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Abstract

One of the central questions in Ramsey theory asks how small the largest clique and independent set in a graph on
N vertices can be. By the celebrated result of Erdds from 1947, a random graph on N vertices with edge probability
1/2 contains no clique or independent set larger than 2 log, N, with high probability. Finding explicit constructions
of graphs with similar Ramsey-type properties is a famous open problem. A natural approach is to construct such
graphs using algebraic tools.

Say that an r-uniform hypergraph H is algebraic of complexity (n, d, m) if the vertices of H are elements of F"
for some field F, and there exist m polynomials fi, ..., fi : (F")" — F of degree at most d such that the edges
of H are determined by the zero-patterns of fi, ..., fiz. The aim of this paper is to show that if an algebraic graph
(or hypergraph) of complexity (n,d, m) has good Ramsey properties, then at least one of the parameters n, d, m
must be large.

In 2001, Rényai, Babai and Ganapathy considered the bipartite variant of the Ramsey problem and proved that if
G is an algebraic graph of complexity (n, d, m) on N vertices, then either G or its complement contains a complete
balanced bipartite graph of size Q,, g, (N 1/ ("H)). We extend this result by showing that such G contains either
a clique or an independent set of size N&(1/ndm) 4nq prove similar results for algebraic hypergraphs of constant
complexity. We also obtain a polynomial regularity lemma for r-uniform algebraic hypergraphs that are defined by a
single polynomial that might be of independent interest. Our proofs combine algebraic, geometric and combinatorial
tools.

1. Introduction

The quantitative version of Ramsey’s theorem, proved by Erdds and Szekeres [23], tells us that every
graph on N vertices contains a clique or an independent set of size at least %logz N. In 1947, ErdSs
[17] proved that this bound is best possible up to the constant factor, as the random graph on N vertices
with edge probability 1/2 contains no clique or independent set of size larger than 21og, N, with high
probability. Since then, it has become a central problem in graph theory to find explicit constructions of
graphs having only logarithmic-sized cliques and independent sets. One natural approach to constructing
such graphs is to use algebraic tools.

Let r,n, d, m be positive integers. Say that an r-uniform hypergraph H is algebraic of complexity
(n,d,m) if the following holds. The vertex set of 7 is a subset of F", where F is some field, and
there exist m polynomials fi,..., fi, : (F")" — F of degree at most d and a Boolean formula
¢ : {false, true}"™ — {false, true} such that {v,...,v,} € V(#)") is an edge if and only if

o([AVE, ., v) =01, ..., [fin(V1,...,v,) =0]) = true. (1.1
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That is, the edges of H are determined by zero patterns of polynomials fi, ..., f,,. We assume that for
{vi,..., v} € V(?—l)(r), the left-hand side of (1.1) is invariant under the permutation of {vy,...,v,},
so the edges of H are well defined. Also, say that an r-uniform hypergraph H is strongly algebraic
of complexity (n, d) if there exists a single polynomial f : (F")" — F of degree at most d such that

{(vi,...,v.} € V(X)) is an edge if and only if f(v,...,v,) # 0. We assume that the statement
f(vi,...,v,) = 0 is invariant under the permutation of vy, ..., v,.. (We could have also defined edges
by f(vi,...,v,) =0, but later it will be more convenient to work with this definition.)

1.1. Ramsey properties of algebraic graphs

One of the best-known explicit constructions of graphs having small cliques and independent sets is
due to Frankl and Wilson [24]. For a prime p, they consider the graph G whose vertex set is the p? — 1
element subsets of [n], and the sets A and B are joined by an edge if |[A N B| = —1(mod p). This
graph is strongly algebraic of complexity (n, 2), as we can identify each set with its characteristic vector
over ), and two such vectors v and w are joined by an edge if (v, w) # —1. Note that G is also algebraic
of complexity (p? — 1,1, (p?> — 1)?) over R, as we can identify each set of size p> — 1 with a vector
listing its elements, and whether the vectors u, v € RP*-! are joined by an edge can be decided by the
(p* = 1)? linear equations u(i) = v(j). The number of vertices of G is N = (p{‘_l), and the celebrated
Frankl-Wilson theorem on restricted intersections implies that G has no clique or independent set of
size larger than (p'il) =0,(N 1/(P+1))  Choosing n = p>, the largest clique and independent set in G has

size 20 (VlogNloglog N) - Apother candidate for a graph with good Ramsey properties is the Paley-graph.
If p = 1 (mod 4) is a prime, the Paley-graph of order p is the graph whose vertex set is IF,,, and x and
y are joined by an edge if x + y is a quadratic residue: that is, (x + y)(P~1/2 £ —1. Such graphs are
strongly algebraic of complexity (1, (p — 1)/2), and it is widely believed that Paley-graphs have only
polylogarithmic-sized cliques or independent sets. For the best-known explicit constructions of Ramsey
graphs, see the recent works of Chattopadhyay, Zuckerman [7] and Cohen [11].

The above two constructions of algebraic graphs have at least one large parameter in their complexity.
In this paper, we show that this is not a coincidence, and if an algebraic graph of complexity (n, d, m)
has good Ramsey properties, then at least one of the parameters n, d, m must be large. In 2001, Ronyai,
Babai and Ganapathy [35] considered a bipartite version of this problem. A bi-clique in a graph G is two
disjoint sets A, B C V(G) such that |A| = |B| and every vertex in A is joined to every vertex in B by an
edge. Note that if G is the random N-vertex graph with edge probability 1/2, then the size of the largest
bi-clique in both G and its complement is O (log N), with high probability. In contrast, Rényai, Babai and
Ganapathy [35] proved that if G is an algebraic graph on N vertices of complexity (n, d, m), then either
G or its complement contains a bi-clique of size at least ¢N'/("*1) where ¢ = c(n, d,m) > 0. However,
the existence of large bi-cliques or their complements does not imply the existence of large cliques or
independent sets. Our first theorem extends the result of Ronyai, Babai and Ganapathy as follows.

Theorem 1.1. There exists a constant ¢ > 0 such that the following holds. Let n,d,m, N be positive
integers. Let G be an algebraic graph of complexity (n,d, m) on N vertices. Then G contains either a
clique or an independent set of size at least ¢'N'Y, where ¢’ = ¢'(n, d,m) > 0 and

nlogd
logn |

vy =cnm min{d,

That is, the growth of exponent y as a function of n is linear, while as a function of d, it is at most
logarithmic.

The more general multicolour Ramsey problem considers edge-colourings of the complete graph K
with ¢ colours and asks how small the size of the largest monochromatic clique can be. A colouring
¢ : E(Kn) — [t] of the complete graph K with ¢ colours is algebraic of complexity (n, d, m), if there
exist m polynomials fi, ..., fn : (F")> — F of degree at most d and a function ¢ : {false, true}”” — [¢]
such that c(u,v) = ¢({f;(w, V) = 0}ie(m]).
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In case t = p + 1, where p is prime, the best-known construction (not necessarily explicit) of a
colouring of K with ¢ colours having small monochromatic cliques is a recent result of Conlon and
Ferber [12], which was further improved for ¢+ > 3 by Wigderson [41]. In [12], it is proved that if n
is a positive integer and N = 2"/2p3n/8+0(n) "then K has a colouring with ¢ colours containing no
monochromatic clique of size n. Surprisingly, the colouring they provide is almost algebraic. More
precisely, first they consider an algebraic (¢ — 1)-colouring of complexity (n,2,7 — 1), and then they
recolour the last colour class with two new colours randomly.

We prove the extension of Theorem 1.1, which shows that in an algebraic colouring of complexity
(n,d,m), at least one of the parameters n, d, m must be large if we want to avoid large monochromatic
cliques.

Theorem 1.2. There exists a constant ¢ > 0 such that the following holds. Let n,d, m,t, N be positive
integers. Every algebraic colouring of Ky of complexity (n,d, m) with t colours contains a monochro-
matic clique of size at least ¢'NY?Y, where ¢’ = c’(n,d,m) and

nlogd}

vy =cnm min{d,
logn

1.2. Ramsey properties of algebraic hypergraphs

The Ramsey problem for hypergraphs is also the subject of extensive study. For positive integers r and
t, let R, (¢) denote the smallest N such that any r-uniform hypergraph on N vertices contains either a
clique or an independent set of size ¢. ErdGs, Hajnal and Rado [20] and ErdGs and Rado [21] proved that
there exist constants ¢, C > 0 such that

twy_1(ct?) < R, (1) < tw,(Cr1),

where the fower function twy (x) is defined as tw; (x) = x and twy (x) = 2tWe-1)  For recent develop-
ments on the topic, see also the works of Conlon, Fox and Sudakov [14, 15].

Semi-algebraic graphs and hypergraphs are closely related to algebraic ones and were first studied
by Alon, Pach, Pinchasi, Radoi¢i¢ and Sharir [2]. An r-uniform hypergraph H is semi-algebraic of
complexity (n,d,m) if V(H) c R”", and there exist m polynomials fi,..., f,, : (R")" — R and a
Boolean formula ¢ such that {vy,...,v,} € V(H)") is an edge if and only if ¢({f;(vi,...,V,) =
0}ic[m)) is true.

Let R;”d’m () denote the smallest N such that any r-uniform semi-algebraic hypergraph of complexity
(n, d, m) contains either a clique or an independent set of size 7. Conlon et al. [13] studied the Ramsey
problem for semi-algebraic hypergraphs and proved that there exist ¢ = ¢(r,n,m,d) > 0 and C =
C(r,n,m,d) > 0 such that

twy_1(ct) < R™"M (1) < tw,_; (1€).

In the special case of n = 1, Bukh and Matousek [6] proved that if { is an r-uniform semi-algebraic
hypergraph of complexity (n,d,m) on N vertices, then one can always find a clique or independent
set of size at least ¢’ loglog N, where ¢’ may depend not only on complexity but also on the defining
polynomials fi, ..., fi-

Quite surprisingly, algebraic hypergraphs behave very differently. We show that such hypergraphs of
constant complexity contain polynomial-sized cliques or independent sets.

Theorem 1.3. Let r,n,d, m be positive integers. Then there exist y = y(r,n,d,m) > 0 and ¢ =
c(r,n,d,m) > 0 such that the following holds. If H is an r-uniform algebraic hypergraph of complexity
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(n,d,m) on N vertices, then H contains either a clique or an independent set of size at least cN'/?.

One can choose
n+d
=272 +1].
r=2m("5 ) 1)

Let us remark that the existence of v (whose dependence on n, d, m is not quite explicit) also follows
from a model theoretic argument of Malliaris and Shelah, Theorem 3.5 in [33] (see also [9] for a shorter
proof). They show that if H is a p-stable r-uniform hypergraph on N vertices (see [9] for definitions), then
‘H contains either a clique or an independent set of size N?, where y = y(r, p) > 0. They also remark
that r-uniform algebraic hypergraphs of complexity (n, d, m) are p-stable for some p = p(r,n,d, m).

Theorem 1.3 might give the feeling that semi-algebraic graphs and hypergraphs always have stronger
Ramsey-type properties than algebraic ones. In the concluding remarks, we will show that this is not
always true.

1.3. Erdds-Hajnal conjecture and graphs of bounded VC-dimension

Our results are also closely related to the celebrated Erd&s-Hajnal conjecture. It was proved by Erdés
and Hajnal [18] that if G is a graph on N vertices that contains no induced copy of some fixed graph H,

then G contains a clique or an independent set of size at least eVI°%¢N where ¢ = ¢(H) > 0 only
depends on H. They also proposed the conjecture that G contains a clique or an independent set of size
at least N¢ for some ¢ = ¢(H) > 0. This conjecture, referred to as the Erd§s-Hajnal conjecture, is one of
the central open problems in graph theory. Say that a family of graphs G has the Erdds-Hajnal property
if there exists a constant ¢ = ¢(G) > 0 such that every G € G contains a clique or an independent set of
size at least |[V(G)|¢. The Erd6s-Hajnal conjecture is equivalent to the statement that every hereditary
family of graphs has the ErdGs-Hajnal property unless it is the family of all graphs. Here, we say that a
family F of r-uniform hypergraphs is hereditary if F is closed under taking induced subhypergraphs.

Although the Erdds-Hajnal conjecture is still wide open, its bipartite analogue was solved twenty
years ago by Erdds, Hajnal and Pach [19]. They proved that if an N-vertex graph G contains no induced
copy of H, then either G or its complement has a bi-clique of size at least N¢ for some ¢ = ¢(H) > 0.
Fox and Sudakov [28] improved this by showing that either G contains a bi-clique of size N¢ or it
contains an independent set of size at least N¢. This suggests that finding polynomial-sized cliques or
independent sets is considerably harder than finding bi-cliques or their complements.

The aforementioned bound of Erdds and Hajnal was recently improved for graphs of bounded
VC-dimension. The concept of graphs of bounded VC-dimension extends both algebraic and semi-
algebraic graphs of bounded complexity (as we shall see later). Let F be a family of subsets of a base
set X. If U c X, then F |[y= {ANU : A € F} is the projection of F to U. Also, for every positive
integer z, the shatter function of F is defined as

nr(z) = max |Fly |
UeX ()

The VC-dimension (Vapnik-Chervonenkis dimension) of the family F is the largest integer n such that
nr(n) = 2™: that is, there exists a set U C X of size n such that F |y = 2Y. In this case, we say that U
is shattered by JF. The VC-dimension, introduced by Vapnik and Chervonenkis [40], is one of the most
widely used measures of complexity of set systems in computer science and computational geometry.
We say that a graph G has VC-dimension n if the family {N(v) : v € V(G)} has VC-dimension n. Ramsey
properties of graphs of bounded VC-dimension were recently studied by Fox, Pach and Suk [27]. They
proved that if G is a graph on N vertices of VC-dimension 7, then G contains either a clique or an
independent set of size e(1°2N )7V Where 0o(1) = 0as N — oo while n is fixed. It is open whether
this bound can be improved to N¢, where ¢ = c¢(n) > 0: that is, whether the family of graphs of VC-
dimension at most n has the Erdds-Hajnal property. Theorem 1.1 shows that this holds for the family of
algebraic graphs of constant complexity.
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Corollary 1.4. Let n,d, m be positive integers. The family of algebraic graphs of complexity (n,d, m)
has the Erdds-Hajnal property.

1.4. Regularity lemma for algebraic hypergraphs

Graph and hypergraph regularity lemmas are among the most powerful tools in combinatorics. Let H
be an r-uniform hypergraph, and let Vi, . . ., V,. be disjoint subsets of V(#). The density of (Vi,...,V})
isd(Vy,...,V,) = W, where E(Vy,...,V,) is the set of edges containing exactly one vertex
fromeachof Vq,...,V,.. A pfartition of V(H) into parts Vi, . . ., Vk is equitable if the sizes of V1, ..., Vg
differ by at most 1.

If G is a graph and (U, V) is a pair of disjoint subsets of the vertex set, then (U, V) is e-regular
if |[d(U,V) —d(U’,V’)| < € forevery U' c U, V' c V satisfying |U’| > €|U| and |V’| > €|V|. The
regularity lemma of Szemerédi [38] states that if G is a graph and € > 0, then G has an equitable
partition into K parts with 1/e€ < K < m(€), where m(e) depends only on €, such that all but € fraction
of the pairs of parts are e-regular. Unfortunately, the dependence of m(€) on 1/¢€ is Ackermann-type, so
often, this regularity lemma is quite inefficient.

For certain special families of hypergraphs, one can obtain stronger results. Say that the r-tuple
of sets (Vi,...,V,) in the r-uniform hypergraph H is e-homogeneous if d(Vy,...,V,) < € or
d(Vy,...,V,) > 1—€. Also, say that (V1, ..., V,) is homogeneous if it is 0-homogeneous. It was proved
in the aforementioned paper of Fox, Pach and Suk [27] that if H has VC-dimension n, then H has an
equitable partition into K parts with 1/e < K < O,_,((1/€)***!) such that all but at most € fraction of
the r-tuples of parts are e-homogeneous. The authors refer to this as the ‘ultra-strong regularity lemma’,
and their bound on the number of parts has an exponent that is optimal up to an absolute constant factor.
This result improves on a sequence of earlier regularity lemmas for this class of hypergraphs [1, 8, 31].
One can do even better for semi-algebraic graphs. Fox, Pach and Suk [26] also proved that if H is semi-
algebraic of constant complexity, then H has an equitable partition into K parts, where K is bounded by
a polynomial of € depending only on the complexity, such that all but at most € fraction of the r-tuples
of parts are homogeneous.

But what can we say about algebraic hypergraphs? It turns out that it is too much to ask for a partition
in which all but a small fraction of r-tuples of parts are homogeneous. Indeed, if this were true, it would
imply that if G is an algebraic graph of complexity (n, d, m), then either G or its complement contains
a bi-clique of linear size. In the concluding remarks, we present an example showing that this does not
hold in general. On the other hand, Chernikov and Starchenko [8] showed (see Theorem 4.13) that if a
hypergraph # is p-stable, then H has an equitable partition into K parts with 1/e < K < 0,((1/€)P*!)
such that all r-tuples of parts are e-homogeneous. Here, we will prove the following interesting regularity
type lemma for strongly algebraic hypergraphs, which shows that strongly algebraic hypergraphs are
halfway between semi-algebraic hypergraphs and hypergraphs of bounded VC-dimension.

Theorem 1.5. Let r,n,d be positive integers. Then there exists ¢ = c(r,n,d) such that the following
holds. Let H be a strongly algebraic r-uniform hypergraph of complexity (n,d). Then V(H) has an
equitable partition Vy, ...,Vk with 8/e < K < c(l/e)r!(z’”]) parts such that all but at most e-fraction
of the r-tuples of parts are either empty or have density at least 1 — €.

Another regularity lemma in an algebraic setting was proved by Tao [39]. This lemma applies to
graphs and hypergraphs whose vertices and edges are both defined by algebraic varieties of bounded
complexity over some field F and, more generally, are definable sets of bounded complexity (see [39] for
details). For example, the above-mentioned Paley-graph falls into this category. Tao’s lemma shows that,
remarkably, one can find an e-regular partition of the vertices of the graph or hypergraph in question
into a constant number of (definable) parts, where e ~ |F|~!/4. Interestingly, this seems quite different
from our regularity lemma for strongly algebraic hypergraphs.

Let us present an application of Theorem 1.5 to the Ramsey problem for strongly algebraic hyper-
graphs. The following theorem roughly tells us that finding an independent set of size s for some constant
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s = s(r,n, d) in a strongly algebraic r-uniform hypergraph of complexity (n, d) is almost as ‘costly’ as
finding a very large independent set. This suggests that the exponent in Theorem 1.3 can be improved,
and in order to do so, it is enough to show that every such hypergraph contains either an independent
set of size s or a large clique.

Theorem 1.6. Let r, n, d be positive integers, s = (r — 1) (”;d) +landc,a,B > 0. Let F be a hereditary
family of strongly algebraic r-uniform hypergraphs of complexity (n, d). Suppose that each H € F on N
vertices contains either a clique of size at least cN“ or an independent set of size s. Then every H € F
on N vertices contains either a clique of size cyN®F/" or an independent set of size at least c;N'7P,
where c1, cy > 0 depend only on the parameters r,n,d,c,a, 8 and d = d(r) > 0 depends only on r.

Our paper is organised as follows. In the next section, we introduce our notation and prepare several
tools to prove our theorems. We also present the proof of Theorem 1.3 in this section. Then, in Section 3,
we present the proof of Theorems 1.1 and 1.2. We continue with the proof of Theorem 1.5 in Section 4
and present the proof of Theorem 1.6 in Section 5. Finally, we provide some discussion in the concluding
remarks.

2. Properties of algebraic hypergraphs

In this section, we prepare some tools for the proofs of our main results, and we prove Theorem 1.3.
First, let us introduce the notation we use throughout the paper, which is mostly conventional.

2.1. Notation and preliminaries

If V is some set and s is a positive integer, V(*) denotes the family of s element subsets of V. Let
be an r-uniform hypergraph. The density of H is d(H) = IE(H)I/(lv(rH)l). If X € V(H)® for some
1 <s<r-1,then

Ny(X)=N(X)={Y e V()" : XUY € E(H)}

is the neighbourhood of X.
The following is a well-known result that tells us hypergraphs of density very close to 1 contain large
cliques.

Lemma 2.1. Let N be a positive integer, # <a< %, and let H be an r-uniform hypergraph on N
vertices of density at least 1 — a. Then H contains a clique of size at least ;i(l/a) 1/(r=1),

Proof. Select each vertex of  with probability p = (2Na'!/"~1)~! < 1, and let U be the set of selected
vertices. Let X be the number of non-edges spanned by U. Then E(X) < ap” (]:] ). Delete a vertex of
each non-edge in H[U], and let V be the resulting set; then V is a clique. We have

1/(r-1)
N\ _ pN _1(1

E(V]) 2 E(U| - X) = pN —ap"[" | = 222 » ~ [~ ,
r 2 4\«

where the last two inequalities hold by the choice of p. Hence, there exists a choice for U such that
V| > 2(1/a)!/ =D, O

To describe hypergraphs defined by a single polynomial, let us introduce directed hypergraphs.
A directed r-uniform hypergraph (or r-uniform dihypergraph) is a pair H = (V, E), where V is the set of
vertices and F is a set of (ordered) r-tuples of distinct elements of V, called edges. Given an r-element
subset f of V, an orientation of f is an r-tuple containing the elements of f. In a directed r-uniform
hypergraph, we allow multiple orientations of the same r-element set. Say that an r-element set X of a
dihypergraph H is complete if all r! orientations of X are edges. Let [#] be the hypergraph formed by
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the complete edges of H. A clique in an r-uniform directed hypergraph H is a clique in [#]. Also, an
independent set of H is a set of vertices in which no r-tuple forms an edge.

Given I C [r] and an |I|-tuple of vertices X = (v;);er, the I-neighbourhood of X is Ny(X) =
N1 (X) = {(vj)jerr1 € vt (vi,...,v,) € E}. Note that the vertices of X appear in the
corresponding directed edges in the order given by I. In the case of directed graphs, we write simply
N*(v) and N~ (v) for the out- and in-neighbourhood of v, respectively. If X is an r-tuple and k € [r],
then X (k) is the kth element of X and X (k) = (X(1),...,X(k - 1), X(k+1),...,X(r)).

2.2. Linear algebra

In this section, we collect some facts from linear algebra and introduce the flattening rank of tensors.
LetT : Ay X--- X A, — F be an r-dimensional tensor, where Ai,..., A, are finite sets and F is
a field. For i € [r], the i-flattening rank of T, denoted by frank;(T), is defined as follows. Let B; =
ApX- - XAj_1XAjy1 X+ - X A,; then T can be viewed as a matrix M with rows indexed by A; and columns
indexed by B;. Then frank; (7T’) := rank(M). Note that frank;(7') = 1 if and only if T # 0, and there exist
two functions f : A; —» Fandg : B; — FsuchthatT(ay,...,a,) = f(a;)g(ay,...,ai-1,Qis1s--.,ar).
Also, the i-flattening rank of 7 is the minimum ¢ such that 7" is the sum of ¢ tensors of i-flattening rank 1.
Equivalently, frank;(7') is the dimension of the vector space generated by the rows of 7 in the ith
dimension.

It is easy to see that the i-flattening rank satisfies the usual properties of rank. It is subadditive,
and if 7’ is a subtensor of 7, then frank;(7”") < frank;(7). Here, T" : A} X --- X Al — Fisa
subtensor of T : Ay x---x A, —» Fif Al c A;fori € [r] and T"(ay,...,a,) = T(ai,...,a,) for
(ai,...,a;) € A{x---xA]. Adetailed discussion of i-flattening rank and its combinatorial applications
can be found in [34]. In this paper, we use the following property of the i-flattening rank of tensors
defined by polynomials.

Lemma 2.2. Let f : (F")" — F be a polynomial of degree at most d, and let V C F". Define the r-
dimensional tensor T : V" — Fsuch that T(X) := f(X) for X € V". Then frank;(T) < ("Zd)f()ri € [r].

Proof. Let A ={a € N" : ' a(i) < d}. Forx € F" and @ € N", let ho(x) = (1)@ ... x(n)*™.
Then the polynomial f can be written as

FXO =D ha(X(0)ga(R(D)),

ael

where X € V" is considered as an r-tuple of elements of V, and g, : F"~" — F is some polynomial

for @ € A. But then T is the sum of [A| < (™) tensors of i-flattening rank 1, so frank;(7) < ("}¥). o

We use this lemma in the next section to define a family of forbidden directed subhypergraphs in
dihypergraphs defined by a single polynomial. Working with the flattening rank (versus matrix rank) is
not necessary for this application, but later (see Section 5) we will exploit more of its properties.

2.3. Forbidden subhypergraphs

In this section, we show that algebraic dihypergraphs defined by a single polynomial avoid the following
simple family of dihypergraphs.

Definition 1. For positive integers r, s, k with k € [r], let M(r,s, k) be the family of r-uniform
dihypergraphs M having the following form. There are given, not all necessarily distinct, vertices u; ;
for (i, j) € [s]x[r] forming the vertex set of M. For (i,i") € [s]Xx[s], let X; i be the r-tuple (of distinct)
vertices satisfying X; (j) = u; j for j € [r] \ {k} and X; (k) = uy x. Then X;; is an edge of M
fori € [s], and X; ; is not an edge for 1 < i < i’ < s. The rest of the r-tuples can be either edges or
non-edges. Also, let M(r, s) be the union of the families M(r, s, k) for k € [r].
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Lemma 2.3. Let H be a strongly algebraic r-uniform dihypergraph of complexity (n,d). Then H

contains no member of M(r, s) for s > (";d).

Proof. Let V = V(H), and let f be the polynomial defining . Define the tensor T : V" — F such
that for X € V", T(X) = f(X). For k € [r], let My : V x V"1 — F be the matrix defined as
My (X(k), X (k)) := T(X) for X € V". Then by Lemma 2.2, we have rank (M) = frankg (T) < (™).
Let s > (";d), and suppose that H contains a copy of a member of M(r, s, k) for some k € [r].
Then there exist w; ; € V for (i, j) € [s] X [r] such that the following holds. For (i,i") € [s] x [s],
define U; » € V" such that U; #(j) = w;; for j # k, and U; (k) = uyx. Then f(U;;) # O for
i € [s]and f(U;y) = 0if 1 <i < i’ < s. But then the submatrix of My induced by the rows
U k,...,Ug, and columns Ulyl(k), e Us’s(k) is an upper-triangular matrix, which has full rank.
Therefore, rank(A) > s, which is a contradiction. O

Lemma 2.4. Let Hy, ..., H,, be r-uniform dihypergraphs on an N element vertex set V. If H; contains
no member of M(r,s) for i € [m], then there exists U C V such that H;[U] is either a clique or an
independent set for i € [m], and |U| > eN2r°ms \ohere ¢ = c(r,s,m) > 0 depends onlyonr,s, m.

Proof. We prepare the proof with the following claims.

Claim 2.5. Let G be a nonempty r-uniform hypergraph on M > 100r vertices, and suppose that the
density of G is at most 1 — a. Then there exists X € V(G)" ™V such that 1 < |[N(X)| < (1 - a/2r)M.

Proof. Let a’ be the unique real number such that |E(G)| = ((l_f/)M) < (1- a)(Ar’I). Then one can
check that @’ > a/2r. We prove by induction on r that G contains an (r — 1)-element set X such that
1 < |N(X)| £ (1 —a’)M. This is certainly true if r = 1, so suppose that r > 2.

Let U c V(G) be the set of vertices with at least 1 neighbour. Then there exists u € U such that

rE@)|

IN(u)| < 0]

Note that ('lr”) > |E(G)|, as every edge is contained in U, so |U| > (1 — a’)M. But then

(1-a)M ’ ’

r l1-a' )M -1 1-a" )M
|N(u)|sM=( @) < (1=

(I1-a"M r—1 r—1
Let G’ be the link graph of . Then G’ is a nonempty (r — 1)-uniform hypergraph such that |E(G’)| <
((];‘fl) M ). Therefore, by our induction hypothesis, there exists an (r — 2)-element set X’ such that
1 < |Ng(X')] < (1 -a’)M. But then X = X’ U {u} satisfies 1 < [Ng(X)| < (1 — a’)M as well,
finishing the proof. O

Claim 2.6. Let G be a nonempty r-uniform dihypergraph on M > 100r vertices, and suppose that the
density of [G] is at most 1 — a. Then there exist £ € [r] and Y € V(G)" ™" such that

@
1< |N[r]\{g}(Y)| < (1 27‘-}’!)M
Proof. First, consider the case that [G] is nonempty. Then by the previous claim, there exists
X € V(G)D such that 1 < [Nig)(X)| < (1 —@/2r)M. Let U = V(G) \ Nig)(X), and note that
|U| < 5-M. For every u € U, the set X U {u} has an orientation not present in G. Hence, there exist
U’ c U, ¢ € [r] and an orientation Y of X such that |U’| > |U|/r! and U’ is disjoint from N, }\ (¢} (Y).
But then [N\ ey (V)] < (1 - #)M Also, Nig|(Y) € Nippey(Y), 50 [Ny ey (Y)] = 1 as well.
Now consider the case when [G] is empty. Let 8 = 1/r!. In this case, we show that there exist
e [r]andY € V(G) ! such that 1 < N[y (V)] < (1 = B)M. Suppose this is not the case: that is,
for each W € E(G) and ¢ € [r], we have IN[,]\{(;}(W(Z))I > (1 — B)M. We define the sets of edges
Fy, ..., F, of G as follows. Let F contain a single edge Wy of G. Fori € [r], F; will have the following
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form. There exist x1, ..., x; € V(G) such that F; contains all r-tuples W for which W agrees with W in
exactly (r —i) coordinates, and the rest of the coordinates are a permutation of x1, . . ., x;. Note that then
|Fil=r(r—1)...(r—i+1).If F; is already defined satisfying this property, we define F;,; as follows.
For each W € F;, let Iy be the set of coordinates £ € [r] for which W(£) = Wy(£). Consider the set

U= ﬂ ﬂ N ey (W(0)).

W eF; telw

Then U is the intersection of (r — i)|F;| < r! subsets of V(G) of size at least (1 — 8)M; hence, U is
nonempty. Therefore, there exists x;,; € U. Let F;| be the set of all edges W’ for which W’ (6) = W(0)
and W'({) = x;;1 for some W € F; and £ € Iy . Then F;,; has the desired properties. In particular, F,
contains every orientation of {xi, ..., x,} contradicting that [G] is nonempty. This finishes the proof.
Let us illustrate the previous argument in the case » = 3. Here, Fy contains some edge abc. Then we
can find x = x; such that abx, axc, xbc are all edges: they form F;. Then we can find some y = x, such
that ayx, ybx, axy, yxc,xby, xyc are all edges: they form F,. Finally, we can find some z = x3 such that
ZyX, yZX, ZXYy, yXz, xZy, xyz are all edges, forming F3. ]

Let @ = 2r - rIN~V/2™s Let Uy = V(H), soix = s for (i,k) € [m] x [r], and define the nested
sequence of vertex sets Up O U; D ... and sequence of integers s¢ ; x ford = 1,... and (i, k) € [m]x[r]
as follows. Suppose that Uy and s¢;  are already defined for some ¢ > 0 such that #;[U¢] contains no
member of M(r, s¢ ik, k) for (i, k) € [m] x [r]. Let I C [m] be the set of indices i such that H;[U/]
is nonempty. For such indices i, we must have s, ; > 1, as the family M (r, 1) is composed of a single
dihypergraph containing a single edge. Consider three cases.

Casel.1=0.

In this case, we stop and set U = Up.

Case 2. For every i € I, the density of [#H;][U,] is at least 1 — a.

Let H; = (;er [Hil; then d(H [U¢]) = 1 — a|l| = 1 — am. Therefore, by Lemma 2.1, H;[U,]
contains a clique U of size at least i(]/am)l/(”l). Note that H;[U] is a clique for every i € I, and
‘H;[U] is an independent set for every i € [m] \ I.

Case 3. There exists i € I such that the density of [#;][U,] is less than 1 — «.
As H;[Uy] is not empty, we get by Claim 2.6 that there exist X c U ;‘1 and k € [r] such that

a
L < INw; o), e\ iy (XD < (1 - —)|U5|-

2r - r!
Let Ugy1 = Up \ N?-[,;[Upj,[rj\{k}(x)~ Also set s¢i 2 = Ses1,i7 ke if (7, k") # (i, k), and let sp41 ik =
seik — 1. Note that |Ugy1| > 575|Ue|, and H;[U¢] contains no member of M(r, s¢41,i7 .1/, k) for
(i’, k") € [m] x [r]. The latter is clear if (i’, k’) # (i, k). If (i’, k") = (i, k), let f be any edge in H; [U¢]
with f(k) = X. If H;[Up41] contains a member of M(r, sg41. k, k), then together with f, this forms a
member of M(r, s¢.i k. k) in H;[Ue], a contradiction.

Let L be the index ¢ for which we stop. For £ = 1,..., L, let sp = X\7*, X3 _; S¢.i.k- Then so = rms,
sp > rm,and sgy = se—1,s0we get L < rm(s—1). Also, |[Ugs1| = 555|Ue|,s0 |UL| 2 (a/2r-r)EN >
(@/2r-r)™N = N2,

If we stop in Case 1, then U = Uy, so |U| > N'/2.If we stop in Case 2, then |U| > %(l/am)l/(r_l) >
ch/z’"”(r_l), where ¢ = ¢(r, s,m) > 0 depends only on r, s, m. This finishes the proof. O

From this, we can immediately deduce Theorem 1.3.

Proof of Theorem 1.3. Let fi,..., fi : (F")" be polynomials of degree at most d and ¢ be a Boolean
formula defining #, and let H; be the algebraic dihypergraph defined by f; on V(H) for i € [m]. By
Lemma 2.3, ‘H; contains no member of M (r, s) for s = (";d) + 1. But then by Lemma 2.4, there exists

U c V(H) such that |U| > eN1/2r?ms and ‘H;[U] is either a clique or an independent set for i € [m].
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If X € V(H)") and Y is an orientation of X, then X is an edge of 7 if and only if
d([Y ¢ E(Hi)]liem)) = true.

By the definition of U, the left-hand side is the same for every Y € U", so H[U] is either a clique or an
independent set. O

Let us remark that the bound in Lemma 2.4 is optimal in the following sense. Let G be a graph, which
we view as a digraph in which each edge is oriented both ways. Note that if G contains no two sets of
size | s/2] with no edges between them, then G contains no member of M(2, s) as well. But standard
probabilistic arguments show that there are graphs G on N vertices containing no two such sets, and
every clique and independent set in G is of size N°(1/)_ In the next section, we show that this bound
can be significantly improved if we exploit some other properties of algebraic graphs as well.

2.4. Zero-patterns

One of the key results in our proof is the following lemma of Ronyai, Babai and Ganapathy [35] on the
number of zero-patterns of polynomials.

Given a sequence of m polynomials f = (fi,..., fi;) in n variables over the field F, a zero-pattern
of f is a sequence € € {0, x}" for which there exists x € F" such that f;(x) = 0 if and only if €(i) = 0.
Let Z(f) denote the number of zero-patterns of f. Using elegant algebraic tools, Rényai, Babai and
Ganapathy [35] proved the following.

Lemma 2.7. Let fi,..., fin : F* — F be a sequence of polynomials of degree at most d. Then the
number of zero-patterns of £ = (fi,..., fm) is at most ("wf:r"). In particular, Z(f) < cm", where
¢ = c(n,d) depends only on n and d.

2.5. Weak-VC-dimension

In this section, we show that algebraic graphs of complexity (n, d, m) behave similarly to graphs of VC-
dimension n. By the celebrated Sauer-Shelah lemma [36, 37], if a family of sets F has VC-dimension n,
then

nr(z) < Z (j) <",

i=0

where ¢ = ¢(n) depends only on n.

Let us relax the notion of a VC-dimension as follows, and note that we now work with undirected
hypergraphs. Say that the family F has weak-VC-dimension (c,n) if nx(z) < ¢z for every positive
integer z. Also, an r-uniform hypergraph H has weak-VC-dimension (c, n) if the family {N(v) : v €
V(H)} c 2V "™ has weak-VC-dimension (c, n) (thatis, {N(v) : v € V(H)} is viewed as a family of
subsets of the base set V = V() "~1). Also, say that a family of hypergraphs F has weak-VC-dimension
n if there exists a constant ¢ = ¢(F) such that every ‘H € F has weak-VC-dimension (c, ).

Lemma 2.8. Let H be an r-uniform algebraic hypergraph of complexity (n,d, m), and let F = {N(v) :
v eV(H)}. Then

nr(2) < (Zmd+n) <cZ",
n

where ¢ = c¢(n, d, m) depends only on n,d, m.

Proof. Let fi1,..., fm : (F")" — F be polynomials of degree at most d whose zero-patterns determine
the edges of H.

Let V = V(H)"~D: that is, the base set of F. For U € V and i € [m], define the polynomial
fiv :F* > Fas fiy(x) = f;(U’,x), where U’ € (F")"~! is a fixed orientation of U. If i/ c V such
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that [U| = z, then each element of the family {N(v) NU : v € V(H)} is determined by a zero-pattern
of the zm polynomials f; ;7 fori € [m] and U € U. Therefore, by Lemma 2.7, we have

zmd+n
nr(z) £ " . O
zmd+n

Solving the inequality ( . ) < 2%, Lemma 2.8 shows that an algebraic graph of complexity
(n,d, m) has VC-dimension at most nlog(ndm). Also, the VC-dimension of such graphs cannot be
bounded by a function of n alone: every graph is an algebraic graph of complexity (1,d, 1) and (1, 1, m)
for some positive integers d and m. However, Lemma 2.8 also tells us that the family of algebraic graphs
of complexity (n, d, m) has weak-VC-dimension at most 7.

Let § > 0. Say that the family F of subsets of the base set X is §-separated if |AAB| > 6|X| holds for
any two distinct A, B € F. The following packing lemma is due to Haussler [29]. While it is originally
stated for families of bounded VC-dimension, the same proof implies the following result as well.

Lemma 2.9. Let n be a positive integer and ¢ > 0; then there exists ¢’ = ¢’ (c, n) such that the following
holds. Let F be a §-separated family of weak-VC-dimension (c,n). Then |F| < ¢’(1/6)".

Next, we show that Lemma 2.8 and Lemma 2.9 can be combined to prove that if G is a graph of
bounded weak-VC-dimension whose density is not too close to 1, then G contains two large subsets
with few edges between them. This lemma is inspired by Theorem 1.3 in the paper of Fox, Pach and
Suk [27], which is a regularity-type result for hypergraphs of bounded VC-dimension. Later, we will
also use this theorem; see Lemma 4.1 for the precise statement.

Lemma 2.10. Let n be a positive integer and ¢ > 0; then there exists co = co(c,n) > 0 such that the
Sollowing holds. Let a, B > 0, and let G be a graph of weak-VC-dimension (c,n) on N vertices such that
d(G) < 1 - a. Then G contains two disjoint sets A and B such that |A| > N, |B| > coa(af)"N, and
every vertex in B has at most B|A| neighbors in A.

Proof. Let U c V(G) be the set of vertices v such that [N(v)| < (1 — @/2)N. Then

(1 —a)(];]) > |E(G)| = (N;ﬂ@ - %)N

from which we get

Ul> <N
|U| > 7N

Lety = @B/4, and let Z c U be maximal such that the family {N(v) : v € Z} is y separated. Then
by Lemma 2.9, we have |Z| < ¢’(1/y)", where ¢’ = ¢’(c,n) depends only on the parameters ¢ and n.
By the maximality of Z, for every v € U, there exists z € Z such that [N(v)AN(z)| < yN. Hence, we
can find zg € Z such that the set B is formed by the vertices v such that |N(v)AN(zo)| < yN satisfies

n
|U| Sty

Bl > —
| |—|Z|—ch

By deleting some elements of B, we can assume that |B| < § and that |B| still satisfies the previous
inequality. Set A = V(G) \ (B U N(zp)); then we show that A and B sulffice.
Indeed,

L

a
|A|2N—|B|—|N(zo)|2N—ZN—( :

)N>aN
>IN

Also, every v € B satisfies [N (v)AN (z0)| < YN, and zo has no neighbor in A, so [N(v) N A| < yN <
BIA. o
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3. A Ramsey-type result for algebraic graphs

In this section, we prove Theorems 1.1 and 1.2. If G is a directed graph and (A, B) is a pair of disjoint
subsets of V(G), say that (A, B) is well-directed if either every edge of G between A and B goes from
A to B, or every edge between A and B goes from B to A. We show that if G is an algebraic digraph
defined by a single polynomial and A and B are two sets of vertices such that [G] has few edges between
A and B, then we can find a large subset A’ € A and B’ C B such that (A’, B’) is well-directed. This is
the consequence of the fact that G contains no member of M (2, s) for some constant s. For simplicity,
write M~ (s) and M*(s) instead of M(2, s, 1) and M (2, s, 2), respectively. Note that each member of
M (s) (and M™*(s)) is composed of s directed edges (u1,v1), ..., (us, vs) such that (u;,v;) is not an
edge fori > j (j > i, respectively).

Lemma 3.1. Let n, d be positive integers. Then there exist c; = c¢1(n,d) > 0 and ¢y = ¢c3(n,d) > 0
such that the following holds. Let G be a strongly algebraic digraph of complexity (n,d) on N vertices
such that d([G]) < 1 — a. Then V(G) contains two disjoint subsets A and B such that |A| > ciaN,
|B| > c2a™*'N, and (A, B) is well-directed.

Proof. Let s = ("f‘l) +1and B = 63#25 Note that [G] is a strongly algebraic graph of complexity
(n,2d).Indeed, if G is defined by the polynomial f : (F")?> — F of degree at most d, then the polynomial
f(x,5) = f(X,y) - f(y,X) defines [G] and has degree at most 2d. Therefore, by Lemma 2.8, [G] has
weak-VC-dimension (¢, n) for some ¢ = ¢(n, d). Hence, by Lemma 2.10, there exist two subsets Ag and
By of V(G) such that |Ag| > §N, |Bo| 2 coa(apf)"N = céa"“N (where ¢, = ¢}(n,d) depends only
on n and d), and in [G], every vertex in By has at most 8|Ag| neighbours in Ay. We show that ¢ = ﬁ
and ¢, = ¢} /2 suffices.

We define the sequence of sets Ag O A} D ... and sequence of edges fi, f2,- -+ € E(G) as follows.
Fori=1,2,...,

o |Ail = |Aol37".
o f; = (u;,v;) has one vertex in A;_| and one vertex in B.
o If v; € By, then v; has no in-neighbor in A;, and if u; € By, then u; has no out-neighbor in A;.

Suppose that A;_; is already defined for some 1 < i < 2s. Consider two cases. First, consider the
case that for every b € B, either N*(b) N A;_1 = @ or N~ (b) N A;—1 = 0. Then there exists B C By
such that |B| > |By|/2 and either every b € B satisfies N*(b) N A;_1 = 0, or every b € B satisfies
N~ ()N A;_; = 0. Set A = A,_y; then (A, B) is well-directed. As |A;_{| > |A¢|37>* > cjaN and
|B| > c2N, the sets A and B satisfy our conditions. In this case, we stop.

Now consider the case when there exists b € B such that both N*(b) N A;_; and N~ (b) N A;_; are
nonempty. If a € N*(b) "N~ (b) N A;_1, then {a, b} € E([G]),s0 |[N*(b) NN~ (b) N A;_1| < BlAog| <
%|A,-_1 |. But then, either [NT(b) N A;_1| < %|Ai_1| or IN"(b)NA;_1] < §|Ai_1 |. In the first case, set
A; = A;_1 \ N*(b) and f; = (b,a) for some a € N*(b); in the second case, A; = A;_; \ N~ (b) and
fi = (a, b) for some a € N™(b). Then A; and f; satisfy the desired properties.

Note that we must have stopped for some i < 2s. Indeed, either at least half of the edges fi,..., f;
go from Ag to By, or at least half of the edges go from By to Ag. In the first case, G contains a member
of M~([i/2]); in the second case, G contains a member of M™*([i/2]). O

The following theorem will immediately imply Theorem 1.2, which in turn implies Theorem 1.1.

Theorem 3.2. There exists ¢ > 0 such that the following holds. Let n, d, m, N be positive integers, F be a
fieldand0 < B < 1. Let fi,. .., fm : (F")> — F be polynomials of degree at most d, and letV c F"* such
that |V| = N. For I C [m], let G be the digraph defined on V such that (x,y) is an edge if f;(x,y) # 0
fori € I and f;(x,y) =0 fori ¢ 1. If N is sufficiently large, then either G ¢ contains a clique of size at
least N'=P or there exists I C [m], I # O such that G| contains a clique of size at least ﬁNﬁ”’, where

nlogd
logn |

v =cnm min{d,

https://doi.org/10.1017/fms.2022.85 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.85

Forum of Mathematics, Sigma 13

Proof. Fori=1,...,m,let G; be the algebraic digraph on V defined by f;. Then G; = ((N;¢; Gi) N
(Niepm Gi)- Here, G, is the digraph in which every directed edge is included that is not present in G ;.

LetO < a < 1,501 == Som = (":ld) + 1 and Uy = V. In what comes, we define the nested
sequence of sets Up D U; D ... and sequence of positive integers s¢ ; for £ =0, 1,... andi € [m] such

that G;[U,] contains no member of M™*(s¢ ;). By Lemma 2.3, this is satisfied for £ = 0. Suppose that
U, and s ; has been already defined for some £ > 0.
Let I c [m] be the set of indices i such that s;; > 1. Consider three cases.

Casel./=0.

In this case, we stop and set U = Up. Note that G; [U] isempty fori = 1,...,m,so Gg[U] is a clique.
Case 2. For every i € I, we have d([G;][U¢]) = 1 — a.

Let G} = Nies [Gil; then d(G;[U¢]) 2 1 — a|l| 2 1 — am. Therefore, by Lemma 2.1, G} [U¢]
contains a clique U of size at least 4(+m. Note that G;[U] is a clique for every i € I, and G;[U] is an
independent set for every i € [m] \ I, so Gy [U] is a clique. In this case, we stop as well.

Case 3. There exists i € I such that d([G;][U¢]) < 1 — a.

Then by Lemma 3.1, there exist two disjoint sets A and B in U, such that |A| > ¢ a|U;|, |B] =
c2a™!|Uy| and (A, B) is well-directed in G;. Let t = max{1, | s¢;/n'/?]} and u = s, ; — t. Note that if
G;[A] contains a member of M*(u) and G;[B] contains a member of M*(z), then G;[U,] contains
a member of M*(s; ;). Indeed, suppose that the directed edges (xi, y1), ..., (x4, y,) form a copy of a
member of M*(u) in G;[A] and (x{,y}),..., (x/,y;) form a copy of a member of M*(¢) in G;[B].

If every edge between A and B goes from A to B, then setting x;,, = x; and y; . = y; fori € [u],

the edges (x{, ), ..., (X4, Y;i+,) form a copy of a member of M™*(s;,;). On the other hand, if every
edge between A and B goes from B to A, then setting x;1,, = x] and y;4,, = y; for i € [¢], the edges
(X1, 91)s - -+ » (Xyte» Yuse ) form a copy of a member of M*(s; ;).

Therefore, either G;[A] contains no member of M*(u), in which case set Upy; = A and spy1,; =
and say that ¢ is a small-jump, or G;[B] contains no member of M(z), in which case set Uy, = B,
S¢+1,i = t and say that € is a big-jump. For j € [m] \ {i}, set s¢41,; = s¢ ;.

Letse = s¢1...S¢e.m - n~?2, where z is the number of s among S¢ 1, ..., S¢,m- Let L be the index ¢
at which we stop, let a be the number of big jumps, and let b be the number of small jumps. Note that
if £ is a small jump, then sg41 < s¢(1 —n~'7%/2) and |Upy1| > c1a|Uy|. Also, if £ is a big jump, then
sea1 < sen~ V2 and |Ugy1| > c2a™|Uy|. Therefore,

s < son~ 2 (1 —n712)2)P.

Assp = n~? and s = (") + 1)™ < min{n?™, d"™}, we get

a< —ZIOg(SO/SL) <4m min{d, M}
logn logn
and
b < 4n'/? log(so/sL) < 8n'%m min{d logn,nlogd}.
Also, we get

|UL| > N(C]Cl)b(CQCL’n+l)a > C3(I(n+l)a+bN,

where ¢3 = ¢3(n,m,d) > 0. Choosing @ = NB/Y' where y’ = 32mnmin{d, nlog d/logn}, the left-
hand side is at least N'# for sufficiently large N. Therefore, if we stopped in Case 1, then we found a
set U such that G¢[U] is a clique of size |Uy | > N'7B. On the other hand, if we stopped at Case 2, then
we found I C [m], I # [m] and a set U such that G; [U] is a clique of size at least ﬁ > %mN'B/”'.
This finishes the proof. m}
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Proof of Theorem 1.2. Consider an algebraic colouring of Ky of complexity (n, d, m) with ¢ colours.
Let the polynomials fi, ..., f,; define the colouring of K. Apply Theorem 3.2 with 8 = 1/2. Then
there exists I C [m] such that G contains a clique of size at least ﬁN 112y where

nlogd
logn |

v =cnm min{d,

Note that for every I C [m], the graph G is monochromatic; hence, K contains a monochromatic
clique of size at least 7--N'/?7. O

4. Regularity lemma for algebraic hypergraphs

In this section, we prove Theorem 1.5. We remark that in the rest of the paper, we shall only work
with undirected hypergraphs. We prepare the proof of Theorem 1.5 with several lemmas. The following
regularity lemma is proved in [27] for hypergraphs of bounded VC-dimension; however, the same proof
works almost word for word for hypergraphs of bounded weak-VC-dimension as well.

Lemma 4.1. Let r be a positive integer and c,n > 0. Then there exists ¢’ = ¢’(r,c,n) > 0 such that
the following holds. Let 0 < € < 1/4. Let H be an r-uniform hypergraph of weak-VC-dimension (c, n).
Then V() has an equitable partition Vy, . .., Vi with 8/€ < K < ¢’(1/€)**! parts such that all but
at most e-fraction of the r-tuples of parts are e-homogeneous.

Let us restate the definition of M (r, s) for undirected hypergraphs. The hypergraph M is a member of

M(r, s) if the vertex set of M is the union of (not necessarily disjoint) (r — 1)-element sets Z, . . ., Zg
and s vertices z1,...,2s, Z; U {z;} is an edge of M for i € [s], and Z; U {z;} is not an edge for
1 <i < j < s. The rest of the r-tuples can be either edges or non-edges. If Zy,...,Z; and z1,...,2s

satisfy these properties, say that they define a member of M(r, s).

In what follows, we show that if we also assume that A contains no member of M (r, s), then those
r-tuples of parts that have density at most € can be made empty by removing a few vertices. We first need
the following technical lemma, which can be viewed as a variant of Claim 2.5 for sparse hypergraphs.

Lemma 4.2. Let G be a nonempty r-partite r-uniform hypergraph with vertex classes Wy, ..., W, such
that d(Wy, ..., W,) < €. Then there exist { € [r] and X € U;e(r)\(ey Wi such that |X| = r — 1 and
1 < IN(X)| < €V wyl.

Proof. We proceed by induction on r. In case r = 1, the statement is trivial, so assume r > 2.

Let U c V(G) be the set of vertices with positive degree, and let U; = W; N U for i € [r]. Then
|Ui|--- U] > €|Wi|---|W,]|, so there exists j € [r] such that |U;| > 61/’|WJ-|. Without loss of
generality, assume that j = r. Then by simple averaging, there exists x € U, such that

Nl < EOL < covimy o,
Uy |
Let G’ be the (r — 1)-partite (» — 1)-uniform hypergraph with vertex classes Wi, . .., W,_; formed by
the neighbourhood of x. By our induction hypothesis, there exist £ € [r — 1] and X" € U;e[r—17\ (e} Wi
such that |X’| = r =2 and 1 < |[N(X")| < €'/"|W,|. But then £ and X = X’ U {x} satisfy our desired
properties. i

The next lemma will be the heart of the proof of Theorem 1.5. Before we state it, let us introduce
a definition. Let # be an r-uniform hypergraph, and let (Vi, ..., V) be disjoint subsets of its vertex
set. Suppose that Z, ..., Z; € V(H)" "D and zy, ...,z € V(H) define a member of M(r,s) in . If
21, ..., Zs belong to the same part V;, and no two vertices of Z; U{z;} belong to the same part for i € [s],
then say that Ule Z;U{zi1,...,zs} induces a focused copy of a member of M(r,s) and Zi, ..., Z; and
Z1,...,Zs defines a focused member of M(r, s).

https://doi.org/10.1017/fms.2022.85 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.85

Forum of Mathematics, Sigma 15

Lemma 4.3. Let r, s be positive integers. Then there exists ¢ = c(r,s) > 0 such that the following holds.
Let €y > 0, let H be an r-uniform hypergraph, and let Uy, . . ., UL be disjoint subsets of V(H). Suppose
that H contains no focused copy of a member of M(r, s). Let G be an r-uniform hypergraph on [ L] such
that if {i1,...,i,} is an edge of G; then dy(Uj,, ..., U;,) < €. Then fori € [L], there exists V; C U;
such that |V;| = (1 - ceé/r!)lU,-l, and (Vi ..., V) is empty for every {iy, ...,i,} € E(G).

Proof. We prove this by induction on r. We proceed with the base case r = 2 and the general case r > 3
simultaneously. Let 7 := 0, and let €] = eé/r. Let X € [L]" D and k € [L]\ X. If X U {k} ¢ E(G),
set Fx r = 0. Otherwise, let Fx ; be the (r — 1)-partite (r — 1)-uniform hypergraph on J,cx Ux
whose edges are the (r — 1)-tuples Z € V()" such that Z has one vertex in Uy for x € X and

IN1(Z) N Uk| > €|Uk|. As d({Ux}xex, Uk) < €, we have
€ .
de,k({Ux}xeX) < E_(l) =€ I 4.1)

Also, define Ty C Uy as the union of the sets Uy N Ny (Z’), where Z’ € (V(H) \ Ux)" ™V has all its
vertices in different parts and |Ux N Ny (Z')| < €1|Ug|-

Claim 4.4.
Ty | < ser|Ugl.

Proof. Suppose that |T| > se;|Ug|. Then we can find greedily Z;,...,Zs € (V(H) \ Ux)"~V and
Z1,...,2s € Ty such that z; € N(Z;) fori € [s] and z; € N(Z;) for i > j. But then Zi,...,Z, and
71 -..,Zs induces a focused copy of a member of M(r, s), a contradiction. m]

For k € [L],let U} = Uy \ Tx. Note that if X U {k} € E(G) and Z U {z} is an edge of H for some Z
having one vertex in every Uy, x € X and z € U, , then Z € E(Fx x). Remove every edge Z from Fx
that has no neighbor in Uy . Let Fx = Ugepz)\x Fx.k-

Now let us consider the base case r = 2. Then every Fx x is a just a subset of Ux, which by (4.1)
has size at most €|Ux|. This implies that |Fx| < se;|Ux| for X € [L]. Indeed, otherwise, by a simple
greedy argument, we can find zy,...,2s € Fx and ky,..., ks such that z; € Fx i, and z; ¢ Fx,kj for
i > j. Choose an arbitrary vertex w; € N(z;) N U,’(i. Then wy,...,wy and zy, ..., 2, define a focused
copy of a member of M(2, s), a contradiction. For i € [L], setV; = U\ F;. Then |V;| > |U;|(1 - 2s€1),
and there are no edges between V; and V; for {i, j} € E(G). Therefore, choosing c(2, s) = 2s proves
this case. Now consider the general case r > 3.

Claim 4.5.

de({Ux}xeX) < 3rsey.

Proof. Let F := Fx, let W, := Uy, for x € X. In what follows, step by step, we define |X| sequences
of pairs (Z; x,zi.x) € (Uyex\(x} U;)(r_l) x U, forx € Xandi =0,1,..., while removing elements
from W, and edges from F. Suppose that j, is the largest index i for which (Z; 4, z; x) is already
defined. If ({Wy} ex) spans no edge in F, then stop. Otherwise, there exists k € [L] such that Fx
is not empty on ({Wy}xex). By applying Lemma 4.2 to the (r — 1)-tuple ({Uy }xex) and hypergraph
Fx x N F (which by (4.1) has density at most 61"1), there exist x € X and Z € Uyex\(x} Wy such
that 1 < |Npy,nr(Z) N Wyl < €Uyl Let zj 41,x be an arbitrary element of Ngy ,nr(Z) N W,.
Furthermore, remove the elements of Ng, ,nr (Z) from W,, and remove the edges of Fx y from F.
Also, let Z; 41 x := Z and define k;_41 x = k.

After we stop, let s, be the largest index i such that (Z; , z; ) is defined. Note that for every x € X and
i <8¢, Z1xs...»2Zixand z1 x, . .., Zi x define a focused copy of a member of M(r—1,7). Letu; , be an
arbitrary element of Ul’(i N Ny (Zi xU{zix}). Then Z; y U{uix},.. .. Zix U{uixyand zy x, ..., Zi x
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define a focused copy of a member of M(r, i) in H. Therefore, we have s, < s. Also, at each step, when
we modify Wy, we remove at most €;|U| elements; so after we stop, we have |Wy| > |U%L| — sx€1|Uy].

Let us bound dpy ({Ux}rex). Recall that dry, ({Uxlrex) < el by (4.1). Let F* =
UxeX Uie[sx] FX,ki,x' Then ’

dr-({Uxheex) < D D dry,, ({Udkxex) < s(r= D™

xeX ie[sy]

If k # k; x forevery x € X and i € [sy], then every edge of Fi x touches U, \ W, for some x € X. Note
that |Uy \ Wy| = |Ux \ U] + |U% \ Wy| < 2s€;|U|. Hence % < 2s€y. Therefore, we have

dp\F({Ux}xex) < 2(r — D)ser.
Finally, by our construction, ({Wy }xcx) spans no edges. Thus, dr, ({Ux}xex) < 3rsej. O

Since [Uy| > (1 — s€1)|Ux|, we can write [ cx |Uy| =2 (1 - SEI)VJ [Teex Uxl = %nxex |Uxl,
assuming se; < 1/10r. Therefore, from the last claim, we have that dp, ({U}xex) < 6rse;.

Let H' = Uxe[rje—n Fx. We show that H’ contains no focused copy of a member of M(r—1,5)
with respect to the disjoint sets Uj,...,U;. Otherwise, there exist Wi,..., Wy € V(H)"2 and
Wiyeo., Wy € U]’. for some j € [L] defining a focused member of M (r — 1, s). Let Z; = W; U {w;}. But
then for i € [s], there exist k; € [L] and X; € [L]"~V such that Z; € Fx; k;- Picking z; € Ny (Z;) N U/
arbitrarily, {W; U {z;}}ie[s] and {w;};c[s] define a focused member of M(r, s) in H, a contradiction.

But then we can apply our induction hypothesis with the following parameters: the (» — 1)-uniform
hypergraph H’ instead of H, the disjoint sets U", ..., U ’L instead of Uy, ..., Uy, 6rse; instead of g, and
the complete (r — 1)-uniform hypergraph on [L] instead of G. Recalling that |U/| > (1 - s€)|U;| and

€ = eé/ ", we conclude that for i € [L], there exists V; C U/ such that

Vil = (1= c(r = 1,5)(6rse) U = (1= e(r,5)e)"™HIUI|

for some suitable c¢(r,s) > 0, and (V;,,V,,,..., Vi) is empty for (i1,...,i—1) € [L] (r=1) But note
that then (V;,,...,V;, ) is also empty in H if {i1, ..., i} € E(G). This finishes the proof. O

Now everything is set to prove the main theorem of this section.

Proof of Theorem 1.5. Let €y > 0, which we shall specify later as a function of €. By Lemma 2.8 and
Lemma 4.1, there exists an equitable partition of V() into L parts Uy, ..., Uy, such that 8/¢y < L <
¢’(1/€)?*! and all but at most ey-fraction of the r-tuples of parts are €y-homogeneous.

Lets = (":ld) + 1; then H contains no member of M(r, s) by Lemma 2.3. In particular, # contains
no focused copy of a member of M(r, s) with respect to the partition Uy, ...,Ur. Let ¢g = c¢(r, s) be
the constant given by Lemma 4.3. Then for every i € [L], there exists V/ C U; such that

7 r! r! N
Vil =@ —C()E(;/ YU = (1 —C()E(;/ ‘){ZJ,

and (Vl.’l, el Vl.’r) is empty if d(U;,,...,U;.) < €. Let K be a minimal positive integer such that
N/K < min;pzy [V/|; then K < L + 2coe(;/r!L < 2L. In particular, when we choose €, it will satisfy
coeé/r! < 1/2. Let V,. .., Vk be any equitable partition of V() such that V; c V/ fori € [L]: this
clearly exists by the definition of K.

Say that an r-tuple {iy,...,i,} € [K](’) is good it d(V;,,...,V;,) > 1 =2"¢y or (V;,...,V; ) is
empty. Otherwise, say that {iy, . ..,i,} is bad. Note that if {iy,...,i,} € [L]", then {i}, ..., i, } is good
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if (U;,,...,U;,) is e-homogeneous. Indeed, if d(U;,,...,U;,) > 1 — €, then
Ui, | ... |Ui.|
dVij,...,.Vi,) > 1 - ——————e = 1-2"¢,
! ’ Vil .- Vi |
and if d(U;,,...,U;) < e, then (V;,...,V; ) is empty by definition. The number of r-tuples
{i1,...,ir} € [K]") having a nonempty intersection with {L + 1, ..., K} is fewer than (K — L)K"~".

Hence, the total number of bad r-tuples is at most
L K | K
6()( ) +(K-L)K ' < 60( ) +2coe(;/r'Kr < cle(;/r!( ),
r r r

wherec; = ¢ (r, s) > codepends only on rand s. Choose € such thatbothcleé/r!, 2"€y < € < 1/4.Then

Vi,..., Vg is an equitable partition of H such that 8/e < 8/ey < K < 2¢’(1/€9)*"*! < c(1/e)"' >+
for some ¢ = c¢(r, s) > 0, and all but at most an e-fraction of the r-tuples of parts (V; ,...,V;,) satisfy
that either d(V;,,...,V;,) >1-2"¢y > 1—-¢€,0r (V;,...,V; ) is empty. ]

5. A Ramsey-type result for algebraic hypergraphs

In this section, we prove Theorem 1.6. First, let us extend the list of forbidden hypergraphs in algebraic
hypergraphs of constant complexity. To do this, we use a result about the maximum flattening rank
of tensors that are almost diagonal. Let T : A} X --- X A, — F be an r-dimensional tensor. Let the
max-flattening rank of T, denoted by mfrank(7), be the maximum of frank;(T) for i € [r]. Say that

an r-dimensional tensor 7' : A" — F is semi-diagonal if the following holds. Let ay,...,a, € A.
Then T(ay,...,a,) = 0if ay,...,a, are pairwise distinct, and T'(ay,...,a,) # 0ifa; = --- = aq4.
If ay,...,a, are neither all equal or all distinct, there is no restriction on T (ay, ..., a,). We prove the

following result in the companion note [34].

Theorem 5.1. Let T : A" — F be an r-dimensional semi-diagonal tensor. Then

A

mfrank(7) > u
r—

Let N, ¢ be the family of r-uniform hypergraphs A/ having the following form. There are s disjoint
edges f; = {uj1,...,u;,} for i € [s], whose union is the vertex set of N, and the r element set
{ui; 1, .., u;, »} is not an edge for any r-tuple (iy,...,i,) € [s]", where iy, ..., i, are pairwise distinct.
The rest of the r element subsets of the vertex set can be either edges or non-edges.

Lemma 5.2. Let H be a strongly algebraic r-uniform hypergraph of complexity (n, d). Then H contains
no member of N, s for s > (r — 1)("2‘1).

Proof. Let V = V(H) c F"*, and let f : (F")" — F be the polynomial defining . Define tensor
T:V" - FtobeT(xi,...,X,) = f(xi,...,X,). Then by Lemma 2.2 mfrank(7T) < ("Zd).

Suppose that 7{ contains a member of A/, ; for some s > (r — 1)("). Then there exists u; ; € F"

for (i,j) € [s] x [r] such that f(w;,...,u;,) # O for i € [s] and f(w; 1,...,u; ,) = O for

(i1,...,iy) € [s]” for which iy, ...,i, are pairwise distinct. Let 7" be the subtensor of 7" induced on
{u1,..., 051} x---x{uy,...,u,,}. Identifying u; ; by 7, the tensor 7’ : [s]” — F is semi-diagonal,
SO

mfrank(7) > mfrank(7’) > Ll
r_

by Theorem 5.1. This is a contradiction, finishing the proof. O

Now everything is set to prove the main theorem of this section.
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Proof of Theorem 1.6. Let H € F, and let N = |V(#)|. Then # is an r-uniform strongly algebraic
hypergraph of complexity (1, d). Let e = N78/7'2"+1) Then by Theorem 1.5, there is an equitable
partition of V() into parts Vi, ..., Vg for some 8/e < K < ¢’(1/€)”*®**) such that all but at most
e-fraction of the r-tuples of parts either are empty or have density at least 1 —e. Here, ¢’ = ¢’(r,n,d) > 0.

For i € [K], pick a vertex v; € V; randomly with uniform distribution. Let 7’ be the hypergraph
induced on the vertex set {vy,...,vk}; then H’ € F as well. Define the r-uniform hypergraph G on
vertex set [K] as follows. The r-element set {i|,...,i.} € [K]"") is an edge of G if and only if either
{vij,..oyvi,} € E(H) and d(V;y, ..., Vi) = 1 —€, 0r {viy,...,vi.} € E(H) and (V;,...,V;,) is
empty. Note that if (V;,...,V;.) either is empty or has density at least 1 — ¢, then {i;,...,7,} is an
edge with probability at least 1 — €. Therefore, E(d(G)) = 1 — 2¢, so there is a choice for vy, ...,vg
such that d(G) > 1 — 2e. Fix such a choice. By Lemma 2.1, G contains a clique J of size at least
%e_l/(r‘l). Let H* be the subhypergraph of # induced on the vertex set {v; : j € J}. As H* € F, H*
contains either an independent set of size s or a clique of size c|J|* = ¢, N/ =D Cn+D) for some
cy=ci(r,n,d,c,a,B) > 0. In the latter case, we are done, so assume that {* contains an independent
set {v; :i € I} of size s.

We finish the proof by noting that at least one of U;, i € [ is an independent set in . Otherwise,
if U; contains an edge f; for every i € I, then | J;¢; f; spans a member of N, ; in H, contradicting
Lemma 5.2. Therefore, H contains an independent set of size at least %LN /K| > coN'"B, where
cy=cy(r,n,d,c,a,B) > 0. O

6. Concluding remarks

Following Fox and Pach [25], we say that a family of graphs G has the strong-Erdds-Hajnal property
if there exists a constant ¢ = ¢(G) > 0 such that for every G € G, either G or its complement contains
a bi-clique of size at least ¢|V(G)|. In [2], it is proved that the strong-Erd§s-Hajnal property implies
the Erd&s-Hajnal property in hereditary graph families and that the family of semi-algebraic graphs of
complexity (n,d, m) has the strong-Erd&s-Hajnal property. On the other hand, it is known that this is
not the case for algebraic graphs. For infinitely many N, one describes a strongly algebraic graph G of
complexity (3,2) such that the size of the largest bi-clique in both G and its complement is O (N3/4).

If g is a prime power, the Erds-Rényi graph ER, is defined as follows. The vertices of ER,, are
the elements of the projective plane over F,, and (xo,x1,x2) and (yo, y1,y2) are joined by an edge if
XoYo + X1y1 +x2y2 = 0. The graph ER, has N = g% + g + 1 vertices, is (g + 1)-regular and has at most
2(q + 1) vertices with loops. This graph contains no copy of K5 > and has eigenvalues ++/g and g + 1,
where the multiplicity of ¢ + 1 is 1; see, for example, [30]. By the expander mixing lemma (see, for
example, Theorem 2.11 in [30]), one can bound the number of the edges/non-edges of E R, between two
disjoint subsets of vertices using its eigenvalues. This lemma implies that both ER; and its complement
contains no bi-clique of size larger than

N
_\/5 = O(N3/4).
g+1

Note that the complement of ER, is strongly algebraic of complexity (3,2). Indeed, we can view
the vertices of ER, as elements of FZ by replacing each (xg,x1,x2) € IP’IF%I with one element of the
equivalence class C(x,,x,,x,) = {(Adxo, Ax1,Ax2) : 2 € F, \ {0}} C Fg. For a variant of this construction,
see, for example, [10], Section 6.1.

Finally, let us mention that although algebraic graphs of bounded complexity do not have strong
Ramsey properties (as we proved in this paper), they are one of the main sources of best examples for so-
called Turdn-type questions. Given an r-uniform hypergraph H, the extremal number (or Turdan number)
of H denoted by ex(N, H) is the maximum number of edges in an r-uniform hypergraph on N vertices
that contains no copy of H as a subhypergraph. If H is a graph, the asymptotic value of the extremal
number of H is known by the Erdds-Stone theorem, unless H is bipartite. The case of bipartite graphs
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is notoriously hard. In many cases, when the order of ex(XN, H) is known for some bipartite graph H,
the construction achieving the right order of magnitude is an algebraic graph of bounded complexity;
see, for example, [3, 4, 5, 22]. Algebraic hypergraphs of bounded complexity also appear in connection
to Turan type results; see, for example, [32, 16].
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