
A REMARK ON A RESULT OF MARVIN MARCUS 

A- Li. Du lmage and N. S. Mende l sohn* 

( r e c e i v e d S e p t e m b e r 24, 1962) 

M a r c u s [2] h a s p r o v e d the following t h e o r e m . 

Suppose A i s a n o n - n e g a t i v e n o r m a l m a t r i x sa t i s fy ing 
p(A) = 0 in which p { \ ) i s a mon ic po lynomia l no two of whose 
n o n - z e r o r o o t s have the s a m e m o d u l u s . Then t h e r e e x i s t s a 
p e r m u t a t i o n m a t r i x P such tha t P A P ^ i s a d i r e c t s u m , 
P A P * - A © A^ © . . . © A , in which e a c h A. i s e i t h e r 

1 2 m l 
O o r p r i m i t i v e . 

T h i s note g ives a g e n e r a l i s a t i o n of t h i s r e s u l t , d ropp ing 
the n o n - n e g a t i v e a s s u m p t i o n and weaken ing the n o r m a l i t y 
a s s u m p t i o n . 

R e m a r k 1. If A i s an n by n m a t r i x whose e l e m e n t s a r e 
T T 

r e a l and if AA and A A have the s a m e d iagona l e l e m e n t s 
-1 

then t h e r e e x i s t s a p e r m u t a t i o n m a t r i x P such tha t P A P = 
diag (A . A . . . . , A ) in which the A. a r e i r r e d u c i b l e . 

1 2 m l 

Proof : T h e r e e x i s t s a p e r m u t a t i o n m a t r i x P such tha t 

P " d A P = 

* T h i s r e s e a r c h w a s suppor t ed by the Uni ted S ta te s A i r F o r c e 
Office of Scient i f ic R e s e a r c h . 
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A 1 4 « . . . 0 

A 2 1 A 2 2 - ° 

A A 
m l m m 
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where A , , , A ^ , . . . , A a r e i r reducible . 
11 22 mm 

T T 
Let A be a t by t mat r ix . Since AA and A A 

11 
have the same diagonal e lements it follows that the sum of the 
squares of the elements in row i of A is equal to the sum 
of the squares of the elements in column i of A, for 

-1 
i = 1, 2, . . . , n. The same is t rue of P AP. Also, the sum 

-1 
of the squares of the elements in the first t rows of P AP 
is equal to the sum of the squares of the elements of A 

which in turn is equal to the sum of the squares of the elements 
-1 

of the first t columns of P AP. It follows that A^ . A„ . 
21 31 

. . . , A have all their e lements equal to 0. 
m l 

Similar r emarks relative to A„^ show that A„^, A, . 
22 32 42 

. . . , A have all their ent r ies equal to 0. Repeating the 
argument we have A =0 for u i v. Put A. = A.. and 

u v i i l 
Remark 1 is proved. 

The directed graph D of an n - square m a t r i x A is 

defined as follows. It has ver tex set (1, 2, . . . , n), and the 
ordered pai r (i, j) is an edge of D if and only if A.. ^ 0. 

A lj 
A directed graph D with ver tex set V is cyclically k-par t i te 
(k > 2), if and only if V can be parti t ioned, V = V + V + 

— 1 2 
. . . + V such that (i, j) is an edge of D only if" i e V and 

K 1 
j € V , .or i € V and j € V , or . . . or i € V and j € V . 

£• L, Ô i£ 1 

It has been remarked [ l ] that if D is cyclically 

k-par t i te then the charac te r i s t i c polynomial of A has the form 
k p 

f(X )X . Remark 2 and Remark 3 follow from this observation. 

Remark 2. If D is cyclically k-par t i te ( k > 2 ) , then 

for every non-zero charac te r i s t i c root X of A there exist 
at least k-1 distinct roots which a re distinct from X. and 
have the same modulus as X. 
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Remark 3. If the minimal polynomial of a ma t r ix A has 
a root X. 4 0 and has no root u such that JJL 4 \ and \\\ = |JJL| , 
then there is no integer k > 2 for which D is cyclically 
k-par t i te . 

Remark 1 and Remark 3 give us the following theorem. 

THEOREM 1. Let. A be an n by n ma t r ix with real 
T T 

elements such that AA and A A have the same diagonal 
e lements . Suppose p ( \ ) is a monic polynomial such that 
(i) p(A) = 0, and (ii) p(X) has no pair of roots \ and u with 
\ 4 u and \\ | = |JJL|. Then there exists a permutation ma t r ix 
P such that P " 1 AP = diag [A . A . . . . , A ] in which the 

1 2 m 
ma t r i ce s A. a re i r reducible . Moreover, for each A., ei ther 

l l 

every root is zero or there exists no integer k > 2 such that 
the directed graph D is cyclically k-par t i te . 

l 

In the result of Marcus [2] the assumption that A is non-
negative implies that an A. which is not zero has a non-zero 

charac te r i s t ic root \ and thus the first alternative that every 
root of A. should be zero is not possible. If A. is imprimitive 

l i 

then D is cyclically d-part i te where d is the index of 

imprimit ivi ty. Thus the second al ternat ive, that there is no 
k :> 2 such that D is cyclically k-par t i te , implies that A. 

i 
is pr imit ive. Thus Theorem 1 general izes Marcus1 Theorem. 
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