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Abstract

Based on the theory of difference equations, we derive necessary and sufficient conditions
for the existence of eigenvalues and inverses of Toeplitz matrices with five different diago-
nals. In the course of derivations, we are also able to derive computational formulas for the
eigenvalues, eigenvectors and inverses of these matrices. A number of explicit formulas
are computed for illustration and verification.
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1. Introduction

A Toeplitz matrix is a matrix with values constant along each (top-left to lower-
right) diagonal. Several properties of these matrices are now known, including their
eigenvalues, eigenvectors and inverses. In particular, in a recent paper [4] by Dow,
Toeplitz matrices of the form

b c 0 0 0 «o

a b c o .. 0 0
Tn= O a b C 0 0 N

o 0 0 0 ... a b

nxn
where the corner elements are the same, are discussed and their explicit inverses
are found. In many applications (such as boundary value problems for difference
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equations), Toeplitz matrices of the form A, = 7, but with the « in the bottom left-
hand side comer replaced by g, that is, [a,,] = B, where a # B, are also encountered.
Therefore, it is of great interest to find out more about these matrices. In this paper,
we derive the eigenvalues and their corresponding eigenvectors as well as the inverse
of A, when ac # 0 and at least one of the numbers « or B is not zero. When
a = B =0, A, reduces to the well-known tridiagonal matrix about which much is
known. For general information about Toeplitz matrices, the references in [4] can be
consulted.

For convenience, the set of integers, the set of nonnegative integers, the set of real
numbers and the set of complex numbers are denoted by Z, N, R and C respectively.
The number +/—1 is denoted by i. We will also set

¢ ={ma|mel}, acC.

In particular, 7Z denotes the set{..., —2r, —x,0, 7, 2m, ... }.

Toeplitz matrices are intimately related to boundary value problems involving
difference equations. This relationship has been exploited in [2, 10] for finding eigen-
values or inverses of matrices arising from difference operators. We will again base
our investigation here on the method of difference equations. For this reason, we
recall some terminologies used in [1]. Let [N be the set of complex sequences of the
form x = {x;}ren endowed with the usual linear structure. A sequence of the form
{a,0,0,...} is denoted by & (or by « if no confusion is caused), and the sequence
{0,1,0,0,...}is denoted by A. Given two sequences x = {x;} and y = {y} in IV,
their convolution is denoted by x * y (or xy if no confusion is caused) and is defined by

j
Xy = Zxkyj—k]
k=0 JjeN

It is easily verified that A> = A x A = {0,0,1,0,0,...} and A" = {Al}jen, n =
1,2,...,isgivenby A} = 1ifn = j and R = 0 otherwise. We will also set n =1.

In the following discussions, we need, among other things, the well-known proper-
ties of the complex functions €, sin z and cos z from the theory of complex analysis.
In particular, let z = x + iy € C where x, y € R. Then (i) sinz = 0 if and only if
y=0and x = km forsome k € Z, (ii) cosz = *1 ifandonly if y = O and x = k7
for some k € Z, and (iii) if z # km for any k € Z, then sinz # 0, cosz # *l1,
sin(z/2) # 0 and cos(z/2) # 0.

2. Necessary conditions for the eigenvalues

Consider the eigenvalue problem A,u = Au, where a, b, ¢ and «, B are numbers in
the complex plane C. We will assume that ac # 0. When ac = 0, the corresponding
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analysis is quite different and is treated elsewhere. To avoid trivial conditions, we will
also assume n > 3 in the following discussions.

Let A be an eigenvalue (which may be complex) and (u, ..., u,)' a corresponding
eigenvector of A,. We may view the numbers u, u,, ..., u, respectively as the first,
second, ..., and the n-th term of an infinite (complex) sequence u = {u;}2,. Since
A,u = Au can be written as

up =0,
aug + bu, + cuy = Auy — au,,

auy + bu2 +cuz = Auz,

........................ 2.1)
aun_» + bun—l + Cu, = A-un—h
aup_ + bun + CUpyy = A-un - ﬂulv
Upnpl = Oa
we see that the sequence u = {u; )}, satisfies ug = 0, u,4; = 0 and
aug_y +bug +cuppy = A+ fr, k=1,2,..., 22)
where fi = —au, and f, = —Bu,, while f, = 0 for k # 1,n. Note that u,
and u, cannot be 0 simultaneously, for otherwise from (2.1), 4, = 0 and inductively

uy = uyg = - -- = u, = 0, which is contrary to the definition of an eigenvector.
Let f = { fi]2, be defined above. Then (2.2) can be expressed as

Clursa) oo + blitksrrog + alu oy = Mursizg + { fir1Feoo-
By taking the convolution of the above equation with 4> = A#, and noting that
Alupe) = hluy,uy, ...} ={0,u,uy, ...} =u—1up

and

B {upp2) = K2 {uz, us, ...} ={0,0,uz, us, ...} = u —up — u\h,

we have c(u — iig — u h) + (b — Mh(u — wo) + ah*u = h(f — 70). Solving for u,
and substituting fy = ug = 0, we obtain

(ah® + (b — Mh + S)u = (cu, + f)h.

Since ¢ # 0, we can divide the above equation by ah® + (b — A\)h + ¢ to obtain [1,
Theorem 24]

(cuy + fHh

= . 23
T AR BNt @
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=== Jo
- 2a
be the two roots of az?> + (b — A)z + ¢ = 0, where @ = (b — A)? — 4ac, which may
or may not be zero.

Based on the value of w, there are two cases to be considered.

Case 1. Suppose w # O so that y, and y_ are distinct. Since y,y- = c¢/a # 0,
we may write y; = e*%/p for some 6 in the strip {z € C | 0 < Rez < 2r}, where

p = +/a/c and

Y+

cosd = (A —b)/2pc. 24

Since sin 6 = /w/(2ipc) # 0, we must also have 8 ¢ 7 Z.
By the method of partial fractions, we can then write (2.3) in the form

,,=L< ! ! )(cu.+f)h

Jo \y-—~h B yr —h
1 . ; _
— ﬁ {y_—(1+l) - y+—(1+l)}j€~ (cu; + fHn
2i
= —{p’ sin j6} * {cu,, —au,,0, ..., —Bu;,0,...}.
Jo

By evaluating the convolution product, we obtain the j-th term of «,

2i ; 1 e
uj = Tla(cu,pf sin j@ — au,p’ ' sin(j — 1)@

— H(j — n)Bu,p’ ™" sin(j — n)6) 2.5)

for j > 1, where H(x) is the unit step function defined by H(x) = 1 if x > 0 and
Hx)=0ifx <0.

In particular,
-?u,, = cu,p"sinnb — au,p" ' sin(n — 1) (2.6)
i
and
‘g—c,—ou,,“ = cu, p"*'sin(n + 1)0 — au,p" sinnf — Bu,psinb. Q.7
I

By (2.6), we have

co"(sinn@)u, — (? +ap" !sin(n — 1)0) u, =0, (2.8)
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and by (2.7), and the condition u,,, = 0, we have
(co™*'sin(n + 1)8 — Bp sin@)u; — ap” (sinnd)u, = 0. (29)
Since u, and u, cannot be both zero, we must necessarily have

cp" sinnf ‘ - (% + ap"'sin(n — 1)9)

=0,
cp™*'sin(n + 1)6 — Bpsinf —ap” sinnd

which leads to the necessary condition
acp® sinf — p”(acsin(n + 1)8 — af sin(n — 1)8) +apsinf = 0. (2.10)
Once we have found a 6 that satisfies (2.10), we obtain by (2.4)
A=b+2pccos8, 6 #£mm, mel. 2.11)

Case II. Suppose w = 0 so that y, = y_. In this case, (A — b)?> = 4ac, and (2.3)
can be written as '

Y (i) + f)h _L B
c(1—2(( = b)/20h + (. — b)/2c)?R%)  Be (1 - ph)’
1

=%{jp’}jeN*{cuh—au,,,O,...,—ﬂu,,O,...},

where
p=(—-b)/2c==%\/a/c = Fp. 2.12)

The j-th term of u now becomes

1 i~ . ~ie . . ~in .
uj = ﬁ(cuup’ —au,(j— D - H(j —n)Bu(j —n)p'™), j=1

(2.13)
In particular,
u, = (curnp™ — au,(n — 1)p""")/pc (2.14)
and
Unp1 = 0= (cuy(n + )" — au.np” — Bu,p)/pe. (2.15)
This leads to the necessary condition
acp™ —p*ac(n+ 1) —af(n — 1)) +af = 0. (2.16)
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Once we have found the p that satisfies (2.16), then we obtain by (2.12)
A=b+2pc. 2.17)
We remark that since (2.17) may be written as
A=bx2pc=>b+2pccosf, O=mn, mel,

we may combine (2.17) and (2.11) and assert that an eigenvalue A of A, is necessarily
of the form A = b + 2pccos 8.

According to the above discussions, when A is an eigenvalue of A,, it is then
necessary that either (2.10) or (2.16) holds.

THEOREM 2.1. Let A be an eigenvalue of the matrix A, and u = (uy, ..., u,)" its
corresponding eigenvector. If (2.10) is satisfied for some

fe{zeC|O0<Rez<2r\\nZ,
then (2.5) and (2.11) hold.

THEOREM 2.2. Let A be an eigenvalue of the matrix A, and u = (uy, ..., u,)' its
corresponding eigenvector. If (2.16) is satisfied for p = J/a/c or p = —./a/c, then
(2.13) and (2.17) hold.

Recall that the first and last components «, and u, cannot be zero simultaneously.
There are some other interesting properties for the eigenvector u if w # 0.

COROLLARY 2.3. Let A be an eigenvalue of the matrix A, andu = (u,, ..., u,)" its
corresponding eigenvector such that w = (b — A)? — dac # 0. Let 6 be the number
found in Theorem 2.1.

(i) Ifu, =0, thena # 0.

(i) Ifu,=0o0ru, =0thensinnd =0.

(iii) If sinn6 = 0, then either u, = 0 or ¢ = xap™, and either uy = 0 or
B = tcp".
(iv) If B # xcp®, thenu, # 0.
V) Ifa # xap™™", then uy # 0.
(vi) IfB # L£cp” and u, # 0, then sinn8 # 0.
(vii) Ifa # xap~" and u, # 0, then sinnf # 0.
(viii) If B # £cp™ and a # xap™", then u; # 0, u, # 0 and sinnf # 0.

PROOF. If u; = 0, then by (2.8) /w/(2i) + ap""'sin(n — 1)6 = 0. Since w # 0,
we must have a # 0.
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If u, = 0, then by (2.8) cp"u;sinné = 0. Since cp"u, # 0, we must have
sinnf = 0. Similarly, if u; = 0, then by (2.9) ap"u, sinnd = 0. Since ap"u, # 0,
we must have sinnf = 0.

If sinn@® = 0, then by (2.8), either u, = 0 or pcsinf + ap"'sin(n — 1)8 = 0.
Since sin(n — 1)8 = sinné cos @ — cos nf sin @ = = sin & when sin nf = 0; the latter
implies pc = *ap"~! or @ = +ap™. Similarly, if sinnd = 0, then by (2.9), either
u; = 0orcp™'sin(n + 1)§ — Bp sin@ = 0. The latter implies B = Fcp”.

Suppose B # xcp”. If u, = 0, then sinnf = 0. Since u; # 0, (iii) implies
B = xcp", which is a contradiction.

Suppose a # Fap™. If u, = 0, then sinnf = 0. Since u, #* 0, (iii) implies
o = tap™", which is a contradiction.

Suppose B # *cp” and u; # 0. If sinnf = 0, then by (iii), either u, = O or
B = xcp”. This is a contradiction.

Suppose o # Fap™ and u, # 0. If sinnf = 0, then by (iii), either u, = O or
a = xap~". This is a contradiction.

The last assertion (viii) follows from (iv), (v) and (vi), (vii). O

3. Additional conditions for eigenvectors

Given an eigenvalue A of the matrix A, and its corresponding eigenvector u =
(41, ...,u,)", suppose @ # O and let 6 be the number found in Theorem 2.1. For
1 < j < n, we have by (2.5)

1
" pcsinf

u; (curp? sin j& — au,p’~' sin(j — ne), j=1,...,n @G.D

In the case when sinnf # 0, we may find u which are simpler in form. Indeed,
suppose sinnf # 0, then from (2.8),

(pcsin@ + ap™!sin(n — 1)6)

- Un (32
cp" sinnf

1 =

and from (2.9),
(cp"*'sin(n + 1)0 — BpsinB) 4
1-

33
p" sinnd (33)

au, =
Substituting (3.2) into (3.1), we have

1 Jsin j@ '

" pesi <p —L (psing + ap™' sin(n — 1)8)u, — au,p?! sin(j — 1)9>
pcsiné \ p”sinnf

- E?inl;"sm (pco’™" sin6sin j6 + ap’™" sin(n — j)O sin6)

uj
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for j =1,2,...,n. By letting u, = p" sinné, we obtain
w:pkmw+%w“mm—na j=1,...n, (3.4)
which defines an eigenvector corresponding to A (if 8 is found). Similarly, substituting
(3.3) into (3.1), we may obtain
uj; = ol sinn+1— )6 + gpj"" sin(j —1)8, j=1,...,n (3.5)

Suppose w = 0. Then we have by (2.13)
1 — _
uj=ﬁ(culjpj—aun(j_l)p"_l)’ j=1!""n‘
In view of (2.14) and (2.15), a similar argument leads to
~i . ~ipn® . ,
lu=ﬂj+ﬂ+;m—ﬂ,1=lw”n (3.6)

and

”j=5j(n+1—j)+5j_"'§(j—1), j=1...,n (3.7

4. Eigenvalues and eigenvectors of special Toeplitz matrices

Now we can apply the results of the previous sections to find the eigenvalues
and the corresponding eigenvectors of several Toeplitz matrices of the form A,. For
motivation, consider the case where « = 8 = 0. Then (2.16) is reduced to

plac(n+1)=0

which is not possible so that, in view of Theorem 2.2, w # 0 and A cannot be of
the form b £+ 2pc. In view of Theorem 2.1, (2.10) must hold for some 6 ¢ nZ, or,
sin(n 4+ 1)8 = 0 for some 8 ¢ wZ. Consequently, 8 = kx/(n + 1) for some k € Z
and # ¢ nZ. An eigenvalue X, is then necessarily of the form

km
A =Db 2 ) k=1,..., .
k + pccosn_*_1 n

A corresponding eigenvector, from (3.4), is given by
u?:p%m;Tr j=1,....n, 4.1
which has also been obtained in [10] and elsewhere. Finally, by reversing the ar-
guments that lead to Theorem 2.1, we see that each A, is an eigenvalue of A, and
the corresponding vector u® = (", ..., u®)" defined by (4.1) is a corresponding
eigenvector.
By similar ideas, we may now derive the eigenvalues and the corresponding eigen-

vectors for matrices of the form A,,.
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4.1. The case wherea =c=*aand § =0,ora =0anda =c =% We will
use [x] to denote the integral part of x € R. Note that [(k — 1)/2] + [(k +2)/2) =k
for any positive integer k.

THEOREM 4.1. Supposex =a =cand B =0, 0or¢ =0and B8 = c = a. Then
the eigenvalues of A, are given by

%
Ak=b+2acosTﬂ, k=1,2,...,[(n —1)/2] 42)
and
2m — Dm
A.m+[(,,_|)/2] = b + 2acos %, m=1, 2, ey [(n + 2)/2] (43)

The eigenvectors corresponding to (4.2) and (4.3) are given by
. 2k(n+1- jHim
n —

uﬁk)=81 n ’ j=1’2a"-an (4'4)
and
2m — 1 1—j
W=D _ i (2m )n('; 2 D12 4.5)
respectively fora = a =cand B =0, and
u&'k) = sin 2k and u§m+[("-l)/2]) = sin M, =1,2,...,n
n n+2

respectively fora =0and B = c = a.

PROOF. Suppose ¢ =a =cand 8 =0,or ¢ = 0and 8 = ¢ = a. Then (2.16)
is reduced to (£1)"(n + 1) = 1. This relation cannot be valid, and hence, in view of
Theorem 2.2, w = 0 does not hold. In view of Theorem 2.1, (2.10) holds for some

6 ¢nZ or
6 2
sin%—cos(rl; )6:0, 6¢nl.
Hence (a) sin(n8/2) = 0 or (b) cos((n + 2)/2)8 = 0 for some 6 ¢ 7w Z. In case (a),
we have

0 =2kn/n, O6¢nl kel 4.6)
so that an eigenvalue must be of the form
Av=b+2acos(2kn/n), k=1,...,[(n-1)/2].

Similarly, in case (b), we have

_ 2m - 1n

41
o G¢nlmel @4

https://doi.org/10.1017/51446181100003424 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100003424

82 Wen-Chyuan Yueh and Sui Sun Cheng [10]
so that an eigenvalue must be of the form

2m -1)n
Amt((a- =b+2a —_ =1,..., 2)/2].
+=1)/2] +2acos — n m [(n+2)/2]
The corresponding eigenvectors may be obtained as follows. Fora@ = a = ¢ and
B = 0, since B # xcp”, by Corollary 2.3 (iv) u, # 0, while u, may or may not be 0.
If u; = 0, thensinnd = 0. By (3.1)

—U, . .
Uu; = MSIH(} - 1)9

Since sin(n+1— )6 = sinnf cos(j — 1)8 —cosn@ sin(j —1)8 = F sin(j — 1)6 when
sinnf = 0, we may write u; = (u,/sinf)sin(n + 1 — j)0. Letting +u, = sin6,
we have

u;=sin(n+1-j)9, j=12,...,n (4.8)

If u; # 0, then by Corollary 2.3 (vi), sinnf # 0. Hence we may apply (3.5), which
leads to the same result (4.8) since p = 1 and § = 0. By substituting 8 given by (4.6)
or (4.7) into (4.8), we obtain the desired results (4.4) and (4.5).

Fora = 0 and 8 = ¢ = a, a similar argument leads tou; =sin j6, j =1,...,n.
By substituting € given by (4.6) or (4.7), we obtain the desired results.

Once we have found the eigenvalues and their corresponding eigenvectors, we may
reverse the arguments leading to Theorem 2.1 and verify that they are indeed the true
eigenvalues and associated eigenvectors of A,. The proof is complete. a

We may follow the same arguments to show the following.
Suppose —a = a = cand f = 0, ora = 0 and — B = ¢ = a. Then the eigenvalues
of A, are given by

2km
A. =b 2a )
k + cosn_{_2

k=12,...,[(n+1)/2] 4.9)

and

2m — Do
Amttesnyy = b + 2a cos (—'fn—) , m=12...,[n/72. (4.10)

The eigenvectors corresponding to (4.9) and (4.10) are given by

. 2k(n+1-j)m

ui-k)zsm n+2 ’ j=112y--'an

and
u§m+[(n+l)/2]) — sin Cm—-1Dn+1-j)n ’
n

j=12,...,n,
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respectively for -« =a =cand § =0, and

2kjrm
® _
j = b = 1’ 27 . ’

u; sin - ) n
and

uj."'+[("+l)/2” = sinA———(zm _ l)ﬂt, j=12,...,n
respectively fora =0and -8 =c =a.
4.2. The case wherea = -8 =a=c,or~a=8=a=c
THEOREM 4.2. Suppose ¢ = —f = a = ¢, or —a = B = a = c. Then the

eigenvalues of A, are given by

b+ 2a k , =12,...,n—-1,
A = + 2acos(knr/n), k n @.11)
b, k=n.
The eigenvectors corresponding to (4.11) are given by
L, sin(jkm /n), k odd, @.12)
/ sin((j — D)km/n), keven,
and
sin(jn/2) + (¢/a) sin((n — j)m/2), nodd,
ul = {sin(jn/2), n==6,10,14,... (4.13)
sin((j — D) /2), n=4,812,...
respectively fora = —B=a=c, j=1,2,...,n For —a = =a = ¢, only the

odd-even relation for k in (4.12) should be interchanged.

PROOF. Suppose « = -8 =a =c,or—a = B =a = c, then p = 1, and (2.16)
is reduced to (£1)"2n = 0. This relation cannot be valid so that w = 0 does not hold.
By Theorem 2.1, (2.10) holds for some 6 ¢ 7Z, or sinnfcosf =0, 6 ¢ 7Z. Inthe
case where sinnf = 0 for some @ ¢ nZ, we have @ = (kn/n) ¢ nZ, k € Z, and the
eigenvalue must be of the form A, = b + 2acostkn/n), k =1,2,...,n — 1. Inthe
case where cosf = 0, we have A, = b.

The corresponding eigenvectors may be found as follows. Fork =1,...,n -1,
suppose @ = —B = a = ¢. Since sinnf = sinkwr = 0 and cosnf = coskmr = ~1
if k is odd and +1 if k is even, we have

csin@ +asin(n — 1)6 = asinf(1 —cosnf) =2asind #0, kodd, and
csin(n 4+ 1) — Bsin@ = c(cosnf + 1)sinf = 2asinf # 0, keven.

https://doi.org/10.1017/51446181100003424 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100003424

84 Wen-Chyuan Yueh and Sui Sun Cheng [12]

Hence if k is odd, by (2.8) u, = 0 and in view of (3.1) an eigenvector must be of the
form

u; =sin jo. (4.14)
If k is even, then by (2.9) 4, = 0 and an eigenvector must be of the form
u; = sin(j — 1)6. 4.15)

By substituting 8 = kx/n, we have (4.12). Suppose —a = 8 = a = ¢, then (4.14) is
for even k and (4.15) is for odd k.
For k = n, we have 8 = /2 and sinnf = sin(n/2) = £1 # 0if n is odd. We
may apply (3.4) to obtain
jr  a . (n—j)m
— sin ——~—

(n) . ] .
P — , =1,2,-~-, .
u; sin ) +a n > ] n
If niseven,thensinn® =0andcosnd = —-1ifn =6,10,... and+1ifn =4, 8, ....

Hence by a similar argument as fork = 1,2,...,n— 1, wehaveforj=1,...,n

) _
u;’ =

sin(jm/2), for n =6,10,14, ...,
sin((j — ) /2), for n=4,8,12,....

The proof is complete. 0

4.3. The case where « = +a and = *¢ Inthecase wherea =aand 8 =, A,
is the well-known circulant matrix [3]. There are many results [3, 5-9] concerning the
eigenvalues and inverses of such matrices. However, most of them are algorithmic in
nature. Here we will derive explicit formulas for the case where @« = —a and 8 = ~¢
based on our theorems, while those for @ = a and 8 = ¢ will be listed only since they
are already known.

THEOREM 4.3. Suppose o = —a and f = —c in the matrix A,. Then the eigenval-
ues and the corresponding eigenvectors of A, are given by

2% — 1
)\,¢=b-+-(a+c)cos£—)7.r
2k -1
tia—osin DT 1o (4.16)
n
and
U = g @D/ G120 @.17)
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respectively. If a = ¢, an alternative formula for the eigenvectors is also given by

2k —1)j 2k — 1)
u® ( )jn +c2sin( )J”,

j =ci1cos j=12,...,n, (4.18)

n

where ¢, and c, are two independent constants not both equal to 0. In particular, if
we take ¢, = 1 and c; = —i, we have (4.17) as its special case.

PROOF. Suppose the conditions in Theorem 2.1 hold. Then we must have A =
b 4+ 2pc cos 8, where 6 is some number that satisfies

p"(sin(n +1)6 — sin(n — 1)8) + (p** + 1)sinf =0, 6 ¢ nZ,

or, since sin@ # 0, p** + 2p"cosnf + 1 =0, 9 ¢ nZ. This yields

p" = —cosnf Lisinnd = —e¥"°, (4.19)
Let p" = —e'™, then since e @*~D™ = —1, we may write p" = e~ %*~D7 5o that
eio — pei(Zk-I)n/n e—ie — p—le—i(Zk—l)n/n (420)

and

1, . ,
cosf = 5 (pe‘(y‘_l)""/" + p—le—t(Zk-l)n/n)

1[( 1) 2k — )n ( l) ) (2k—1)7r]
==l{p+—-)cos ————+i|p——)sin————|.
2 P n Jol n

Note that if a # ¢, then p # 1and cos@ # *1 for any k € Z. By noting that p’c = a
and that sin x and cos x are periodic functions, we have finally fork =1,...,n

2k —1 2k —1
Ak=b+2pccosB=b+(a+c)cos(—n)z+i(a—c)sin%,

which is (4.16). If a = ¢, then p = 1 and we have cos 8 = cos((2k — 1) /n) # £1
so that k # (n + 1)/2 in (4.16). But then we have Theorem 2.2.

Suppose w = 0 and the conditions in Theorem 2.2 hold. Then (2.16) is valid for
a = —aand 8 = —c. Thus

P +25"+1=0, (4.21)

which holds if a = ¢, § = —1 and n is odd. Furthermore, under these conditions, the
eigenvalue must be of the form A = b — 2¢, which can also be written as A(,+1)2 in
(4.16). Hence (4.16) holds regardless of a = c ora # c.
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—inf —inOe-i(Zk—l)n

In case the negative sign in e¥"¢ holds, then p" = —e , and it
is easily seen that we may get the same result (4.16).

To find the corresponding eigenvectors, we first consider the case a # ¢. Then
p # lsothat 8 # +cp” and @« # tap™. By Corollary 2.3 (viii), u,, u; # 0 and

sinn@ # 0, so we may apply (3.4). Since by (4.20) e*/® = ptieEii&=br/n e have

=e

eTin=08 *(n—J) pEi(n—j) k=N /n *n—)) pFij@—Dr/n

=p =—p

By substituting this and « = —a into (3.4),

uﬁ-k) — 2_l (p] (p/eu(Zk—l)n/n _ p—je—u(2k—l)7r/n)

+pj+n (pn—je—ij(Zk—l)n/n _ p—n+jeij(2k—l)n/n))
= i(pZn _ l)e—ij(Zk-l)n/n'
2i

By dropping the constant factor (02" — 1)/2i, we obtain (4.17). Next suppose a = c.
By (4.19), p = 1 implies cosn8 = —1 and sinn@ = 0. The former implies § =
(2k — )t /n ¢ nZ so that k # (n + 1)/2, the latter implies either one of the u, or u,
may be zero. If u, = 0, then by (3.1) an eigenvector must be of the form « = sin j6.

j
If u; = 0, then an eigenvector must be of the form u}") = sin(j — 1)8. Hence the
linear combination

uP = kysin jO + k sin(j — 1)8 = ¢, cos j6 + c; sin j6

is an eigenvector of A, corresponding to A.. After substituting 6 = 2k — 1) /n, we
have (4.18) fora =cand k # (n 4+ 1)/2.

Fora = c and k = (n + 1)/2, then 8 = n, which implies w = 0, and we already
have p" = p = —1 from (4.21), hence we may apply either (3.6) or (3.7) to obtain

u;=(=1yYn, j=1,...,n,

which is of the form u"*"* in (4.18). Hence (4.18)is validfora = candk = 1,...,n.
The proof is complete. a

Now we may follow the same arguments to show the following: Suppose @ = a
and B = c in the matrix A,, then the eigenvalues and the corresponding eigenvectors
of A, are given by

2km

2k
Ak=b+(a+c)cosTn+i(_a—c)sin—, k=1,2,...,n
n
and
;2jka
uP=e'"n, j=1,2,...,n (4.22)
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respectively. If a = ¢, an alternative formula for the eigenvectors is also given by [2]

2jkm . 2jkm
u® = ¢, cos J +c2sm—1——, J=12,...,n,
n

where ¢, and ¢, are two independent constants not both equal to 0. In particular, if we
take ¢, = 1 and ¢, = —i, we have (4.22) as its special case.

5. Necessary conditions for the inverse

The method used in the previous sections may also be used to find the inverse of
the matrix A, under the condition ac # 0. Let the (unique) inverse of A,, if it exists,
be denoted by

o
G, = (g(n) [g® -] g‘")) — 1% & - & . (5.1)
g'('l) g’('Z) g’('n) nxn
Then A,G, = 1,. We may view the numbers g, g, ..., g® respectively as the

first, second, . .., and the n-th term of an infinite (complex) sequence g® = {gf-k)} jeN-
Since A,G, = I, can be expanded as
agy’ +bg\” +cg” =y —ag?,
ag® +bgd +cgP =k,
aat? + bg + gl =,
agr(lk—)l + bgr(.k) + Cgr(t,f:l = hfu - ﬁgfk)’

with g = g,(,ﬁﬂl = 0, we have

ag +bg] +egih =R+ f°, j=12...

where
—ag® j=1,
=18 j=n,
0 otherwise.

Since ¢ # 0, we may obtain

g0 — (e’ H A+ SO
ah*+bh+c

62
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Let ns = (—b £ +/€)/2a be the two roots of az? + bz + ¢ = 0, where § = b? — 4ac.
As in Section 2, there are two cases to be considered.

Case L. Suppose £ # 0 so that n, and 7. are two different numbers. Since n.7_ =
c/a # 0, we may write n. = e*%/p for some ¢ in the strip {z € C|0 < Rez < 2r},
where p = /a/c and

cos¢p =—b/2pc. (5.3)

We also have sin ¢ = \/€/Qipc) # 0.
By the method of partial fractions, we may write g® in the form

1 ( 1 1 )

*k) _ (k) k &)

g —_— - cg + h + f h’
JE\n-—h ni—-h (ce: )

which gives the j-th term of g®:

2 . L
g’ = VE {cg?p’ sin j¢ — ag®p’'sin(j — 1)

+ H(j —k)p’*sin(j — k)¢ — H(j — n)Bg{”p/ " sin(j — n)¢p} (5.4
for j > 1. In particular,

\2/—?-&(1") =cg¥p"sinng — ag®p" ' sin(n — )¢ + p" ¥ sin(n — k)¢
i
and

0=cg?p"' sin(n +1)¢ — ag®p" sinng

— BgPpsing + p"' *sin(n + 1 — k)¢.
If the inverse exists, then g{) and g® form a unique solution pair and hence

cp” sinng ~(v&/2i +ap"'sin(n — 1))

A= cp"sin(n + 1) — Bo sing —ap” sinng

# 0’
or
A= (p" (acsin(n+ 1)¢ —aB sin(n — 1)¢) — (@cp™ +ap) sin ¢) sing#0. (5.5

Furthermore, if A # 0, then we have

g’ =Aa1/A, g =A,/4, (5.6)

where
A, = —ap?Fsink — 1)¢sing —ap" *sin(n + 1 — k)¢sing and 6.7
A, = —cp? ' Fsink¢sing — Bp"'* sin(n — k)¢ sin . (5.8)
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Case II. Suppose £ = 0 so that ny are two equal roots. In this case b = 4ac.
Furthermore, from (5.2), we have

g® = (Cgfk) + A+ fO)h
c(1 = 2(=b/2c)h + (—bhi/2c)?)
1 ph ®

1 .
. k )y — P J ® 4 pk *)
e (L= prp 8t + )= "lpl + (g™ + A+ 1),

where p = —b/2c. The j-th term of g¢® is now

1 . . i
g = o (caiip’ —ag(j — 1o’

+HG -G —kp’ = HG -mBgP(—mp'™}.  (59)
In particular, g = (cg¥np" — ag®(n — 1)p"" + (n — k)p"*}/pc and
1
0=— (cg1”(n + Dp™"' — agPnp" + (1 + 1 = 0)p™'~* — Bg®p).
pc

If the inverse exists, then g\ and g® form a unique solution pair and hence we must

have
A = —acp™ + p"(ac(n + 1) —af(n — 1)) —aB #0, (5.10)
and
gl =01/8, ¥ =4,/4, (5.11)
where
Ay =—p" etk —1)—p"fa(n+1—k) and (5.12)
A, = —p* Nk ck — p"' K B(n — k). (5.13)

THEOREM 5.1. Let the inverse of the matrix A, be denoted by

Go=(gV1-18").

If b> — d4ac # O, then the necessary and sufficient condition for the inverse to exist
is that (5.5) holds for some ¢ € {z € C| 0 < Rez < 2m} that satisfies (5.3).

Furthermore, if the inverse exists, then g%, 2 < j < n — 1, are given by (5.4), while

J
g and g® are given by (5.6). If b* — dac = O, then the necessary and sufficient

condition for the inverse to exist is that (5.10) holds. Furthermore, if the inverse exists,

then gl(."), 2 < j <n-—1,aregiven by (5.9), while g and g® are given by (5.11).
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We remark that sufficient conditions for the existence of the inverse of A, are added
in the above result. This is valid since the above arguments can be reversed. We remark
also that since cos z is 2 -periodic, the restriction ¢ € {z € C | 0 < Rez < 27} can
be relaxed to ¢ € C. Furthermore, since if b> # 4ac, thencos¢ # £l and ¢ ¢ nZ
automatically (¢f. Theorem 2.1).

6. Inverses of some special Toeplitz matrices

‘We may now apply Theorem 5.1 for finding the inverses for several special Toeplitz
matrices. For motivation, consider the case where « = 8 = 0in A,. Let g® be the
k-th column in the inverse G, of A,. If b* = 4ac, then by substituting o = 8 = 0
into (5.10) to (5.12), we have A = p"ac(n + 1) #0and A, = —p"*a(n + 1 — k).
Substituting these into (5.9), we obtain

1 . . e
gl = p (cg®jo’ + H(G —k)p™*(j — k)

_o=pl g jn+1-k), j<k,
Tpctn+1) " |k(n+1-j), j=k

After finding g®, we may directly reverse the arguments leading to Theorem 5.1 and
conclude that G, = (g | g@ [ --- | g™).

Now let us suppose that b?> # 4ac. Suppose also that the inverse G, of A, exists
and is of the form (5.1). Then substituting ¢ = 8 = 0 into (5.5)-(5.7), in view of
Theorem 5.1, we necessarily have cos¢ = —b/2pc, ¢ € C,

A = p"acsin(n + 1)¢psing #0 and A, = —ap"*sin(n + 1 — k)¢ sin¢.

Substituting these into (5.4), we have

1 —p/~*sin jpsin(n +1 — k)¢ ik o
® j k '
6 H(j —k)p’ —k
8 pcsing ( sin(n + 1)¢ THUZDp s = be
B —pik 3 sin jgsin(n + 1 - k)¢, j <k,
" pcsingsin(n + )¢ |sinkgsin(n +1— j)p, j > k.

Once we have found g;."), then if sin(n + 1)¢ # 0, we may reverse the arguments
leading to Theorem 5.1 and conclude that (g | g@ | -- - | g™) is our desired inverse.
On the other hand, if sin(n + 1)¢ = 0, then A = 0 and by Theorem 5.1, the inverse
of A, does not exist.
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6.1. The case where« = +aand 8 =0

THEOREM 6.1. Suppose a = a and B = 0 in the matrix A,,.

(i) Suppose b? # 4ac. Then the inverse G, of A, given by (5.1) exists if, and only
if, cos¢ = —b/2pc for some ¢ € Cand sin(n + 1)¢p — p" singp # 0. Furthermore, if
it exists, then

g® = —p™
! pcsing (sin(n + 1)¢p — p" sing)
y sin j¢sin(n + 1 — k)¢ + p"sin(k — j)¢sing, j <k,
sink¢ sin(n + 1 — j)¢, Jj =k

6.1)

(ii) Suppose b* = 4ac. Then the inverse G, of A, given by (5.1) exists if, and only
it n+1— p" #0and, if it exists,

o —pik jn+1—-ky+p"k—j), j<k,
g =——r _ i (6.2)
pc(n+1—p" k(n+1-—j), Jjzk.

PRQOF. Suppose the inverse of A, exists and is of the form (5.1). If b? # 4ac, then
substituting @ = a and 8 = 0 into (5.5)—(5.8), we necessarily have cos¢ = —b/2pc,
¢ €C,

A =acp” (sin(n + 1)¢p — p"sing) singp # 0,
Ay = —ap"* (p" sin(k — 1)¢ +sin(n + 1 — k)¢)singp and
A, = —cp™'*sinkgsin .

Substituting these into (5.4), we obtain

w _ P (p'sin(j —k)psing —sin(n+ 1 — k)$sin j¢
;T pcsin ¢ sin(n + 1)¢p — p"sin¢

+ H(j —k)sin(j — k>¢),

which is equivalent to (6.1).

Once we have found g}"), then if sin(n + 1)¢p — p" sin ¢ # 0, we may verify that G,
is the inverse of A,. On the other hand, if sin(n 4+ 1)¢ — p" sin¢ = 0, then the inverse
does not exist.

If b2 = 4ac, then by substituting & = a, B = 0 into (5.10) to (5.13), we necessarily
have A = acp"(n+1—p") #0, A = —ap" X"tk — 1)+ (n + 1 —k)) and
A, = —p™*'~*ck. Substituting these into (5.9), we obtain

g® = Pl [p"(j—k)—jin+1—k)
/ pC n+1-—p"

+H(J'—k)(j—k)],
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which is equivalent to (6.2). Once we have found gﬁ"), thenif n 4+ 1 — p" # 0, we
may verify that G, is the inverse of A,. On the other hand, if n + 1 — p" = 0, then
the inverse does not exist. The proof is complete. a

Suppose @ = —a and B = 0 in the matrix A,. We may follow the same arguments
to show the following. (i) Suppose b? # 4ac, then the inverse G, of A, given by (5.1)
exists if, and only if, cos ¢ = —b/2pc forsome ¢ € Candsin(n+ )¢+ p"sin¢ # 0.
Furthermore, if it exists, then
® _ —p’*
& = pcsing (sin(n + 1)¢ + p" sin ¢)

9 sin j¢sin(n + 1 — k)¢ — p"sin(k — j)¢psing, j <k,
sinkgsin(n + 1 — j)¢, j=k.

6.3)

(ii) Suppose b? = 4ac, then the inverse G, of A, given by (5.1) exists if, and only if,
n+ 14 p" # 0and, if it exists,

oo =P Her1-b k=), <k,
T+ 1+pm)  |k(n+ 1 - ), j>k.

As we have seen, the derivation of the explicit formulas from Theorem 5.1 are
straightforward. Theoretically, we can obtain formulas for arbitrary o and 8, though
in most cases those formulas may be complicated in form. But at least we can obtain
elegant formulas for some special combinations of a and 8. Some of the results
are presented below without proof for comparison and quick reference. The proof is
simple and may be obtained in a way similar to that of Theorem 6.1.

6.2. The case wherea« =0 and 8 = *¢

THEOREM 6.2. Suppose @ = 0 and B = c in the matrix A,,.

(i) Suppose b® # 4ac. Then the inverse G, of A, given by (5.1) exists if, and only
if, cos¢p = —b/2pc for some ¢ € Cand p"sin(n + 1)¢p — sin@ % 0. Furthermore, if
it exists, then

® _ —p
& pcsin ¢ (sin(n + 1)¢ — p~" sin¢)
y sin j¢ sin(n + 1 — k)@, J <k,
sinkgsin(n + 1 — j)o+ p~"sin(j — k)@sing, j > k.

(ii) Suppose b* = dac. Then the inverse G, of A, given by (5.1) exists if, and only
if, p"(n + 1) — 1 # 0 and, if it exists,

o0 = —pik i+ 1=k, j <k,
Topcn+1—=p  lk(n+1=)D+p (G —k), j=k.

https://doi.org/10.1017/51446181100003424 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100003424

[21] Explicit eigenvalues and inverses of several Toeplitz matrices 93

Suppose o = 0 and B = —c in the matrix A,.

(i) Suppose b? # dac. Then the inverse G, of A, given by (5.1) exists if, and only
if, cos¢ = —b/2pc for some ¢ € Cand p" sin(n + 1)¢p + sin¢ # 0. Furthermore, if
it exists, then

® _ —p™
/ pcsing (sin(n + 1)¢ + p~" sin @)
9 sin jg sin(n + 1 — k)¢, Jj <k,
sinkgsin(n+ 1 — j)¢p — p™"sin(j — k)¢sing, j > k.

(ii) Suppose b* = dac. Then the inverse G, of A, given by (5.1) exists if, and only
if, p"(n + 1) + 1 # 0 and, if it exists,

R v VLGl OF Sk
Topcnt 1407 lk(n+1=j)—p(j—k), j=k

6.3. The case where a = *a, 8 = *c

THEOREM 6.3. Suppose ¢ = a and B = c in the matrix A,.

(i) Suppose b* # 4ac. Then the inverse G, of A, given by (5.1) exists if, and only
if, cos¢ = —b/2pc for some ¢ € C and p** — 2p"cosnd + 1 # 0. Furthermore, if
it exists, then

0 _ o
J pcsing (p" — 2cosng + p™)
o |psink— g +sin(n+j - k)¢, j <k,
p"sin(j — k)¢ +sin(n +k — )¢, j =k

In particular, when a = c,

g  SinGlk = j1g) + sintn ~ |k = e

J 2asing (1 — cosng)

(ii) Ifb* = 4ac and p" # 1, then the inverse G, given by (5.1) exists and

® _ p/* NPk DH -k, <k,
Topc(pn =240 " oG-k + (k=) j2k

In particular, when b = 2a = 2c and n is odd, then g = (=1)/~*(n — 2|k — j|)/4a.

Ifb =2a =2candn is even, or b = —2a = —2c, then p" = | and the matrix A, is
singular.
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Suppose a = —a and B = —c in the matrix A,.

(1) Suppose b® # 4ac. Then the inverse G, of A, given by (5.1) exists if, and only
if. cos ¢ = —b/2pc for some ¢ € C and p* + 2p" cosnd + 1 # 0. Furthermore, if
it exists, then

g% = pI
J pcsing (p" + 2cosng + p~")

5 [p” sin(k — j)¢ —sin(n+ j — k)¢, j <k,

pT"sin(j — k)¢ —sin(n+k — j)¢, j=k.
In particular, when a = c,

w _ sin(lk — jl¢) —sin(n — |k — j|)¢
8= 2asin¢ (1 + cosng) '

(ii) Ifb* =4ac and p" # —1, then the inverse G, of A, exists and

2 = P Jek—p-@mti-b, i<k
J pc(@"+2+p") p"(j-k)—n+k—-j), j=k.

In particular, if b = —2a = —2c, then
g’ = @Ik - jl = n)/4a. 6.4)
If b = 2a = 2c and n is even, then
g = (=)™ ~2lk — j})/4a. 6.5)

Ifb = 2a = 2c and n is odd, then p" = —1 and the matrix A, is singular.

7. Examples

We give two applications of our explicit formulas.

EXAMPLE 1. In the synchronisation problems of artificial neural networks [11], we
encounter the tridiagonal Toeplitz matrix with a = ¢ = 1, b = —2 with the corners
o = B = —1. Theorem 4.3 gives the eigenvalues and eigenvectors for such matrices.
As a numerical example, consider the following matrix:

-2 1 0 -1
1 -2 1 0
A=lo 1 2 1 7.D
-1 0 1 =2
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By Theorem 4.3, we have

2k — 1
Ak=_2+2cos(—4)£1 k= 1,213’4’

which gives A = Ay = —2+4++2and Ay, = A3 = —2 — /2. Since a = c, the
eigenvectors may be obtained by either (4.17) or (4.18). By (4.17), we have

u(,)z(ﬁ VI . V2 V2 _1)’.

2 T ThT T
By (4.18), if we take ¢, = 1 and ¢; = O, then ¥ = (v/2/2,0, —=+/2/2, —=1)1; if we
take ¢, = 0 and ¢; = 1, then u®® = (+/2/2, 1, 4/2/2,0)". It can be easily checked
that they are the correct eigenvectors corresponding to A;.

We remark that our theorem is also applicable when b = 2. An inspection of (4.16)
to (4.18) reveals that only X, depends on b. Thus the eigenvalues of the matrix

0 -
1 0
2 1
1 2

2 1
1
B, = 0 12

QO = N =

-1

are given by A, = A, = 2+ +/2 and A, = A; = 2 — +/2, with the corresponding
eigenvectors unchanged.
The inverses of (7.1) and (7.2) may be obtained by (6.4) and (6.5) in Theorem 6.3

as
-2 -1 0 1 2 -1 0 1
If-1 -2 -1 0 1f-1 2 -1 0
-1 _ = -1 _
A= o o1 2 o ™ B=gle o1 o2
1 0 -1 -2 1 0 -1 2
respectively.

EXAMPLE 2. Consider the following three-point boundary value problem [12] of
the form

Azuk—l+uk=f(uk)’ k=1,2,...,n,

Ug = auy, Uny = 0.

(73)

In matrix form, this may be written as

Au = F(u),
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where u = (u1,...,u,)', Fw) = (f(u1), ..., f(u,) and

-1 1 0 ver @ e 0 0

1 =1 1 -~ 0 -~ 0 0

0 1 =1 - 0 -« 0 0
A, =

0 0 0 - 0 -~ —1 1

0 0 0 -~ 0 --- 1 -1

nxn

A necessary condition for the system (7.3) to be solvable is that A, is invertible. In
the case where [ = n and @« = %1, Theorem 6.1 offers some help. As a numerical
example for/ =n =6and o = —1, since p =1,

1 =n b4 T /4 3
— _l_——_ 1 — 1 — 1 —— — —
¢ =cos 2=3 and (sm3)(sm3 +s1n3)—2;é0,

we see that the inverse exists and is given by (6.3) as

jm (T -kn L k=jm . 7w
—sin sin —

© __2 5 sinTsin 3 3 3 Jj <k,
TN P ). 2k
3 3 J=5
which yields
-1 1 0 0 0 -1\ 0 2 20 -2 -2
1 -1 1 0 0 0 1 1 21 -1 =2
0 1 -1 1 0 0 _ 1 1 1 01 1 0
0 0 1 -1 1 0 “12]10 0 00 2 2
0 0 0 1 -1 1 -1 -1 01 1 2
0 0 O 1 -1 -1 -1 01 1 0
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