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In 1949 Ky Fan [ l ] p roved the following r e s u l t : Let 
X < . . . < X be the e igenva lues of an H e r m i t i a n o p e r a t o r 

1 —• ~• n 
H on an n - d i m e n s i o n a l v e c t o r space V . If x , . . . , x i s 

n 1 q 
an o r t h o n o r m a l set in V , and q i s a pos i t ive i n t e g e r such 

n 
tha t 1 £ q <£ n, then 

(1) 2* \ . < S . q , ( H x , x.) < 2 . q ; X . ; . 
j=l j - j=l j 3 - j=l n- j+1 

We sha l l u s e th i s r e s u l t to p rove the following 

THEOREM. Le t A be a n o r m a l o p e r a t o r and let B be any 
o p e r a t o r on V . Le t the e igenva lues or. = X. + iii. , j = 1, . . . , n , 

n & J J J 
of A be o r d e r e d so tha t X < . . . < X and u , . < . . . < u. , , 

1— — n cr( l )— — (T (n) 
for s o m e p e r m u t a t i o n cr . Le t v =11 . . . . Le t p < . . . < (3 

t j o" U) 1 "" — n 
be the e igenva lue s of B + B ^ , and \ . < • • • < v the e i g e n v a l u e s 

1 ~" ~~ n 
of i(B - B*) . Then 

(2) Zn
A X.(X. - p.) + S n v . ( v . + y ) 

1 The w o r k of t h i s a u t h o r w a s suppor t ed in p a r t by the United 
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< | | B - A | | 2 - | | B | | 2 

- j=l j } n-j+1) J=l J J J 

2 $ 
where | | B | | i s the trace of BB . 

Proof. By the l inearity of the t r a c e , 

(3) | |B - A | | 2 - | | B | | 2 = tr (B-A) ( B - A ) * - tr B B * 

= tr(AA*) - tr(AB* + BA*). 

Choose x , . . . , x to be an o r t h o n o r m a l se t of e i g e n v e c t o r s 
1 n 

for the normal m a t r i x A, c o r r e s p o n d i n g to a , , . . , a . Then 
-1 n 

(4) tr(AA*) = S * (AA*x„ x.) = Z * \a.\Z = S * \ 2 + 2 * v l 
J=l J J J=1 J J=* J J=l j 

S imi lar ly , 

>* . ^ **x ^ n 
tr (AB* + B A 1 = 2.. ([AB* + B A > . , x ) 

3=1 J j 

= S . ^ (B*x,i A*x.) + 2 * ( A * x . B * x ) 
J=l J J J=i J j 

= Z . n a , (B*x, , x.) + 2 n â . ( B x . , x ). 
J=l J J 3 J=̂  J J j 

Thus 

(5) t r (AB* + BA*) = 2 . n , X.(Hx , x.) - 2 n v ,(Kx , x.) , 
H J J • J j=l J J J 

where H = B + B* and K = i(B - B*) . If we set X0 = 0, then 

(6) 2 * X.(Hx., x.) = S n (X - X J S , n ( H x „ x . ) . 
j=l J J j s=l s s -1 j=s j j 

By (1) we have 

(7) S . n P . x . < S n (Hx., x.) < S n 6 . 
j=s n-j+1 - j=s j j - j=s j 
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Since X - X > 0, i t follows f rom (6) and (7) tha t 
s s -1 — 

S * (X - X ) S D p . . < S * X.(Hx., x.) 
s=l s s-1 j=s n- j+1 — j=l j j j 

< 2 * (X - X ) S . n p . , 
— s=l s s -1 j=s j 

and, by the ident i ty impl i ed in (6), 

(8) S . n X p . A < S n X.(Hx., x.) < S * X p . . 
j=l j n - j+1 — j=l J J J — J=l J 'J 

A s i m i l a r a r g u m e n t g ives 

(9) S . n v .v . . < S * v , ( K x , x.) < Z * v . v . . 
j=l j n- j+1 — j=l J J J — J=l J J 

Combining (5), (8) and (9), we have 

(10) S * X p . J - S n v .v . < t r ( A B * + BA*) 
j=i j n-j+i j=i n -

< Hn
t X.p. - S . n , v .v . . 

The r e s u l t (2) fol lows i m m e d i a t e l y f r o m (3), (4) and (10)* 

Two c o r o l l a r i e s a r i s e when A i s H e r m i t i a n o r skew 
H e r m i t i a n . 

COROLLARY 1. Le t A be an H e r m i t i a n o p e r a t o r on V 
n 

with e i g e n v a l u e s X, < . . . < X ; and le t B be an a r b i t r a r y 
1 — — n 

o p e r a t o r , w h e r e B + B h a s e igenva lue s p < . . . < p . Then 
1 "~ ~~ n 

* £ VXJ " P j ) £ I'S - A||2 - | |B | | 2 

< s * x,(x. - p . ) . 

COROLLARY 2. Let A be a skew Hermit ian operator on 
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V with eigenvalues itx., where u. < . . . < u.. ; and let B be an 
n j 1 ~ - n 

a rb i t ra ry operator , where i(B - B^) has eigenvalues 
v < . . . < v . Then 
Y 1 - - Y n 

S A "^j + ^ - j + 1 ' 5 IIB - A| |2 - 1 | B | |2 < ^ ^ + V j l . 

REMARK. The theorem is not true for a rb i t r a ry A. For 
/ - I - l \ / 0 0 \ 

example, consider A = ' 1 and B = I J. Hçre 
a = <* = 0, p = 0 , p ' = 8, and y = v = 0. Then 

1 2 1 2 1 2 

| | B - A | i 2 - | | B | | 2 = 12 .- 16 

< S * \ . ( \ . - p.) + S |jL.(a. » v ) = 0. 

We should like to thank Professor Marvin Marcus for 
suggesting this problem. 
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