.31,
A=0VIAX(A=X. X€Oy)VAc Lim. Let A=0. By 0%, AcX. Let
A=X.XeOy. By XA and AcC X, we obtain X %¢. Hence, by VX(X
e >XeX), A=XeX. Let Ac Lim. By AC £ and VX(X& Lim.
XcX:2.XeX), A= £. On the other hand, by A Z, A< £ whichis
a contradiction. Accordingly .4 =0 and hence U= . Since X is arbitrary,
we obtain U @. Hence o/ c@. By /%@, L/@. By *3.24 and *3.27
and @(@), we obtain @x(@). By the premise, Comp(.s/). That is, Ox(O).
s/ <@. Comp(.s/). Hence, by 73.28, .« € @ and so @().

*333 @(&()E@I(J)E@N(LM) >‘334 @=@1=(0N
Next we consider the class of ordinal numbers which are sets.

Def 22{ulVX[0e . Vx(xe X' Dx'eX).
VYixe Lim xS 2. x€X): D. ucs 7).

Hereafter the convention is made that «, 8, 7, . . ., are variables whose
range is 2.
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3.35. 0L 3.36. a' € 2. 3.37. e Lim. a< Q2->ac< Q.
3.38. =0 N0 Let.

Proof. It can be easily proved that 2 <@ N Fet. Put o/ L {alas FetDa
€2}, Assume aC .« and a&€ . Set. If a=0, then, by 8.35, a= Q. Assume
a=V. beaand hence be . be Fet. So be 2 and hence, by 3.36, Ve L.
Assume a € .Lim. By aC o/ N Fet, ac . That is, a€ FLetN.Lim. a < Q.
Hence, by 3.37, ac 2. Accordingly Va(aC o/ .D.a€ ) and hence @ < ..
From this, we obtain @ N Fet < Q.

3.39. 2 € ¥ nduc. 3.40. Va(a S f Doa€E A )>QC .
3.41. There holds one and only one of « =0, 3B(a =p') and a € Lim.
3.42. = Gomp. 3.43. 2= .Lim. 3.44. 9 FProCls. 3.45. 2€O.
3.46. Vu. uc £=VX[0 X Vi(xes XDx e X).

Vi(xe Lim xcX:D. x€X): 2. us X1.

Finally we consider the set of natural numbers.

Def w2{u|VX[0eX Vx(x€ X Dx'eX): D. uc X1}

We make the convention that %, I, 2, 2 are variables whose range is w.

3.47. v 2. 3.48. w e HSet. 3.49. 0 w. 3.50. n€ew->n'E o.
3.51. =3n(ns0).  3.52. n'=m'>n=m.

3.58. 0. Vu(nE A Dne A)>0< .

3.54. Vu(nCf . D.n€E L) »>w < .

3.55. There holds one and only one between % =0 and Im(n=m').
3.56. w e Gomp. 8.57. we .Lim. 3.58. we L.

3.59. Vuluco=VX[0e X Vx(xe XDx e X): D. uc X]).

3.60. Vulucw=Val0€a. Valxcadx' €a): D. ucal).

3.6l Vulucwo=Vx(xcu' . DO.x=0VInlx=n")).

3.62. <nay e Compar. 8.63. n=aVnxa  3.64. o< Connex.

3.65. w € #ord. 3.66. nCa=neca. 3.67. aGCn=ac n.

§4. Addition and product and exponentiation of ordinal numbers.

Def #(¥)2 U{F|3YF Fncy. Yaluey)yDF a=Y" (a1F)D},
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4.01. Funct( . #(2)). Yalac I (2(Z)). a1 P(E)e I(F):D. # (L) a
=% (a1.2(9))]. [Va(as Z(R(¥)).D.a1 #(F))
2. 9(R(F)) =0

Proof. Put & 2{F|3y(F Fnc y. Ya[acy.2.F a=%"° (a1F)])}. It fol-
lows that Z(2(¥)) = U Zo"“ ¥ <@. The proof falls into several lemmas.

4.011. F, Ge ¥.ae %0 FN . %0 G->F a=G' a.

Proof. Put of 2{alae Zo' FN Yo' G.O.F a=G"'a). Assume aC .o
and a€ Fo' FN Fo' G. By the definition of ¥, F' a=%"‘(a1F) and G'a
=% (01G). Let (AB>€a1F. Aca {AB>cF. Hence Ac.«/N®. Since
90" F, 90 GeComp, Ac Zo' FN Zo' G. Hence F' A=G' A. So{AB>eG
and hence we obtain a 1 F<a1G. Since the converse is similarly proved, a1 F
=a1G. Hence F' a=G'a. So ac.«. Since o is arbitrary, ValaS.«/.D.0a
€ ). Hence O C ..

4.012. Funct (.2(¥)).

Proof. Assume <AB), CAC> € .#(¥). By definition, there are F and G
such that F, G& ¢, <ABYe Fand KAC>= G. A Do FN 20’ Gapd Fo' FeO.
Hence A= @. Thatis, F, GE ¢. A=@ON.Jo' FN.Z0' G. Hence, by 4.011,
FFA=G' A. Since F, Ge Funct, B=F A and C=G' A. Hence B=C.
Then Un(.#(¢)) has been proved. By definition, Rel(.#(¥%)) is obvious.
Accordingly Funct(.#(%)).

4.0138. Fe .¥. aS 20" F-alF=a1.2(%).

Proof. Let<{AB>ca1F. Then Aca.{AB>F. By Fe ¥,{AB)& U ¥
= #(Y). Hence<AB)>=a1.4#(¥). Conversely (AB)cal1.#(¥). Then Aca
and there is a G such that (AB>eGe #. By Acaand aC Zo' F, we obtain
Ac Z%0'F. Hence Ae %o FN Yo' GN®. Hence, by 4.011, FF A=G" A.
Accordingly <AB><a1F.

4.014. a€ Z(R(F)) > R(F) a=F" (a1.R(F)).

Proof. By the-premise, there is an F such that ae 9o F. Fe . #.
{a, F* @y Fe % and hence <a, F* @) € #(¥). So, by 4.012, #(Z) a=F a.
By Fe ¥, F'a=¥" (a1F). By ae %o FE®, ac o' F. Hence, by 4.013,
alF=a12(9). Accordingly, #(%) a=%" (a1.8(Z)).
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4.015. Yala € Z(#(L)). a1 (L) e Z(F): D.ae Z(H(¥))]

Proof. Assume 1 S 2 (. L(F)). a1 . R(¥)e % (). Hence ¥’ (a1 H4(¥))
€ %ls. Put GL (a1 . #(F)) U, & (a1.2(%))>}. We prove that G Fnc a'.
Vhbsa' DG b=%" (b1G)). It is easy to prove G Fnc o’. Let bea’. Then
beaVb=a Assume bea. <b, G' > =G and hence <6, G' W eal . L(¥). So
G b=.R(Z) b Since be Z(.R(Y)), we obtain, by 4.014, Z(¥) b=%" (b1
H(¥)). By the definition of G, 81 .#(¥)=b1G. Hence G' bt=%" (b1G).
Assume b=a. By the definition of G, G'b=G a=%" (a1 .L(¥)) =G (b1
FK(E)) =% (11G). Hence G Fnc a'. VH(bed' DG b=%" (61G)). SoGe ¥.
That is, 0 € Z0o' G. Ge _¥. Hence ce (. #(%)). Then we obtain 4.015.

4.016. Va[a < Z( R(F)). a1 .R(F) e Z(F): D.
() a=%" (a1 .2(E)N]

Proof. By 4.014 and 4.015.
4.017. Ya(a € I (R(F)).D.a1 . 2(Y)e Z(F)) > F(R(F)) =0.

Proof. Assume aC Z(#(¥)). By the premise, a1 . #(Y)e X (F).
Hence, by 4.015, ae Z (. 2(<)). So it follows that WVa(a S Z( F(¥)).D.a
e Z(2(¥))). Hence @ < Z( #(¥%)). On the other hand, G( #(L)NH<C
and hence Z( #(¥)) =@. It completes the proof. ,

Def G (€)2 U{F|3n(F Fnc n. Vmlmen>oF m=%" (m1F)])}.

4.02. Funct(.Ry()). Valnc F(R(L)). n1.8(F) e FG(F)
oL BEG) =G (n ] BUGN]. [Valnc F(R(L))
Dl B(G) e F(F)).D. G(RUD)) = ol

Def Scl2{KYZ>|Z=Y"}.

Def (., o) 2LKYD|(Z0" Y =0.Z=.)
V(Zo'Ye Sc“O. Z=9'Y S Fo'Y)
V(Zo' YeLim. Z=UH#"7Y).

Def FH P, )2 R(G(P, o)).

4.03. A E€Cls—> TP, L) 0=,

Proof. By 4.01, Va[a € Z (Tt P, o). a1 IHP, oA)E F(G(F, f))
IDLFIHP, L) a=G (P, L) (a1 TIH P, /)] Obviously, 0 S .Z(FH( P,
~4)). Since Zo' (01 FHS, A))=0 and £ FCls, 01 FH L, L), &>
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e 9 (.H, ) and hence 01 .FH ¥, o) 2L (P, 7)). So, by the above,
we obtain (P, ) 0= (., ) (01.Ft(F, «)). Since it can be
proved that Funct(5 (.7, o)), G(.F, ) (01 ISP, o)) =/. Accord-
ingly FH P, A) 0=cof.

4,04 o' € (Tt P, L)), FHP, ) 0 Z(.FP)U - Z(F)
> IHL, L) o = P FTHP, L) a.

Proof. By 4.01, Funct(Ft( ¥, »7)). Also, by o/ € Z (Tt F, )),a
e Z (a1 It ¥, £)). Hence, by 2.29, (A 1 FH P, o)) a=FtH L, ) a
€%ls. By ISP, ) ae Z(P)U - Z(F) and 2.19, P TP, ) a
€ %ls. Hence M1 IS, ), F IHP, ) oeG( P, ). So o1
TP, o) e Z(E (P, o). Together with o' € Y (FH P, .«/)), we obtain
TN, A A =G (P, A) (N1 IUP, A))= P FH( P, o) q using
that Funct(& (%, o)).

4.05. a G (FHP, A)), 0E Lim—> TP, L) 0
= UIFIHNDP, L) “acFCls.

Proof. UZ#' (a1 FH P, o)) = UFHDP, of)acFls, by Funct(Ft( P,
7)), 2.09 and 2.23. Hence <a1F (P, o), UIFTH.P, L) “>ecG( P, )
and so o 1 FH. P, ) D(F(F o)) Together with e < Z(IFt( P, «)),
we obtain FH P, L) a=F( P, L) (a1 IHLP, L)) = UFHP, )" a

Def % Fnc (.of > .B) 2. Fnc . #(5) < .B.

4.06. o = . B. Yald' € Z(FHP, /). D.FHP, of) aE D).
B Z(PYU - G(P)» Tt P, o) Fnc (O .B).
FUP, A) 0=oA. FHP, L) V=P Ft(P )0
TP, L) 1= UTHDP, ) “L

Proof. By the premise and the proofs of 4.03-4.05, we obtain Va(a
C ISP, ) DalFHP, e (P, f))). Hence, by 4.01,
GNI NP, o)) =@. So, by the premise, Yo F ., .of) a& %) and hence
(TS, o)) B. By 4.01, Funct(F1(.#, «/)). From these, we obtain
TP, 4) Fnc (O—- ZF). The premises of 4.03-4.05 are easily proved and

hence the other assertions follow from 4.03-4.05.
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Def of +.B LI Fe, ) B. Def 120 Def 221
4,07. A+bveDls.

Proof. Z(.Sc¢)=¥ls. Hence, if we substitute ¥ls for .4, .Sc for &
and A for 7 in 4.06, we obtain 7 #(¢c, A) Fnc (@ - %ls). Hence, by defini-
tion, A+ b€ Fls.

4.08. Ft(Fc,a) Fnc @. a+0=a. a+b = (a+b)".

a+l= U{a+ylye .
4.09. a+b=aU{a+y|peb}. 4.10.0+a=a 41l a+1l=qa"
4.12. ¢4+ 5=0. = :a=0. b=0. 4.13. ceb-oa+csa4b.
4.14. 0€b>asa+h. 4.15. a+b< Comp. 4.16. a+1e Lim.
4.17. a+b€@. 4.18. (a+b) +c=a+ (b+0).

Def a+b+c¢2(a+b)+c

4.19. a+b=a+c.=.b=c 4.20. a+bea+c=bec

4.21. a+ceb+cs>acsh.

4.22. ach. a+¢, b+ccic Connex—a+cEb+c.

*4.23. aCboa+cEb+c.  4.24. a, bs Connex—>a+be Gonnex.

Def Fndecomp Z {a] =Tbc(a=b+c b, cea)}.

4.25. Vy(h€aDy+a=a)-a< I ndecomp.
*4.26. 0 € F ndecomp =Vy(h=ady+a=a).

Def a<bZ23y(a+y="0). Def a<b2Iy(a+y="0. y=0).

4.27. 0<a. 4.28. a<h. b<c»a<ec 4.29. a<b. b<c»a<e.

4.30. a<h b<csa<e. 4.31. a<b. b<c»>a<c.

4.32. a+b<a+c.=.b<c 433 a+b<atc.=.b<c

4.34. a<b.=.a<bVa=h. 4.35. - (a<h. b<a). 4.36. a<b .=.a<h.
4.37. a<b-acsh.  *4,38. a<b=aeh.

Proof. By 4.37, it suffices to prove that a=b—-a<b. Put o 2{blach
Da<b}. Assume bC .« and acb. Then bx0. Assume that b=¢ for a c
Soaecd. If aeq then, by ceof, a<c¢ and hence a<b. If a=¢, then a<a'=0b.
Assume be Lim. Put B2 {nla+yesh). Weprove Ze@. Letce . %. Then
o+ceb By be Lim and 3.16, e+ <=b and hence d=.L. So' ce U.Z.
Conversely, ce U 4. Let cebe.%. By 4.13 and the definition, a+c€a+d
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eb. Hence a+ceb and so ce .%. Accordingly B =U.%. By ach, 0. %
and hence 3U(U<s .%F). Hence Lim(.Z). Letce 8. Thena+ceb. By *4.23,
cEa+c¢and so ceb. Hence B Cb. Since be Gls, by 2.14, B € Gls. Together
with Lim(.%), we obtain .8 € .£im. Evidently & <@ and hence, by 3.03,
ZBe®. Next we prove a+.Z=b Let c€ca+.4. Since Be.LimNO,
there is a v such that cea+Yy. ye .. Then a+h<bd and hence cebh. So
a+.Z b Conversely ceb. By Connex(®@), <ac> € Gompar. Let acc. By
¢ € «f, we obtain a<c¢ and hence there is a § such that a+9=c Hence a+Y
b and so Yy .Z. Hence,by 4.13,c=a+ypca+.%. LetcEa. Thencesa+  Z.
Hence bCa+ % and so a+ .Z =b. By definition, a<b and so b /. Accord-
ingly V(b S o/ . D. b€ of) and so @ S .

4.39. a' <b-a<bh  *4.40.d<b=a<bh. 4.41. n<m=ncEm=nCm.
4.42. n+m=m+ n. 4.43. n+mE o. 4. 44. w € F ndecomp.

Def Pof)2{KXY)|Y =X+ ).
Def A B2 oA BLIHP(A), 0) B.
4.45. FH Pa), 0) Fnc (@ - Fls). a0=0. ab/ =ab+a. al = U{ay|pel}.

Proof. By 4.07, Z(.#4(a)) = €ls. Hence if we substitute 0 for -« and
Bls for & and P,(a) for .# in 4.06, then the premise is satisfied. Hence
the conclusion of 4.06 gives the theorem.

4.46. 0a=0.
The following three theorems are proved simultaneously.

4.47. 0€c. asb>cacsch. 4.48. 0a. be Lim->abe Lim.

4.49. abe@. 4.50. a(b+c¢)=ab+ac.  4.51. (ab)c=a(be).

4.52. ab=0.=.a=0Vb=0. 4.53. cacch. <abp € Compar-ach.

*4.54. caebc>ash.  4.55. aEb. ac, bee i€ Bonnex—acE be.

*4.56. aEb>acEbe.  4.57. a, bE Connex >abe Connex. 4.58. nm < .
4.59. A1vn((a=4+2a2Va=b+2n+1). b€l U Zim).

Def h(d)2{Ul|(f=0. Ue0)V(0E /. Ucl).
4.60. [a=0>Dh(a) =01 [0€a>h(a) =11  4.6l. k() O.

Def Py(f)2{(LKXY|YV =X}
Def /32 Exp(ot, B)L FH P L), (L)) B.
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4.62. [a=02a’=0]. [0€aDa’=1].
Tixe following six theorems are proved simultaneously.

4.63. Ft(Ps(a), h(a)) Fnc (@ ->@). ¥ =d®a. o' = U{a®|ye ).

4.46. 0°=0. 4.65.1°=1. 4.66.1ca ceb>a‘ea’.

4.67. 10 be Lim>de Lim. 468 Ce@. 4.69. ¥ =ale0o’.
4.70. (®)=ab 4.71 aeb. o, b= ie Connex—a* E -

*4,72. as b->a* Cbs, 4.73. o, b€ Connex—~ a® € Connex.

4.74. o, b€ Hord—a+Db, ab, o € Hord. 4.75. " < .

4.76. len->n"=0. 4.77. n+m, nm, "< Hord.

4.78. a + B, aB, a’ Q.

§ 5. Recursive construction of ordinal numbers.

Def S P, AL)2KYDI(Do'Y=0.Z=)
V(Do Ye e w Z=P' YV S Yo' Y))
Def It(. P, L) 2 PG (P, A)).

The following theorems may be proved in an analogous fashion to 4.03,
4.04 and 4.06.

5.0l. L €Gls->It(.P, L) 0=coA.
5.02. n' € Z(It( 2P, o). (P, A) ne Z(P2)U - % (P)
I P, ) =P WP, ) n.
5.03. o € B. Ym(m' < (M P, o)) D.I(.P, ) mc . B).
B IZ(P)U - Z(P)->I(P, ) Fnc (0> . B).
(P, L) 0=t WP, L) W= P W, A) n

Def n—m=It( e, n) m.
5.04. It(#c™, ) Fnc (w-w). n=0=n. n~m' = S (n—m).

Proof. Put al{m|m'c Z(M(Fc™, n)).D.n—mecw). Assume mCa
and m' € Z(t(Fc™, »)). If m=0, then, by 5.0, n—0=ncw. Assume
m=Fk. Since kea and ¥ < Z(It(Sc”, n)), we obtain n~k<w. On the
other hand, w< Z(Fec™)U — F(Fc™). Hence n-ke Z(Fc¢) U
~2(Sc™"). Sc, by 5.02 n—k =S¢ (n—Fk) and hence n—mew. Ac-

cordingly me& a and hence w Ca. So if we substitute # for ./, w for .4 and
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¢! for & in 5.03, then the premise holds and the conclusion gives the

theorem.

505 Sc ¥ n=n—-1.  50. n—m)—k=n—(m+Ek).
5.07. (m—m)—k=(n—k)—m. 508 m<n->(n—m)+m=n.

5.00. 1<m->(n—1)—(m—=1)=n—m. 5.10. (n+m)—m=n.

51l. n<m~->n—m=0. 5.12. m<n->n—(n—m) =m.
Def F2{(KYD|Z=Yx 2}.

5.13. It(Fs, A) Fnc (w->Fls). It(Fe, A) 0= A.
It( P, A) n' =Tt(F, A)' nxQ.
5.14. AgBﬁlt(ys, A)‘ ﬂglt(ﬂs, B)‘ n.

Def T={000}U{n', t(F, 2) winc o) U { o, ULt(F, 2)“wd).

5.15. T Fnc (0'»>%ls). T 0=0. T 1=0. T n"=T ' x Q.
T o=UT"w.

The elements of T » are m-tuples whose members are elements of 2.
T* w is the class of all n-tuples where » is an arbitrary natural number.

5.16. T€%Cls. 5.17. ACT n->It(Ps, A m< T (n+m).
518. T nc T w<SFet. 5.19. acT nNT m->n=m.

Proof. Put b2{n|Vam(ac T nNT m.D.n=m)}). Assume nCb and
asT nNT m. By T'0=0, we may assume that 1<z 1<m. Let n=1.
If 1<m, then there are ¢ and « such thata=<cad>.c€ T (m—1). ByacsT'1
=8, {ca> € . Since then ce{c} e<ca) € Comp, c = <cad> and hence ¢ ={c}
or ¢ ={ca) which is impossible. Hence m=1 and so n=m. Let 1<n. If
m =1, then we have.a contradiction in a similar way. Then assume 1<#.
1<m. By acT n, thereis ¢ and « such that a=<ca>. c€ T (n—1). By
acT m ceT (m—1). Since n—1€b and ce T (n—1)NT (m—1), we
obtain n—1=m—1. Hence, by 5.08 n—m. So, n€b and hence w < b.

520 Pi'a=a. P'a=a 521 T 0 Z(P). T o< Z(F).
5.22. ac T’ w->Tt( %, a) Fnc (0->T" w). t(F;, a)' 0
=a It(HF;, a)' n' =P It(H#,, a) n.

Proof. Put b2 {m|m' < I(t(F, a)) D.t(F, a) me T o). Assume
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m&bh and m' € Z(It(F,, a)). If m=0, then, by 5.01 and a= T w, It(H#,
a) 0e T o. Assume m=n'. By nc€b and »' < 2 (t( P, a)), It(. P, a)' n
eT w. By 521, t(HF, a) ne 2(P) U - 2(F) and hence, by 5.02,
It(#, @) n= % Tt( Py, a)' n. By It(#y, a) ne T v and 5.15, there is %
such that It(.#,, @)’ ne T k. If k=1, then, by 520, &' It(Py, a)' ne T k.
Let 1<k Then there is ¢ and « such that It(#,, a)' n=<ca>.ce T (k—1).
P (P, @) n=c and hence #;' W(Fy, a)' ne T w. So neb. Accord-
ingly w €. Hence if we substitute a for ««, T° w for % and %, for # in
5.03, then we can obtain the theorem.

5.23. ac T‘ w—)It(y]_, It(ﬂb a)‘ n)‘ m=It(ﬂ1, a)‘ (n+ m)-
5.24. ac T n. m<n-(. P, a) meT (n—m).

Def Mp={(KYZ>|3nYeT n (1<k<n.D.Z=2' It(P, V) (n—k)).
(=(1<k<n).2.Z2=0)]).

For a and % such that a€ T“ n and 1< 2< n, M}’ a gives the k-th member
of a. '

5.25. M Fnc (T 0w Q).

Proof. By definition, Funct (M) is easily proved, using 5.19 and (1<k
<n)V =>(1<k<n). Evidently J(M:) ST w. We prove that T w € % (M)
and # (M) < Q. Let YET' w. Then there is n such that YeT'n. (1<k
<m)V 7(1<k<n) holds. Let 1<k<#n m—k<n and hence, by 5.24 and
512, t( 2, Y) (n—k)eT (n—(n—k)=T kandso ' t(F,Y) (n—k)
€ 2. Accordingly <Y, ' It(#, V) (n—k)> M, If -(1<k<n), then
Y, & M,. Hence Ye I (M). So T w< Z(M:). From the above, we also
see that # (M) < 2. Accordingly M Fnc (T' w- 2).

5.26. M Cls.
5.27. ac T n. 1<k<n m<n—k->M' a=M'It(#, a) m.

Proof. By definition and the premise, My’ a= %' (¥, a)' (n—Fk) and
It(#, a) me T (n—m). By the premise, we can obtain 2<#n—m. Hence,
My (P, @) m= 2 (P, WPy, a) m) ((n—m)—k) =P WP,
a) (n—k)=M' a.

5.28. a, be T n. VE(1<E<n.D.M\ a= M. b)>a=b.
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5.20. ac T n->Vh(1<k<nDM, a=0)VI3k(1<k<n Juluc M a).
Vm(k<m<n>M. a=0)).
Def L(a, n) 2 k2> |ken' N —2. Z=T( P, {IL(P), @) (n—k)')
XM @) (n—Fk)}.
Def L2{kaZ>|An(ac T n. Z=U(P;, M a) (n—1)
Utu.L(a, n)“(n'N =20

The following two theorems are proved simultaneously.
5.30. L Fnc (T w— Pow(T w)). 53l acT n->L acT n

Proof of 5.30 and 5.31. It may be easily proved that Funct(L) and % (L)
c T w. We prove that T 0w € .Z (L) and #(L) S Pow(T w). Let ac T o.
Then there is »n such that e= T n. We may assume 0<#zn. M acs and
hence M, ac . By 5.14, It(. P, My a)' (n—1)clt(F, @) (n—1)=T" n.
Next we show that U .>7(a,n) “(n'N —=2) T n. Let AcBe L(a,n) " (n'N
—2) for arbitrary classes A and B. By definition, there is 2 such that <&B>
e(n'n ~2)1.a,n). Then B=1t(.Z;, {It(.P1, @) (n—k)V)xM:' a) (n—Pk).
By ken'N —2, (n—£k)'<n Hence, by 5.24 and a= T n, t(#y, a)* (n—k)
eT (n—(n—FE))=T (B—1). Hence {It{ P, a) (n—B)} XM ac< T (—1)
xQ2=Tk So, by 5.17, BT (k+(n—k)=T'n. By AcB, AT n
Accordingly we can obtain U.2(a, n)“(#' N —2)ST n. Put E 2 It( %,
M a) m—1DU(ULa n)“(#N —2)). Hence ECT ' n. By T ne%is
and 2.14, E€ €ls. So <eE><= L and hence a= Z(LYand L a< T n. Thence,
it follows that T° w< Y(L) and #(L)< Pow(T w). Hence L Fnc (T w
- Pow(T" w)). From the above, 5.31 also holds.

5.32. Le%ls. 5.33. acT ' 1-L a=a.
BhaeT n2<n>L a=(L" P, ax2)U{ % a}x. % a).

(9]

Proof. L' a=Tt(Pe, My' @) (n—1)U(ULa,n)“(n'N —2)). By 2<a
and 5.27, My a=M" #'a and hence It(. %, M a) (n—1)=1t( &,
M #a)'(n—2)x 92 Wecanprove that U £ (a,n)“(nN —2)=(U.L( P qa,
=1 “(nN —2))xQand L (a, n) n={P a)x . P# a Since P acT (n
—1), we obtain L a= ([It(.#s, M," P, a) (n—2)U(UL(P an—1“n
N=2NIxDU P a} x P a)=(L" P, ax U P a}x P a).

3.3%.acT woa< L a.
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5.36. a= T w-L <afP =L <afp U{ap}
5.37.bT n.as L' b->L a<L'b.

Proof. Put ¢c2{n|VablbeT n.acL b:>. L' acL'b)}. AssumenCc
and b7 n.acL'b. If n=0o0r n=1, then we have L' ac L' b. Let 1<n.
By5.34,L b= (L P, bx2U{ P brx P b). LetacsL P bx 2 Then
there is d such that a=<da>. de L' #b. Since P 'beT (n—1), L'd
cL #'b and hence L' dxQcl' P, ' bxQ Also {dixacL' # ' bx8
and hence L' a= (L' dx 2)U({d}xa) S L' b. Let ac{.# b} x P b Then
there is 8 such that a=<%,' b, . F' b L a= (L' P bx 2)U{ P b}
xB) and { P, b}xpc{ P byx . #,'b. Hence L' acL'b.

5.38. b=T w.acL ' b>L acL'b.
5.30. a= T n->3k(1<k<n Juluc My @) .=.3u(uc L a).

Proof. Put b2{n|Valac T n 3Ik(1<k<n Juluc M a)):>D. Julu
L' a))). Assume ncCbh If n=0 or n=1, then ncb. Assume ac T n.
1<k<mn Ju(ues M a). Then k<nVEk=n Let k<n. By 527, Mi' #'a
=M a. Hence P, acT (n—1).3k(l<k<n—13uuc M, %' a)). By
n—1eb, we obtain Iu(ues L' P, a). It is easy to prove Julu= L’ a). Let
E=n M a=M, a= %" a and hence Ju(uc . ¥, a). Hence. by 5.34, Julu
eL'a). Sonecb and hence wSd. Next we put c2{n|Valac T n. Julu
el aq):D. 3k(1<k<n Juus M a)))}. Assume nCc. Ifn=0o0r n=1,
then neb. Assume 1<n and e T n. Ju(ucs L' a). Let de L' a. Assume
del' #'ax2 Then u(ucLl’ # a). Since F ' acc, I(1<k<n—-1
Quues My #. a)). Then, by5.27, 3k(1<k<n—1 Fuluc M a)). Assume
de{ P a} x P a. Fuluc P a), ' a=M, a and hence u(ucs M, a).
Accordingly we have 3k(1<k<n. 3ulucs M a)). So n=b and we obtain

0 <Cb.

5.40. ac T n->VE1<k<n.D. M a=0).=.L a=0.
5.4l. ac T w-L a=0V3u(uc L a)

Proof. By 5.29, 5.39 and 5. 40.
5.42. ¢, beT n. L' a=L" b>a=0>.

Proof. Put c2{n|Vab(a, bcT ' n. L' a=L"b:D. a=b)}). AssumenCec.
If n=0o0r n=1, then n=c. Assume 1<% and a, bsT n L' a=L'b. Let
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xel P'a <x Fbel P'ax2cL aand hence, by the assumption,
&, Fy' > L' b. On the other hand, <x, %' B> & { ¥, b} x %, b and hence
&, FH'bbel FPbx So xeL' b and hence L' ¥ ac Ll P'b.
Similar for L #, b L' . ¥ a and hence L* #,"a=L" #,' b. Since ¥, a,
P beT (n—1) and n—1€¢, we obtain P a= ., 'b. Let ye & a.
P a, we{P atx P acL aand hence <&, a, > L' b. Since (%, q,
we&EL P bxQ, it follows that ye &, b. Hence &, ac P, b. Likewise
for 2 bc P, a. Hence a=< P, a, &' &>=<P'b, P b =b.

5.43. ac T w. u(uc L' a)>L " a=a.

Proof. By ac T  w and 5.30, <@, L' @ € L. Assume <, L' a>, <y, L' @
eL. % y€.20 L=T" . Then there are n and m such that x= T° » and
yeT'm Byb53l, L'xcT nand L'y T ' m. By Fu(ucs L’ a), there is b
such that b€ L' a. By the assumption, L' x=L‘a and L' y=L‘a. Hence
beT nNT m and so, by 5.19, n=m. Hence % y= T n and together with
L' x=L"y, we obtain x=y, by 5.42. Hence 3! x(<x, L @> € L) and 3! x(<L’ g,
»elL™). Since <L‘'a, > L™, we have L™ L' a=a.

544. a, be T w. IuucsL' a). L' a=L ' b->a=bh.
Proof. a=L"" L' a=L"" L' b=>5, by 5.43.
5.45. Vulucs T ' n. L' uC L : 2. uc L)>T n< .

Proof. Put a2 {(n|VL[VulucT nL'usd:D. uc.l). DT n
C.«/]). Assume nCa. Ifn=0o0r n=1, then n€a Assume 1<z and
VulucsT n. L'ucl:D. ucd). Put AWb)2{a|L’ ba>< oL} and
B2{x|xeT (n—1). 2c A(x)}. Let «a CA(b). L'b<B. b= T (n—1) and
let ce L <ba>. By5.34,ceL ' bxQorcs{b)xa. Assumece L' bx 2. Then
#'ceL'band hence #,'ceB. So, L' <#\'¢, (P ¢)>c. By 5.36
ceL <Pi'¢, (P ¢)» and hence c € .«/. Assume c < {b} x . Then evidently
a+0. Assume a=f'. Since p€ AW), L' bp . P 'c=a and hence
' eeVN Py c=p If P cep, then ceL B> and hence c= . If
' c=p, then, by Vuluce T n. L' uC L :D. ucf) and bp-= T n, we
obtain c =< /. Assume a € Lim. Then P ' ce( %' ¢)ea. (Pe)
€ A(b) and hence L b, (P ¢)>Sof. So c=<b, F,' ¢>=.. Since ¢ is
arbitrary, L‘ <ba> .o/ and hence ac A(b). So VYala < A(b).D.ac Ad))
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and hence 2 < A(b). So b B. We obtain Vo(beT (n—1). L'bSB:D. b
€ B). Together with n—1ca, we have T" (n—1)<B. LetucsT n. P u
€T (n—1) and hence .2, u=B. By definition, L =L {(#\" u, . P:' w
Cf. By VulueT n L' uc o :D. ucs ), us o and so it follows that
T ncesf. Accordingly Vu(uce T n. L' uc ol :D. ue L) D.T ncof, It
implies # @ and hence we obtain v C a.

5.46. Vulue T w. L' uC ol :D. ucs o )T o< L.

Def RZ)2 U{F|3u(F¥Fnc L' u. ucT v VxlxsL u.D.F x
=9 (L' 21D}
5.47. Funct( %, (). Vulucs T . L' u S Do(#(F)). L' ul1 RA(F)
e ZG(F):D, Bo) u=9" (L ul Z(GN]). [VulusT w. L u
C I R(F)):D. L ul B(F)E X(F)).D. Y (H(Z)) =T vl

Proof. Analogous to the proof of 4.01. Put ¢ 2{F|3u(F Fnc L' u. u

eT w.ValxeL u.D.F x=%" (L x1F)1)}. It can be proved that . Z ( #:(%))
=UYo“ #<T o

5.471. F, Ge ¥¢. ac Zo' FN.90' G- F a=G" a.

5.472. Funct( %, (¥)).

5.473. Fe ¥. ac Zo' F>L' alF=L"' a1 #(9).

5.474. a€ G (H(F)) > H(F ) a=F" (L al B(F)).

5475. Vulue T w. L' w S D(R(F)). L' ul R(F)e Z(F)

1D, ue Z(.2(E)N].
5.476. Vulucs T  w. L' u < 9(R(F)). L' ul Ry (F) = F(9)

1D, HG) u=9 (L' w1 Z:(F))].
5477. Yulucs T w. L' uC F(2,(<))

D.L ul R(G) e Z(F))» Z(R(EF)) =T w.
Def G,(AY2{(KYZD|(Z0o" Y=0.Z=0V(Z0o' Y=1Z=A1)
V(Zo' YE S Fc“w Z=XY" S Zo'Y, A" Zo' YD)).

5.48. w S Zo' A. #' AC Q- X (F,(A)) Fnc (0T o).

5.49. 0 S Zo' A. #' AC Q- R(G2(A)) neT .

5.50. 0 S Z0' A H#' AS Q> Ri(TH(A)) 0=0. £(F2(A4)) 1=A"1.
RUG(AN 1 =L R(F(A) w, A" n'D.
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Def Sla, k, m, a) 2{n, M, a>|n<kNm<nyU{nad k<n<m)

Def Sa, &k, a)=S(a, %, %k, a).

Def Sbla, k, m) ={xZ>|3n(xc T n. Z= L(F(S(a, k, m, 2))) )}
Def Sia, ) = SHa, . i).

51. Sbla, k, m) Fne (T* 0>T" w). 5.52. Sbla, k, m) = Cls.
.33 a€T n->Sbla, kb, m) ac T n.
@, bET 0. Yil<n.>.S(a, k, m, &) 1=Sq, b, m, b))
K Go(S(a, b, m, @) n=R(F,(S(a, b, m, D))" n.
5.55. a€ T n. n=1-Shla, k, m)* a=Sla, k, m, a)° 1.
5.56. a€ T 5. 1<n->Shla, b m) @
=<{Sb(a, b, m)* F" a, S(a, k, m, a)* n.

o o

_Ul
ot
o~

Proof. Put bZ{n|VYalacs T n 1<n:>. Sblee, kB, m)' a=<Sbla, P,
m)" " a, Sla, kb, m, @) n))}. Assume #Cb and e« T  n. 1< n, By defini-
tion, Sb(a, &, m)‘ a= R(5,(S(a, k, m, a)))* n=<{RUGy(S(a, k, m, a))) (n
~1), Sla, k, m, @) n> and Sh(«, k, m) 2" a= R(Gy(S(a, k,m, P a))) (n
~1). Since VIl<n—1.5.5a, k m, a)' I=S(a, k, m, %" a)l), by 5.54,
(G S, ko om, @) (n—1)= RU(Fo(S(a, k, m, 9 a))) (n—1) and
hence Sbla, k, m)* a=<Sh(a, k, m)' F," 6, Sla, b, m, a)* n>.

5.57. a€ T w. n<kNVm<n-> M, So(a, B, m)* a= M, a.

Proof. Assume n<kNm<n Putb2{l|Valac T 1.5.M," Sb(a,k m) a
=M, a)}. Assume ICh and s T 1 Evidently 0. By 5.53, Shla, &,
m) acT' I If =(1<n<]), then, by definition, M»‘ Sb(a, k, m)‘ a=0. M, a
=0 and hence M,‘ Sb(a, k, m)‘ a= M, a. So we may assume 1<n</J Let
I=1. Then n=1. By 5.55, Sb{a, k, m)' a=S(a, k. m, a)° 1 and hence, by
1<kVm<1, Sla, k, m, @) 1=Ma=a. So we have M, Sh(a, kB, m)' a
=M, a. Assume 1<l Let 1<n<[l Then, by 5.27 and 5. 56, M, Sb(a, E,
m) a=M," P\ Sbla, k, m)* a= M, Sba, by m)* P, a. Since I—1¢cb and
e T U= 1), Ma" Sbla, kb, m)" P a=M," P a=M, a and hence we
obtain M," Sh(«, k, m) =M, a. Let m=1 Then M, Sb(a, k, m)' a
=. 9" Shla, kb m) a=S(a, ¥, m, a) i By n<&Vm<n 1<kVm<I and
hence S(a, &, m, @) 1= M, a. So we obtain M,* Sb(a, b, m)* a= My' a. Ac-
Cordingly /€ b and we ohtain o < b,
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5.58.a= T n. n<k—->Sbla, k, m)' a=a.
Proof. Let 1<I<n 1<k and hence, by 5.57, M,' Sb(a, k, m)' a= M, a.
Since a, Sbla, k, m) as T n, by 5.28, Sb(a, k, m)' a=a.

5.59. ac T n k<l<m 1<I<n->M' Sbla, &, m)' a=a.

Proof. Assume k<lI<m. Put bL{n|ValacT n 1<i<n:>. M’ Shla,
B, m) a=a)). Assume nCh and e T n 1<I<n. Let n=1. Then I=1.
By 5.55, Sb(«, k, m)" a=S(a, k, m, a)’ 1 and hence, by k<l<m, Sl«, k, m,
a)'l=a. Hence M) Sb(a, kb, m) a=M,' a =a. Let 1<n. Assume 1<I<n.
Since n—1€b, M Sbla, k, m)" P a=«a. By 5.27, M, Sbla, k, m)‘ a
=M P Sbla, b, m)' a=M," Sha, &, m)' P a=a. Assume I=n By
k<I<m, k<n<m and hence M, Sb(a, k, m)' a= .9 Shla, & m)' a=Sla,

k, m, a) n=a. Hence n=b and we obtain v < &.
5.60. ac T n. n<m—>Sh(a, b, m)" a=Sbla, k, n) a.

Proof. Let 1<I<mn. It holds that I<kVEk<Il If [<k, then, by 3.57,
M/ Sb(e, b, m) a= M, a and M;" Sbla, k, n)° a= M;" a and hence M;" Sh(a,
kym) a=M' Shla, k, m)' a. If k<I<mn, then, by 5.39, M, Shla, k, m) a
=a =M Sbla, k, n)* a. Hence, by 5.28, Sh(a, &, m) a=Sbla, k, n)' a

5.61. ac T w. m<k-Sh(a, B, m)" a=a.

5.62.ac T n 1<k<n b<m ac M a
> Sb(B, B!, m) Shla, B) a=L‘ a

Proof. Assume k' <m. Put b2{n|ValacsT n 1<k<n asM a:>.
Sb(B, k', m) Shla, k) acL'a)). Assume nCbh and e T n 1<k<n.
acs M a. Letn=1 Then k=1 Hence we can prove that Sb(B, k', m)‘ Sh(a,
B a=Sbh(3, 2 m a=aca=L"a Let1<n By k<n k<nor k=n. As-
sume k<n. Since n—1€b and 1<k<n-—1, we obtain Sh(B, &, m)' Shla,
B #asL' #' a Further m<nVn<m. Assume m<n. By 5.56, Sb(3,
E, m) Sha, B) a=Sb(3, k', m) {Shla, k) P a S« k a) n>=SHa k,
m) {SHa, B) P\ a, My' a>=<Sb(B, k m) Shla, k) # a M, a>. Assume
n<m. Then k' <n<m Hence, Sb(3, & m) Shla, &) a=<Sb(R', k, m)* Sha,
kE) #a, . In both cases, Sb(@3, k', m) Shak) acL' P ‘ax@cl' a
and hence Sh(3, ¥, m) Sh(a, k) @ L‘'a Assume k=n By 5.59, Sh(3,

1.

kB, m) Shla, R) a=SiB, I, m)' < a a0=<Pa ad>={H a})xM' a

https://doi.org/10.1017/5S0027763000002324 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000002324

220 TOSHIO UMEZAWA

={# ayx F" acL' a and hence Sb(B, k', m) Sb(a, k) a=L' a. Hence
ne b and we obtain w S b.

5.6. ac T n. 1<k<n ac M a»Sbh(a, k) ac L' a.

5.64. ac T n>VE(O<k<n.D.M: a=0)
VIR(0<k<n—1. My ac Fc“ 2 VYm(k<m<n.>.My' a=0))
V(a<n My,' ae Fc“9)
VI0<k<n M. ac Lim. YNm(k<m<n.D.My, a=0).

Proof. We may assume 1<#n Let n=1. Then VE(0<k<nDM: a=0)
and hence the theorem follows. Let 1<z  Since #‘ae T’ (n—1) and
M P a=M'a for £ such that k<n, we obtain, by 5.29, VYE(0<k<n
OMi' a=0)VIRO0<k<n Juluc M a). YVm(k<m<nD Mn'a=0)). By
3.05, uucs My’ a).=.My' ac Sc“2VM' ac.im. Then we can prove
the theorem.

Def G32{(KYZ>|3n[(u(Zo' Y=L u. uc T n. YE(O<k<nDM. u
=0)). Z=Exp(M,' L™ o' Y, My L™ Zo' Y))

VIr(0<k<n—1. 3u(Zo' Y=L ' u. ucT u My uc Sc“Q.
Vm(k<m<nD My, u=0)). Z=Y Sh(M' L™ Zo"' Y, ¥, n—1)"
Sb(Fe™ My L™ Fo' Y, k) L™ Zo' Y)

V@Bu(Zo' Y=L u. ucT n 1<n My uc Fc“Q2).
Z=Y"'Sb(Y' Si(Fc™" Mu-i' L™ Zo' Y, n—1)" L™ Zo' Y, n)
Sb( L™ Mu—i' L™ Zo" Yn—1)' L™ Zo' Y)

VARO<k<n Fu( D' Y=L u ucT n M, uc Lim. Ymk<m<n
SMn' u=0)). Z= U{Y Sb(8, k) L™ Zo' V|6
eM, L™ Zo' Y}

Def F.2.B(5s).

The following theorems are proved simultaneously.

5.65. Fi Fnc (T* v~ 2).

5.66. a€ T n. VE(O<E<nDM a=0)->F' a=&Exp(M,' a, M’ a).

aseT n 0<k<n—1. M ac Sc“2 VYmEk<m<nDMun a=0)
~F'a=F'SM: a, ', n—1) Sb( L™ M’ a, k) a.
acsT n 1<n My-i'ac Sc“Q

>F'a=F'Sb(F' S Fc™ Mu-i‘a, n—1) a, )
S L™ Mu-i' @, n—1)" a.
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acT n 0<k<n My, ac Lim. Vm(k<m<nD M, a=0)

- F'a= U{F'Sbo, k) al6c M a}.
5.67.acT n. M a=0->F a=0.
5.68. ac T n. My a=1-F'a=1.
5.69. ac T n. e My a»1€ F' a.
5.70. ac T n->F' ac 2.
5.71. ac T n. 0<k<n. a € Mi' a. Ym(k<m<nDMn' a=0). 1€ M, a

> F' Sh(a, k) a€ F' a.

5.72. ac T n. 0<k<n. My ac Lim. Ym(k<m<nDOMn' a

=0). 1e M a~F' ac ZLim.

Before entering the proof, we give illustrations of these theorems informally.

¢

If we write elements of 7° » in such a form as <a: * ‘- an> where ai, ..

L

an € £, then the four formulas of 5.'66 wiil mean the following respectively.

F'QO: - 0aw=a where 0< .

Fif oyt o * ar-1a0+ -+ Oanp =F, oy * * ap-1@h@n * * * an
where 0<k<n—1.
Fl‘ <d1 ot an-zan’-1(xn> =F1‘ <a1 A C(n-—lFl‘ <0(1 A ¢Xn>> Where 1<n.

F' <y * ap-1ar0 + - - Oapp = U{F <as*** ap-100+ Oanw |6 € ar}
where 0<k<#n and ar€ Lim.

5.67-5.70 means respectively: Fi' <a;* " * an-100=0. F'<ar* - an-1 D
=1. le€a>1€F Sai -+ aw. 5.71 means: If 1€an and a € ax, then
Fffar*+ ap-1a0 - OaweF Lay- - ard -+ 0any where 0<k<n. The
corresponding proposition when 2= is Theorem 5.76 whose assertion is
considerably different from that of 5. 71. In general, the last member an of
{ay * * * an plays a distinct role from ay, ..., an-1 when we consider pro-
perties of Fi' <a;y * * + an>. 5.72 may be written thus: If 1 € as and ar € L im,
then Fi' <a; -+ a0 * - - Oan> € im where 0<k<n. Theorem 5.73 is the
corresponding proposition when k= #.

The class of Fi‘<a; -+ an> is not ordered lexicografically, since e.g.
Ff oD =1 F' 0D.

Proof of 5.65-5.72. Put </ 2{a|(M,' a=0>F'a=0). (M,'a=1DF"a
=1} B2{alleM, ad[1eF ac 2 YEH0<k<n. Ym(k<m<nDOMy,' a
=0):D. (ValacsM,"aDF' Shla, k) acF.'a). (M. ac Lim>DOF' a
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e.im))11). G L{alL alF.e 993, ac 4 NB}). Y24l ac . Z(F)
D.ae%}. Assume a= T n L'ac % and L' a S % (F,). By 5.64, we divide
the proof of a= ¥ in four cases.

i) Assume VA(0<E<nDODM: a=0). By 5.41, M, a=0V 3x(x € M,’ a).
Let M,'! a=0. Then M, L™ L a=M," L™ 0=0=M," a. Let 3x(xc M.’ a).
By5.43, M,' L™ L' a= M," a. Hence, by 4.78, €xp(M,' L™ L' a, M»' L™ L' a)
=&Exp(My' a, M,' a)€ 9. So we can prove {<L' a1F;,, €xp(M," a, Ms' a))
¥, Hence L alFie Z(¥5). So, by 5.47, Fi' a=%,"' (L' a1F,). Since
Funct(%,), &5' (L a1 F) = Exp(M," a, M»' @). Accordingly, Fi' a= € xp(M,'
a, M\ @). By 4.64 and 4.65, a=.«/. By 4.66 and 4.78, we obtain 1= M, a
Dle F‘ ac 2, whence we have a< .%. Accordingly ac %.

ii) Assume 0<k<n—1. Mi' a€ Fc"“2. Ymk<m<nDMy, a=0). Put
bLSH(M: a k", n—1) Sb(.Fc™ Mi' a, k) a. By the assumption, ¢ M;' a
= M‘ @ and hence, by 5.62, b L‘a. By L‘ ac Z(F), be Z(F). So, by
2.19, Fi' b @Is. Using that L™ Zo' (L' a1F) =aand Sb(. L™ My L™ L' a,
k) = Sh(Fc™' My' a, k), we can obtain <L‘ ¢1F;, F,' b€ ¥;. From this and
5.47, we obtain that L ¢ 1 Fie .2 (53) and Fy' a=F,'b. By be L' a and 5.37,
L'b< L' a and hence L' b< % (F). On the other hand, by b L' a, be.%
and hence be .7 N Z4. By the definition, M,' b = M, a. So, together with F\‘ a
=F;' b, we obtain, by be ./, ac.«/. Let 1€ M, 'a. By be.¥ and M, b
=M. a, we have 1€ F,'be Q and hence 1€ F'ac 0. Assume 0<I<n.
VYm(l<m<nOMy,' a=0)anda € M,' a. Thenl=%k By M ac Sc“ Q. there
is ¢ such that M’ a=¢". Then « £¢. By 5.63, Sb(4, k) e L' @ and hence
Sb(¢, k) as % and, a fortiori, Sb(¢, k) ae .B. Hence, by 1€ M, Sb(¢, k) a.
Vr(k<m<n>DM,' Sb(¢, k) a=0), we can obtain F' Sh(«, k) a€ F\" Sb(¢,
B a Putcli{mlh<m<nOF'Sb& k) acF' Sb(M, a, k', m) Sh(C, k) a.
Assume mCc and k<m<n. By 0<k 0<m and hence .#c™* mem. So, by
mce, S mecand k< S m<m. Hence Fi' Sb(¢, k) aEF' Sb(M,' a,
K, e m) Sh & k) a. By ¢ M aand 5.62, SH(M, a, &', m) Sh(C, k) a
€ L’ a and hence Sb(M," a, k', m)* Sb(¢, k)" a< B. Hence we obtain F,‘ Ss(0,
m) SoUM, a, k', m) Sb(¢, ) ac B Sb(M,' a, k', m)* Sb(¢, k) a, using that
le M, S(M,' a, ¥, m) SHC ke and Yy(m<y<ndDM, SKM, a K,
m) Sb(¢, k) @a=0) and 0 € M,,' Sb(M," a, k', m)* Sh(¢, k)" a. Since F' Sh(0,
m) Sb(M,' a, K, m) Sh(, k) a=F'Sb(M, a #i", S m) Sbig, L a
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=F,' Sb(¢, k) a, we obtain F\* Sb(¢, k) as F' Sb(M,' a, k', m) Sb(¢, k) a.
So me¢ and hence w Ce. So, Fi Sb(¢, k) ae F, Sb(M,' a, k', n—1)° Sb(¢,
k) a=F, a. Since « is arbitrary, we have Vala € M aDF' Sb(¢, k)’ a
eF'a). By Mi' ac Sc" 0, My ad £ im. Accordingly e % and hence
acsG.

iii) Assume 1<n. Mn-'as Fc“2. Put d2Sb(Fc™ My a, n—1)"a
and e2 Sb(F,' d, n)* d. By the assumption ¢ Mu-:' a< M,-* @ and hence,
by 5.63dsL a. Sode.# and by L' d< % (F), de.«¢ N.%. Thence we
can prove that F;' de 2. Henceby5.62e<L'a ByL'ac .Z(F),ec Z(F)
and hence by 2.19 F; e %Ils. We can see that <L' @¢1F;, Fi' &> €¥; and
hence L' a1 Fie % (%) and Fi' a=Fy' e. Weproveae ../ N.%. Let M,' a=0.
By the definition, M, d=M,' a. Hence, by de.o/, F,"d=0 and so M, e
=M, Sh(F\'d, n) d=0. Hence by e/, F;' a=F'e=0. So M, a=0
SF‘a=0. Likewise for M»' a=1DF‘ a=1 and we obtain a<../. Assume
1€eM,'a. ByecL'a es.Z and, together with L' ec L ac % (F), ec ./
N.%. Hence, by 1€ F'd=M,' e, 1EF,'ec 2 and hence 1€F'as 0. As-
sume 0<I<n. Ym(I<m<n>DM,' a=0). Lét asM'a Thenl=n—-1. By
de . ¥ and le M, a=M,' d, we obtain Va(a € M)’ dDF," Sbla, 1) dE F\" d).
By ae M/ a and Mu-' as Sc"Q, we have « € c™* Mi' a=M,d. Also
Sb(a, 1) d=Sb(a, 1) @ and hence F," Sb(a, 1) aE F\ d. Put fL{m|l0<m<n
ODF‘'de F' Sb0, m', 1) e}. Assume m<f and 0< m<n. Let m=0. Since
Vy(0<y<nDM, Sbh(0, 1, 1) e=0), we obtain, by the case i), F;* Sb(0, 1, l_)‘ e
=¢xp(F'd, Fi'd). By 1€ F' d 2, we can prove, by 4.66, F,' de €xp(F' d,
F‘d). Hence F,'de F," Sb(0, 1, ) e. Let 0<m. Then 0< ¢ m<n and
e mef. So, F' dEF' Sb(0, m, D'e. If My Sb(0, m!, D' e=0, then
Fi* Sb(0, m, 1) e=F, Sb0, m', [)' e and hence F‘deF' Sb(0, m!, 1 e.
Hence assume 0 M,," Sb(0, m', D) e. Since Sb(0, m!, 1) ec L' a, Sh(0, m',
D' es B. Using that 1€ M, Sb(0, m', ) e and Vy(m<y<n>DM, Sb(0, m',
) e=0), we obtain F‘ Sb0, m)* Sh(0, m!, D) e= F* Sb(0, mt!, 1) e. Namely
F' Sb(0, m, D e F,* Sb(0, m', 1) e and hence F' d€ F,* Sb(0, m', 1)' e. So
me f and we have w Cf. Hence F,' de F' Sb0, n, [)  e=F' e=F," a. Com-
bining 7 Sb(a, 1) aEF' d, we obtain F,' Sb(a, 1) e F' . Accordingly
VYala s M aDF' Sb(Sbla, 1) acF,'a). By M/’ ac ~¢c¢“ 0, M as .Lim.

Since [ is arbitrary, we have a = .% and hence ac %.
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iv) Assume 0<k<n. M ac .Sim. Vmlb<m<n>dM, a=a). Put
S LUXYIXEM a. YEFR ShX, k) a) and AZ U{F' Sb6, k) alb
€ M,' a}. Evidently Un(.%). Since % “M:" a={F, Sb(6, k) alb € M;* a),
we can prove A€ %ls, by 2.09 and 2.23. Hence <L' a1 F, A>€¥; and we
obtain that L a1 Fi€ .%(%,) and F\' a=A. Next we prove ac./ N .%. As-
sume M, a=0. Let 6 M, a. By 5.63, Sb(, k) ac L' a and hence Sh(4,
k) as. 40.B. So, by M, Sb(6, k) a=M,"a=0, F;' Sb(0, k) a=0 and
hence A= U{0}=0. Hence M, a=0DF,' a=0. Likewise for M»' a=12F a
=1 and hence ac ./. Assume 1€ M, a. Let a€ My a. By M:' ac Lim,
a€a'e M a. Hence Sh(a', k) acL'a and so Sh(a'!, k) as . F. Since
1e M, Shla', k) aand Vmk<m<nD My, Sbla' k) a=0), weobtain F;* Sh(a,
B Shbla!, B) ac B Sb(a', k) a and hence F‘ Shla, k) ac F' Sh(a', k) a.
So, by the definition of A, F‘ Sb(a, k) a= A. Hence we have Yala € M:' a
OF Shla, ) ac F,* a). Let BE A. Then there is a 6 such that Be F,* Sh(6,
k) a 6= M a. Hence, by Fi' Sh(6, k) ac F'a, Be UA. Conversely let
BeCe A. Then there is a 6 such that C€ Fy' Sb(6, k) a. 6 M, a. We
can prove that Sb(f, #)' as B and hence F,' Sb(0, k) a< 9. So we have
BeF,' Sh(6, k) @ and hence, by the definition of A, B A. Accordingly
A=UA. 0 M aand hence Fi Sb(0, £) e F' @. That is, 3UU e F a)
and hence Fi‘ ac im. Since F' ac 2 is easily obtained, by 3.03, Fi' c€ L.
Sb(0, k) as & and hence 1€ Sh(0, k) @. Sole F‘ a. Accordingly 1€ Fy' a
Q. Assume 0<I<n. Ym(I<m<nDMp' 1=0). Let a=M;' a. Then I=*¢.
Hence, by what we have just proved, Vala € M  aDF Shla, 1) ac F‘ a)
and M) ac L im>DOF ac .Lim. So a< .% and hence ac .

Accordingly we have proved a= % for all cases and hence L' ac ¥ (F)
D.ac%. So acs.%. Since a is arbitrary, Ve(ee T n. L' aC D :D.ac Z)
and hence, by 5.45, T"nc %. So Yulus T n. L' uc F(F):>. L' ulF
e (¥,)). Since we can obtain this formula for arbitrary =, it follows that
VYulueT o. L' uc 2(F):>. L ulFie 2(<3)) and hence, by 5.47, Z(F)
=T w. By 5.47, Funct(F;) and hence F; Fnc T . It is not difficult-to
prove that #(F,) € 2 and other assertions.

5.73. ac T n. M, ac Lim-F' a€ Lim.

Proof. Put .7 2{a\M,' ac Lim>F' ac . L im). Assume ac€ T n. L' a
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C .t and M, ac Zim. By 5.64, we divide the proof in four cases. Assume
YVi(0<k<nDdDM' a=0). By M, as.%im, 1€ M,' a and hence, by 5. 66 and
4.67, Fy' a=ExpM»' a, My’ a)e .5 im. Assume 0<ik<n—1. M ac Sc*“ 2.
Vmk<m<nD My a=0). Put b2Sb(M, a, k', n—1) SH{. S M a, k) a
F'a=F'b M. b=M, a Hence, by the premise and 5.27, F\' b= .Lim
andso Fi' a€ .#im. Assumel<n Mu-i' a€ Sc" Q. Putc2SHSc™ Mui' a
n—1)aand d2SHFec, n) ¢c. By 563 c=L'aand hence c=.». Since
M, ¢c=M," ac _Lim, we obtain F,' c€ “im. By 5.62, de L' a and hence
de . My, d=F'c<s.im and hence F,' de.“im. By 5.66, I\" a=F'd
and hence F\' ac Lim. Assume 0</k<n M, ac.Lim Vmlk<m<nDOM, a
=0). By M»' ae Lim, 1€ M, aand hence, by 5.72, Fi' ac Lim. Soac .+

and we obtain Velae T n. L' acC ../:D. as./). Accordingly T n< ..
574 acT n VYE(1<E<nD M, ac Connex) - F\' a< € onnex.

Proof. Put o/ 2{alVi1<i<nDOM: ac Connex) DF' a< Gonnex}. As-
sume ac T n. L' aC ./ and Y(1Sk<aDM: ac Connex). By 3.064, we
divide #he p}joof in four cases. Assume VA(0<L<anDM: a=0). By 5.66,
F' az‘é”xp('{?lln‘ a, M," a). By the assumption, M,' a < %onnex and hence,
by 4.73, Fi' a2 Connex. Assume 0<i<n—1 M as.c"“ 02 VYmk<n
SMuy' a=0). Put b2Sb(M, a, k', n—1)" Sb(.Fc™" M a, k) a. beLl'a
and hence be.»/. By M,' a, Sc™ My' ac Eonnex, we obtain Yh(1</k<n
DM’ b Gonnex) and hence F* b € Tonnex. So,by 5.66, F a=F' b ¢onnex.
Thirdly, assume 1<7. Mu-1' a € Fc“ 0. Put c2SH(Fe™ Myt @, n—1)" a
and d2Sh(F ¢, n)'c. ceL' @ and hence c=.-7. Since M,_' a < Connex,
then ¢ Mu- acGonnex. So Yk(1<k<nDM,' c< Fonnex) and hence,
by c€ .o, F\' c = Gonnex. Hence YVE(1<k<nDM, deConnex). deL' a
and hence de ./. So, together with 5.66, F\' ¢ =F,' d< Eonnex. Finally,
assume 0<k<n M ac . Lim. Vmk<n<nDM, a=0). Let «, B F' a
Then there are 4« and » such that a € F, Sh(y, k) a. B F,' Sh(p, k) a. 1, »
M:' a. By the assumption, M a € Gonnex and hence <{uw> & Compar. Let
nep. I M, Sbly, k) a=0 or M, Sb(v, £)* a=1, then, by 5.67 or 5.68 res-
pectively, Fi* Sb(y, k) a=Fy' Sb(v, k) a. Assume 1€ M," Sh(v, k) a. Then
2 € M Sh(y, k) a and hence, by 5. 71, Fy* Sb(p, k) Sh(», k) ac F' Sb(v, k)" a.
Hence Fy' Sb(p, k) a= F Sb(v, k) a. On the other hand, by 5.70, Fi' Sb(»,
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1) ae 2 and hence Fy' Sb(p, k) ac Gomp. So a«, fF Sb(y, k) a.  Sh(v,
) acsL'a and hence Sh(y, k) a. Since VE(1<k<nDOM Shly, k) a
e%onnex), Fi' Sh(v, k)" ac Connex. Accordingly <a B> € Gompar. Likewise
for p=» and for p € u. Hence F\' a <€ @onnex. So we have a € .« and hence
T nc.o.

5.75.a€ T n Y <E<nDM: ac Hord) > F ac #ord.

Proof. By the premise and definition, V(1< k< nDM;' a € Gonnex) and
hence, by 5.74, Fi' a€ Connex. By 5.70, Fi' a= 2 and hence, by 3.08, Fi' a
€ Fnduc. Hence, by definition, F\' a € #ord.

5.76. ac T n. «a EM,' a. F,' Sb(a, n)' a, Fi' a € € Connex

> F Sh(ee, n) aEF a.

Proof. Put o4 2{a|Vala EM:' a. F\' Shla, n)’ a, F{' a<€ < Connex: O.
Fi Sha, n)° aEF a)}. Assume a€ T n. L' ac . and a«EM, a Fi Shla,
n) a, Fi' ac € Connex. If « =M," a, then Fy' Sb(a, n)° a=F," a and hence
we may assume a € M, a. If a =0 or « =1, then, by 5.67-5.69, Fy' Sb(a,
n) acs F a. So assume 1€ «. By 5.64, we divide the proof in four cases.

i) Assume VE(0<k<nDM: a=0). By 5.66, F\' Sbla, n) = Expla, «)
and Fy a=%xp(My' a, My' a). By 4.66, Exp(My' a, @) € Exp\My* a, Ma' ).
Hence, by the fiirst assumption, xp(e, «), Cxp(M," a, a) €06 € Connex. - So,
by 4.71 and a & My a, Expla, «)EExp(M,' a, «) and hence Fi‘ Sola; #)
eF a

ii) Assume 0<k<n—1. My ac . Fc“ L. ¥Ymk<m<ndDMn' a=0). Put
bL2SH(M, a, k', n—1) SH(Fe™ M a k) a. Byb5.66,F‘ a=F,band Fy‘ Shla,
n) a=F Sbla, k', n)' b. Weprove F\' Sb(a, %', n—1) b= F' b Pat A2{m|k
<m<nDF, Sb(a, k', m) beF,' b). Assume mC A and k<m<n. By
«EM' b, &' EMy' a=M,' b. So,by5.66and 5.71, Fy Shla, K, m)* b=Fy Sbla,
Ky, ST m)" Sbla!, m)* Sb(0, m!, n—1)" bEF Sbla, K, Sc™ m)" Sb(Mu' b,
m)* Sb(0, m', n—=1)" b. We can prove the following: F .Sb(«, %', ~£c™* m)
C Sb(M" b, m)" SbO, m!, n—1)" b Fy' Sbla, k', Sc™ m)* Sh(M," b, m)* Sh(M,
“b,m, n—=1) b=F Sha, K, S m) b Hence Fy Sbla, K, m) be Fy
$ Sh(a, K, e m) b, By the assumption, £<. ¢ m. U k<. ¢ m, then,
by e me A, Fi' Sbhla, k', S m) beF' b If k=Sc" m, then F
‘Sh(a, B, Fc™ m) b=F'b. Hence F, Sh(a, k!, m)‘beF ‘b. Thatis, m
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& A and hence w € A. So we have F; Sh(a, ¥, n—1)be Fy‘q. Since Sh(«,
B, n—1)‘beL‘a, Shla, k', n—1) ‘be .o7. Since F; Sbla, k', ) b= F" Sbl«,
n) ‘Sha, k', n—1) b and F,‘ Sb(a, k', n) ‘b, Fy Sb(a, k', n—1) ‘b i € Connex
and « € M, Sb(a, k', n—1)‘b, we obtain F;‘Sb(«, n) ‘Sble, K, n—1) bEF
‘Sh(a, k', n—1)‘b. Hence, by F‘Sbh(«, n) ‘a=FSbh(a, k', n)‘b, we have
Fi'Sb(a, n) ‘ac F'a.

iii) Assume 1<n. Mn-i‘ac.Sc“0. Put ¢2Sh(Fc " My-1'a, n—1) a
and d2Sb(F‘c, n)‘c. By5.66and5.71, F'a=F,'d. F'ce F'a. F,"Sb(a,n) ¢
€ F,‘'Sb(a, n)‘a. Hence, by the first assumption, Fy Sbhla, n)‘c, Fi'c€d
€ Gonnex. So, by c€ .o/ and « € M, ‘¢, we obtain F; Sbla, n) ‘cEFi‘c. Fic
= M,‘d and hence F;'Sh(a, n) ‘cE M,'d. We can prove that F; Sh(«, ) a
=F Sb(F, ' Sb(Fc™  Mu-1'a, n—1)" Sbla, n)a, n) Sb(Sc™ Mu-1'a, n—1)
‘Sble, n)‘a=F, Sb{F‘Sbla, n)‘c, n) SHSc™  Mu-y'a, n—1) " a=F " Sh(F
‘Sb(a, n)‘c, n) ‘Sb(Fi‘c, n)‘c=F,  Sb(F‘Sbla, n)‘c, n)‘d Hence, by the
first assumption, Fi\‘Sh(F‘Sb(a, n)‘c, n)‘d, Fi'd€dé< Gonnex. Hence by
de .o/ and F,‘Sb(a, n) ‘¢ E M, d, we obtain F;‘Sh(F;‘Sbla, n)'c, n) ‘dE F,'d.
Hence F;‘Sb(a, n) ‘aE F\ a.

iv) Assume 0<k<mn M. 'ac Lim. Ymk<m<nDMy,a=0). Let
te F,'Shla, n) ‘a. By 5.66 there is a 6 such that &< Fy ' Sb(8, k) ‘Sbla, n) ‘a.
0= M."'a. By 5.72 Fy'Sb(8, k) Sb(a, n) ‘ac Fy'Sb(a, n) ‘e and F,°Sh(0, k) ‘a
e F,‘a. Hence Fi'Sb(a, n)Sh(O, k) a, Fi'Sb0, k) ‘acdec Gonnex. Since
a€ M, Sb(0, k) ‘a and Sh(0, k) ‘ac ./, we obtain F.‘Sb(a, n) Sb(, k) a&
F,'Sb(0, k) ‘a. Combining these, it follows that ¢ = F;‘a and hence F.‘Sh(a,
n)‘ac Fi'a <Fi'Sbla, n) a, Fi'a> < @ompar and hence F; Sb(a, n) ‘aEF;'a.

Accordingly, for all cases, F; Sbh(a, n) ‘@aEF;"a and hence a=.«. So,
VYalaeT'n. L'ac .«/:2. ac /) and hence by 5.45, T n< ..
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