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CORRESPONDENCE.

GRADUATION.

To the Editor of the Journal of the Institute of Actuaries.

SIR,—After an interval of three years, the readers of the Journal
may perhaps bear with some further observations on the well-worn
subject of graduation.

Dr. Sprague has convinced us that graduation by a formula
correct only to third differences distorts a table of mortality. On
the other hand I think we may agree with him and Mr. "Woolhouse
in regarding the error as practically unimportant. Still, it is desirable
to get rid of the error, and such is the object of the present
communication, in which A will everywhere mean A U0.

If, by the formula in vol. xxv of the Journal, page 22, correct to
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third differences, I graduate a series in seventh differences, I bring
out successive results deficient as follows:

These errors form a regular series in which the fourth differences
vanish, and consequently, if graduated by the same formula or by
one of similar capacity, they will be reproduced without alteration.
Then, adding to the first graduation the graduated error (which is
the same thing as the ungraduated error), I revert to the series in
seventh differences with which I started.

Applying this to a mortality table, I graduate first the data, then
the differences between the data and my results, and when the two
are combined the work has been done correctly to the seventh order
of differences.

Dr. Sprague s test (J.I.A., xxix, 235) is a complete investigation
of Mr. Woolhouse's formula as hitherto used, but in pursuance of
what has now been written, I proceed to graduate the error or
differences in lx which Dr. Sprague demonstrates. I use my own
formula above quoted because it is smoother than the other and more
simple, while agreeing closely with it in result. If I may be
allowed to repeat myself I would like to state more clearly than
before how this formula is arrived at.

Let S represent the result of summing four times in fives.

S the result of summing thrice in fives, then in fours and twos.
UC (being U8) the central or ninth term of the seventeen in

summation.

multiplied thrice by itself (J.I.A,, xxv, 246)

expanding and multiplying.
S=625U 0 +5 ,000D 1 + 2 0 , 0 0 0 D 2 + 5 2 , 5 0 0 D 3 + , &c.

Compare 625U c=625U0+5,000D1 + 1 7 , 5 0 0 D 2 + 3 5 , 0 0 0 D 3 + , &c.
\ 625Uc=S–2,500D2–17,500D3.

In the same manner we find

1,000Uc=2 – 3 , 7 5 0 D 2 – 2 6 , 2 5 0 D 3

and from these two equations

which is more intelligible when written thus:

The shortened working, which saves several columns, will be
presently seen. (For explanation see J.I.A., xxv, 23.)
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I t will be seen that the quantities to be added to Px agree very
closely with those which Dr. Sprague shows to be wanting; and in
any case where it would be of advantage to graduate the differences
still remaining, the work could be carried to the utmost degree of
exactness.

The test, therefore, establishes the applicability of formulas of
this kind when the distortion is cured which Dr. Sprague has
pointed out.

It remains to consider what effect this procedure has upon the
formula in regard to adjustment of irregularities. The first
application makes UC , which I will now call U0 , equal to

obtained as follows, the terms of the numerator being differenced at
commencement.
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When, in like manner, the differences between the first and last
columns have been expanded and the two sets of results combined,
the completed operation makes U0 equal to

This is correct to seventh differences, and the coefficients show the
distribution of an irregularity occurring at Uc and amounting to unity.

In constructing a formula to include in summation 15 terms only,
we note that Uc is now U7 , and find that

Also, bearing in mind that we are using two summations of different
scope (U0 in the shorter being U1, in the longer when they are referred
to the same centre),

* In working, begin with this column (three middle terms of five, less two
outside terms).
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From these equations which expands as

follows:

This formula is the exact equivalent of Woolhouse's. Indeed, it
should claim no more than to be a ready means of obtaining
Mr. Woolhouse's results; for it is he who has laid down the lines on
which arithmetical graduation should proceed, and whose work I have
imitated in the desire " to devise a method of adjustment as even and
correct as that of Mr, Woolhouse and more easy in application"
(J.I.A., xxiv, 44). Certainly, the arrangement in black and white
with which he left the practical part of his subject (J.I.A., xxi, 45)
was troublesome; and it did not admit of the cheek by addition
which can be applied to the columnar arrangement. These objections
were afterwards met by Mr. Ackland (J.I.A., xxiii, 355), and the
formula now given merely does his work by a shortened process, thus:
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The two formulas are now equally short in lateral working
(compare J.I.A., xxv, 23), and the saving of labour is a material
set-off against the added work of graduating the primary errors or
differences.

When graduation by this formula is completed in the manner
hereinbefore proposed, U0 becomes equal to

This also is correct to seventh differences, but the formula is
evidently less suited than the other to even graduation. The
base of this is the base of the other is

A section from a completed graduation of HM dx by each of the
two formulas will be as follows:—

First Formula (Higham):
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Second Formula (Woolhouse) :

In graduating the differences it is convenient, for avoidance of
negative signs, to add a constant at commencement and take it off
afterwards. For instance: add 500 at outset, drop 2,000 in the first
fives, and take off 100 at the end. And when there is much
irregularity, it is well to postpone till after the first fives the
differencing of the terms of the numerator.

I am not without hope that the foregoing may be of service to
those whose skill qualifies them to use the graphic method. A clear
and undistorted presentation of what a record of mortality does say
must afford some assistance in the determination of what it meant
to say.

I am, Sir,
Your obedient servant,

J. A. HIGHAM.
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