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A fundamental construction of a category -£? ((2) , Appendice) 
is a tr iple (S, p, k), where S is a functor from -£ to itself and 

2 
where p:S -*• S and k:l -*• S are natural t ransformations such 
that r 

p(p*S) = p(S*p) 

p(k*S) = l g = p(S*k) 

Given two fundamental constructions (S, p, k) and 
(S \ p1, k1) of ^ , a morphism from the f irst to the second is a 
natural t ransformation m:S -*• Sf such that 

k! = mk 

mp = p !(m*m) 

The fundamental constructions of £? with their morph isms , 
multiplied as natural t ransformations, form a category. 

Given two categories y and w' f by an adjoint morphism 
from -fi] to ç , we mean a quadruple (T, U, t, u), where T is 
a functor from i£x to $£ with left adjoint U defined by the 
natural t ransformations t : l^ -** TU and u:UT -*- l^f . This means 

that the following conditions are satisfied: 

(T*u)(t*T) = 1 T 

(u*U)(U*t) = 1 

Every adjoint morphism (T, U, t, u):p f -*• £ defines a fundamental 
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c o n s t r u c t i o n (S, p , k ) of £? (3), w h e r e 

S = TU, p = T*u*U and k = t 

and c o n v e r s e l y , i t w a s shown by K l e i s l i [4] and E i l e n b e r g - M o o r e 
[ l ] t ha t e v e r y f u n d a m e n t a l c o n s t r u c t i o n of £ i s defined in th is 
way by an adjoint m o r p h i s m to £> . F u r t h e r m o r e , the adjoint 
m o r p h i s m c o n s t r u c t e d in [ l ] w a s shown to be , le t us say , the 
" c o a r s e s t " p o s s i b l e . In th i s p a p e r , we wi l l b r o a d e n th i s c h a r a c 
t e r i z a t i o n of the E i l e n b e r g - M o o r e adjoint m o r p h i s m in s u c h a 
way tha t m o r p h i s m s of f u n d a m e n t a l c o n s t r u c t i o n s wi l l be involved , 
and s i m i l a r l y , we wi l l c h a r a c t e r i z e the K l e i s l i adjoint m o r p h i s m 
a s the " f i n e s t " one p o s s i b l e , h e r e aga in , the c h a r a c t e r i z a t i o n 
involving m o r p h i s m s of f u n d a m e n t a l c o n s t r u c t i o n s . 

F o r two ob j ec t s A and B of a c a t e g o r y <£ , M^(A, B) 

wi l l deno te the s e t of m o r p h i s m s of y> f r o m A to B . All func
t o r s a r e of c o u r s e a s s u m e d to be c o v a r i a n t . A func tor F:£f-*-^' 
i s " fa i thfu l" if for any two m o r p h i s m s f, g€ M , (A ,B) , F(f) = F(g) 

M 
i m p l i e s f = g, whi le F i s " fu l l " if for any m o r p h i s m 
f1

 € M * ( F ( A ) , F (B) ) , t h e r e e x i s t s f e M , ( A , B ) such tha t f! = F( f ) . 

T H E O R E M 1. Given a f u n d a m e n t a l c o n s t r u c t i o n (S,p, k) 
of 7?, t h e r e e x i s t s an adjoint m o r p h i s m 

( T , U , k , u ) : / - > £ 

defining ( S , p , k ) , w h e r e V h a s the s a m e ob j ec t s as y and 
U(A) = A for e a c h ob jec t A , s u c h tha t if 

( T , U , k \ u ) : £ ' - > ^ 

i s an adjoint m o r p h i s m defining the f u n d a m e n t a l c o n s t r u c t i o n 
( S ' . p ' . k 1 ) and if m : ( S , p , k) -> ( S \ p \ k ! ) , then t h e r e e x i s t s a 
un ique p a i r ( V , m ) , w h e r e V i s a func tor f r o m £? to t? and 
m i s a n a t u r a l t r a n s f o r m a t i o n f r o m T to TV , s u c h tha t U = VU 
and m = m # U . F u r t h e r m o r e , 

V*u = (u*V) (U*m) 

and if e a c h m i s a m o n o m o r p h i s m , then V is faithful , whi le 

if e a c h m h a s a r i g h t i n v e r s e , then V i s ful l . F i n a l l y , if 

(k^S ' Jm = S*kf , then V h a s a r i g h t ad jo in t . 
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Proof. The constructions of çf and (T, U, k, û) a re 
those of Kleisli [4]. The objects of çf a re those of ^ . For 
any two objects A and B , M;(A, B ) = M^(A, S(B)). 1£ 

feMjj(A, B) and geM-;(B,C) their product in £ is given by 

g- f = p r S(g ) f 6 M 7 (A , C) 

The functors U and T are defined as follows: if feM^(A, B), 

then TJ(A) = A and U(f) = k_f, while if f€M-j(A, B) , then 

T(A) = S(A) and T(f) = p_S(f) . Finally, for each object A, 
B 

u = 1 . çM^SfA), A). We refer the reader to [4] for the 
A >b(A/ O 

proof of the statement that ^ is a category and (T, U, k, û) is 
an adjoint morphism defining (S ,p ,k) . 

Now, let (T, U, k1, u) and m be as above. Assume first 
of all that there is a pair (V,fn) with the required p rope r t i e s . 
Then, for each object A of çf, V(A) = VtJ(A) = U(A) / and if 
f«M7(A,B) , then 

V(f) = V(fa U ( A ) û(k A ) ) = v(ûU ( B )ÛT(f)û(kA)) 

= V ( a û ( B ) ) U ( î ( f ) k A ) = V { S û ( B ) ) U ( P B
S ( f ) k A ) 

= v(û0(B))u(f) = v(ûU(B))uUÎO(B)u(k. ÎU(B))u(f) 

= U VÛ(B) U T V ( G û(B) ) U ( k , TÛ(B) f ) 

= UU(B ) U ( T V { a û ( B ) ) m ûTÛ(B )kTÛ(B )f ) 

= u u ( B ) U ( m U ( B ) T ( û 0 ( B ) ) k Î O ( B ) f ) 

= U U(B) U ( m B P B k S(B) f ) = U U(B) U ( m B £ ) 

and of course, m A = m—.. A x = m A . Thus, there is no choice; 
A U(A) A 

if (V,m) exists, it is unique. 

Now we show that if we define, for each feM-j(A, B) , 

V(A) = U(A), V(f) = u U(mBf) and xfi^ m^ then V is a 
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functor and m is a natural transformation, with the required 
properties. 

If f € M^(A,B) and g c M ; ( B , C ) , then 

v { s - f ) = u u(c ) u { m c p c s ( g ) £ ) 

= uu(c)U(p<bs , (mc )ms(C)s (g) f ) 

= u U ( C ) U ( P ' c S , ( m C ) S ' ( 8 ) m B f ) 

= u U ( C ) U T ( u U ( C ) ) U T U ( m C » ) U ( m B f ) 

= U U ( C ) U U T U ( C ) U T U ( m C ^ U ( r n B f ) 

u T T # ^U(m o g )u u ( p ,U(m t a f ) = V(g)V(f) 
U(C) v C°' U(B) v B 

while 

V(1A) = V(kA) = u u ( A ) U ( m A k A ) = uu ( A )U(kA ) = 1 U ( A ) = l v ( A ) . 

Thus, V is a functor. If f €M^(A, B), VU(A) = V(A) = U(A) and 

VTJ(f) = V(kBf) = ^ u ( B ) U ( m B k B f ) = uu(B)U(k^)U(f) = U(f) so that 

VU = U. If f€M7(A fB), then 

TV(f)ffiA = T(u u ( B ) U(m B f ) )m A = ^ S ' d n ^ n ^ 

= P B m S ' ( B ) S ( m B f ) = m
B P B S ( f ) = m B T ( f ) 

so that m is a natural t ransformation from T to TV . Obvious
ly, for each object A of rf , 

V t V = V(1S(A)) = UU(A)U ( lV = %(A)U(ffiA) 

so that V*u = (u*V)(U*m). 

Now, assume that for each A, m is a monomorphism. 

If f eM3(A,B) , 

TV(f)kA = TV(f)mAkA = mBT(f)kA = mBpBS(f)kA = n^f 
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so that if g€Mpr(A,B) is such that V(f) = V(g) , then m_f = m_g 
y B B 

and therefore f = g . Thus V is faithful. 

Then, assume that each m has a right inverse n_ . If 
B B 

f»«M ,,(V(A),V(B)), then i^Ttf ' )k^« M,(A, B) and 

V ^ T C f ' ) ^ ) = u u ( B ) U ( m B n B T ( f - ) k i ) = u ^ U T ^ U ^ ) 

= f , t tU(A)U ( kÂ ) = f ' 

Thus, in this case, V is full. 

Finally, assume that (k*S!)m = $fck' . We set W = UT . 
For each object A of ^ , 

k S ' ( A ) k A : A - * S S ' ( A ) 

so that it is a morphism v in é from A to Sf(A) = US'(A) 

= UTU(A) = WV(A) . Let us show that v = {v } is a natural 

t ransformation from 1 -̂  to WV . If f € M-j(A, B) , then 
y ? 

^ • ' A = P s . ( B ) S ( ° T ( u U ( B ) U ( m B f ) ) k S . ( A ) k i 

= P s - ( B ) S t J ^ S , ( m B f ) ) k S . ( A ) m A k A 

= P S ' (B) S ( k S«(B) P B S ' ( m B f ) ) S ( m A ) k S(A) k A 

= S(p^S'(mBf)mA)S(kA)kA 

= S(p^S' (mB )m s ( B )S(f)kA )kA 

= S ( m B p B k s ( B ) f ) k A = S(mB£)kA 

= k S ' ( B ) m B f = S ( k B ) f 

a p S - ( B ) S ( k S ' ( B ) ^ , £ B V B , f 
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Now, u:UT = VUT = V W - l / ( . For each object A of £ , 

*V(A)V(VA> = uU(A)UUS.(A)U ( mS.(A)S { kÀ , kA ) 

= « U ^ U S U A ^ ^ A ^ A V 

- UU(A)U(ki)uU(A)U(ki) = W ) = VtA) 

so tha t (u*V)(V*v) = 1 . Then , for e a c h ob jec t A' of ^ ' , 

W ( U A ^ - V W ( A - ) = U T ( V > - V W ( A - ) . 

= ( k T ( A ' ) T ( U A » ) ) ' V W ( A ) 

= P T ( A I ) S ( k T ( A l ) T ( u A ! ) ) S ( ^ ( A ! ) ) k w ( A 1 ) 

= kW(A») 

we and of c o u r s e , k: . i s the iden t i ty of W( A') in 'C so tha t 
T(A } 

have shown tha t (W*u)(v*W) = 1 r . T h u s , (W, V, v, u) i s an ad-
W 

jo in t m o r p h i s m . 

As an i m m e d i a t e c o r o l l a r y of th i s t h e o r e m , one can ob ta in 
a r e s u l t of F . E . J . L in ton (Not ices A. M. S. , F e b r u a r y 1966, 
631-1 ) , i . e . t h e r e i s an e q u i v a l e n c e b e t w e e n the c a t e g o r y of 
f u n d a m e n t a l c o n s t r u c t i o n s of $f and t h e i r m o r p h i s m s and the 
c a t e g o r y of adjoint m o r p h i s m s 

(T,U,t,u):^' - £ 

w h e r e f̂ ' h a s the s a m e ob jec t s as 'Ç and U(A) = A for a l l A , 
and t h e i r " m o r p h i s m s " . 

P R O P O S I T I O N . F o r a f u n d a m e n t a l c o n s t r u c t i o n (S, p , k ) 
of ^ , the fol lowing s t a t e m e n t s a r e equ iva l en t : 

(i) p i s a n a t u r a l e q u i v a l e n c e , 

(ii) k#S i s a n a t u r a l e q u i v a l e n c e , 
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(iii) £^k is a natural equivalence, 

(iv) k*S = S#k, 

(v) p*S = S*p . 

Proof. That (i), (ii) and (iii) are equivalent and that they 
imply (iv) and (v) is obvious. If one assumes (iv), then 

(S#k)p = (p*S)(S2*k) = (p*S)(^k*S) = 1 9 

so that p is a natural equivalence, while if one assumes (v) , 
then 

(S*k)p = (p*S)(S2*k) = (S*p)(S2*k) = 1 2 

so that p is a natural equivalence. 

A fundamental construction satisfying the conditions of 
this proposition will be called an idempotent construction. 

As a special case of theorem 1, we have that if the adjoint 
morphism 

(T ,U,k ,u ) : tf1 - £ 

defines the fundamental construction (S, p, k), then there exists 
a unique functor V: £?-* £ r such that U = VU and T = TV, 1) 
and if (S, p ,k) is an idempotent construction, then V has a 
right adjoint. 

By a regular construction of -£?, we mean a couple (S, k), 
where S is a functor from p to itself and k:l^> -*• S is a natu-

r a l transformation, such that if f eM^(A, S(B)), then there exists 

a unique g eM^;(S(A), S(B)) such that f = gk . It was shown in 
'r A 

[5] (§ 3, Proposit ion 1), that if (S, k) is a regular construction 
of ^ , then there exists a unique natural t ransformation 

2 
p:S -> S such that (S, p, k) is a fundamental construction, and 
that p is then a natural equivalence. Regular constructions are 
thus essential ly idempotent constructions and there are of course 

This is apparently known. See the review of [4] by P . J. Huber, 
Math. Reviews, February , 1966. 
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v e r y m a n y e x a m p l e s of r e g u l a r c o n s t r u c t i o n s . 

T H E O R E M 2 . Given a f u n d a m e n t a l c o n s t r u c t i o n ( S , p , k ) 
of ^f, t h e r e e x i s t s an adjoint m o r p h i s m 

(I,U,k,u): £-* £ 

defining ( S , p , k ) , w h e r e T i s fai thful , s u c h tha t if 

( T . U . k ' . u ) : ^ - Ï 

i s an adjoint m o r p h i s m defining the f u n d a m e n t a l c o n s t r u c t i o n 
(S ! , p 1 , k ! ) and if m : ( S , p , k) -> ( S \ p ! , k ' ) , then t h e r e e x i s t s a 
un ique func to r Z: i£% -*- £ such tha t T = T Z and 
T*u*Z = (T*u) (m*T) . F u r t h e r m o r e , t h e r e e x i s t s a unique 
n a t u r a l t r a n s f o r m a t i o n m : U -*• ZU such tha t T*m = m and if 
(S, p , k) i s a r e g u l a r c o n s t r u c t i o n , t hen Z h a s a left ad jo in t . 

P r o o f . The c o n s t r u c t i o n s of jf and (T, U , k , u) a r e t h o s e 
of E i l e n b e r g and M o o r e [ l ] . The ob j ec t s of £ a r e the coup le s 
(A, cp), w h e r e A i s an ob jec t of £ and <p € M^(S(A) , A) is s u c h 

tha t <pk = 1 and <pS{<p) = cp p . Given two s u c h ob j ec t s (A, cp) 
A A A 

and (B,4J) , the m o r p h i s m s f r o m the f i r s t to the second in £ a r e 
the m o r p h i s m s f e M ^ ( A , B) such tha t ^S(f) — i.cp . À/torphisms in 

j£ a r e m u l t i p l i e d as in ^f. The f u n c t o r s U and T a r e defined 
as fo l lows : if f c M ^ A , B) , then U(A) = (S(A), p ) and U(f) = S(f), 

whi le if f c M ^ A , <p), (B,V|J)) , t hen T(A, cp) = A and T(f ) = f . 

F o r any ob jec t (A, cp) of <£, u , = <p . We r e f e r the r e a d e r 
— (A> <?) 

to [ l ] for the p roof of the s t a t e m e n t tha t (T, U, k, u) i s an adjoint 
m o r p h i s m defining (S, p , k) . 

Now, l e t (T, U , k \ u ) and m be a s a b o v e . F o r e a c h ob jec t 
A» of i \ Z(A') = (T(A ' ) , T ( ^ A , ) m

T ( A 1 ) ) ^ an ob j ec t of £ s i n c e 

T ( V ) m T ( A ' ) k T ( A O = T { U A ' ) k T ( A ^ = ^ ( A - ) 

and 

T ( u A . ) m T ( A . ) S ( T ( V ) m T ( A . ) ) = T ( U A ' ) S , T ( U A . ) m S . T ( A . ) S ( m T ( A . ) ) 

= T ( u A , U T ( u A I ) ) ( m * m ) T ( A I ) 
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= T(uA-UUT(A') ) (m*m)T(A') 

= T(uA')pT(A'){m*m)T(A>) = T(uA')mT(A')PT(A') 

If f':A' - B' in £ ' , then 

T(uB ,)mT(Bf)ST(f) = T(uB ,)S'T(f)mT(Af) 

= T(uB,UT(f))mT(AI) = T(f)T(uA ,)mT ( A I ) 

so that 

T(f'):{T(A'), T ( V ) m T ( A ' ) ) "* ( T ( B , ) ' T ( u B' ) m T(B' ) ) 

in ^ and therefore, we may set Z(ff) = T(fT) . It is obvious that 
we have defined a functor Z from £f to ^ and that T = TZ . 
Also, for any object A' of f̂* , 

I(^Z(A«)) = ï (-(T(AM,T(uA I)mT ( A I ))
) 

= T(T(uAI)rn / A f J = T ( u A , ) m m / A n - x v A'' T(A') v A*' T(Ar) 

so that T*u*Z = (T*u)(rrf*T) . 

Now, assume that Zf is a functor from ^T to y such that 
T = TZ1 and 

T*u*Zf = (T*u)(m*T) 

If A' is any object of ^ f and if we set Z!(Af) = (A, <p) , then 

A = T(A, 9) = TZ!(Af) = T(Ar ) 

and 

9 = 1M = T(u(A> v)) - T(u_z,(A)) = T(uA I)mT { A t ) 

so that we see that Zf(Af) = Z(A') . Thus, since TZ» = T = TZ 
and since T, is faithful, Z* = Z . 

For each object A of -£, m is a morphism in ~£ from 
A. 
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U(A) = (S(A),pA) to ZU(A) = (S'(A), P A m ^ ) since 

PkmS'(A)S(mA ) = Pk ( m * m ) A = mAPA 

so that, X being faithful, if we set m = m for each A, m 

is the only natural transformation from U to ZU such that 

T*m = m . 

Finally, let us assume that (S,p,k) is a regular construc

tion. If (A, <p) is an object of -£ , then k <pk - k s o t h a t 

k <p - 1 / , i .e . k is an isomorphism and <p is its inverse. 
A o(A) A 

If (A, (p) and (B,4J) are objects of £ and if f e M />(A, B) , then 

icp = 4ikBfp = vjjS(f)k ^ = i|iS(f) 

so that f:(A, cp) -*• (B,40 in £?. Thus we see that in this case, 
^ is essertially the full subcategory of 1$ whose objects are 

the injectives of the regular injective structure of ^ underlying 
(S, p,k) ([5], §3). Now, if we set Y = UT, then 

u:UT = UTZ = YZ -> 1^ 

For each object (A, <p) of ^ , we have 

ZY(A,p) = ZUT(A,<p) = ZU(A) = (TU(A), T ( u
u ( A ) ) m

T U ( A ) ) 

so that we may set 

y ( A f V ) = ^ : ( A ^ ) - Z Y ( A , ^ ) 

and y is obviously a natural transformation from 1^ to ZY. 

For each object A1 of -£x , 

Z(UA')yZ(A«) = T(VkT(A') = ^ (A-) = ^ (A-) 

so that (Z*u)(y*Z) = l , 
Z . For each object (A, ç>) of Ç, , 

UY(A, ^ ( A . * ) * = ^ ( A ) ^ = W) = MA.,) 
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so that (u*Y)(Y*y) = 1 . Thus, (Z, Y, y, u) is an adjoint mor -

phism from ^ ' to y> . 
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