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A STOCHASTIC ERGODIC THEOREM 
FOR GENERAL ADDITIVE PROCESSES 

BY 

DOGAN ÇÔMEZ 

ABSTRACT. In this article, we obtain the stochastic ergodic theo­
rem for general additive processes. That is, we prove that there ex­
ists f e Lx, such that limn/i(A n {x : \fn(x) - f(x)\ > a}) = 0 
whenever a > 0 and A is a measurable set with /z(A) < oo, where 
fn = jp E?=o £/=o uH,j)fi / € Li and {U(ij}} an arbitrary (two dimen­
sional) semigroup of L\ -contractions. This result generalizes the stochastic 
ergodic theorem (SET) of U. Krengel and the SET of M. A. Akcoglu and 
L. Sucheston. 

1. Introduction. In 1966 U. Krengel [5] introduced the concept of stochastic 
convergence of Cesaro averages and proved the stochastic ergodic theorem (SET) 
in the one dimensional case. M. A. Akcoglu and L. Sucheston [1] later gave a more 
elementary proof of this result using a truncation argument in a more general context, 
that is, for multidimensional superadditive processes. The technique they employed 
to prove the multidimensional SET for superadditive processes also yields to the 
multidimensional SET for general additive purposes (i.e., the additive processes with 
respect to a not necessarily positive semigroup of L\- contractions {Tu}.) if {Tu} is 
dominated by a semigroup of positive L\-contractions [1, p. 344]. However, it is well 
known that if T and S are two L\-contractions, then \TS\ = \T\ |5 | is not true in 
general [3], where |7| denotes the linear modulus of T. Hence SET does not hold in 
the case at a general semigroup of L\ -contractions. Our aim in this paper is to obtain 
the SET for general additive processes without any further condition on {Tu}, using 
a technique due to A. Brunei [2]. 

We will prove the SET in the two dimensional case only, for the sake of sim­
plicity, since the extension of the results to arbitrary «-dimensional case, n ^ 2, is 
straightforward. 

2. Preliminaries. Let (X,F,/x) be a a-finite measure space and L\ = Li(X,F,/i) 
be the classical Banach space of real-valued integrable functions on X. All the relations 
below are defined modulo sets of measure zero. The characteristic functions of a set 
A € F will be denoted by XA> and the positive cone of L\ will be denoted by L{, and 
LX(P) = {/ € Li : support of / C P,P G F}. 
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Let R2 = R x R be the usual two-dimensional real vector space, considered with all 
its usual structure. In particular, R2 is partially ordered in the usual way, i.e., for any 
O, v), (t, r) G R2, (w, v) ^ (t, r) if u S t and v ^ r, (w, v) < (7, r) if (w, v) è (t, r) and 
(w, v) ^ (/, r). The positive cone of R2 is R2 and N will denote the set of non-negative 
integers and K = N2. For any t G R, t = (f, t)eR2. 

Consider a semigroup U — {£/(m,/i)}(/n,/i)eK of Li-contractions with UQ = I, the 
identity operator on Lj. That is, 

(2.1) U(m,n) is a linear operator on L\ for each (m, n) G K. 
(2.2) ||£/(w,„)||i ^ 1 for each (m,«) G K. 
(2.3) U(m,n)U(t,r) = U(m+t,n+r) for each (m.n),(t,r) G K. 
Given/ G L,, the family { E ^ V E ^ o ^ ,y) /} ( -

„)€*• is called a (/-additive 
process. We will let A^m)f — ~ E/lV Ey=o U(U)f- Notice that for each (AW, W), 

Er^EJIo^y/is^^i-
DEFINITION (2.4) .4 sequence {fn} G L\ is said to converge stochastically to f E L\ 

if 
lim M(/t n {x : |/H(JC) - / « | > a}) = 0 

whenever a > 0 awd A G F w/f/i /i(A) < oo. 

This definition (2.4) is equivalent to [1]: 

(2.5) lim \\\fn -f\ A0|| = 0 whenever 0 G L|. 
AJ—+OO 

Moreover, if /x is a finite measure, definition (2.4) is simply the convergence in mea­
sure. 

The following decomposition theorem is due to M. A. Akcoglu and L. Sucheston 
[1], which is an essential tool in the proof. We adopt it here without proof. 

THEOREM (2.6) Let {Ti}iei be an arbitrary family of positive L\-contractions. Then 
there exists a unique (modulo sets of measure zero) partition ofX into two sets P and 
N, called the positive and null parts of {Ti}, such that 

(i) There is a g G L\ such that Tig — g for all i G / and such that P — supp g = 
{x:g(x)>0}. 

(ii) if fn is a bounded sequence in L\ such that 

lim ||/, - Tifn\\=0 for each i G / , 
n 

then XNfn converges stochastically to zero. 

If P and N are positive and null parts of a semigroup {T^V)} of positive L\-
contractions, then for each (w, v)T^v) maps L\(P) and the semigroup {r(^v)|Ll(/>)} has 
the same properties as {T^v)}. 

Let h G L{(/x),/z > 0, be an invariant function for an Li (/^-contraction T, i.e. 
Th — h. Then m — h-p defines a new measure which is finite and equivalent to p. In 
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this case/ G L\(m) if and only if/ -h G L\(p). Hence Li(/i) and L\(m) are isomorphic. 
For a n y / G L\(m), define 7 ' / = h~xT(fh). Then 7' is an Li(m)-contraction, and 
furthermore 7' 1 = 1, so V is also an L^-contraction. Clearly T'nf = h~xTn(fh) for 
a l l / GLi(m). 

3. The main result. In order to obtain the result announced in the introduction, 
we will make use of the following result due to A. Brunei [2, Theorem 3.7] which 
will enable us to dominate a given (not-necessarily positive) semigroup by a positive 
one. We state its two dimensional version here without proof: 

THEOREM (3.1) Let U = {£/(/,./) }(/,y)etf be a semigroup of L\ -contractions. Then 
there exists a constant 8 > 0 and a positive L\ -contraction T (called the barycentric 
operator) defined by T — Yl(ij)eK aijWd$)\ W(^j)\i sucn that for any f G L\ 

n-\ n-\ £ [y/n+\]-l 

where [a] denotes the greatest integer less than a. 

Also we need the following result: 

THEOREM (3.3) Iff G L\(P), then lim A(mn\f exists in L\-norm. (where m —• 
(m,«)—>(oo,oo) 

oo, n —• oo independently), where P is the positive part ofT in Theorem (3.1). 

PROOF. Let h be the T-invariant function obtained by Theorem (2.6) (i) with 
P = supp h. Then g = h M 4Sh is also T-invariant where 8 is the constant in Theorem 
(3.1). If/ G L{ with l/l ^ g, then using (3.2) we have \U(mf\ ^ g and |tf(0,i)/| ^ £• 
Now passing to a new reference measure m — g • p, we can work on L\(P,m) and 
assume that £/(;j) : Li(P,m) —• L\(P,m) is a contraction as well as an L^-contraction 
for all (/, j) G K. Then the result follows from Theorem VIII.6.9 [4]. 

Now we state and prove the main result. 

THEOREM (3.4) Let U = {£/(/n,/i)}(m,n)G/c be a semigroup of L\-contractions. Then, 
for any f G L\, lim^oo A„/ exists stochastically, i.e. there is an f G L\ such that 
lim^oo |||A„/ —/| A0|| = Ofor all 0 G L{. Furthermore lim„ XpA^f = f in L\ norm. 

PROOF. First, by using (3.1) one can dominate the process {Anf} by a (one-
dimensional) process {At|/ |} where k = k(n) = [yfn+ 1] in (3.2), that is 

|A„/|^M*|/| = ^ r | / l -

Now to get the result, we will make use of an idea of M. A. Akcoglu and L. Sucheston 
[1]. Let P and N be the positive and null parts of T as given by theorem (2.6). Then 
\XNAnf\ ^ bxNAk\f\. For any m ^ 1, we have lim^oo ||A*|/| - r M * | / | | | = 0. This, 
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combined with the fact that {A*|/|} is a bounded sequence, gives that x#A*|/| —y 0 
stochastically by Theorem (2.6) (ii). Hence limw XN^nf — 0 stochastically. 

By Theorem (3.3), \imn Anixp^mf) exists in Li-norm for each m ^ 1. Let k — 
[y/n+ 1] and r = [y/m+ 1]. Now 

WXP^nXNArnfW ^ « 2 | | x M * X w M 

= «lxM*Ar|/|-xM*xMr|/||| 
^^[WxpAkAr\f\\\-\\xpAkxpAr\f\\\\ 

= S2[\\xpAkAr\f\\\-\\xpAr\f\\\] 

^ s 2 
limA*|/||| - \\xpAr 
. k 

which goes to o as m —• oo, uniformly with respect to n. 
Hence 

WKXpAmf ~ XpAnAmfW 

= \\AnXpArnf - x M n X M m / l l + | |XP^«XivA^/ | | 

= WXNAnXpAmfW + WXpAnXuArnfW. 

Now, given h G L\{P), consider the nfunction h A rg, where g is the invariant 
function for T with P = suppg and r is a positive integer. Then 

0 ^ XNAnih A rg) ^ «x̂ Aifc(A A rg) by (3.2) 

= àrxNAkg = ôrxNg = 0 

by Theorem (2.6) (i). Then, the fact that limr_oo \\h - h A rg\\{ = 0 implies that 
XNAnh = 0. So given e > 0, find m such that sup„ HA^xM/w/ — XpAnAmfW < £• 
Therefore 

limsup||A„x/>Aw/' - XpAnf\\ 
n—KX> - — — 

^ limsup llA^xMw/ - XpAnAmf\\ 
n—*oo — ~~ — — 

+ limsup| |A„Am /-A / 2 / | | < e, 

since I ^ A ^ / — A„/|| —* 0 as n —> oo for a fixed m. Thus, since limn AnXpAmf exists 
in Li-norm, we see that lim„ XpAnf exists in Li-norm. Hence there exists / G L\ such 
that lim WxpAnf — f\\ = 0, and hence 

l i m | | K / - / | A 0 | | ^ l i m | | | x / > A « / - / | A 0 | | + l i m | | | x y v A n / | A 0 | | 
n — n — n — 

^ lim \\xpAnf - f\\ + lim \\\XNAJ\ A 0|| 

= 0 for all 0 E L\. 
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