A PROOF OF SOME IDENTITIES OF RAMANUJAN USING
MODULAR FORMS

by ANTHONY 1J. F. BIAGIOLI
(Received 18 May, 1988)

Introduction. In 1974 B. J. Birch [1] published a description of some manuscripts of
Ramanujan which contained, among other things, a list of forty identities involving the
Rogers—Ramanujan functions

- 1
G(x)= H Sn+1 . yOntay

and weo(l = x )1(1 > 0.1)
Hx)=]]

220 (1 - x5n+2)(1 . x5n+3) -

At that time nine of these had been proven, and since then twenty-two more of them
have been proven, fifteen of them by David Bressoud in his thesis [2]. Bressoud gives a
synopsis of the extant proofs, where he attributes proofs to H. B. C. Darling [3], L. J.
Rogers [4], L. J. Mordell [§], and G. N. Watson [6].

G(x) and H(x) can be expressed as theta functions by using the Jacobi triple product
identity. Substituting x = e*™* we find that g(7) =x~"Y*G(x) and h(t) =x"°H(x) are
modular forms of weight 0 on a certain subgroup Iy (5, 5) =I'(1) of the modular group,
and for any positive integer n, the functions g(nt) and h(nt) will be modular forms on an
appropriate subgroup. It requires some work to get the multiplier system for these
functions in a workable form, but this is done in §2.

The identities involve the functions G(x) and H(x) only in the combinations

3 {G(x’)G(xs) +xCHYSH(xYH(x*), when r+s=0(mod5),
T LGENH() —x"H(x)G(x*), when r —s =0 (mod 5).

In addition, the functions

(0.2)

r.s

P =[] (1- 2
and ":1 (0.3)
Pr(x)=[] @ +x>Y

appear. With these notations, and preserving Birch’s numeration, eight of the iden-
tities are:

Us1a=Usz» (#15)
Us1a= 2ix [P*(x)P(x*)P*(x7)P(x*") = P(x)P*(x)P(x")P*(x*")] (#16)

» _PG")—xPx)

Us = PGE)P(x) (#17)
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P(x17)3 _ xZP(x)3

[U17,z Ul,34]4 - x[U17,2 U1,34]2 = [P(x”)P(x)]3 (#33)
U2,23 U46,1 = P(x)P(x”) +x + W (#34)
P(xll)U2,33 = P(x3)U66,1 (#36)
P(X)Us o= P(x™ YUy, 6 (#37)
a7 2 2x* 2 A2 47 4 °
[U1,94U47,2— Px)P(x*)—2x* — P(x)P(x‘”)] =4x“P(x)P(x*") +9x* + PP (#40)

P(x) and P*(x) can be expressed in terms of the Dedekind eta function, and the
functions U, ; yield modular forms when multipled by the appropriate power of x,

g(rt)g(st) + h(rt)h(st), forr+s=0(mod>5),
g(ro)h(st) — g(st)h(rt), forr —s=0(modS5),

which are forms of weight 0 on the subgroup which is the intersection of the subgroups for
g(rt), g(s7), h(rt), and h(sT).

To get a proof of any one of these identities from this point requires knowing a
complete set of inequivalent cusps for the subgroup, checking that the multiplier systems
of each term in the identity agree, having a lower bound for the order of the identity at
each cusp, and then calculating sufficiently many of the coefficients of x” in the series
expansion to see that the valence formula (cf (1.5)) would be violated if the function were
not identically zero. This is a task which can certainly be done, with a computer, but
without further simplifications it is necessary to compute several hundred terms in the
series expansion.

To reduce the complexity of the computation we can try looking closer at the
modular properties of the functions u, ;. More turns out to be true than we have a right to
expect.

First of all we shall show that u, ; is a modular form on the subgroup Ty([r, 5]), whose
index is 12 times smaller than that of the subgroup for g(rt) and g(st). This translates to
a reduction by a factor of more than 12 in the number of terms necessary to be computed.

Besides this, there is an obvious symmetry in the above identities, when there is
more than one prime factor involved, as we can see most clearly by comparing (#36) and
(#37). We make this symmetry explicit by applying what we call the Fricke involutions,
whose properties are developed in §4. After doing this, it turns out that for a proof of
some of the indentities it is only necessary to check that the constant term vanishes, while
only one requires us to do as many as 5 terms.

Thus, we have managed to replace a lot of computation with a fair amount of theory,
which seems good in that it leads us to a better understanding of these functions.
However, this technique is only a technique of verification: it does not show us how to
construct new identities, only how to tell whether one we already have in hand is true or
not.

() = (0.4)
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After completing the proofs of the identities which involve u, , there is one identity
which remains unproven. It is

P(x*®)Uso 4= P(x*)U7 1, (#35)
where, with G*(x) = G(—x), and H*(x) = H(—x),
Ussi = Gx™®H*(x) + xG*(x)H(x®).

This identity is not quite in the same mold as the other eight we consider, but a slight
adaption of the techniques used on them does yield a proof.

1. Background on modular forms. For a general theory of modular forms we refer
the reader to Rankin [7], Schoeneberg [8], Knopp [9], and Rademacher [10], although the
notation we use here is not strictly in accordance with any one of these.

By M;(R) and M3 (Z) we denote the sets of 2 X 2 matrices with positive determinant
and real and integral entries, respectively. The modular groups is

[(1)= (A e M3(Z) | det(4) = 1},
the principal transform subgroup of level n is

Iy(n) = {A - (‘C’ Z) eT(1) | ¢ =0 (mod n)}.

b
For M = (: d) € M3 (R) we define the bilinear transformation

at+b
T= s
ct+d

for any e H= {r € C: Im 7 >0}, and the automorphic factor
M:t)=ctr+d.
For any f:H— C U {=} the stroke operator of weight r is the operator f — f | M defined
by
f| M= (det M)*"*(M :7)""f(M7). (1.1)

0

When r =0 this is f | M(t) =f(Mt), and when M = <’(:l > the bilinear transformation
n

0
1

0
f ( (r(;l n)- Although f [M| A = f | MA does not hold in general, we do have this equality

is M‘r=%11~ We write f |m and f’ﬂ as abbreviations for f ' (r(r)t ) and
n

b
when r is an integer, or when M or A is of the form (g d) with both a and d positive.

a b - .
For A = ( d) and n a natural number, we define two auxiliary matrices "4 and , 4 so as
c .
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to satisfy
1
finlA=f1"Aln=f InAI;, (1.2)
or, in other words,
n a bn na b
A= (c/n d ) and nA = ( c d/n)' (1.3)

In addition, we shall use 7, A = "(,A).
We say f is a modular form if it is a form on some I' of finite index in I'(1). The
functional property which a modular form must satisfy is its functional relation:

floA=v(A).f forall AeT.

v(A) is called the multiplier system of f and r is its weight.

If f is a modular form on T and # is a natural number, then f | n is a modular form of
the same weight on the group I'" = {4 € I'(1) | "A € I'} with multiplier system v | n defined
by

v | n(A) =v("A). (1.4)
If f and g are two modular forms on I" and I, respectively, then f. g is always a modular

form on I'NI'. However, f + g is only a modular form when their weights are equal, and
then it is a modular form on the subgroup

I"={AelNI"|v(A)=v'(4)},

provided this has finite index in I'(1). The first step in each of our proofs will be to find
the subgroup on which all of the multiplier systems agree.
Any non-zero modular form of weight 0 must satisfy the valence formula:

> Ordi(F;z)=0, 1.5)

zeF*

where #* is a fundamental set for I'. We shall use this to prove that a modular form is
identically zero by showing that it fails.
We shall need the following properties of I'y(n).

Lemma 1.1. If (r, s) =1, then the width of T'y(n) at g is

K(Fo(n); i) z

s) (n,s%)°

Proof. If B € (1) is such that = B~'(), then
S

1—krs  kr?

BU*B = (
v —ks®> 1+krs

) € Lo(n)

if and only if n divides ks>.
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LemMma 1.2. If no square divides n other than 1 or 4, then a complete set of

1
inequivalent cusps for I'y(n) is {;:a I n}.

LemMa 1.3. If no square divides n other that 1 or 4, and if (r,s)=(r',s')=1, then

!

L and r_' are equivalent cusps modulo To(n) if and only if (s, n)=(s', n). (We allow o«

1
in the form °°=6.>

Lemmas 1.2 and 1.3 are proven in Berndt, Biagioli, and Purtilo [12], [13].

If Ordr(f; §) denotes the order of f with respect to I' at the cusp { € QU {«} and
k(T; £) denotes the width of I at £, then the invariant order, ord(f; &) is defined by the
equation

Ordr(f; £) = x(I'; Lord(f; £). (1.6)
It has the following property for the order of the transform f | M of f by the matrix M =

(a b) eM3(Z): If r,s€Q, (r,s)=1, m=det(M), and if g = (ar + bs, cr + ds) (this is
c

d
. r ar+bs
the factor which cancels from the numerator and denominator when M -= i

is
reduced to lowest terms), then s cr+ds
2
rn g r
d( M;—>=— d( ; —). .
ord(f | o)=-or fMS | @7

(See Berndt, Biagioli and Purtilo [11].)

Suppose d || n, i.e., d | n and (d, 2) =1. Then a Fricke involution of level d for I'y(n)

0
g 1), where B = (: g) eI‘0<g> and 6 =0 (mod d). These

satisfy the following property:

is a transformation M = B <

LemMma 1.4. If d || n, fis a form on T =T(n), and M is a Fricke involution of level d
for To(n), then for every ze HU QU {0},

Ord(f | M; z) = Ord(f; Mz2).

Proof. For z € QU {=} this was proved partially in [13], and the complete proof is
similar to the one given there. For a point z € H, this follows because P € I'y(n) if and
only if MPM~' e Ty(n), so that z and Mz are both non-fixed points of Ty(n) or they are
both fixed points of the same order, and f | M, as an analytic function in H has the same
order at z as f does at Mz.

B
o

LeMma 1.5. Suppose d||n, m|n, B= (:
involution of level d for Ty(n), and suppose f is a form on l"o(;r:l—> with multiplier system v.

d
), and M=B(0 (1)) is a Fricke
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276
va up ), (this agrees

L =
and B'=4B (Y/M /v

!

. m

Settmg v= (d, m), u =;, m =(—d’-"n—)2,
with the notation introduced in (1.3)), then

flm|M=v(B.f|m

This says, essentially, that, for a Fricke involution, the stroke operator changes f | m

into f | m’. The proof follows from
Flm|M=f|uv|Bd=F|u].5

d vae up n
i I - v d ‘;B - ( > r <_).
since m uvan vIB 8/ € o7,
LEMMA 1.6. Suppose d || n, a | n, n is divisible by no square other than 1 or 4, and M
1
the cusp M(—)
a

d d
iy had
” flvBI/uv,

d
is a Fricke involution of level d for Ty(n). Then with a’ =Zd—‘;?,
is equivalent modulo I'y(n) to ok
B) eI‘0<E) and 6=0(modd), and

d 0
. Setting M = B ) ith B=(
Proof. Setting 0 1 with B v 6 y
d
setting dy, = @d)’ apg= @d)’ we have
() -a(f) -5t
a ao ydy + bay

Since det(B)=1, this fraction is reduced, and we can apply Lemma 1.3. Using

e (-3 6) =(d, y)=1, and (d, Z) =1, we have

(ydo + baqy, n) = (ydy + bay, d)('ydo + da,, Z) =dy.ap=a’

m
d —
8,2

and we are done.

2. Transformation properties and multiplier systems. We begin with some pro-

perties of the Dedekind eta function
n(.t) — e27u'r/24 H (1 _ eZm‘nr)’ (21)
n=1
and the theta function
191(” | T) =_j Z (_1)meni1:(m+1/2)2e2m'u(m+1/2), (22)
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which are defined for v € H and v € C. With x = ¢*™", ¢, satisfies

a) *(v | 7)=2x1® 2 (—=1)"sin((2m + v)x™m+ D2,
m=0
b) = iem’[—v+(r/4)] H (1 _ xn)(l — x(n—l)ez.m'v)(l _ xne_z,"'u), (23)
n=1
<) Hh(v+mr+n | )= (—1)"'+"e—ﬂi[2'nv+m2r]01(v | 7).

The Jacobi triple product identity is b); the other two follow from the definition.

b
For A= (: d) € '(1), the transformation properties of n(t) and &,(v | 7) are:

at+b
n(cr " d) =v,(A)Vcr +d n(7), 2.49)
where
d\* 2 5
(Z) exp(~2—z [-3c —bd(c*— 1)+ c(a + d)]), for ¢ odd,
v, (A) = . i (2.5)
<2> cxp(EZ [3d -3 —ac(d*—1)+d(b - c)]), for d odd,
and
v E—_b = micvH(ct+d)
01(“ — | == d) — vo(A)VeT Fde 8(v | 1), 2.6)
where
* 2 ;
(g) exp(—:;f [~3c +c(a+ d)]), for ¢ odd,
vo,(A) = v3(A) = 2.7)

i
(f) exp(-E [3d—3+d(b—c)]), for d odd.
d/, 8
For (2.3b), (2.4), (2.5), and (2.6), see Rademacher [4, §§74, 80], although the
d *
specific form of (2.5), using the extensions (;) and (%) of the Legendre symbols to
*

allow the lower entry to be negative, follows Knopp [5]. (2.7) follows from (2.3b) by
observing that

3
S hw[D| =2m()"
Suppose p, n € Z with n =1 and n 4 p. Then we define
1) = =i~ 1)l (o [ ), @8

where [ ] denotes the greatest integer function. This has the product form, after the triple
product (2.3c),

fap =72 [T (1=xm)(A = x™7F)(1 = x™~#),
m=1" o
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a b
LemMma 2.1. IfA= (c d) e Lo(n), then

frolAT) = [(-1)PH el or imaty , ("A)IVCT + d fr pul T).

a bn )
c/n d ), as in (1.3).

Proof. Using the transformation property (2.6) of ,, we have

Recall that "A = (

- +b
fn,p(AT) = (__1)[p/n]ep (m/n)A'l:ﬂ1 P(a‘l' ) a(n‘L') +nb

+d
* < (nt)+d
n
i +b))?
= (—1lr"ly, ("A)Ver +d exp(p2 %lAr)exp(ni g(ﬂ(f;TdD—) %1(pat + pb | n1)

= [(~D)ler*eby, ("A) Vet +d exp(p2 %iAr(l +c(at + b))) 9,(pat | nt)
= [(—Dle’eby, ("A)[VeT +d exp(p2 i;—l (@t + ab)) ¥,(pat | nr)

= (-1 oo exp((07 % ab Yo, () Ve + d o).

+5
Since f, p4n=Ffn—p=1Is, and the quadratic reciprocity symbol satisfies (_r 5 )=

(gr) and (—?r) = <§), the following definition makes sense.

DEerNITION 2.1. Suppose 6 = 1. Then

_5.(7)
8s(7) = 0@’ (2.9)

where  is any integer with (g—) =4.

We shall sometimes write g, and g_ for g,, and g_,. By the product expansion we
see that

g(t)=g_(v)=x""*G(x), and
h(t) =g, (t)=x""*H(x).
DeFiNtTION 2.2. For natural numbers r and s and for 6 = +1, we define
Usrs=8~-8-5+ 08+ - &s, (2.10)
If r and s satisfy rs= ‘:tl (mod 5),; then we define implicitly 6 € {£1} by r+8s=0

https://doi.org/10.1017/50017089500007850 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500007850

SOME IDENTITIES OF RAMANUJAN 279

(mod 5) and shall write ,
ur,s = ué,r,s (2 11)
These modular forms are related to the power series U, ; of the introduction by:
_(r+s)/60U h +5s=0 ds ,
when 7 4+ =0 (mod 5) @.12)

r,s’

ro(7) = {x”(’ 1s)60gy ., when r —s =0 (mod 5).
We also define

p(n) =~ ()

and
*( ) _P((2 )) —1/48P*(x).

THEOREM 2.4. p(t) is a form of weight 0 on ['o(2) with multiplier system

u(z Z) (Z)exp<—[ ac(d®—1) - d(2b+c)]) (2.13)

*(t) is a modular form of weight 0 on T's(4) with multiplier system

a b\ (2@ )
up.<c d) - exp( = lac(d— 1)~ d(4b — )], (2.14)
and u, , is a modular form of weight 0 on T'([r, s]) with multiplier system
v, =vy|r. vy s, (2.15)
where v,(A) = v, (A)" denotes the multiplier system of n'*(t), i.e.,
i
“ b exp(—gl [-3c—bd(c*— 1) +c(a+ d)]), codd,
Ul( ) = . (2.16)
d 7
¢ exp(—éE [3d — 3 — ac(d®— 1) + d(b — c)]), d odd,
50 then
7 +
2 b exp( ;n r_s[ —3c — bd(c? —rs)+c(a+d)]) codd,
v,s( = (2.17)
O S T, |
¢ exp( ;" 2 [—ac(d = 1)+ d(rsb c)]) d odd.

Note that v, is the multiplier system of n'*(rz) . n**(s1).
The assertions about p(7) and p*(7) follow directly from the general property (1.4)

about transforms f | r, and the transformation property (2.4) of n(7). The rest of this
section is devoted to proving the assertion for u,,. We shall first establish the
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transformation properties of g5(7), then use this to establish the multiplier system for u,
on I'y(5[r, 5]), and finally extend the result to Iy([r, s]).
In the transformations of g; we introduce a function xs(m) defined as follows:

+1, form=+1, +2(mod5),
= 2.1
xs(m) {—1, for m=—1, -2 (mod 5). (2.18)
This function is determined by the property
(~ 1) = —rsm)( ) -1y, 2.19)
and satisfies
xs(mn) = (—1)"EmIMECDy (m)y(n), (2.20)

1, ifx <O, . .
0, ;f;czo, To see that (2.20) is valid, let m =25, and n=2" (mod 5).

Then XS(m) — (_ 1)g and (_1)(g+h)(g+h—1)/2 — (_1)g(g—1)/2+h(h—1)/2+gh_

b
d

where negx = {

ProrosrTION 2.5. For A = (z ) e I'y(5), we set &' = (g) Then the functions g, and

g_ transform according to the rule

gs(AT) = Ug,a(A) . 8s6/(T). (2.21)
where
Vg, 5(A) = vy, 5(A)v1(A) (2.22)
and
a negd .
vo.o(A) = xs(a)<§) ¢—OCi1S)ab. (2.23)
Thus, when (g) = —1, g, transforms into g_, and vice-versa.

Proof. We apply Lemma 2.1, with p chosen to be either 1 or 2. Then, using

c d a\(d a
5= 20, and (70) = (5)(5): ’ = (o). T
5 5¢ (mod 24), and /5 s)\Z) we get vy, (CA)/v,(A) 5 v,(A). Then a couple
of applications of (2.19), using the fact that ab =a + b + 1 (mod 2) for any A e I'(1), and

that 50 + p> =20 — 88, gives us (2.21).

CoRroOLLARY. For any positive integer r, gs(rt) is a modular form of weight 0 on
Ty,1(5r, 5) = {A eTo(5r) | a= £1(mod 5)}.

ProrosITION 2.6. Suppose r, s are positive integers, & € {x}, and r + s =0 (mod 5).
Then u, is a form of weight 0 on To(5[r, s]) with multiplier system v, (A).

We isolate the following sign argument for use here and again at the end of the
section.
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LemMma. If 8, 8' € {£1} and R.,, S., are any four quantities, then
R_sS_ss + OR5:Ss5 = (8")"B°[R_,S_s+ OR ,,S,]. (2.24)

Proof. Check each of four cases.

b
Proof of Proposition 2.6. For any meN, oe {1}, A= (Z d) €Iy(5m), and

6'= (;—1), we have
8o(MAT) = v, 5("A)g 45 (M),
so for A e T'y(5[r, s]), we have
U (A1) =vg (A, _sCA)E-5(rT)8—s5/(5T) + 0585 (rT)gss(sT)], (2.25)

where & has the value

A A -1-4 4mi
Ug,+( )Ug,é( ) — (g) exp 2 (? ab(r + 6s)) = 1)

5 e (A, sCA)

because r + 8s =0 (mod 5). Applying the sign argument above, we have
a negd
u, (At) = vg,_(’A)vg,_a(sA)(g) u, (7).

Finally, applying the definition (2.23) of v, s.

negd

A o)) = w0 Ao A() W CAWCA) = viCAYLCA),

and this completes the proof.

A reduction in the proof of Theorem 2.4. Choose an integer m such that

{m = 0 (mod 24rs), 2.26
m=1(mod5), +26)
and define
1 0
V= (m 1). (2.27)

Then [Ty([7, s]) is the group generated by I'y(5[r, s]) and V, and v, (V) =1, so Theorem
2.4 follows if we know that

u,,s(m;r 1) =u, (7). (2.28)

k
We first prove two lemmas. The first gives ﬂ,(—

T . L
—) as a linear combination of f; ,

and f; ,. The other shows that g,5< " 1) is a certain linear combination of g, and g_.

mt
These two lemmas are then used to prove (2.28).
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k S+1
Lemma 2.7. Suppose keZ,5+k,0= (—5-), and o = \/_2 . Then
k|t ) o o
8,5 i 2) = IS k)= D 003 (5) — 03 (D] (2.29)
Proof. Choose pe{l,2} so that k=2xp(mod5). Then (g) = (g) =¢ and
kit P r) (p t)
__=_[k/5]__=__ Y. 7 Y i
0(3|3) = o%9,(2 | 2) = —xo-1ra,(2] 3),
so it suffices to show that
PiTN _ cuag, —on _ of2
% 5|5 =5"0™"fs o(7) — 0w"fs 1 (7). (2.30)
2m+1
sin(———( e 5 )10
Setting s, = , and using the series expansion (2.3a) for ¢,, we have

. @)
sm( 5

iﬂl(g l g) =2isin 1’53 3 (~1)"s,, exp i g (m +3)%

. T 1
Since cos 3 =——-— =3, we have

2 sin(fsg) =5"w=°2 and 2 cos(lrsﬁ) °

w".

b1
Setting c =2 cos—ge we get
Sm+1 = C8pm — Sm—1.

Then, by induction, §s,, =1, 5,41 = 00F, 5,02 =0, Ss,43= —0w?, and ss,,,,= —1, for
all m. Putting these into the above series and collecting together the terms with m =0 and
m =4 (mod 5) and likewise the terms with m =1 and m =3 (mod 5), and rearranging the
series, we obtain

”91(_‘52 l g) = 51/4w—-o/2[e4(m‘/5)1:,01(21. l 5,’:) . aw"e(“i/s)'ﬂl(r I 5,[)]’
which is (2.30), and the lemma is proven.

k
Lemma 2.8. Suppose 8’ € {£1}, 8 |kand 5t k. Let o= (g) and 8" = 6'o. We define

Ré"(k) = [(6110)6"/2e—(4ni/5)ok) . g_(r) . (w—é"/ze—(41ri/5)ak) . g+(1:)], (231)
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and ' o
- E&’(k) — iarxs(k)a(l+6 )/2e—6 (4m/5)ak. (232)
en

T -4
g o) =5 E (R (K), (2.33)
Proof. We shall do the proof only for the case 6'=—1, the case 6’ =+1 being
analogous. In this case we have 6" = —o, and g5(7) = g(7) = e“™>79,(27 | 51)/n(7).

Let B=—ok= —<§>k. Then PBk=-1(mod5), so with a= ﬂk5+ 1

, we have

<]5c ﬁ) e I'(1) and

o
6 DG =G 26 )
0 1/\k 1/ \k &/\0 5/
Settingz=%, we have

"kt+1 kz+a

T __52+/3 and 2 T 2t/5
"kt+1 kz+a’

By the transformation properties (2.4)—(2.7) of n(z) and &,(v | 7), we get
o 5]:)
( T )_ < <(4ﬂ)( T )) v"l(k « iex (Jrik (21/5)2) 9y 5 z
B\ke+1/) = P\"5 ) ke +1 'U<1 o>\f5' P\ ke +1)/5) " (e
"\m 1
k k

Since So— Bk =1 and =k =0 (mod 24), we have <—)*= <—)( k >* =< k )*(§)=

(2.34)

« 5/\5a 1- ok?
5 B 10
oand a=5 (mod 8), so we get v"‘(k a) =oandalso v, (k 1) =1. Hence (2.34) becomes
T [3)
5

)

_ T Vo9 sy (_2_f
"(’)g(krﬂ) V5 ¢ s
— 5—1/2o,e—(4ni/5)ﬁ01(2_ﬁ_
5
) 2k | T+ ok
— _5—1/2 (4n1/5)ak,ﬂ (_ >
¢ \5| s
=574y 5(2k)e K — 0w f; (T + ok) — 0%, (T + ok)).

Now, since 6" = 6’0 = —0, we get (2.33) by applying the transformations property of f; ,
from Lemma 2.1, and the definition (2.9) of g..
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Conclusion of the proof of (2.2) and Theorem 2.4. Let o=<gr). Then from

r+d6s=0(mod5) and m=1(modS5), it follows that (g) = (Ts/—r) = (m_s/f) =0, and
r*=s’= ¢ (mod 5) and rs = —d0 (mod 5). Hence

15() = xs( 072 %) = xstomr) = oxe(r) (235)
and
15 s %) = 1) = (~ ) = oxo(~80) = =5, (2.36)
For &’ € {*1} we define

Rar = [6:w—6’/26(4ni/5)a(m/r)g_(rt) _ cu:S'/Ze—(4ni/5)a(m/f)g_‘h(r.".)].

Then the last lemma, with 6’ = 06 = (ﬂS/—r>6, says
ga(’ : ) =& — = 571, (z>Raa-
mt+1 m r
- (rr) +1

Similarly, with

S@r _ [6rw—6’/2e(4n[/5)o(m/s)g_(sr) _ wé’/Ze—(4.7u'/5)o(m/s)g+(sr)],

o) =552

mt+1

(oot (el e (el

we have

Setting

we then have

T
ur..s'(mt + 1) = 5—1/2[C—R—¢g—06 + 6C+Rasa¢5]'
We use the definition (2.32) of §_ and &, and the values (2.35) and (2.36) of ys to
calculate
m 4ai m m 4ni m
== o hhagiid S "} qnegd T
t-=[st-0(TJesn(507) | x st-0rzs(T)os o675 )

~ éxs(ﬂ))“(ﬂ)a“ega (3)(p(4—]tf o= (r+ 6s))
r s 5 rs

~8(~8)0™°

negd
2

=0
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and, similarly,
C+ = Unega)
so then

T
— gNegd —1/2
ur,s(m_': + 1) Y [R—os——aé + 6R0506] -5

=[R_S_s+6R,Ss].57"7,
by the sign argument (2.24).

1
For 6 = +1, since ?+?=O(mod5), and w +6=\/§’ we have

o) = e o(F ) 0 )

+g.0mg.oexp( T o2+ Z) (2 + o))]

5 r s/\w
=u, (7).

This proves (2.28) and completes the proof of Theorem 2.4.

3. Orders of the functions.

LemMA 3.1. Suppose a, b, ¢, d are real, ¢ #0, and suppose f(t) = $,(at + b | cT + d)
does not vanish identically. Then when f is expanded as a power series in x =e*™, the

lowest order term has degree
c[ra [a] 1\* a°
G-l -5 @1

Proof. From (2.6) we get f(7) = X2 §,x*, where «, is a quadratic expression in n
whose minimum for integral values of n is the expression in (3.1). The coefficient of this
ad — bc

term vanishes only when 2eZ and
f(z)=0. ¢
Lemma 3.2. If (a,c)=1, n{ p and e =(n, c), then

4\ _€ (ap _ ze]]_l)z
Ord<f"””c)_2n<e ﬂe 2/

Proof. Choose b,deZ so that A= (a
c

€ Z. But then, from (2.3a,b), we would have

b
d) el(1). Since Aw= 4 , we have
c

ord(f;g) =ord(f | A; ). Then

p(at+b)
ct+d

Fo (AT) = (—1)lPlgpiCrimas 01(

nat+nb>
ct+d /J’
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de — ck

Lete=(n,c)and m= g. Then there is &k so that 6 = € Z. Finally let 8 = be — ak

and B = (ma ﬁ). Then B eI'(1), and
cle &
(er + k) +B
nat+nb e(at+b) _am m
+d 1 - +k ’
r —(ct+d) E(” >+6
m e
so that, after applying (2.5) and doing some simplifications as in the proof of Lemma 2.1,
_ fer+d p? _2> (pa pb| e k)
fap(AT)= = §exp(nmat19, mr+m mt+m ,

for an appropriate constant §. Hence, by Lemma 3.1,
a\ (pa)* e [ ap [lap] 1\* [ap\?
os)- o (-2 -2
ordfn.p c m 2ml\ el 2 e

_e (%- ﬂ@ﬂ _ 1)
2n\e el 2/
THEOREM 3.3. Suppose pe {1, 2}, 6= (g), and a, c are integers with (a, ¢) = 1. Then

11

6’ when (Z) = :t(g) (mod 5)

a

ord(ga; —) = 1 (3.2)
¢ — 6_() , oOtherwise. :

4. Applying the Fricke involutions. The modulary group of level » is the set G, of
2 x 2 matrices whose entries are residue classes modulo # with determinant 1 (mod n).

LemMa 4.1. The mapping I'(1)— G, is onto.

The map referred to is, of course, reading the entries modulo n. For a proof see
Schoeneberg [9].

We shall add additional conditions to those of the definition (0.9) of the Fricke
involution in order to simplify the multiplier systems that will arise. We assume that M is

b 0
given by M = (: d)(;? 1) with

ab = ac = cd = bc = 0 (mod 2*3°57) 4.1)
and
a=d=1(mod5), if5+4m, (4.2)
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where «, B, y are sufficiently large natural numbers. Usually, sufficiently large will mean
a=3, B=1, and Yy =1. We can also require, when it helps,

d=1(mod8), whenm isodd, and
4.3)

c=1(mod8), when m is even.

The consistency of (4.1), (4.2), and (4.3) is guaranteed by the lemma.
a b
c

Lemma 4.2. If A=( d

) eT'(1) and ab=ac=bd=cd=0(mod 120), then

- *
(g) i, codd,

U,,(A)=# ¢
(5> 92 d odd,
. d *
(4.4)
,
(f)ia ¢ odd,
5
v1(A) =<

a\.1a
~ d
{ (5>l , odd,

a>(1—a)/2 {ic, codd,

”g'6="5(“)<§ i, dodd.
Proof. If ¢ is odd, then ¢*=1(mod8) and we need only use bd =0 (mod3) and

* *
c(a + d)=0(mod 24) and (1.2) to ensure that v,(4)= (ﬂ) e@miB(=3¢) = (é) i~%. The
rest follow similarly from (1.2), (1.17), and (1.18). ¢
The conditions a=d=1(mod5) and c=1 or d=1(mod 8) were not considered
here because they are not preserved under the transition A — A.

ProposiTioN 4.3. Suppose r|n, s|n, and miin and let the matrix M=

0 b
A(m ) with A = (a > eTT(1), with m|d, and z
0 1 c d m

for Fo(n), chosen so that (4.1) and (4.2) hold. Suppose 6 € {1} so that r + s =0 (mod 5).
Then

¢ be a Fricke involution of level m

ur,s l M = Eur’,s')

where E, r', and s' are determined by

r. m) , r , rm

1= = —— r =

! TR 2 (r,m)’ (r, m)*’
s sm

si=(s,m S, = =

1= (s, m), 2T (s, m)’ (s, m)*’
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and
(1+8)2 (1-98)2 _1Y(172)(rz+s2)
n 51 (-1 , meven,
§= (E) (‘5‘> xs(ris1) X {(_1)(1/2)(r1+s2), m odd.
If, in addition, [m, 2r] | n, and if p(t) = n(z) , then
n(27)
2
(—)p , r, modd,
n
plriM= (2) V2
— -, meven.
5 r
P13

Proof. ForreN, 6 € {1}, we have

r 0 r, 0
8s |"|M=ga (0 1)A|m=g6,A’(02 rl) ‘m= g,d(Al)géé’lrI;
ra v _na_(On bn .
where 6 = (3—> and A'=]A= (C Ir, d /rl). Applying the congruences (4.1) and (4.2),

and proposition 2.5, we have
i, m even,

n 1-6)12
UeolA') = XS(")<§) 8 {il"‘ m odd

. . c
We have used the fact that when m is even, r, is odd, so —=r,c=r,(mod4), and,
r

d
similarly, - =r, (mod 4) when m is odd. Consequently,
1

U, s , M=8gs |1 8osw|S' + 058 s |1 8 s |s")

= Eognegé’ . ur',s':
where

sra+sy
’

i m even,
277 modd,

r___rl r/=‘& — ¥
a_(s), s (5) E=66'6"

Since 6"8% = §'"°8% and §'"°8% = §’, we have

§0§neg6’ — Xs(rl)xs(sl)éu(l-—é)ma 1(1—6)/26'611(1—6')/2’

r1>(1+a)/2 5 a-8)2 (_1)(1/2)[(r/r1)+(s/s|)]’ m even
= xs(ris)l = - x{ ’
x5 1)(5 (5) (=10, m odd,

&= Xs(rl)Xs(Sl)(%)(l—a)/z X {

and

when m | rs.
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For p(t), we have, when m is odd,

r)|r|M=21/4 U,,(:fA)r]|r' -
n|2r|M v, (2 A)y | 2r

<fﬂ> j—(dm=1y2
d/rl * 2
)l
(c/Zrz) j-tm=12 n
d/rl *

plr|M=2"

E.p|r,

where

and similarly, when m is even,

plriM=

o4 v, (ZA)n | r' — (2) V2
UNT
2 P17

v’l g’lA)n

5. Proving the identities. We now use the properties derived above to prove the
identities stated in §0. This is mostly a matter of some calculation. We do the identity
(#16) in some detail and give only a few intermediate results of the calculation in the
rest.

The first step is to calculate the multiplier systems of each term in the identity.
Second we compute the result of applying the Fricke involutions and observe what effect
this has on the orders at the cusps. If there are any cusps which are not obtained from «
by the application of one of the Fricke involutions, we use the formula (1.5) for the
(invariant) order of a transform to get a lower bound for the order at the remaining cusps.
Finally we calculate the necessary number of terms in the series expansion to prove the
identity from the valence formula (0.4).

(#16). We set Q(x) = P(x)P(x"), and Q*(x) = P*(x)P*(x"), and

1
ID(x) = Us,14 % [Q*(x)Q(x*) — Q(x)Q*(x)],
and obtain from it a modular form

I(r)=x_”3ID(x)=u6‘,4—%[q* -q | 3—-q.q* | 3],

where q(7) = p(7)p(77), and ¢*(t) = p*(t)p*(77). Each factor of each term of / is a form
of weight 0 on I'4(84). g and ¢* each have multiplier system

27i c

py=exp(Za( b+ £).)
0,(4) = exp( 7] =

see (4.8)) and ¢(37) and ¢*(37) have the multiplier system
y

v, [304) = v,CA) = exp( o a( -36 + 5),)
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s0 ¢*.q|3 and q. ¢*|3 have multiplier system

o
wl3=exn(Sa(-b o))

which agrees with the multiplier system vg 14 Of ug 14 (cf. (4.5)), so I is a modular form of
weight 0 on T'y(84).

We compute the effect of the Fricke involutions M;, M,, M-, the rest being obtained
by My, = MM,, My, = M;M,;, My=MM,, and Mg, = M;M,M,. (Cf. Proposition 4.3.)
The result is

u614,M3=u614,M4= u614|M7=u614’
(*.q|3) | Ms=q.4%|3, (q-9*|3)|M;=q*.q|3,
(q*.q|3) | M;=—q* ﬂ3 (q-9*|3) | M;=—q|3.q*%
q*|3
* —_n_ 1 *
(@*-q|3)| Ms=—2 |3 (q-q*[3)[ M= q|2

Hence, setting I, = I | M,, we get

I=L=—-L=—-I,,
and

q* q*|3)
ql6 ql2/
We obtain a power series ID,(x) from I, by I,=x""ID,(x). We do not need to know
precisely the form of ID,(x), as we will see below, we only need to know that it does not
involve any negative powers of x, which it does not.

Suppose now that we calculate m; terms of ID(x), i.e., the coefficients of
1, x,x% ..., x™!, and m, terms of ID,(x) and these all turn out to be 0. Then we know

Ordyyssy(1; ®) = m, — i Ordrgay(Is; *) = my — 3

Li=l,=—bhg=—Iy=—ug 14+ (

But
1
Or an(84)( ) Ordrys4)(1a; ),

1
so we know a lower bound for Ordro(s‘,)(l ; 2) ford=1, 3, 4, 7, 12, 21, 28, and 84. The
function I has no poles in the upper half-plane, so we have Ordr,g4)(I;z)=0 for all
1
z € H. We still need a lower bound for the orders at y for d =2, 6, 14, 42. To get these,

we need only calculate a bound for d =2, because, for d odd,

1
Ordro(s4)(1 > 5.:1) = Ordrs4)(1s; %) = Ordrs4)(1; 3)-

We have, by the definition of the invariant order,
Ordr,s4y(1;3) = 21. ord(/; 3),
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and we apply the transformation property (1.5) of the invariant order, together with the
orders for g =g_, and h =g, from Theorem 3.1 to get

ord(g | 6;3)=—%,  ord(g|14;3)=—3l5,
ord(h | 6;3)=—-% ord(h | 14; 1) = —3i5,

so that
ord(us 145 3) = — 3.
Also,
ord(q; 3) = —31, ord(q | 3;3) = —&,
ord(g*;3)=4%, and ord(g*;3)=%

follow from ord(n(t); g) = 7 for all ie Q*, together with the definitions of ¢ and ¢*. Thus

Ordr,s4y(1; ) =21.min{-4, &, &) =-1.

Combining the above bounds gives us

2 Ordrys4)(1; 2) = 4(m; — D+am,—3)+4(—3)=4m; +my—1).

zeF*

The identity will be proven, i.e., I =0, if

my+my>1.
However, we can easily calculate in the ring of formal power series modulo the
ideal (x?):
Us 4= 1,
and

S [PHOP(IPEIPGE) - PRIP (PGP =5 [(1+3) — (1 0)] =1,

so m, =2, and (#16) is proven.

For the remaining identities we give only the modular form variation I of the
identity, the multiplier system v(A) for I, the results I, =1I| M, of applications of the
Fricke involutions, and the inequality for the valence formula, assuming that m terms of
the power series have been calculated. None of the rest have cusps which are not the
result of « after application of the involutions, so that part of the calculation can be
omitted.

(#15).
I = x_llﬁlD(x) = u3,7 - u21,1.
V(A) =v37,=Vy,1-
I = _13 = _IG = 121.
>, Ordryan(l; z) = 4(m — 3.

zeF*
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(#18). For the computation of I, and I;; here we need the identity (¥#17) from the
complete list of forty, which was proven by Bressoud [2]. It is
Uz,13 = Upe,1- (#17)
We could prove this here with virtually the same computations as for (#15). We take it as
known.
We set g(1) = p(137)/p(7).
1
I=x""ID(x)=u33—q+—,
q

'U(A) — (_1)b—(c/26).
I= 12 = 113 = 126‘
Y, Ordryue(l; 2) =4(m — ).

zeF*
(#34). We set u = uy 3. Ugs,; and g(7) = p(T)p(237).

2
I=x"'ID(x)=u—q—-1-—=.

q
v(A)=1.
I=L=105;=1I.
2 Ordro(46)(l; Z) = 4(m - 1)

zeF*
(#36) and (#37).
1=x"%ID(x) = p(117)uz,33 — p(37)Ues,1-
I'= x—11/24ID,(x) =p(3317)u11,6 - p(T)u22’3.

v(A)=v'(4)=1
B o V2
=6, le=-1 p(11r)p(3r)l’
V2o,

I'=sL=1,  IL=L=——H"—1.
3 11 6 22 p(T)p(3317)
Y. Ordryee)(l;2) =4(m —5) +2(33) +4(m' — ) + 23D =4(m + m' —3).

zeF*

(#40). We set u = u; g4Utq75, and g(7) = p(7)p(477).
27 8
I=x"*ID(x) = [u—q —2—;] - [4q +9+5].

v(A)=1.
I=L=1;=1L,.
>, Ordryoq(l; 2) = 4(m — 4).

z2eF*
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It is rather remarkable that very few terms need to be computed any of these series.

The remaining identity. The only identity of the forty not proven after this is
Uto,oP(x*) = U3e 1 P(x?), (#35)
Uson = G )H*(x) + x°G*(x)H(x®), |
and H*(x)=H(—x), G*(x)=G(—x). From the infinite products defining H(x) and
G(x), we obtain
H(x) = )|

So we define

where

G(xz)]z H(x?)

H(x2)] G(x?)
H(x)l G(*)’

nd G*(0)= 6| g | 7w

82) | 5,00
gs(7) 1 g-s(47)’
g¥ (1) =x'""H*(x) and g*(r)=x"""G*(x),
uzs 1(7) = g(76T)h*(7) + h(767)8 * (7).
From (1.2) and (2.21), it follows that for A = (Z Z) € I'y(20), g5(7) transforms according

to
85(AT) = v 5(A) . g55(7),

850 =8:(7)|

so that

and we let

where 6' = (g), and

a pos(d) c
Vgo= xs(a)<§> exp 6—ab exp( 5 [Bd 3—ac(d*-1)+ d( 5b + Z)])

From this we get uj ; is a form on I'((380) with multiplier system
V31 (A) = exp(% [ac(d*—1)+d(-b + c)],)

as we did for u,, in Proposition 2.6. Then we check that both sides of (#35) have the
same multiplier system, which they do.

It appears that a further reduction, as was possible for u, ; in Theorem 2.4, to T'((76)
may not be possible; the identity (#24) in Birch’s list specifically lacks this final symmetry
and it involves a similar combination, i.e. u}; = g(t)h*(r) — h(7)g*(7).

At any rate, the apparent lack of symmetry for the factor 5 forces somewhat more
calculation. We let M,, for d =4, 19, 76 be Fricke involutions for I'y(380) and calculate:

=p27). uzs:—p(387) . U194,
1 | Mg = ~Lo=p(387). us 15— p(27) . Uy,

”191 Uz6,1
I\ M,=~1 —_—
|, p(r) p(197)’
u1 19 Ui9,4
1\ M= ~1I
| Mae “p(197) p(v)’
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where
uio, (1) =g(197)g*(v) — h(197)h*(7)
uf 10(7) = g(v)g*(197) — h(r)h*(197),
us1o(7) = h(47)g*(197) + g(4t)h*(197).

We can use our knowledge of the orders of g, , and p to get a lower bound
1
Ordl"o(380)(ld; ;) =my,

1
for d =1, 4, 19, 76 at any of the cusps T | 380 of I'y(380). We can also calculate some
number n, of terms in the series ID,(x) associated with I,. Then since
Il = x_7/6ID1 5 14 = x_9/81D4, 119 = x_7/24ID19, and 176 = x+11/24ID76,

we would have

1
|2 Ordro(sso)(IQ ;) 2 -3+ (= %)+ (no— %)+ (ns+5)+
r (380

Myt Mg 10t My +My1+Mg+ My + My 2+ Mg,

(These estimates correspond to the cusps ®, 75, 35, £, 15, 190, 1> 4» 15, 75, 5, and 35.) The

resulting values for the m,, are, respectively,

41

’ 120-

59 41 41 118 59 172
45 12

T 120, T 1205 T 24>~ 12> 12

SR8

This gives us a lower bound of

1
|2 Ordro(:;go)(I; ;) =Zn,+tns+npot+ Nye — 2_31 > Z g — 37.
r| 380

Hence, if the first 10 terms of each of the four identities vanish, then the valence formula
tells us that 7 = 0. They do, so the proof of (#35) is complete.
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