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PROPAGATION OF SINGULARITIES
FOR SEMILINEAR HYPERBOLIC EQUATIONS

LINQI LIU

ABSTRACT In this paper we use a particular kind of weighted Sobolev space and
pseudo-differential operators to study H** propagation of singulanties for the solution
u € H’ of the equations with second order

1. Introduction. From 1978, B. Lascar [7], J. Rauch [11], M. Bony [5], M. Beals
and M. Reed [4] and others obtained H* propagation of singularities for solutionsu € H*
of nonlinear partial differential equations. From 1983, M. Beals [3], Ling1 Liu [9], [10]
obtained H* propagation of singularities for Ou = f(u),0 = (;’—sz ~Z:’=‘11 %22— M. Beals [2]
and J. Y. Chemin [6] obtained H* propagation for second order nonlinear equations.
In this paper, we mainly study H* propagation of singularities for Du = f(t, x, u, Du).
We use a particular kind of weighted Sobolev space [9], [10] and the idea from [12],
[4]. All previous main results of propagation of singularities theorem, as described in
Corollary 1.7, used in the wave equations Du = f(¢, x, u, Du), are shown by the following

table.
1981 M. Bony [5] r<2s—73-—
1982 M. Beals and M. Reed [12] r<2s—7%—
1985 M. Beals [2] r<3s—n-—2
1986 J.Y. Chemin [6] r<3s—n-—2
1991 In this paper r<3s—n-—1

In this paper, we normally only consider s,r,«,3 > 0 and write {(1,&)) =

(141 0PR) .

DEFINITION 1.1. Let (¢, X0, To, £0) € R” X (R"\ 0). If there exists a smooth function
(1, x) € CP(R"), supported near (fo,x0), ¢(fo,Xo) = 1 and a conic neighbourhood
' C R™\ 0 of (79, o) such that for o, 3 >0

() (. &) (T — |&)* pu(r, €) € LR

(i) ((r, &)(7 — |€])’ pu(r, ) € L)
we call u € (H““)j),‘I N (H’)ﬁI (t0, X0, 70, £0), P1 = Dy — |Dyl. It is the same to define
(H)g, OV (H")}, (1o, X0, 7o, €0) for Py = Dy + | Dy
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THEOREM 1.2 [9]. Let u; € (H*)§ N (H')}, (to, X0, 70, €0), ot = 1 or 2. If

n n—1
sta>3,s—03>5%5
r+B3<si+s2+20—3
r+/8<sl+52_n%17 (TO7€0)€N;1

r+B<si+s+a—" (10,8) €N,

then uu, € (H'),Bju(to,xo?ﬂ), o). If s—a > "—;—1 also, uyup € (Hs)guﬁ(H’)f,ﬂ(to, X0, Tos €0)
where Ny = {(1,£) ;7> |&|}, Na = {(1, &) ; —7 > || }.

DEFINITION 1.3. If u = v; + vo, IWF(v)) = E;, v; € (Hs');“)l', i=1,2,P, =D, —|D,
Py =D +|Dy|, Er = {(7,8) s 7> 0}, Ey = {(7,€) : 7 < 0} we say u € (H")}! & (H™)}.

DEFINITION 1.4. If there exists ¢ € CP(R x R’H), supported near (%, xp) and
¢(t0,x0) = 1 such that pu € (H")p! & (H)p?, then we say u € (H*)p! & (H*)p: (10, Xo).

THEOREM 1.5 [9]. Let f:CY — C, f € C™, u € (Hs)g‘ &5 (H‘)j‘;z(t,x) and u; €
(H")p (10, %0, 70, €0), j = 1,2, ..., N.If

s—B> s—a>nd s>
r+f<2s+20— %

r+3<2s— 51 (19,&) & Char P,
r+B<2s+oa—"1 (1,&) € CharP,

then
fluy,ua, ... uy) € (HY)p @© (H")p, (10, x0)

and
flursua, . un) € (H, (10, %0, T0- E0)-

Let g; and g, be positive functions in some domain. If there exists a constant ¢ > 0
such that g; < c¢gy, we write g1 < g2. If ¢j,¢2 > 0, such that c;8) < g2 < 281, we
write g ~ g2. h

We often use the following lemmas.

LEMMA. Let K:R" X R" — C be a locally integrable measurable function and there
exists a constant ¢ > 0 such that either sup [ |K(&, m|2dn < 2 or sup, [ |K(&, n)|*dé <
c?. Then

| [ K(&.mgte = mhpan| < cligls - il
forall g, h € L~
LEMMA [9]. Lets; >0, 0; >0,i=1,2. If

s|+sz>";2l
s1+sz+a1+a2>§
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then
sup/ dAdy < 00
) RSB m)2 (N = ]2 (= X, € — )2 (r — A — |€ — )2 '

Notice that if (X +|n|) replaces (X — |n|), or (T — A +|€ —n|) replaces (T — A — |€ —n]),
or both replace them, the convergence of the integral does not change.

The main results in this paper are the following.

THEOREM 1.6. Let u € H} (Q), s > 5 + 1, be a solution in Q C R" for Ou =
[, x,u,Du), f € C*®,7 be a null-bicharacteristic of O passing through (ty, xo, 70, £0). If
uc (H'“)%,'L(to,xoffo, o)

(i) By <s—"

(i) ry+8, <3s—n—1
then u € (H' )f{, ).

COROLLARY 1.7. Let u € Hy (Q), s > 5 + 1, be a solution in Q C R" for Qu =
f(t,x,u, Du), f € C*=, Y be a null-bicharacteristic of O passing through (ty, xo, 70, &o). If
u € H'(ty, x0,70,&0) and r <3s —n— 1, thenu € H'(Y).

2. Local regularity of solution.
PROPOSITION 2.1. Let Py,(t,x,7,§) € ST'y. P = Pu(t, x, D) is a proper pseudodiffer-

ential operator, u € D' (Q), (t,x) € £o2 u € (Hr)‘f,“ (10, X0, 70, §0), where r, 3 are any real

number. Then P,,u € (H””’)ﬁy (to, x0, 70, £0)-
And if Py (t,x,1,€) has compact support for (t,x), T CC Ty C R"\ 0 are conic
neighbourhoods of (19, &), s, a, r, 3 are any real numbers, then for Yu € (H‘)g“ M

(H’)f,“(rl ), there exists a constant ¢ > O such that

||Pm“H(Hr—m);’,m(r) < C”””(H\)gum(ﬂr);“(r,)
(| Pmttl|cas-myz - < clu ey,
PROOF. Weproveitonly for u = 1,thatis P; = D,—|D,|. We suppose that P,,(t, x, T, £)
and u(, x) have compact support for (¢, x).

1

Puu(r, &) = 2

/Pﬁ,()\, 0,7 — X\ E— it — X\, € —n)d\dn.

Notice that P, (1, x, 7, §) € S, has compact support for (¢, x), then there exists a constant
cy > 0 for any M > 0 such that

((r=X.E=m)m
(Aem)M '

Notice that if (r,n) € T' CC T, then there exists a constant g > 0 such that
(T = A& —mn) €T for [(\, )| < eol(7. ).

PhOu T — M E - <X
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(W IF [N )| < eol(r,8)|.So(r— X\, 6 —n) €Ty, and u € (H’)f,l, we have

(. ) "7 = |€]) Puu(r, &)
- 1 / <(T7 €)>r-m<7._ ‘5')*‘3})’/'\,()\,17’7-_)\’5 - 77)(()“77))% .
@2my" (T=XNE—m)(r—A=[E—nl)’

(=X =) (r—=X—|&—n|)’alr — X\, &€ —n)drdn

1
<(A )

(2 5 | Kigdfidndn

where K1, g1 and f; denote the obvious factors respectively, and g.f; € L%

" (0 nir— )’
S TRy = A= € — o,

By

(r=1Eh) < (r=A=[E=nh)+{Om), (T—=A=[E=n]) < (T —[&]) + (A, m),
(0 O) < (@ =ME=m)+(Am), (T=AE=n) <((7.6)+ (A ),
for —oo < r—m < 00, —00 < # < 00, we always have

1

ki < < (O, m)yMTr=ml=I3["

@) I[N )| > eol(T, ).
Using u € (H")3 and [(T— A, & — m)| < ¢[(A, n)|, we have

((r, &) "™(r — |€|>ﬁf;m\u(*r, £)
I ENRES N

@ ) R Y R
l ¢
<(>\ n»n_;i (T =N E=mY T =X—[E—=n])*a(r — X\, E—n)dX\dy
(2 ) /Kszfszdn

where K>, g1 and f> denote the obvious factors respectively, and g, f> € L?.

(&) "{r —[€])?
B N RN
1
S <(>‘7 77)>M‘(|"’"|+1131+IS—m|+|a]) :

Notice that M > 0 is any constant, so sup, ¢ JK?d\dn < oo,i=1,2.
[Bmtl] ey (= < cllull 4 05, PN, ()

Let r=s,a= 3,50 ||[Puulla mg < cllullamyg -
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PROPOSITION 2.2. Let (ty, X0, 70, §0) € T*(Q)\ 0, 0, € S™ is elliptic at (19, xo, To, £o),
ue @'(Q), qu € (HS)%u(to,xo, T0, f()) Then u € (Hﬁm)gu(t(),X(),To, &())

PROOF. Set op € S such that og,(t,x,7,£) = 1 in a conic neighbourhood of
(to, X0, 70, £0), SO (20, Xx0,70,&0) & WF(u — Qqu). By Proposition 2.1, Qqu €
(H™™)g, (10, X0, To, o), 80 u € (H™™) (10, X0, 70, €0)-

LEMMA 2.3. Let u € H} (Q) is a solution of Ou = f(t,x,u, Du) in Q C R", where

f is a c® function of u and Du, u € (H‘)j’él &> (H‘)‘,i‘z(to.xo), (tp, x0) € §02 (inner of Q). If
s—a>ml s> 241, thenu € (H)F & (H)E (1o, x0).

PROOF. We suppose that u and f have compact support already. We know f(u, Du) €
(H™NHE @ (H)3, (10, x0).

Let (to, x0, 70, £0) be elliptic for 0 = D? — ZD%, and Ou = f(t,x,u,Du) €
H (19, x0, 70, €0), s0 u € H™'** (19, x0, 70, £0).

Let (0, xo, T0, £o) be a characteristic pointof P, sou € (H‘)j‘;:' (to, X0, 70, E0)s = 1, 2.

Sou € (HOYE! & (H)3! (10, x0).

THEOREM 2.4. Let u € H; (), s > 5 + 1 be a solutionto Ou = f(t, x, u, Du) in Q C
R", where f is a ¢ function of t, x, u and Du. Then u € (H)5 & (H*)p,(t, x), Y(t,x) € SO)

forany0 < a <s— 45_1 where Py = D, — |Dy|, P, = D, + | Dy|.

3. Propagation of singularities.

LEMMA 3.1 (COMMUTATOR). Suppose P(1,§) € S}_O, P = P(D), by(t,x,7,€) € S(,’.O,
By = by(t, x, D), Au(t, x) = a(t, x)u(t, x).

If
OSESH_;H,S[—I‘FEEO
s+a—£>§,s—ﬁ~5>"2;l,r+ﬁ~5>§
r+f+e<si+s+2a—3
r+B+e <sp+s— 5 (10,€0) €N,
r+fB+e<si+s+a—"5 (10,8) €N,
and

a(t,x) € (H")3, N (H")p, (to, X0, 70, €0)
W(t,x) € (H*)5, N (™)}, (10, %70, €0

then [By,APlv € (Hr*l“)gu(to,xo-To* &), r = min{r;,n}, and if s+ @ — e > %1,
£ < 3(s2 —s+1), then

[Bo, APJy € (H'™"*)5 N (H~'*)}, (0. %0, 70, €0).
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PROOF. It is assumed that a(t, x), u(t, x) and by(t, x, D) are supported sufficiently near
(10, xo)-
[Bo. AP]v(t, x)
: [ [ 0a0n mibott, x.0,0p@ = A & = 1) = 0p, (5.0 = AC = )]

= (27T)2”
oo — M\ C— n)d\dndo dC.

By the calculus of pseudodifferential operators,
opyBy (1, X, 0 — A, C— 1) =plo — A, ¢ —mbo(t, x,0 — A, — ) + Ro(t. x.0 — A,.C— 1)

where og, € 57, . So

1
(2m)"

[Bo, APIV (7,€) = —— [{(r= A € = m)'“alr — X\, € = i\, ) dAdn

+ Gy [(T =M€= m)! al =€ O drdy
where
. _ 1 by(a,¢,1—0,6 =) —by(0,6, A — 0.1 =)
N = G / (T=A&—m)'=
pA—o,n—=Q¥A —o0.n—Qdod¢
~ _ 1 R(/)\(UvCﬂAvavngg)A
N =5 / e 0 e = Qdo .
It is easy to prove
bé\(U,C,T—U,g—C)—b(/)\(O',C,)\—U,n—C) 1
<(T - >\7 f - n)>li€ ~ <(07 C)>Ml <(A — 0,1 = <)>]'C .

We prove the lemma only for u = 1, i.e. Py = D, — |D,]. Let &g, I'y and T be the same
as the ones in the proof of Theorem 2.1.

We suppose v € (H’Z)',fl(l“]). It is sufficient to prove v, € (H’ﬁ‘”);il(l"), V) €
(H"™);, (D).

() If (0, Q)] < eol(A, M, €0 < 1.

Notice that (\—o.n—() € T1,v € (H™)} (T) and (A —a. 7 —)| > (1—=)|(A\. m)].

() =)’ m1 0
1 / ()X = )b (0. (.7 — 0,6 — ) — by(0,.( A — o — )

~ @y (=M= (O —an—0r—o—|n—d)
n+l 1
A =0, —Ol0,0)F - ——= (A=, — )"
p o,1—0){(0,0) <(0.O)T< a,1n—¢
A—a—n—=CYH\—o,n—dodC
1
:(27r)n./vK|1g|f‘1d0'dC
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where K1, g1, f) denote the obvious factors respectively and g;.f; € L.

(M)A =|n|)?
K S om0y 0o - @O
1

(o.M

We also have (A, n)(A — [1])?92(A, n) = 57 [ K2181fi dodg

A

r _ b}
o < (O m) Il

(=X =" (A =0.n=0)> (A =0 —|n—¢)){(a. )M
1

(0, M=
@) 1f (0, Q) > | A, m)]

AN

(Oum) = = [n])?91 )

1 / <(/\7 7])>r2*t</\ - |T">J[b6\(07 C*,T — 0, g - C) - b@((ﬁC« A= o,1 — C)]

- 2o (T=XE=m)' (A =0,1—=0)(A—0—|n—(])*

PO — 0.1 —O){(0.0)% - = (A= =Q)"
{(0,0)7
(A —0— =)D —a.n—Qdod(
where K, g; and g, denote the obvious factors respectively and g1, g» € I2.

(o) (A — ]’
Ko S o —0r 0 o —In— )o@ O
1

AN

It is the same that (A, 1)) (X — 0|9 (A, n) = (7',”—, JK2:8182do d¢

r _ 5]
o < ()~ In)

(=X E=m)= (A —o,n =0 (A =0 —[n =)@, OM
1

(o, QM=

<
", sup [Kjdadg<+oo, ij=12.
(A

Sovi EHPTOR M) vy € (HY (D).

It is not difficult to prove several following commutator lemmas.
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LEMMA 3.2. Suppose By = by(D), by(T, &) € S?_O, 0 < e < 1, the other conditions
are the same as the ones in Lemma 1.4, then the result in Lemma 3.1 is valid.

LEMMA 3.3. Suppose p(1,§) € S{qo, bo(1, &) € S?_O, and

0<e<1
B> nl _ n
s—B—e>, s+t 5n>2
r+fB+e<si+s+2a—3
r+B+e<si+sm+a—51

2

(1) If a(t.x) € (HM)E O (H)p (to, X0, 70, o), (T0,€0) € CharPy U Ny, w(t.x) €
(H*)g,, IWF(v) C Ey, then [bo(D), a(t, x)P(D)]v € (H"“f)f,l(to.xo.m. o),

(2) If a(t,x) € (HE. TIWF(a) C Ei, wt,x) € (H*)E, N (H} (10, %0, 0. o).
(70, €0) € Char Py U N, then [by(D), a(t, )P(D)v € (H'™1**)} (g, xo70. €0).

(3) If we substitute P, N>, E; and s, for Py, N\, E| and s) respectively at the same
time, the results are valid also.

THEOREM 3.4 (COMMUTATOR). Let p(1,€) € S}, bo(t,€) € SV, and v, a(t,x) €
(H™)p, © (H?)p,(t0, %0); vyalt,x) € (Hr)iu(to, X0, 70, §0)s (0, §0) € Char Py, s, < r,
i=1,2.1If

0<e<l,r+f—e>3
s—fB—e>% s+a—e >4 s=min{s;, 5}
r+B+e<si+sn+2a—3%

2

r+B+z£<sl+s2+05*"TAl

then [by(D), a(t, )P(D)]v € (H"“E)ﬁ“ (10, x0, 70, £0)-

PROOF. It is supposed that v and a(t, x) have compact support already, and p = 1,
70 > 0. Let v,,a,, i = 1,2 satisfy v,,aq, € (Hs)gl; I[MWF(v,), [IWF(a,) C E, and v =
vi + v, a = a; + ap. Notice that [by(D), a(t,x)P(D)|v = [bg,a,P]v| + [by,a;Plv, +
[bo, a2PIvi + [bo, azP]v,. By commutator Lemmas 3.2 and 3.3, each term belongs to
(H™1+)] (20, %0, 70, £0)-

PROPOSITION 3.5. Letreal ky € S{‘O(R""), polt,x, 1,&) € S?_O. Suppose projection of
compact set K on the space (1, £) € R" is independent of (t,x). If s— 3 > "—5—1 s+a >3,
r+3> 3, and

(i) we (H™ Y}, TIWF(w) CC K
(ii) a € (H)3, OV(H (K), r>s
(iii) g € (H™"*)p (K). 0 <e <1
(iv) w € (H"“E)f,“, neart=0.

and (Dt —k (DX))w =a(t,x)Py(t,x, D)w + g, then w € (H'~'* )‘;,“.
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PROOF. Suppose that a(r) > 0 with a(0) = 1 is smooth, supported sufficiently near
0, such that aw € (H’_“f)f,“. Let a,(s) = a(t — s), and

Fo) = el v

= (qa(s)w(r - s), ga(s)w(t —s))
where g = A"““(P )3, A = (D), the inner product is for (s, x) € R".

dF
i = (igokyw, gogw) + (qoyw, iqokiw)
+2Re{(igaapow, gaw) + (igaug, gow) }

=h+h+L+14

where [;, i = 1,2, 3,4 denote the obvious factors respectively. By the calculus of pseu-
dodifferential operators, we know

i < e+ llowl, s

|| < cl|(Byeqouapow, gouw)| + |(R*gouapow, gayw)|]
s )+c

< C(|IB(’SO(,apow|](H,_,+ - + Hot,w]|(h(r7I+ %

IN

C(”O‘rWHZ

(Hr—Hf

)i“ + HWH(Hr—

W) Fc
b,

where og- € S7°°, Bj; is the conjugate operator for By.

I +h| < clla,wllfﬂw);

— < c(Ha,sz 5 +0).

T (H

By Gronwall inequality

1+5)i“ + “w”(HV I)

[l < cllaowllEy iy + WIS, +0) <oo.

(Hril*')f, (Hr—l+ ) (Hr—l)
i

So F(0) = HO‘WH(H, eys < 00.

Suppose that P,, € ST, is homogeneous strictly hyperbolic with respect to the direc-

tion (1, 0),
Pult,x,7,8) = (1 = ki(,x,8)) - -+ (T — (£, X, ©))

where k;, i = 1,2,...,m are real, homogeneous of degree 1 in &, distinct for £ # 0
and k; € S, (t,x,7.€) € R" x R". Suppose 7 is a null-bicharacteristic of P, passing
through (9, x0, 70, £0),Y C c1x = {(t,x,7,8) 5 (1,€) # 0, T = ki(t,x, £)}, then we can
choose by(t,x,7,§) € S(l’ o Which is elliptic near . Because the principal symbol of
i[Pn(t,x, D), bo(t,x, D)) is Hp_by, we can choose by(t,x, T, £), whose conic support is

m

sufficiently near 7, such that [P,,, by] has order m — 2. So
Pm(t* X, D)bo(tﬂ 5, D) = (Dt - kl (L X, Dx))qm-l(tz Xy D)b()(t7 X, D)

where g,,—1 € ST;! elliptic near 7.
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THEOREM 3.6 (PROPAGATION OF SINGULARITIES). Suppose P, (D) is a strictly hy-
perbolic homogeneous pseudodifferential operator of degree m > 2, P,(1,§) € S’,"E’, v
is a null-bicharacteristic of Py, passing through (to, xo, 70, £0) € R* x R" \ 0. If

0<e<i

n—1 n —
s—B—e>"5, s+a—e> 5, s=min{s;, 5}
r+f—e>3
r+ﬂ+5<s1+s2+2a—§

r+[3+5<s1+s2—";21. (10, €0) €N,
r+B+e<si+s+a— "3 (7,£0) € Ny

(i) v € (H="2)g O(H™™2); (7)
(ii) ag(t,x) € (H™)F O(H), (), f € H™'7)p ()
(iii) v € (H’*'"*Q*E)i“(to,xo, 70, 0)-
and (Pm(D) + Xa,(t, x)P[(D))v =f, thenv € (H’*’"_z*'e)f,“ ).

PROOF. Choose by € SY , as mentioned previously.

bof = Pn(D)bov + Za(t, x)Pe(D)bov + [bg, P v
+ X[bo, A[p{Afmfz)Mm-zV _ ZagP( [bo, A~(m—2)]Amfzv_

Obviously [bg, P,,v, bof € (H'* )im(“/). By Theorem 1.3, it follows that
ag(t, x)(Pelbo, A" DIA"2) € (H)§, O (H ), (),
By commutator Lemma 3.1, we have
[bo, AP A" PNy € (H )3 N(HTL )
As mentioned previously, we have
Pubo = (D; — ki(Dy))qm-1(D)bo.

Let g-m—1) € S[E)'"_”, such that ¢_n_1ygm_1 = 1 in suppb. Write P, = Piq (1),
W = gm—1bov, SO

(D, — ki (DX))W +Za,(t,x)Pyw = g

where g € (H"""), (1), w € (H'%)}, (to,%0,70,€0). By Proposition 3.5 w €
(Hr—l+e‘);‘,z“’ sovE (I_Ir-f-m72+:‘)l;),1 .

Notice that if a,(t,x) = 0, we obtain the propagation of singularities theorem in
(H‘)j‘i“ for linear equations with smooth coefficients, whose proof is the same as the one

in Theorem 3.6. Because a,(t, x) = 0, the conditions in Theorem 1.3 and in Lemma 4.1
are not necessary. So it follows
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THEOREM 3.7 (PROPAGATION OF SINGULARITIES). Suppose that P, (D) is a smooth
strictly hyperbolic homogeneous pseudodifferential operator of degree m > 0, Y is a
null-bicharacteristic of P,,(D) passing (to, X0, 70, &) € R x (R" \ 0). If s — 3 > 51
sta>5,r+>35,0<e<1,

(i) v € (H*™ D)5 N (H*"); (V)

(ii) f € (H1*)) ()
(ifi) v € (H™™ 2%} (10, %0, 70, €0).
and P,,(D)v = f, thenv € (H’*’”'Z“)‘g“ ).

4. Proof of main results.

PROOF OF THEOREM 1.6. We suppose (19,&) € CharP,, otherwise u &
H'w*u(t, x0, 70, £0). and p = 1, i.e. P; = D, — |D,|. Differentiate the equation Ou =
f(u, Du), we obtain

Odu = fi(u, Du)ou + fr(u, Du)Dou

where f is a vector.

Set Yi(1,€) € C=, Yi(1,&) = 1 in a conic neighbourhood K, of (7y, &p), and
U1(1, €) = 0 out of the conic neighbourhood K, D2 K and ¢ (7, £) is homogeneous of
0 degree, supp )| M char P, = {.

Let v = 9,1(D)u, g = [1(D) — fo(ut, Du)Do,u + (D) (fy (u, Du)du). It follows that

Ov — fo(u, Du)Dy = g

By Theorem 2.4, u € (H')p @ (H")p, (1, %), V(t x) € 5_, for any o > 0 satisfying

a < s— "1 By Theorem 1.4,if s — 1 — o > 251 L fi(u, Du) € (H*~ ')P EB(HS ')Pq(t Xx).
Seta = s—"L'a—(S where$ > Ois sufficiently small suchthat§ < a,s0 —"5~ < a—73.
Set0 < ¢ _<_ 3.6 <s—B-"1 mland e < s+B—5—1.Bythe commutatorTheorem3 4,

[V1(D), fo(u, Du)DJdru € H" 2”)1», (7),s0g € (H‘ g ().

Set &y = min{r — s,e}, v € (H""*“)?,] (to, X0, 70, £0) and by Theorem 3.6, v €
(H“'*"“E')’;f,I M. Ifr—s<euc (HM')/;’.”) = (H’)gI (7), itis proven. Otherwise, €| = ¢,
sov E (H“"”f)f,] ). u € (H*** )“;“(’Y), then we repeat the above proof again.

Suppose that we have proved u € (H"E)f,‘ () forr—e > swhere 0 < e < % and
satisfying

{s—5+ﬁ> %, s—e+3>
s—e+a> %, s—e+o >

IS IS

fr+8<1+2(s— 1)+oz+mm{~m a—5}, wherea=s—"% s e r+f<
3s — n — 1, by Theorem 1.4 fi(u, Du)du, f>(u, Du) € (H’*'*E)jzl(W). By Theorem 3.4,
[V1(D). fo(u, Du)D1du € (H'"2%); (7), s0 g € (H'"2"%)} (7). And by Theorem 3.6,
v e (H} (1), 50 u € (H), (7).

By Theorem 4.7 we obtain
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loc
where f € ¢™. Y is a null-bicharacteristic of O passing through (ty, xo. 7o, £0)-

THEOREM 4.1. Let u € Hy (Q), Q C R", s > § be a solution of Ou = f(t, x, u) in Q,

If u € (H')} (t0, X0, To, €0) and
(i) By <s—"
(i) r,+ B, <3s—n+2,
then u € (H" )i; o).

COROLLARY 4.2. Letu € H} (Q), Q C R", s > 3 be a solution of Du = f(t, x, u)

in Q, where f € C*, ¥ is a null-bicharacteristic of O passing through (to, xo, 7o, o). If
u € H'(ty, x0, 70, &0), r < 3s —n+2, thenu € H (7).
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