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PROPAGATION OF SINGULARITIES 
FOR SEMILINEAR HYPERBOLIC EQUATIONS 

LINQI LIU 

ABSTRACT. In this paper we use a particular kind of weighted Sobolev space and 
pseudo-differential operators to study H3s propagation of singularities for the solution 
u G Hs of the equations with second order. 

1. Introduction. From 1978, B. Lascar [7], J. Rauch [11], M. Bony [5], M. Beals 
and M. Reed [4] and others obtained H2s propagation of singularities for solutions u G Hs 

of nonlinear partial differential equations. From 1983, M. Beals [3], Lingi Liu [9], [10] 
obtained //^propagation of singularities for Du =/(«), n = | ^ — E ^ 1 ^ - . M . Beals [2] 
and J. Y. Chemin [6] obtained H3s propagation for second order nonlinear equations. 
In this paper, we mainly study H3s propagation of singularities for Du - f(t,x, u, Du). 
We use a particular kind of weighted Sobolev space [9], [10] and the idea from [12], 
[4]. All previous main results of propagation of singularities theorem, as described in 
Corollary 1.7, used in the wave equations • u =/(/, x, w, Du), are shown by the following 
table. 

1981 
1982 
1985 
1986 
1991 

M. Bony [5] 
M. Beals and M. Reed [12] 
M. Beals [2] 
J.Y. Chemin [6] 
In this paper 

r < 2s - \ -
r<2s-\-
r < 3s — n -
r < 3s — n -
r < 3s — n -

- 1 
- 1 
- 2 
- 2 
- 1 

In this paper, we normally only consider s,r,a,(3 > 0 and write ((r, £)) = 

(1 + | (T,0 |2) ' / 2 . 

DEFINITION 1.1. Let (f0, *o, T0? CO) G lRn
 X (Rn \ 0). If there exists a smooth function 

tp{t,x) G Co°(Rn), supported near (fo,*o)> ^ o ^ o ) = 1 and a conic neighbourhood 
r C r \ 0 of (TO, CO) such that for a, /? > 0 

(i) ( ( r , O r ( r - | C l ) a ^ ( T , O e L 2 ( r ) 
(ii) {{T,0)r{T-Ww(T,OeL2<T) 

we call u 6 (Hs)ap n (Hrfp (t0 ,*O,TO, £o)> ^i - Dt — \DX\. It is the same to define 
(H%n(HrfP2(t0lX(hTo, Co) forP2 = D, + \DX\. 
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836 LINQI LIU 

THEOREM 1.2 [9]. Letut G (H*)?, n(Jf)ÊM(fo,*ô,To,£o), V = 1 or2. If 

\s + a>\, 5 - / 3 > ^ r
1 

r + /3 < s\ +s2 + 2a- \ 
r + (3<Sl+s2-^, (r0,Co)GA^ 

[ r + /3 < 5i + 52 + a - ^ , (r0, CO) £ #M 

thenuxu2 G (Hr)p^to,x0,T0^o).Ifs-a> ^also,uxu2 G ( / / ^ n ( / / % / ^ * o , T 0 , Co) 
whereNx = {(r, 0 ; r >]C|},^2 = {(r, 0 ; - r > |C|}-

DEFINITION 1.3. If M = vi + v2, nWF(vf) = Eh v* G (#*)?:, i = 1,2, Pi = Dr - \DX\, 
P2 = A + \DX\9 £i = {(r, 0 ; r > 0}, P2 = {(r, 0 ; r < 0} we'say u G (Hs%\ ©(//*)£• 

DEFINITION 1.4. If there exists 92 G Cg° jn—1 ), supported near (to,xo) and 
<p(*o, x0) = 1 such that pu G (#* )£< © (/P2)£2, then we say M G (/P1 )£' © (#52 )?(*<), x0). 

THEOREM 1.5 [9]. Let f:^ —• C, / G C°°, w7 G (/P)^ 0 (/P)^(r,jc) and uj G 

Pa 
(Hrt(to,xo,T0,do)J = h2,...,N.If 

then 

and 

r + f3 <2s + 2a-\ 
r + /? < 25 - ^ , (TO, 6 ) £ CharP^ 

[ r + /3<25 + a - ^ r
1 , (T0, Co) G CharPM 

fim,u2,...,uN)e(/P)?, e(HsfPM,*>) 

f(U\,U2, ...,UN)e (/P)pM(*0, Xo, T0, Co)-

Let g\ and #2 be positive functions in some domain. If there exists a constant c > 0 
such that gi < cg2, we write gi < g2. If ci, Q > 0, such that cigi < g2 < c2g\, we 
write g 1 ~g2. 

We often use the following lemmas. 

LEMMA. Let K: Rn x Rn —• C be a locally integrable measurable function and there 
exists a constant c > 0 such that either sup^ J \K{^, Ï])\2 dr\ < c2 or sup7] j \K(£, r])\2 d^ < 
c2. Then 

<c\\g\\o'\\h\\L2 \JK{ï,rj)g<£-rj)h{rj)dr) 

for all g, h eL2. 

LEMMA [9]. Let St > 0, at > 0, / = 1, 2. If 

L2 

S\ + 5 2 > 2 

5i +52 + OC\ + a2 > I 
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PROPAGATION OF SINGULARITIES 837 

then 

r dXdrj 
*U?jRnxRn-1 ((\.n))2si((\ - \n)\)2^((r-X. £ - n))2^(r-X - \£ - n\)2^ < °°* (r,0 ' 

Notice that if (À + |r\|) replaces (A — 1771), or {(r —À + |^ — r/|) replaces (r — À — |£ — r/|), 
or both replace them, the convergence of the integral does not change. 

The main results in this paper are the following. 

THEOREM 1.6. Let u G //foc(£2), s > § + 1, be a solution in QcRnforUu = 
/ ( / , x, «, Du),f G C°°, 7 be a null-bicharacteristicofu passing through (to, *o? To, Co)- #* 
W G ( / / ^ ( ' O , * O , T 0 , C O ) 

W /3/x < * - ^ 
fii) r^+fi^ <3s-n- I 

then u G (fTofj (7). 

COROLLARY 1.7. Létf w G Hs
loc(Çl), s > % + 1, be a solution in £1 C Rn forDu = 

f{t,x, w, Du),f G C°°, 7 &£ a null-bicharacteristicofu passing through (7o,*o?7o, Co)- #" 
« G //r(^o? ̂ o5 TO, Co) 0wd r < 3J — « — 1, then u G //r(7). 

2. Local regularity of solution. 

PROPOSITION 2.1. Lef Pm(f, x, T, 0 G S™o- Pm = Pm(t, x, D) is a proper pseudodiffer-
O n 

ential operator, u G £>'(£!), (t,x) G £1, u G (Hr)p (^O,XO,TO, CO), where r, f3 are any real 

number. Then Pmu G (Hr~m)p (^o,xo,ro, CO)-

Arcd if Pm(tjX7T, £) ̂ ^ compact support for (t,x), T CC Tj C IR" \ 0 are conic 

neighbourhoods of (TO, CO)? ?̂ °^ ^ /? 0 ^ any real numbers, then for \/u G (HS)P PI 

(//r)p (T\ ), there exists a constant c > 0 s«c/i that 

\\PmU\\(Hr-mf ( r ) <
 C\\U\\{Hsr fXHr)p ( r , ) 

| |Pmw||(//,-W)? < c||ll| |(//o? 
Pfi Pu 

PROOE We prove it only for p, = 1, that is Pi = Dt—\DX\. We suppose that Pm(£, JC,T, £) 
and «(f, x) have compact support for (£, x). 

/ V / ( T , C ) = ~ (Pk\,ri,T-\,Z-r))ù(T-\,i-r))d\dT). 
(2ix)n J 

Notice that Pm(t, x, T, C) G S™o n a s compact support for (r, x), then there exists a constant 
CM > 0 for any M > 0 such that 

K<A,,.r-«-„|<^-A'«-"»" 

Notice that if (r, 77) G T CC Ti, then there exists a constant eo > 0 such that 
(r - A,£ - 1/) e T, for |(A, i/)| < £0\(T, £)|. 
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(1) If |(A, IJ)| < e0|(T, 01- So (T - A, £ - rj) € H , and u e ( # % , , we have 

1 f < ( T , 0 r m ( T - | 4 | ) ^ ( A , I / , T - A ^ - » / X ( A , » j ) ) ^ 
= - ! - / 

(2TT)" J (27r)»y ( ( r - A ^ - ^ r - A - l C - r ? ! ) ^ 

1 { ( T - A ^ - j j ^ T - A - l C - J j D ^ T - A ^ - ^ d A d » , 
<(A,*?)> 

= ( 2 ^ / / W l ^ 

where A4, gi and/i denote the obvious factors respectively, and gi,/i G L2. 

„ < ((r,Or(r-|^ 
' ~ <(T-A^- f / ) ) ' - ' »<T-A- |^ -» / | ) ^ (A, f7 ) )« -

By 

( r - | ^ | > < ( T - A - | Ç - » , | > + ((A,»,)), ( r - A - | C - ^ | ) < ( T - | C | ) + ((A,r,)), 

((r, 0) < <(T - A, £ - IJ)> + {(A, T,)), ((T - A, £ - r,)) < ((r, 0 ) + ((A, ??)), 

for —oo < r — m < oo, —oo < /3 < oo, we always have 

* < l 

1 ~ ((A, »j))M-I^H-l/3|' 

(2)If|(A,T/)|>e0 |(T,0|. 
Using w € (//s)p, and \(T - A, £ - rç)| < c|(A, r/)|, we have 

((r,orm(r-i4i)^"(r,o 
1 / • < ( T , 0 r m ( T - k | > ^ ( A , r / , r - A ^ - ^ ) { ( A , 7 ? ) ) ^ 

(2TT)W {(-r - A, ^ - 77)>-{T - A - |Ç - T?!)» 

• — - ^ r • ((r - A, £ - 77)>S(T - A - |£ - v\)
a M(T - A, £ - ,,)d\ dv 

= ( 2 ^ / * 2 g L ^ A J r ' 

where ^2, gi and/2 denote the obvious factors respectively, and g\ ,fi G L2. 

( ( r , O r m ( r - k | ) ^ 
K2 < 

< 

<(r - A, £ - 77))—(r — A — |C — ^l)a((A, ??))M 

1 
((A, i^Af-flr-mMfl+ls-ml+M) * 

Notice that M > 0 is any constant, so sup(T ̂  J ^ 2 d\dr] < 00, i = 1, 2. 

llpmMll(tf™)£i(r) -
 c'lwll(//^in(H'-)^(r1) 

Let r = 5, a = /3, so ||Pww|I(//*-«)« < CIMI(#5)2 • 
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PROPAGATION OF SINGULARITIES 839 

PROPOSITION 2.2. Let (r0, *o, TO, CO) G r*(Q) \ 0, oq G Sm is elliptic at (r0, x0, r0, Co), 

u G 2)'(Q), qu G (//*)£>, *o, TO, Co). T t o a G ( / / ^ a 0 , x 0 , T 0 , Co). 

PROOF. Set erg G S~m such that crg^f, x, r, C) = 1 in a conic neighbourhood of 
OO,XO,T0, Co), so OO,XO,TO, Co) £ WF(u - Qqu). By Proposition 2.1, Qqu G 
( / /^)^(ro ,Xo,T 0 , Co), SO u G ( / / ^ ) ^ o , * o , T o , Co). 

LEMMA 2.3. L^ w G H\0C(Q) is a solution ofn\u= f(t,x, u,Du) in Q C Rn, where 
o 

f is a c°° function ofu and Du, u G (//J)?, © (f/5)£(fo? •**))> (*o,*o) E £2 (mrcer o/QJ. /f 
j - a > ^ , j > a + l, ffa?/i u G {Hs)ap[x è (//0?2

+1('o,*o). 

PROOF. We suppose that w and/ have compact support already. We know/(w, Du) G 
(Hs-%®(Hs-%(to,x0). 

Let (^O,XO,TO, Co) be elliptic for • = Dj — Y<D2
X, and Uu = f(t,x,u,Du) G 

# ' - 1 + a ( ' 0 , * ) , 7 i ) , Co), SO U G / P + 1 + « ( % * 0 , T 0 , Co). 

Let(/o,xo,To, Co) be a characteristic point of P^, sow G (7/*)P+1(/O?*O,TO, CO)? M = 1?2. 

THEOREM 2.4. Létf w G Hs
loc(£l), s > \ + 1 be a solution toUu = /(f,x, w, DM) m Q C 

R", where f is a c°° function of t,x, u and Du. Then u G (//*)?, e(/P)£2(f,jt), V(f,x) G Q 
for any 0 < a < s - ^ r , w/zere Px = Dt - \DX\, P2 = Dt + |DX|. 

3. Propagation of singularities. 

LEMMA 3.1 (COMMUTATOR). Suppose P(j, C) G S\ 0, P = P(D), b0(t,x,T, C) G S??0, 
Bo = bo(f? *, £>), Au(t, x) = a(t, x)u(t, x). 

If 
f 0<£< r-^,si - l + £ > 0 
I j + a - £ > f, ^ - / 3 - £ > ^ 1 , r + / 3 - £ > f 
< r + f3 + £<s\+S2 + 2a-^ 

r + fi + e<sx + s 2 - ^r1, ( T O , C O ) ^ ^ 

[ r + /? + e < s{ + s2 + oc - ^ , (r0, Co) £ A^ 

and 

a(f, x) G (//*' ) ^ H (#" )^(r0, xo, TO, Co) 

v(t,x) G ( / / % H (mfp^xoTo, Co), 

then [50,AP]v G (Hr-l+£fp (t0,xo,T0, Co), r = min{ri,r2}, and if 5 + a - £ > ^ , 

£ < | t e — J+ 1), then 

[£0,AP]v G (//^1+£)pM n(if^1 + e)^ ( r 0 , ^ , r 0 , 6 ) -
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PROOF. It is assumed that a(t, x), w(f, x) and Z?o(̂  x, D) are supported sufficiently near 

Oo, XQ). 

[B0,AP]v(t,x) 

= j^rn J Jel(m+X°â(\, ri)[b0(t,x, a,Qp(a-\, £ - r/) - <7/y,0(f,*, a - A,C - r/)] 

v(a — \,Ç— rj)d\dr]da d(. 

By the calculus of pseudodifferential operators, 

<7poBo(f, x, a - A, C - r]) = p(<r - A, C - ri)b0(t, *, 0" - A, ( - r/) + RQ(t, x, a - A, C - ??) 

where CTR0 £ Ŝ  0 . SO 

T * O , A P ] V ( T , 0 = ^ / ( ( T - A , ^ ^ 

+ ^ / ( ( r - A, £ - r ? ) ) 1 " ^ - A, £ - T7)v2(A, rj) d\ drj 

where 

MX'v)=wJ ( ( T - A , € - ^ -
p(X — cr, 77 — 0^(A — (7,7] — Q da dC, 

~ (\ ^ ! / X ^ C A - a ^ - Q , ^ . . . . . 
V | ( V ? ) = ( 2 ^ . / ( ( r - A , $ - „ ) ) • - ' v ( A - a , q - O r f ^ . 

It is easy to prove 

b > , C, T - g , C - 0 - i 0 V , C , A - g l t ) - 0 
< 

{(r-A,C-»7)>'-e ~ « ^ " ' « A - ^ - C ) ) 1 - - " 

We prove the lemma only for [i - 1, i.e. P\=Dt— \DX\. Let £0, H and T be the same 
as the ones in the proof of Theorem 2.1. 

We suppose v G (/T2)£ (H). It is sufficient to prove V| G ( / T 2 - ^ (O, v2 G 

(tfr2)£,(r). 

(l)If |(ff,Ol<eo|(A,»?)| ,eo<l. 
Notice that ( A - C T , ? 7 - 0 G r , , v G (W2)^(r,)and |(A —cr, T; —Ol > (\-£0)\(Kv)\-

( (A,77))^-& (A- |7 7 |> ' 3V ] (A,Ï 7 ) 

1 y {(A, 77))̂ -£<A - M>"[^(<7,C,T - a, ̂  - 0 - b£(a,Ç, X-a, r, - Ç)] 
•y 7 (2TT)» J « T - A, £ - »/)>'-'«A - a, »? - 0>r2(A - a - |r? - Cl>" 

p(X - a, j , - 0<(ff, 0 ) ^ • 7 7 - ^ r • ((A - T, r; - 0 ) " 

(A - cr - |r? - C| )'jv(A - a, r? - 0 ^o-JC 
1 r 
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where K\\,g\,f\ denote the obvious factors respectively and g\,/i G L2. 

< 

({\-a1i1-oy^(\~a-\n~c\Y((<y,o)M 

l 

We also have ((A, T?))(A - M}3v2(A, T?) = ^ /AT2i^i/i dadC, 

A21 < 

< 

((T-\^-r1)^((X-a,V-QY2(\-a-\V-C\y((a,0}M 

1 
( ( a , 0 > ^ -

(2)If|(<7,0|>eo|(A,»j)| 

( (A.^-^A-l^^vKA,»,) 

1 / - ( ( A , î / ) ) ^ { A - | r ? | ) ^ ( ( T , C , T - a ^ - 0 - ^ ( a , C , A - a , 7 ? - 0 ] 
(2TT)" i (2TT)» J <(T - A, £ - 77))'-£((A - a, r, - 0>*2(A - a - |J, - C|)a 

p(\ -a,q- Q((a, Q)? • * • ((A - a, j? - C)>*2 

<A — cr — |T7 — Cl)"v(A - a, jy - 0 ^ r f < 

where ^12, gi and #2 denote the obvious factors respectively and g\,g2 G £2-

{(A,7 ?))^(A-|r , | )" 

< 

((\-a,V-QY^(\-a-\V-Ç\)"((a,0)M 

1 

It is the same that {(A, r?))^{A - M ^ A , v) = j^r SK22gig2dad( 

( (A , I J ) ) ^ (A- |» J |>^ 
^22 < 

< 

( ( r -A 7 C-r7)) 1 - £ ( (A-a ,7 7 -0)^(A-a- | r / -C | ) a ( (^0) A / 

1 

<(",0> M-r2-(3 ' 

.*. sup I KldadÇK +00, ij=\,2. 
(A,*7)" 

It is not difficult to prove several following commutator lemmas. 

.-.V! e(Hr^£t(n v2e(Hr2t(r). 
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LEMMA 3.2. Suppose BQ = bo(D), bo(r, C) G S°{ 0, 0 < s < 1, £/ze other conditions 
are the same as the ones in Lemma 1.4, then the result in Lemma 3.1 is valid. 

LEMMA 3.3. Supposep(r, C) G S\ 0, b0(T, Q G S^0, and 

I s-/3-£> ^r1, s + ct-e> | 
[ r + /3 + £ < s i + s 2 + 2a—f 
[ r + /3 + £ < s i + S 2 + o : - ^ 

(7) //a(f,*) G (ffOp, n ( / / 0 ^ , * o , T 0 , £ o ) , (TO, Co) G CharT^ U NU v(t,x) G 

(H^)?2,n\VF(v) C E2, then [b0(D),a(tJx)P(D)]v G (i / r-1 + e)^(r0 ,^ ,ro, Co), 

(2)Ifa(t,x) G (#*)?,, nWF(a) C Ei, v(f,*) G (//*2)?2 H (//r)£2(fo,*>,T0, Co), 

(TO, CO) G Char P2 U tf2, rten [b0(D), a{t, x)P{D)v G ( 7 / ^ ) ^ 0 , *or0, Co). 
(3) 7/" we substitute P2lN2l £"2 ^wJ 52 /or Px,Nx,Ex and sx respectively at the same 

time, the results are valid also. 

THEOREM 3.4 (COMMUTATOR). Let p ( r , 0 G Sj0 , b0(r, C) G S% and v, <z(f,jc) G 

(#*)?, ©(#52)?2ft>,*>); v,a(t,x) G (770^o,xo,r0 , Co), (r0, Co) G Char/V * < r, 
i= 1,2.7/ 

f 0 < £ < 1, r + / 3 - £ > f 
J ^ — /? — e > ^ , 5 + a — £ > | , s = minj^i,^} 
I r + /3 + £ < s i + S 2 + 2 a - | 
[ r + /3 + £ < 5 i + 5 2 + a : - ^ 1 

rten [fc0(D), a(f,*)P(Z»]v G (/r-1 + £)^o,*o,To, Co). 

PROOF. It is supposed that v and a(t,x) have compact support already, and \i - 1, 
r0 > 0. Let vhai9 i = 1,2 satisfy v/,^ G (//*)£,; nWF(v/), nWFfe) C £, and v = 
vi + V2, a = ax + a2. Notice that [bo(D), a(t,x)P(D)]v = [bo,a\P]v\ + [b0laxP]v2 + 
[bo,a2P]vx + [£o, a2P]v2. By commutator Lemmas 3.2 and 3.3, each term belongs to 

(//-1 + £)^ao,X0 ,To,Co). 

PROPOSITION 3.5. Let real kx G S\,0(^
n_1), /?o(', *, T, C) G S%. Suppose projection of 

compact set K on the space (r, C) G lf̂ n w independent of(t, x). If s — (5 > ^ , s + a > \, 
r + (3 > \, and 

(i) w G (Hr-lfp , UWF(w) CC K 

r"> « e (HTP n (Hr)n (K), r > s 

C«0 5 G (Hr-l+e)0
Pi(K), 0 < e < 1 

(ïv) w e (Hr~i+£fp ,neart = 0. 

and (Dt - kx (Dxj)w = a(t, x)P0(t, x, D)w + g, then w G (ifr~1+e)^. 
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PROOF. Suppose that a(t) > 0 with a(0) = 1 is smooth, supported sufficiently near 
0, such that aw G (Hr~l+£fp . Let at(s) = a(t - s), and 

F(t) = \\atw\\2
 £)0 

= (qa(s)w(t — s), qa(s)w(t — s)) 

where q = Ar~1+£(P/i)
/5, A = (D), the inner product is for (s,x) G Rw. 

—- = (iqatk\w, qatw) + (gafw, iqatk\\v) 
at 

+ 2 Re{(/^a^/70w, gafw) + (i#ar,g, ga,w)} 

= h +I2 + I3+I4 

where //, / = 1, 2, 3,4 denote the obvious factors respectively. By the calculus of pseu-
dodifferential operators, we know 

\h\<c+\\atw\\*f 

\h\ < c[\(BQ(pqatapow,qatw)\ + \(R*qatap0w,qatw)\] 

< c(\\B*0atap0w\\:
(
l
 x p + \\octw\\2 » ) + c 

Pu Pu 

< c(\\atw\\2
 ef + | |H|^_ 1 > 5 ) + c 

Pu P\i 

where o> G S -00, B\ is the conjugate operator for Bo. 

| / i+ / 2 | < c\\atw\\2
(Hr_l+£^ 

dF 
-<c(\\atw\\2

 p +\W\2
(Hr_lf +c). 

LI I fn fn 

By Gronwall inequality 

\WM\2
(Hr-^fp < 4||a0w||^r_1+e), + | |w | | ^ 1 ) j + c ) < o o . 

SoF(0) = | M l L ^ < °o. 

Suppose that Pm G S™0 is homogeneous strictly hyperbolic with respect to the direc­
tion (1,0), 

Pm(t, x, r, 0 = (r - *i (r, x, 0 ) ' ' ' (r - *«(*, *, O) 
where &;, / = 1, 2 , . . . , m are real, homogeneous of degree 1 in £, distinct for £ ^ 0 
and ki G 5} 0, 0 ? X,T, £) G lRn x [Rn. Suppose 7 is a null-bicharacteristic of Pm passing 
through (Yo,xo,T0, £o),7 C cXx = {(t,x,r, 0 ; (r, 0 ^ 0, r = k\(t,x, 0 } , then we can 
choose bo{t^x^r1 £) G 5% which is elliptic near 7. Because the principal symbol of 
i'[Pm(f,jc,D), fco(f?*, £>)] is Hpmbo, we can choose fco(f,*,r, £), whose conic support is 
sufficiently near 7, such that [Pm, Z?ol has order m — 2. So 

Pm(f,x, D)b0(t, s, D) = (Dt - h(*,x, Dx))qm„x{t,x, D)b0(t,x, D) 

where qm^\ G S^1 elliptic near 7. 
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THEOREM 3.6 (PROPAGATION OF SINGULARITIES). Suppose Pm(D) is a strictly hy­
perbolic homogeneous pseudodifferential operator ofdegree m>2, PI(T, £) G S™^1, 7 
is a null-bicharacteristic ofPm passing through (fo, *o? TO, Co) ^Rn x Rn \0. If 

s ~ (3 — £ > ^ , 5 + a — £ > | , 5 = min{si,S2} 

] r + /3 + £ < ^ i + ^ 2 + 2a—f 
r + /3 + £ < 5 1 + 5 2 - ^ , (T0, Co) GA^ 

i r + /3 + £ < 5 1 + ^ 2 + « - I T i , ( r o , C o ) ^ ^ . 

f/j v G (m+m-2)a
P n (Hr+m-2t (7) 

(//) a,(*,*) G {m)in(Hrfp{i\f G (//^1+£)^(7) 

fiiij vG(//r+m-2+£)^ao,x0,ro,Co). 

and (PW(D) + Ia£(f, *)P*(D))v = / , f/œn v G (//™-2+£)^(7). 

PROOF. Choose /?o G S^ 0, as mentioned previously. 

fco/ = Pm(D)b0v + Za,(*, x)Pi(D)hv + [to, ̂ mlv 

+ Z[fc0, A£P£A-(m~2)]Am-2v - £^P£[£0 , A_(m"2)]Am-2v. 

Obviously [fe0, ̂ m]v, 6Q/ G (//r~1+£)^(7). By Theorem 1.3, it follows that 

^(f,*)(P£[Z?o, A"(m_2)]Am"2) G (HYp^n(Hr~l+%(l). 

By commutator Lemma 3.1, we have 

[b0lAiPiA-(m-2)]Am-2v G (ff5-1+e)^ n(H r"1 + e)^(7). 

As mentioned previously, we have 

Pm/?o = (A - kx{Dx))qm-x{D)bQ. 

Let <?-(m-i) G 5^m _ 1 ) , such that <?-(#*-ltfm-i = 1 in suppb. Write Pt = P^_ (m_i), 
w = (7m_i/?0v, so 

(D, - /ci(Z>t))w + Sa£(r,x)P£w = g 

where g G (//r"1+£)^(7), w G (//r~1+£)^a0,x0,ro, Co). By Proposition 3.5 w G 

(Hr~l+£fp , so v G (Hr+m~2+£fp (7). 
Notice that if a^{t,x) = 0, we obtain the propagation of singularities theorem in 

(Hs)p for linear equations with smooth coefficients, whose proof is the same as the one 
in Theorem 3.6. Because a?{t,x) = 0, the conditions in Theorem 1.3 and in Lemma 4.1 
are not necessary. So it follows 
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THEOREM 3.7 (PROPAGATION OF SINGULARITIES). Suppose that Pm(D) is a smooth 

strictly hyperbolic homogeneous pseudodifferential operator of degree m > 0, 7 is a 

null-bicharacteristic of Pm(D) passing (fo,*ô,T0, £o) £ MÏ1 x (Rn \ 0). If s - (3 > ^ , 

s + a> f, r + /3> f , 0 < £ < 1, 

(i) v £ (Hs+m-2)a
P H (Hr+m~2t (7) 

(ii) f G (Z/'-1+£)^(7) 

r«*V v € (//r+m-2+£")^(fo,xo,r0,Ço). 

andPm(D)v = / , f/ien v G (Hr+m~2+£t (7). 

4. Proof of main results. 

PROOF OF THEOREM 1.6. We suppose (T0,£O) G CharP^, otherwise w G 

7/^+^(ro,xo,To, ^o)- and // = 1, i.e. P\ - Dt — \DX\. Differentiate the equation Du = 
f(u, Du), we obtain 

Udtu =/i(w, Du)dtu +f2(u, Du)Ddtu 

where f2 is a vector. 
Set V>I(T, £) G C°°, I/J\(T,£) = 1 in a conic neighbourhood ^ of (TO, £o), and 

^ (r, £) = 0 out of the conic neighbourhood A^ 3 3 ^ i and ^1 (T, 0 is homogeneous of 
0 degree, supp^i Hchar/^ = 0-

Let v = dti/ji(D)u9 g = [ipi(D) -f2(u, Du)D]dtu + ^i(£>)(/i(«, Du)dtu). It follows that 

• v-/2(w,£>M)Dv = g. 

By Theorem 2.4, w G (#*)?, 0 (Hs)%2(t,x), V(f,*) G Q, for any a > 0 satisfying 
a < s - ^ . By Theorem 1.4, ifs-l-a> ^,f(u, Du) £ (Hs-% 0 (Hs~l)^2(t, JC). 

Seta = s— ̂ -—<5, where 5 > Ois sufficiently small, such that /3 < a, so — ^ < a— | . 
SetO < e < ±,e < $ - / ? - ^ and e < s+/3- f - 1 . By the commutator Theorem 3.4, 

W\(D)J2(u,Du)D]dtu £ (Hs-2+£)a
Px(l), sog£ (Hs~2+£)«(7). 

Set £1 = min{r — s1 e}, v £ (Hs~[+£l)p (A),XO?TO, £0) and by Theorem 3.6, v £ 

(Hs-l+£>fP](7). \îr-s<e,u£ (Hs+e*fPx(1) = (#0^(7), it is proven. Otherwise, ex = e, 

so v G (Hs~l+£fp (7). w G (Hs+£fp (7), then we repeat the above proof again. 

Suppose that we have proved u £ (Hr^£)^ (7) for r — e > s where 0 < e < \ and 
satisfying 

S-£ + (3> ^ , S-£+(3> § 

s — £ + a > ^p , ^ — e + a > f 

Ifr + /3< 1 + 2 ( J - l) + a + m i n { - ^ - , a - §}, where a = s - ^ -<5,/.e. r + /3< 

3s - n - 1, by Theorem 1.4 f(u, Du)dtu, f2(u, Du) £ (^r"1_£)p1(7). By Theorem 3.4, 

[il>i(D)J2(u,Du)D]dtu £ {Hr-2-l£fPx{l\ sog £ ( /f"2-2^ (7). And by Theorem 3.6, 

v£(Hr-%(l),sou£(Hrfp^y 
By Theorem 4.7 we obtain 
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THEOREM 4.1. Let «É //f0C(Q), Q.CVLn, s>\bea solution of Du =f(t, x, u) in Q, 
where f G c°°. 7 is a null-bicharacteristic ofU passing through (to, XQ, TO, £O)-

lfue(Hr"fpy0,x0,T0^0)and 

(i) /3„ < s - V 
(ii) rM+/3„ < 3 s - « + 2, 

thenu£(Hr»fp"(l). 

COROLLARY 4.2. Ler u G Hf0C(Q), Q c H n , s > ^ ^ f l solution ofuu =f(t,x, u) 
in Q, where f G C°°, 7 w a null-bicharacteristic ofU passing through (^O,XO,TO, ^O)- (f 
w G Hr(to, JCO, To, ôX r < 35* — n + 2, //jerc w G Hr(l). 
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