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FONG CHARACTERS AND CORRESPONDENCES 
IN 7T-SEPARABLE GROUPS 

GABRIEL NAVARRO 

1. Introduction. Let G and S be finite groups. Suppose that S acts on G with 
(| G\, | S\ ) = 1. If S is solvable, Glauberman showed the existence of a natural bijection 
from lrrs(G) = { \ £ Irr(G) \ Xs = X f o r a11 s € $} o n t ° Irr(C), where C = CG(S). If S 
is not solvable, and consequently | G\ is odd, Isaacs also proved the existence of a natural 
bijection between the above set of characters. Finally, Wolf proved that both maps agreed 
when both were defined ([1], [3], [10]). As in [7], let us denote by *: Irr5(G) —• Irr(C) 
the Glauberman-Isaacs Correspondence. 

Recently, there has been some interest in showing what kind of properties and which 
kind of characters the Glauberman-Isaacs Corresponence preserves. 

For instance, we have proved in [7] that the correspondence "commutes" with char
acter induction and restriction. Or in [12], Wolf has described how the Gajendragadkar's 
7T-special characters or Isaacs' Bn characters are mapped under the correspondence. 

A celebrated theorem of Fong asserts that in /7-solvable groups the projective inde
composable characters are induced from characters of the /^-complements. These char
acters are called Fong characters of G. 

If we assume that S acts coprimely on a finite /?-solvable group G and we choose H 
an 5-invariant/7-complement in G and a G lvrs(H) a Fong character of G, then HC\ C is 
a p-complement in C and it is natural to ask if a * is a Fong character of C. Our aim in 
this paper is to give answer to this question. 

We will show that if a induces indecomposably in G, then a * induces indecompos-
ably in C; i.e., S-invariant Fong characters of G are mapped by the Glauberman-Isaacs 
Correspondence into the Fong characters of C. 

As was pointed out by the referee, it is interesting to speculate whether or not this 
map has to be onto. However, we have not been able to decide on this question. 

In our context, we will also show that it is always possible to find S-invariant Fong 
characters: each ^-invariant element in IBr(G) has and S-invariant character Fong asso
ciated to it. 

By means of Isaacs' TT -theory, this problem can be settled in the context of 7r-separable 
groups, and this is what we are going to do. 
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Now assume that S acts coprimely on a n -separable group G, and let In(G) be the set 
of Isaacs' 7r-Brauer characters. Wolf in [12], and Uno in [8] in the classical case TT = 
/?', showed that the Glauberman-Isaacs Correspondence could be extended to 7r-Brauer 
characters for TT-separable groups. This bijection from the set of S-invariant elements of 
In(G) onto /^(C), which possesses the same properties as the ordinary one, will also be 
denoted by * with the understanding that the image of a character ip is taken under the 
Glauberman-Isaacs or under Uno-Wolf Correspondence according if ip is an ordinary or 
a 7T-character of G. 

If (f G /TT(G), let us write (as in [6]) O^ for the projective indecomposable character 
afforded by ip. 

Our main result can be stated as follows. 

THEOREM A. Let G be a finite TT-separable group and let S act on G coprimely. Let 
H be an S-invariant Hall TT-subgroup of G and a G Ivr s(H) such that aG = O ,̂, for 
some S-invariant (p G h{G). Then (a*) c = O^*. 

When TT = p\In(G) = IBr(G) and we obtain the result to which we have referred 
above. 

As a corollary, we can prove an extension of our induction and restriction theorem in 

[7]. 

COROLLARY B. Let G be a finite TT-separable group and let S act on G coprimely. 
Let K be an S-invariant subgroup of G and let 9 and (p be S-invariant characters ofl^ (K) 
and In(G), respectively. 

(a) If(<t>ef = <IV then (0V)C = %*. 

(b) IfiO^K = <&e, then ( O y k n c = <*V-

2. Some of 7r-character theory. We take notation from [4], [5] and [6]. 
First of all, we review some of the definitions and results on Isaacs' IT -theory that we 

are going to use. 
Let 7T be a set of prime numbers and let G be a finite IT -separable group. Let G° denote 

the set of TC-elements of G. If \ is a class function on G, i.e., \ G cf(G), we write \° for 
the restriction of \ to G°. 

In [5], if h(G) = {x° | X € Irr(G) and x° is not of the form x° = <*° + j8°, 
for a,/3 G Char(G)} , Isaacs proved that In(G) is a basis for cf(G°), the space of class 
functions on G°. Moreover, if \ G Irr(G), then \° — T,tpdX(f(p where ip runs over 
In(G) and the dxip's are some uniquely determined nonnegative integers decomposition 
numbers. 

The way of proving that /^(G) is a basis for cf(G°) was to construct for any 7r-
separable group G a canonical set of irreducible complex characters ^ ( G ) with the 
property that the map \ —> \° fr°m

 BTT(G) onto /^(G) is a bijection (10.2, [5]). 
If (p G /TT(G), we write O^ = EXGIIT(G)^X^X- Of course, when TT = pf, then /^(G) 

is the set of irreducible Brauer characters of G and O^ is the projective indecomposable 
character afforded by ip G IBr(G). 
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If 9 is a class function on G°, then 9 is a linear combination of/^(G) and p G I AG) 

is said to be an irreducible constituent of 9 if p occur with some nonzero coefficient. 

Let us write Char^G) for the set of nonnegative linear combinations of elements of 

h(G). If 0 G Char^(G) and p G h(G), we will write m(p,ijj) for the multiplicity of ip 

in ip. Also, observe that if H is a 7r-subgroup of G, then tyH G Char(//). 

The behaviour of /^-characters with respect to normal subgroups is as good as possi

ble. Recall that if K is a subgroup of G and /i G h(K), In(G\fi) is the set of ^ G /^(G) 

such that /x is a constituent of ^ . The definition of p,G is done by using the usual formula 

for induced characters. 

THEOREM 2.1. Suppose G is -K -separable with N < G 

(a) IfpÇi h(G), then the irreducible constituents of ip M form an orbit under G and 

all have equal multiplicity dividing \ G : N\. 

(b) Let 9 G In(N) and write T = IG(9)> the stabilizer. Then induction defines a bi

section h{T\0) —> In(G\9). If \xG — p with /i G h(T\9), then \x is a constituent 

of pj and the multiplicities of 9 in /iyy and p^ are equal. 

PROOF. See Lemma 3.1 and Proposition 3.2 of [6]. 

The concept of Fong character plays an important role in TT -character theory. 

Let H Ç G be a Hall 7r-subgroup of G and let p G h(G). An irreducible constituent 

a G lrr(H) of pu is a Fong character associated with (p provided a (I) = p(l)n. 

THEOREM 2.2. Suppose that G is ir -separable and let H Ç G be a Hall ir -subgroup. 

(a) If(p G ITT(G), then the irreducible constituents of smallest degree of pn are pre

cisely the Fong characters associated with p. 

(b) If a G lrr(H) is a Fong character associated with p, then a is not a constituent 

of [iH when p ^ p G U(G). 

(c) If a is Fong and associated with p, then aG = O^. 

PROOF. This is Corollary 2.5 in [6]. 

Observe that condition (c) actually guarantess a to be a Fong character. 

LEMMA 2.3. Suppose that G is n-separable and let H Ç G be a Hall TT-subgroup. 

If a G Char(//) is such that aG = O^, for some p G h(G), then a G Irr(//) is a Fong 

character associated to p. 

PROOF. Take ^ G Bn(G) w i th0° = p. Note that O^(l ) = I G ^ ^ O ) * by Theorem 

2.2, and thus a(\) = p(l)n. So all we need is to show that a is an irreducible constituent 

of pH- NOW, [ipH, a] — [ 0 / / , a ] = [I/J,OCG] = [ 0 , <£</?] = d^^ — 1. If/3 is an irreducible 

constituent of <pu and a , then ^(1)^ < /?(1) < # ( 1 ) = (p(l)n. This proves the lemma. 

In the case IT — p', the next lemma is due to Willems and it appears as Proposition 

2.7(b) of [9]. 

LEMMA 2.4. Let G be an -separable group and K Ç G. Let r G In (K). Ifr G G 1^ (G), 

then(<&T)G = O rc. 

PROOF. First we claim that r is a constituent of (TG)K. Let x/j G Irr(A^ such that 

-0° = T and write x = 0 G - By Frobenius reciprocity, \K — \\) + A, where A G Char(^T). 
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Notethatx 0 = (V>G)° = (V>°)G = T G . T h u s ( r G k = (X°)K = (XK)° = V>°+A° = r+À°, 
as claimed. 

Now, choose H a Hall 7r-subgroup of G such that H H K is a Hall 7r-subgroup of AT 

and let a G Irr(// D K) a Fong character of K associated with r . Since a is under r , by 

the claim, a is under r G . Thus, let f} G Irr(//) over a and under T G . 

Then/3(1) > ( r G ( l ) ) ? r = |G : A r |wr(l)7r = |H: / / H # | a ( 1 ) . Since/? is an irreducible 

constituent of otH, we have that (3 = aH G Irr(//) is a Fong character associated with 

r G . Consequently, (O r )
G = aG = ( a " ) 0 = O T G. 

3. Preliminaries. Let us state our hypotheses. 

HYPOTHESIS 3.1. Let G and S be finite groups such that S acts on G with (\G\,\S\) = 

1. Let C = CG(S) and T — GS the semidirect product. 

A key tool for proving our main result and its corollary is the following due to Isaacs 

and the author which appears as Theorem A in [7]. 

THEOREM 3.2. Assume 3.1. Let H be an S-invariant subgroup ofG, 9 G lrrs(H) and 

X G Irr5(G). 

(a) lf9G G Irr5(G), then (9*)c = {9Gf. 

(b) IfXH e Irr5(//), then (XHT = (X*)cn//. 

For our purpose, a slight generalization of Proposition 3.4 of [6] is needed. 

PROPOSITION 3.3. Assume 3.1 with G ^-separable. Let if G h(G) which has not 

7Ï-degree. Then there exists N <T contained in G such that the irreducible constituents 

ofpN have TT-degree and are not invariant in G. 

PROOF. The same as 3.4 of [6]. 

LEMMA 3.4. Assume 3.1, with G TT -separable. Then there exists an S-invariant Hall 

TT-subgroup of G and all of them are C-conjugate. Each S-invariant TT-subgroup of G is 

contained in an S-invariant Hall TT-subgroup of G If H is any of them, then H H C is a 

Hall TT-subgroup ofC. 

PROOF. Is a direct consequence of Glauberman's lemma (13.8,13.9 of [4]) and Hall-

Cunihin theorem on 7r-separable groups (VI. Haupsatz 1.7 of [21). 

Now, let us prove a more or less well-known lemma. It follows easily from Glauber-

man's lemma. 

LEMMA 3.5. Assume 3.1. Let H and K two S-invariants subgroups of G with HK ~ 

G. The(CnH)(CnK) = C. 

PROOF. If c G C, apply Glauberman's lemma to the nonempty set £1 = {(/z, k) G 

H x A'l hk = c}, and the groups S and HC\ K, with the actions (/z, k)s = (h\ kf) for s G S 

and (h,k)x = (hx,x~lk) for x G H H K. 

Finally, we need the analogue of Lemma 2.15 of [11] for the Uno-Wolf Correspon

dence; i.e., to show that the modular map preserves the Clifford Correspondence. 
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Recall that if ip G In(G) is S-invariant, ip* is defined as follows: take V> the unique 

S-invariant character in B^{G) such that ijj° = <p and let ip* — C0*)° (see page 934 in 

[12]). 

One can think that to prove briefly the lemma it suffices to work with the B^ -lifting 

and apply the known result for ordinary characters. This is not true, however, when the 

order of the group is even. The reason for this is the anomalous behaviour of the Bn-

characters with respect to irreducible induction and restriction (M. Isaacs has proved in an 

unpublished result that the set Bn is closed under irreducible inductions and restrictions 

when the group is of odd order; this result fails when | G\ is even). 

When S is a /7-group our proof will run parallel to that of Wolf. 

For ordinary characters, next lemma appears in [7]. 

LEMMA 3.6. Assume 3.1 with G n-separable and S a p-group. Let H Ç G be S-

invariant and let \ G h{G) and 6 G h(H) be S-invariant. Then p divides m(6, XH) if 

and only ifp divides m(6 *, Xcn#)-

PROOF. We can write \c = tfz(x*> Xc)x* + M , where À G Char^(C), and OcnH — 

m(6*,6cnH)0* + pE, where E G Char^(C D H). Also, it is clear that we can write 

XH = m(Q, XHW + B + X, where all irreducible constituents of B are S-invariant and 

all irreducible constituents of X lie in nontrivial S-orbits. 
Thus m(0 *, XHHC) = m(0 *, 6cnH)m(6, \H) mod/7. 

Also, m(0 *, XHHC) = rn(x*, Xc)m(0 *, X*CHH) ™dp-
Since m(6 *, OCHH) and ra(x*, Xc) are not divisible by p, the result follows. 

Two consequences of this result will be needed in the sequel. First, observe that al

ways XH has an irreducible S-invariant constituent with multiplicity prime to /?, say p 

(otherwise p would divide xO))- If G is contained in / / , by the lemma above, p* = x* 

(and consequently \i is unique). 

Also, note that if H is a normal subgroup fo G, since m(0, XH) divides the order of G, 

the lemma actually says that m(9, XH) = 0 if and only if m(0 *, Xon//) = 0-

LEMMA 3.7. Assume 3.1, with G TT-separable. Let N be a normal subgroup of Y 

contained in G. Let 6 G In(N) S-invariant and T — 1G(0). Then (V>G)* = (i^*)c for 

S-invariant x/j G I>n(T\ 9 ). 

PROOF. First assume that | S\ is odd. Then S is solvable and by Theorem 4.5 of [12], 

we may assume, by induction, that \S\ = /?, a prime number. Suppose NC = G. In this 

case, it is clear that Til C — Ic(0 *). We may write I^TDC = m{i> *, ^rnc)^ * +pE, where 

E G C h a r ^ m C). Note that ^ * G ln(lc(0*)\0*) and consequently ^ *C G I AG). 

Now, (^ G ) c = (Vc)c = Wmcf = m(^*,^7nc)^* C +/?£C- Therefore, (t/;G)* = 

(VOc. 
Consequently, we may assume that NC < G. Let Kj N = [G/ N, S] and choose 

N Ç.LÇ.K where K/ Lisa, chief factor of T. Let H — LC < G and let f3 be the unique 

irreducible S-invariant constituent of (i/> G)# with multiplicity prime to p. We know that 

v* = wGr. 
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Since (ipG)* is over #*, then /3 is over 9. Thus, by Theorem 2.1 we can find 7 G 
h(TH H\9) such that 7 " = f5. Observe that 7 is S-invariant. 

We claim that 7 is the unique irreducible S-invariant constituent of I^TDH with mul
tiplicity prime to p. If the claim is true, then 7* = V>* and by induction the result will 
follow. Let x = ^G• 

By Theorem 2.1, we may write \j- = t/; + n where n G 0^(7") with m(i/;, IT) = 0 
andm(0,n^) = 0. Therefore, m(l.YITHH) = 0 and m(7,X7n//) = m(7,'07n//)-

Write x// = m(/3,x//)/? + A, where A G Char^//). 
Next, we show that if K G I^(H\l), then K = 1H = (3. This is true because if K 

is over 7, then K is over 0. If è is its Clifford correspondent, then by Theorem 2.1, the 
multiplicity of 9 in K^ and 6H is the same. This forces 7 = 6 and consequently, ft = /3. 

Since m(/3,A) = 0, by the preceding comment it follows ra(7, A//nr) = 0. 
Write/3j/n7 = 7 +#, withra(7,5) = 0.Thenx//nr = m(/3,x//)7+Xconm(7,X) = 0. 

Thus, ra(7, fenr) = m(7, X//nr) = w(/3, X//) which is not divisible by p. 
Suppose now that | G\ is odd and let a G B^(G), rj G B^(T) and £ G /̂ (AT) such that 

a ° = x, r/° = T/), and e° = 0. We show that a = r]G. First observe that (77e)0 G /^(G), 
since (77°)° = (77°)° = $G. By Theorems 12.1 and 12.3 of [5], we have that 77G G Bn(G) 
and lifts ^ G . Thus, by unicity, a — rjG. 

Since i/> is over 0, by Corollary 7.5 of [5], we have that 77 G Irr(/c(e)| e). 
Now, ^ G * = (r/G*)° = (77*c)° = (77*°)c = ( i / ;*) c . 

4. Proofs. In the proof of our main result, we use repeatedly a fact which appears as 
Corollary 2.6 of [6]. If H is a Hall 7r-subgroup of the TT -separable group G, then restriction 
defines an injection between { <p G h{G)\ (p(l) is a 7r-number} and Irr(//). 

THEOREM A. L f̂ G be a finite IT-separable group and let S act on G coprimely. Let 
H be an S-invariant Hall n-subgroup of G and a G lrrs(H) such that aG — O^, for 
some S-invariant <p G h{G). Then (a*) c = O^*. 

PROOF. Induction on | G\. 

Suppose first that < (̂1) is not a 7r-number. By Proposition 3.3, let N be a normal S-
invariant subgroup of G such that the irreducible constituents of ip^ have TT -degree and 
are not G-invariant. 

By Glauberman's Lemma and Theorem 2.1, we may choose 77 be an S-invariant irre
ducible constituent of a^n//- Since a lies under tp, 77 lies under (p. Thus, we may choose 
0 G /TT (N) under </? and over 77. 

Since 9 has 7r-degree, by Corollary 2.6 of [6J, we have that ONHH = V- Moreover, by 
the same result, 9 is S-invariant and Ic(9 ) Pi H — ///(r/). Write T = IG(9 ). 

Let f3 G 11x5(70 // | 77) such that /3H — a and let J be an S-invariant Hall ir-subgroup 
of T containing TO H. 

Let [i G h(T) an irreducible constituent of (pr which lies over (5. Then /x lies over 77 
and some irreducible constituent of pN lies over 77. By Corollary 2.6 of [6], necessarily 
it has to be 9. Thus, p £ I^{T\0) and pG = <p. Note also that p is S-invariant. 
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Now, let r G Irr(7) an irreducible constituent of \ij which lies over (3. We claim that 
r =(3J. 

To see this, observe that r ( l ) >/X(1)TT = ^ ( l )^ / |G: 7% = a ( l ) / | G : 7 ^ = (\H:TD 
H\/}(!))/ |G: 71* = |/: 7 H H\/3(l) = /3y(l). 

Since r is an irreducible constituent of (3J, we have equality throughout and thus the 
claim is proved. Also note that r is an irreducible constituent of p,j with r ( l ) = p,(l)n 

and consequently, r is an 5-invariant Fong character of T associated with [i. 
By induction, we have (r*)Tnc = O^* and by Theorem 3.2.a, ((3*)Jnc = r*. 
By Lemma 3.7, observe that (/i*)c = ip* and by Lemma 2.4, (O^*)*7 = O^*. Also, 

since /J7* = a, we have ((3*)Hnc = a*. 
Now, (a*) c = (/T)c = (r*)c - ( 0 y ) c = <V 
Thus, we may assume that (p(l) is a 7r-number. Note that (pH = a. 
Let x G B^{G) such that x° = <P- By Lemma 5.4 of [5], note that x is a 7r-special 

character. Consequently, by Theorem 3.9 of [12], (XHT = (X*)#nc-

Now, (<p*)Hnc = {(X*)°)Hnc = ((X*)//nc)° = (X*)//nc = (X//)* = (VHT = a*. 
Then a* is a Fong character of C associated with ip* and by Theorem 2.2.c, (a*) c = 

Before proving Corollary B, we would like to show that conditions in our Theorem 
A hold every time we consider 5-invariant elements in h(G). 

THEOREM 4.1. Assume hypothesis 3.1 with G TT-separable. Let tp G h(G) be S-
invariant, and let H be an S-invariant Hall IT-subgroup of G. Then there exists a G 
Irrs(H) such that aG — O^. 

PROOF. We may assume that (p(l) is not a TT-number, because otherwise (/?# G 
lrrs(H)md(ipHf = 0 y 

By Proposition 3.3, let TV be a normal 5-invariant subgroup of G such that the ir
reducible constituents of <pN have TT -degree and are not G-invariant. Choose 6 an 5-
invariant irreducible constituent of ip^ such that, if T = IG(0 ), then T n / / is a Hall 
7T-subgroup of T. 

Let r G /^(T^fl) such that r G = ip and note that r is 5-invariant. By induction, 
O r = 7 r , where 7 G Irr5(r H 7/). Since 7G = O^, by Lemma 2.3 we have that 
1H G lrrs(H) is a Fong character of G associated with (p and the theorem is proved. 

COROLLARY B. Let G be a finite TT-separable group and let S act on G coprimely. 
Let K be an S-invariant subgroup of G and let 6 and (p be S-invariant characters ofl^ (K) 
and In(G), respectively. 

(a) If mf = <*V then (09.f = <V 

(b) If (O^k = ®9, then ( O y W = <*>o*-

PROOF. Choose H an 5-invariant Hall TT-subgroup of G such that H n K is a Hall 
7T-subgroup of A\ 

(a) By Theorem 4.1, let a G Irrs(H D £) a Fong character associated with 0. Then 
a G = O^, and thus (3 = aH £ Irrs(H) is a Fong character associated with ^ . 
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Therefore, by Theorem A, (a*)* n c = O^* and (/T)c = <ïy. 
By Theorem 3.2.a, (a*)Hnc = (3*. Then, (<b0.)

c = («*)c = (/3*)c = <*V*. 
(b) Since (O^)/^ = O^, we have that (G^/ = \K\^. Therefore, \G: K\ is a 7r-number 

and consequently HK — G. This implies, by Lemma 3.5, that (CD H)(C(1 K) — C. 
Let /? G hrs(H) a Fong character of G associated with (/?. Then <£# = (/3G)A: = 

(0HC\K)K, and /?#n* G Irr^T/n ^0 is a Fong character associated with 0. 

By Theorem A, (/T)c = <V and ( ( / W ) * ) * n C = O^*. 

By Theorem 3.2.b, (/Tkhf/nc = ( / W ) * . Thus, (<V)*nc = ((£*)C)*n c = 

(^^(anz /xan^)^^ = ( ( /rk n / / n c)*n C = ( ( /W*)™ = * , . . 
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