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1. Let (x , x , . . . , x ) denote the coordinates of a point 
1 2 n 

x of Euclidean n- space E . Let a . a . . . . , a be a set of 

n+1 points of E with the property that 

b. = a. - a (i = l, 2, . . . , n) 

form a. linearly independent set and define a lattice A of points 

u b + . . . +u b , 
l * v » 1 n~n 

by allowing u u to take all integer values. Suppose that 

K is any closed, bounded, centrally symmetric convex set 
containing the points a . a , . . . , a . In a recent article fl], 

I showed that there is a constant X >0, depending only on n, 

such that the collection of convex sets formed by taking all A -

translations of X K form a covering of E , i. e. , 

(1) U (X K + x)DEn . 
n ~ 

xeA 

This shows that if K provides a local covering for A (in the 
sense that it can be translated to cover a non-singular lattice 
simplex of A ), then the vector sum of A and a uniformly 
bounded dilatation of K covers the whole of space. The method 
of proof gave an explicit value for X ; namely, 

n 

( 

) 1 

—•(n+1), if n is odd, 

- - i i 
n(l + " ), if n is even. 

2 n+1 
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T h a t th i s i s not f a r f r o m the b e s t p o s s i b l e m a y be judged by a 

c o n s i d e r a t i o n of the s p e c i a l c a s e w h e r e K = K i s the g e n e r a l i s e d 

o c t a h e d r o n 

K 
0 

+ . . . + x < 1, 
n — 

0 
th /1 1 i \ 

a n = 0, a. = e. = (0, . . . , 0, 1 , 0, . . . , 0), £ = - , - H a n d A 
~ U ^ ^ i 'V/i ~ 0 12 2 2 ' 
i s the l a t t i ce of po in t s wi th i n t e g r a l c o o r d i n a t e s . F o r then, wi th 

1 1 
any £ sa t i s fy ing 0 < e<—n, i t i s c l e a r tha t z d (—n- e)K + x, 

2 ^ 0 2 0 *v# 

f o r a n y x £ A , ( c . f . [ l ] , p . 2 3 8 ) . H e n c e a n e c e s s a r y c o n d i t i o n 

f o r (1) to h o l d i s 
X > - n , 

n — 2 

a n d , i n [ l ] , i t w a s c o n j e c t u r e d t h a t t h i s w a s a l s o s u f f i c i e n t . 
I n s o m e u n p u b l i s h e d w o r k , I h a v e s i n c e v e r i f i e d t h a t t h i s i s 
c o r r e c t w h e n n i s e v e n , b u t f a l s e w h e n n i s o d d ; i n f a c t , w e 
n o w k n o w t h a t 

(3) 
n 

~ ( n + l ) , if n i s o d d , 

12 
if n i s e v e n . 

a r e t h e l e a s t p o s s i b l e v a l u e s f o r \ i n (1 ) , f o r a l l n > 2 . 
n — 

So f a r a s o n e c o u l d s e e , t h e m e t h o d of [ l ] h a d r e a c h e d t h e e x t e n t 
of i t s u s e f u l n e s s , o f f e r i n g l i t t l e h o p e of i m p r o v e m e n t f o r t h e c a s e 
of e v e n n a n d g i v i n g no i n d i c a t i o n t h a t (2) w a s b e s t p o s s i b l e f o r 

odd n . H o w e v e r , t h e c a s e n = 2 w a s s e t t l e d s o m e 20 y e a r s a g o 
[2] b y a r a t h e r d i f f e r e n t a p p r o a c h and I h a v e r e c e n t l y n o t i c e d 
t h a t t h i s a r g u m e n t c a n b e a d a p t e d f o r t h e c a s e of g e n e r a l n to 

1 
g i v e (3 ) , ( b u t l e a v i n g o p e n t h e q u e s t i o n of w h e t h e r —(n+1) i s 

e x a c t , w h e n n i s o d d ) . M r . D . L . Y a t e s p r o d u c e d a n e x a m p l e 
f o r n=3 t o s h o w t h a t (1) i m p l i e d \~>_2 and s u b s e q u e n t l y , 

d e v e l o p e d a m o r e e n l i g h t e n e d a p p r o a c h f o r t h e p r o o f of (3 ) , 
( P h . D . t h e s i s , U n i v e r s i t y of N o t t i n g h a m ) . I t r e m a i n s t h e n , 
and t h i s i s t h e p u r p o s e of t h i s n o t e , t o p r o v i d e a n e x a m p l e f o r 

1 
a l l odd n to v e r i f y t h a t (1) i m p l i e s X ^ > ~ ( n + 1 ) . 
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2 . A n e x a m p l e f o r odd v a l u e s of n . 

L e t 

a = ( - 1 , - 1 , . . . , - 1 ) , a = e , . . . , a = e 
<\,0 ~ 1 *\,1 ~ n ~ n 

1 
and p u t £ = - - ( n - f l ) a . D e f i n e a s e t K b y 

a» 2 ~ 0 

(4) F ( x ) < l , 

w h e r e 

(5) F (x) = m a x l e x +. . . +e x | 
~ 1 1 n n 

and the m a x i m u m i s t aken over a l l e. = + 1 with £ + . . . + £ = + 1 . 
l — 1 n 

Then K i s a c losed bounded convex se t , s y m m e t r i c in 0 t 

which c l e a r l y con ta ins the poin ts a , a , . . . , a . Tha t i t i s 
~0 ~1 ~n 

c losed , convex and s y m m e t r i c in JQ i s obvious , s ince it i s the 
i n t e r s e c t i o n of f in i te ly m a n y c losed h a l f - s p a c e s , t oge the r with 
t h e i r i m a g e s in 0. F o r the b o u n d e d n e s s , o b s e r v e tha t 
F ( x ) > G ( x ) , w h e r e 

G (x) = m a x I e x + . . . + € x I 
~ 1 1 n n 

and the m a x i m u m i s now taken over al l e. = + 1 such tha t 
l ~ 

(e , . . . , £ ) i s a cyc l i c p e r m u t a t i o n of 
1 n 

(6) ( 1 , 1 , . . . , 1 , - 1 , - 1 - 1 ) 

f(n+l) 

T h e s e n v e c t o r s a r e l i n e a r l y independent , s i n c e the c i r c u l a n t 
f o r m e d f r o m (6) v a n i s h e s only when 

2 Mn-1) ~(n + 1 ) n - ! 
1 +w+w +. . . +w à - w Z - . . . - w = 0 

for s o m e w with w = 1. But s ince n i s odd and 
2 n - 1 

1 + w + w + . . . + W = 0 , if w ^ l , th i s i s i m p o s s i b l e . 
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Hence the se t defined by G ( x ) < l i s a p a r a l l e l o p i p e d conta in ing 

the poly topc F ( x ) < l and so K i s bounded . 

Now, for any x = S u .b . in A , we have 

x - e - [2 u. ( a . - a )] - - (n+1 
i = l i *\/i ^ 0 

/ n n \ 
= 2 u a +| 2 u. T, a. + - ( n + l ) 2 a . . . . . . . . . . . A . = i ^ 

i= l ^ \ i = i i i ^ i ^ ' 2 

1 
Z [ ~ ( n + l ) + u . + 2 u.] a., 

i = l 1 j = l J ^ 

f r o m the def ini t ion of a^, a. , . . . , a and £ . HÉ 
^ 0 ^1 ^ n ^ 

F (x -£) = m a x 
£.= + 1 

1 

S [ ^ ( n + l ) + u + S u ]e 
• j = l J i = l 

1< i< n 
e.= + 1 

l 

m a x 
1 < r < . . .< r < n 

m+2u +2u + . . . +2u 
r A r~> r 

1 2 m 

m a x 
1< r < . . .< r < n 

— 1 m — 

V +V + . . . + V 

1 2 m 

w h e r e m - — (n+1) and v =2u +1, . . . , v = 2u +1 a r e odd i n t e g e r s . 
2 1 1 n n 

But if v , v , . . . , v a r e any n non- z e r o i n t e g e r s (n odd), t h e r e 

are, (by D i r i c h l e t ' s box p r inc ip l e ' . ) , at l e a s t —(n+1) of them with 

the s a m e s ign. Hence 

F ( x - £ ) > ~ ( n + l ) for al l x e A r^> /x> 2 r o 
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1 
i . e . , for any pos i t ive X < ~ (n + 1), 

\ K H ( x - £) = é for all x eA 

Thus the point £ does not belong to any of the se t XK-fx, 

1 
w h e r e x e A , if X<—(n + 1). We conclude that, a l though (1) 

1 
i s a lways sa t i s f ied with X r e p l a c e d by —(n+1), in this 

n 2 
p a r t i c u l a r c a s e , it i s not sa t isf ied with X r ep laced by any 

n 
1 

pos i t i ve \ < " r ( n + l ) . 
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U n i v e r s i t y of Toron to 
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