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DERIVATIVES PRICING VIA p-OPTIMAL
MARTINGALE MEASURES: SOME EXTREME CASES
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Abstract

In an incomplete financial market in which the dynamics of the asset prices is driven
by a d-dimensional continuous semimartingale X, we consider the problem of pricing
European contingent claims embedded in a power utility framework. This problem
reduces to identifying the p-optimal martingale measure, which can be given in terms
of the solution to a semimartingale backward equation. We use this characterization to
examine two extreme cases. In particular, we find a necessary and sufficient condition,
written in terms of the mean—variance trade-off, for the p-optimal martingale measure to
coincide with the minimal martingale measure. Moreover, if and only if an exponential
function of the mean—variance trade-off is a martingale strongly orthogonal to the asset
price process, the p-optimal martingale measure can be simply expressed in terms of a
Doléans-Dade exponential involving X.
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1. Introduction and main results

We consider the problem of evaluating a derivative in a market in which the dynamics of
the discounted prices of traded assets is described by an R¢-valued continuous semimartingale
X = (X;, t €[0, T]). We assume all processes to be defined on a probability space (2, #, P),
equipped with a filtration F = (F;, t € [0, T]) satisfying the usual conditions, where ¥ = Fr
and T < oo is a fixed time horizon. The filtration represents the information flows available to
the agents operating in the market and any European contingent claim will be a random value
n that will be observed only at the exercise time 7. To avoid arbitrage in the market, the price
process X has to satisfy the structure condition; this means that it admits the decomposition

t

X, = Xo+ / d(M)shs + M, (1)
0

where M is a continuous local martingale and A a predictable, R?-valued process such that
Kr = fOT AST d{M)sArs < oo almost surely (a.s.), T denoting transposition. The so-called
mean—variance trade-off process of X, K = fo A;r d(M)4As, turns out to be the key quantity: it
can be seen as the integrated squared market price of risk associated with X and, for instance,
in the well-known Black—Scholes model with drift b, volatility o, and riskless interest rate r
it coincides with K; = ((b — r)/o)*t. Furthermore, the process K measures the extent to

which the price process deviates from being a martingale. In fact, the process X, admitting the
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decomposition (1), is a martingale if and only if K7 = 0, a.s. (see Schweizer (1994) for further
details).

The question is: How does an agent evaluate the random pay-off n? An ‘admissible’ price
can be the maximum value at which the agent agrees to buy or the minimum value at which she
agrees to sell, completely hedging the risk. The existence of such prices of general contingent
claims (and their dynamical counterpart) was proved in El Karoui and Quenez (1995), under
the hypothesis of Brownian dynamics of the price process. In this paper it is shown that the
maximal price of a contingent claim at time 7 can be expressed as a portfolio with an initial value
(the initial wealth of an investor) plus a stochastic integral with respect to X, which models the
gains or losses that she accumulates up to time #, and an increasing optional process modelling
her consumption. In Kramkov (1996), this representation, which is not obvious, was named
‘the optional decomposition theorem’ and extended to a rather general setting in which the
underlying assets are locally bounded semimartingales.

This approach to pricing leads us to determine an interval of arbitrage-free prices; in the
range of admissible prices the choice will depend on the risk aversion or utility preference.

The most significant contribution since the 1970s is the well-known Black—Scholes theory
of pricing, which provides the price as the expected value of the random pay-off with respect
to the unique martingale measure, i.e. a probability measure equivalent to P on Fr and under
which X is a martingale. This price is independent of agents’ preferences but the theory’s main
arguments, i.e. replicating claims and no arbitrage, are in general not realistic.

In fact, in general, markets are incomplete: mathematically, this corresponds to the fact that
the martingale measure is no longer unique. Instead, we have a set, M°, of probability measures
Q equivalent to P such that X is a Q-local martingale. Hence, any martingale measure leads to
a different arbitrage-free contingent claim price.

In this paper we concentrate on p-optimal martingale measures. These measures include
the variance-optimal martingale measure, which corresponds to p = 2, and the minimal-
entropy martingale measure, which arises as the limit as p tends to 1 (Grandits and Rheinldnder
(2002), Santacroce (2005)). While the variance-optimal martingale measure plays a role
in determining the mean—variance hedging strategy, the latter is used to solve problems of
exponential hedging. In general, p-optimal martingale measures are related to power-law utility
maximization problems (see, e.g. Goll and Riischendorf (2001) and Frittelli (2000)). The case
p < 0 corresponds to standard utility functions: functions strictly increasing, concave, and
defined on R™. Nevertheless, the choice of p-optimal martingale measures makes sense for
any p # 0, 1. Note that the case p < 1 (p # 0) can be studied as in Santacroce (2005).

For any measure Q, let ZtQ be the density process of Q relative to the basic measure P. For
any Q € M, there is a P-local martingale M < such that

z9 = &M = (&(M?). 1 [0, T)),
where &(M) is the Doléans-Dade exponential of M. If the local martingale
Z=(&(=1-M), t €[0, T

is a strictly positive martingale, then dQ™" / dP = Z7 defines an equivalent probability mea-
sure, Q™" called the minimal martingale measure for X. We use the notation A - M to denote
the stochastic integral with respect to M. Let

M;:{QeMe: E<%>p<oo}, p> 1
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Throughout the paper, we make the following assumptions.

Assumption 1. The minimal martingale measure Q™" exists and satisfies the reverse Holder
inequality R, (P), i.e. there is a constant C such that

E@E€l (-=1-M) | F) <C
for any stopping time t. We use the notation

&r (M)

&7 (M) = €. (M)

=867r(M — M.x7).

Assumption 2. All P-local martingales are continuous.

Note both that Assumption 1 implies the existence of an equivalent martingale measure (M},
is not empty) and that, since X is continuous, the structure condition is automatically satisfied.
When X is continuous and M; is not empty, Grandits and Krawczyk (1998) showed that the
p-optimal martingale measure is equivalent to P; for p = 2 this fact was previously proved by
Delbaen and Schachermayer (1996).

Therefore, we consider the optimization problem

in E(62(MQ)), 1,
Qrgj?; (&7 (M)) p>

and define the related value process as

V; = ess inf E(&2.(MQ) | F), 1. 2
i %2}2 (&7 (M>) | Fy) P> 2

As stated before, for p = 2 the solution to the problem leads to the variance-optimal martingale
measure (see, e.g. Delbaen and Schachermayer (1996), Schweizer (1996), Gourieroux et al.
(1998), Laurent and Pham (1999), and Pham et al. (1998)). In Laurent and Pham (1999), a
characterization of the variance-optimal martingale measure was given in terms of the value
function related to a stochastic control problem in the case of Brownian filtration. In Mania
et al. (2002), a description of the p-optimal martingale measure was provided in terms of
the value process (2), and it was shown that V uniquely solves a semimartingale backward
equation. Moreover, Pham et al. (1998) stated a sufficient condition under which the minimal
martingale measure and the variance-optimal martingale measure coincide, and observed that
this condition typically fails if the mean—variance trade-off is not deterministic and includes
exogenous randomness not induced by X. Laurent and Pham (1999) explicitly characterized
the variance-optimal martingale measure in two opposite cases. In the first case the so-called
market price of risk does not depend on the exogenous randomness, which is represented in
their model by an untraded asset price process Y. In the opposite case the market price of risk
does not depend on the asset price process X. In their paper, Biagini et al. (2000) came to
similar conclusions for the variance-optimal martingale measure by exploiting their equation
involving exponential martingales.

The main contributions of this work are described in Theorems 1 and 2 and represent a
generalization to the semimartingale setting of the results obtained by Pham et al. (1998),
Laurent and Pham (1999), and Biagini et al. (2000). In particular, we give necessary and
sufficient conditions under which the p-optimal martingale measure can be expressed in two
specific forms, which in some sense represent two extreme cases. It is worth remarking that in
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the papers quoted above the respective authors supplied sufficient conditions, whereas we give
necessary and sufficient conditions for both cases.

We find that, under Assumptions 1 and 2, the p-optimal martingale measure coincides with
the minimal martingale measure if and only if

_ T
exp{w(k-M)T} =C+/0 o] dXs(p),

where ¢ is a constant, X(p) = M + p(M) - A, and ¢ is a X(p)-integrable process such
that (¢ + fé ¢ST dXs(p), t € [0, T]) is a martingale with respect to the measure Q” min whose
density, &7 (MQ"™"), on Fr is defined by d(QP ™"y = &7 (—px - M) dP. Moreover, still under
Assumptions 1 and 2, the p-optimal martingale measure, Q*, satisfies

&7 M) = Vo&r((1 — p)r - X)
if and only if
exp{—%(k . M)T} =c+mr,

where 71 is a martingale strongly orthogonal to M, i.e. (m, M) = 0.

In Section 2 the main results are presented in detail, while the diffusion case and the stochastic
volatility models are studied in Section 3 and Section 4, respectively. The results given in this
paper rely heavily upon the theory of backward stochastic differential equations. Here we just
mention that they were introduced by Bismut (1973) for the linear case, and by Chitashvili
(1983) and Pardoux and Peng (1990) for more general generators.

For all unexplained notation concerning martingale theory we refer to Jacod (1979), Del-
lacherie and Meyer (1980), and Liptser and Shiryaev (1989). For information about
BMO-martingales and reverse Holder conditions, see Doléans-Dade and Meyer (1979) or
Kazamaki (1994).

2. Backward semimartingale equation for the value process

We now recall the definition of BMO-martingales and the reverse Holder condition.
The square-integrable, continuous martingale M belongs to the class BMO if there is a
constant C > 0 such that

EY2(M)r — (M), | F,) <C P-as.

for every stopping time 7. The BMO norm of M, denoted by || M || g0, is the smallest constant
with this property (and takes the value 4-o0 if no such constant exists).

A strictly positive adapted process Z satisfies the reverse Holder inequality R, (P), 1 < p <
00, if there is a constant C such that

Zr\?
El | — F. | <C P-as.
Z:
for every stopping time 7.

We remark that, since X is continuous, any element Q of M is given by the density Z;(Q),
which is expressed as an exponential martingale of the form

& (=2 -M+N),

https://doi.org/10.1239/jap/1158784935 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1158784935

638 M. SANTACROCE

where N is alocal martingale strongly orthogonal to M. We observe that the problem of finding
the p-optimal martingale measure is in fact the problem of identifying the optimal martingale,
N*,in a proper subclass of local martingales N such that the corresponding martingale measure
is in M.
Since M; # o, the process V is a special semimartingale with respect to the measure P.
Let
Vi=Vo+m +A,  meMp., A€ A, )
where M2

ioc denotes the set of locally square-integrable martingales and #jo the set of processes
of locally bounded variation, be the canonical decomposition of V, and let

t
mt=/ o) dM; + i, (m, M) =0, 4)
0

be the Galtchouk—Kunita—Watanabe decomposition of m with respect to M. Any P-special
semimartingale Y admits a decomposition (similar to (3) and (4))

t
Y, =Yo+L,+ B withL,:/ v dM; + Ly,
0

where f,, L e Ml%c’ (l~,, M) =0, and B € A, is predictable.

Here, we restate the main result of Mania et al. (2002) (namely their Theorem 1(b) and
Corollary 2) in the form suitable for our purposes in which by the use of dynamic programming
techniques the value process V is characterized as the unique solution to a semimartingale
backward equation.

Proposition 1. If Assumptions 1 and 2 hold, then the value process V is the unique solution to

the semimartingale backward equation

Y, = Y——)/de M)s+ph-M,y - M),

T .
2(p—1)/ S+/O Yy dM; + Ly, t<T, 5)

with the boundary condition
Yr =1, (6)

in the class of semimartingales Y satisfying the two-sided inequality
c<Y<C forallt €[0,T],a.s., 7)

for some constants ¢ < 1 and C > 1.
Moreover, the martingale measure Q* is p-optimal if and only if it is given by the density
dQ* = &r (M) dP, where

. 1
MY = /,\TdM -7 ), v (8)
0

Corollary 1. The martingale measure Q* is p-optimal if and only if its density Z* = &p (M Q")
is expressed as

el Q' — T ¥ v, T
M) =vo(1+ [ &(| 3+ —pa|-x)| T+ a—pa] fax,).
0 K
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Let us introduce the process X (p) = M + p(M) - A. It is not difficult to verify that Propo-
sition 1 can be formulated in exponential form as follows.

Proposition 2. Equations (5) and (6) are equivalent to the equation

Er (¥ - X(p)) _ Eexp{ p(p—1

A-M s 9
D) — >T} ©)

i.e. if Y is a solution to (5) and (6), then the triple (¢, ¥, L), where

_ 1 LI
ﬁ, L=—— —dL;,
Y p— 1 0 Ys
will be a solution to (9). Conversely, if (¢, ¥, L) solves (9), then Y defined by

1 —1 - 7 P (L
Y,=gexp{‘mpT)@-M)z}é’r(w-M+p<A~M,w~M>)é°f (L)

satisfies (5) and (6).
Remark 1. Note that, for p = 2, (9) coincides with Equation (2.2) of Biagini ef al. (2000).

Let us call Q7 ™" the measure whose density eM< mi") is defined by d(Q”™in) =
Er(—pX - M) dP. It is evident that, for any p > 1, we have

&(—pi-M) <EEL (-1 M) | F).

Therefore, if Q™™ is in Mj, then QP min s a probability measure equivalent to P. In fact,
&(—pr-M) > 0and
E(67(—A - M)) < oo,

which implies that (& (—pX - M), t € [0, T]) is a uniformly integrable martingale, since it is
bounded from above by a uniformly integrable martingale.

In the next two theorems we use the previous characterization of the value process to examine
two opposite cases. In each we give a necessary and sufficient condition for the p-optimal
martingale measure to assume two special forms.

Theorem 1. Let Assumptions 1 and 2 hold. Then the minimal martingale measure is p-optimal
if and only if

-1 r
exp{%(k . M)T} =c +/() (PST dX(p) (10)

for an X (p)-integrable process ¢, such that the process (¢ + fot (psT dX(p),t €[0,T]) isa
QP ™" martingale, and a constant c.

Proof. Let us start by proving the sufficiency. We define the process Y by
oo Qe min pip—1
Y =BGy (=1 M) | F) =B (exp{ (- My | | Fr ).

The above-defined process Y satisfies the two-sided inequality 1 < Y; < C; one side follows
from Jensen’s inequality and the other from Assumption 1, i.e. because the minimal martingale
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measure satisfies the reverse Holder inequality R, (P). Itis easy to see that ¥ can be represented
as the product of a decreasing process J and a Q” min_martingale ri:

Y, = Jym, = CXP{_$<)L : M)t}Emem<eXp{@<)» . M)T} ' Fr).

Keeping (10) in mind, we have

_ t
Y, =exp{_M<,\.M),}<c+/ wdes(p)).
0

2
If we write the It6 formula for the product J,m,, we find that
! —1
Y,:Yo—i-/ exp{—%(k M)S}gos dX,(p) — )/ Y, d(x - M),
0
—Y0+/w dMy + p( - M, - M), )deAM (11)

where we denote exp{—[p(p —1)/2](A- M)}¢ by ¥r. Observe that (11) coincides with (5) when

L = 0 and, moreover, that 1 < Y; < C and Y7 = 1. Thus, Y is a solution to (5) satisfying the

two-sided inequality (7). Proposition 1 implies that ¥ = V and, therefore, that Q* = Q™.
On the other hand, if the p-optimal martingale measure coincides with the minimal martin-

gale measure, from (8) we have
1 A B
—_— —dm; =0
—1LJo Vs
{ p(p—1
expl ——

T
5 <A~M>T}=vosT(x/7~X<p>)=c+/0 o) dX,(p),

where ¢ = Vo and ¢ = Vo€ (¢ - X (p))V¥. Thus, (10) holds.

We will show now that the process (¢ + fo Tdx, (p) t€[0,T) isaQ”? min -martingale
or, equivalently, that (& (¢ - X (p)), t € [0, T]) is a Q7 ™"_martingale.

According to Theorem 2.3 of Kazamaki (1994), it will be enough to prove that lﬁ - X(p)
is in BMO(QP ™). For this purpose, it is sufficient that v - M is in BMO(P). In fact, from
Theorem 3.6 of Kazamaki (1994), if M Q"™ isin BMO(P), as in our case, then the Girsanov
transformation (see, e.g. Kazamaki (1994, paragraph 3.3)) is an isomorphism of BMO(P) onto
BMO(QP ™) We should see now that M ™" and v - M are in BMUO(P); we recall that
¥ = /Y and that ¥ > 1. On the one hand, we have

and, from (9), we have

E(MQ ™ yr — (M ™), | Fy) = p*E((h- M)r — (A M) | Fr)
< P2 Mo (12)

and, since, by Assumption 1, the minimal martingale measure satisfies the reverse Holder
inequality R, (P), the minimal martingale measure is, by Theorem 3.4 of Kazamaki (1994), in
BMO(P). On the other hand,

E(W -M)r — (¢ - M), | Fr) <E(Y -M)r — (Y - M), | Fy)
< ILIZmo0 (13)

and, as has been shown in the proof of Proposition 1 (Theorem 1(b) of Mania et al. (2002)),
L is actually in BMO(P). Thus, (12) and (13) complete the proof.
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Theorem 2. Let Assumptions 1 and 2 hold. Then the p-optimal martingale measure satisfies
&7 (MY) = Vo&r (1 = p)r- X) (14)
if and only if
exp{—g(k-M)r} = c+imr, (15)
where m is a martingale strongly orthogonal to M, i.e. such that (m, M) = 0.

Proof. Let the p-optimal martingale measure satisfy (14). From (8) and (14) we have

el (= MYELT (m) = Vo&r ((1 — p)r - X), (16)
where, recall, m = —[1/(p — 1)]f(;(1/VS)dn~15. Since
_ -1
27 (< M) = &r((1 — p)i- X)exp{%u - M>T},
from (16), it follows that
exp{—@()\ . M)T} - Vigg"l(n'z). 17)
0

Now, by taking both sides of (17) to the power 1/(p — 1), we obtain
exp{—%(k-M}T} — cEr () = c + y (18)

with ¢ = 1/(Vp)/P=D_ Since m € BMO (see the proof of Theorem 1 of Mania et al. (2002)),
the processes & () and, hence, i; = ¢ fot &;(m) dmg are martingales. From (18) it should
now be clear that (15) holds.

Let us now prove the converse. Consider the martingale Z; = E(Zr | F;), where Z7 =
87 (=1 - M — (p/2)(x - M)), ie. z;” =cP=Degr((1 — p)A - X). Therefore, Z; has the
following expression, where the last equality is due to (15):

Z, =& (—h - M)E(&,T(—A - M) exp{—gu . M)T} ’ Ft>

=c&(—A- M)EQmin (exp{—g()» . M)T} ' Ft)
= C& (=2 - M)(c + rry).

In fact, since s is a P-martingale strongly orthogonal to M (i.e. (riz, M) = 0), it follows from
Girsanov’s theorem that m is a Q™™-martingale.
It is easy to see that

Z exp{—(p/2)(A - M

2 e oy S0 M)

Z E(exp{—(p/2)(A - M)i7} | F1)
Now let us define the process Y, via Y; = E((Z7/Z;)? | Fy). We will show that Y = V and,
therefore, that the optimal martingale measure has density satisfying (14). For this purpose let
us first prove that

Y, =E1P<exp{—§(A-M),T} ‘ F,). (19)
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It follows from the expression for Z7/Z; that

v, _E <8fT<—A - M) exp{—(p*/2) (- Mm)
EP (exp{—(p/2)(A - M)i1} | F})
_ E(&r(—ph- M)exp{—(p/2)(L- M)ir} | F)
B E?(exp{—(p/2)(A - M);T} | F})
=E'""P(exp{—(p/2)(A - M)i1} | FY),

g (exp{_g(x . M),T} ‘ F[> =E<exp{—§(/\ . M)IT} ‘ Ft)‘ 20)

Under Assumption 1, the process Y is bounded, since, for any stopping time 7,

since

EEl (—=A-M) | F;) <C

and

p min —1
E(€h. (= - M) | F;) = EQ (exp{MuM)erF,)

o)1

p top
= E(exp{—E(A : M>tT}

> E”(exp{—%(x : Mm} ‘ F,>,

where we use (20) and Jensen’s inequality. Furthermore, Y, = E((Z7/Z;)? | F;) and by
Jensen’s inequality it is evident that Y; > 1 for all # € [0, T]. Therefore, Y satisfies the
two-sided inequality (7).

Now, from (19) we can express Y as follows, where D; = (¢ + )P

|

p(p—1

Y; =exp{— 5

(A - M),}(c + i)' 7P = J,D;.
Writing It6’s formula for this product, we have
V= (et gt - P /O’ Y, d(h- M),
+( —P)/teXp{—p(p—_l)O» : M>s}(c+rhs)_pdﬁ1s

2
Ty )/ { i )<A~M>s}<c+nas>—f’—1d<n%>s,

which coincides with (5) when ¢ = 0 and

t J—
Li=a- p)/ exp{—wu : M>s}<c +1ing) P diny.
0

The process Y coincides with the value process V, by Proposition 1, because it satisfies (5)
and Y7 = 1. Therefore, since ¢ = 0, (14) follows immediately from Corollary 1.
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In the case p = 2, the next result has already been pointed out in Laurent and Pham (1999)
and in Biagini et al. (2000); we obtain it as a corollary to Theorems 1 and 2.

Corollary 2. The p-optimal martingale measure coincides with the minimal martingale mea-
sure and = 0 if and only if the mean—variance trade-off () - M)t is deterministic.

In fact, if the mean—variance trade-off (A - M)7 is deterministic, then (10) and (15) are
satisfied.

3. Diffusion case

We consider a diffusion model for the financial market already considered in Karatzas et
al. (1991) and Laurent and Pham (1999). Let W = (W!,..., W") be an n-dimensional
standard Brownian motion defined on a complete probability space, (€2, ¥, P), equipped with
the P-augmented filtration generated by W, namely F = (F;, t € [0,T]). We denote by
wli=w!, ..., W9 and W+ = (W9t . . W")the d-dimensional and (n — d)-dimensional
Brownian motlons, respectively.

Assume that there are d risky assets (stocks) and a bond traded on the market. For simplicity,
the bond price is assumed to be 1 at all times and the stock price dynamics is given by

dX, = diag(X,)(u, dt 4 o; dW)), t €0, T),

where diag(X) denotes the diagonal d x d matrix with diagonal elements (X!, ..., X9,

With reference to the market coefficients, we assume that the d-dimensional vector process,
W, of stock appreciation rates and the d x d volatility matrix, o, are progressively measurable
with respect to F'. We also require that, for any ¢ € [0, T], the volatility matrix is nonsingular
almost surely. We take n > d, so that there are more sources of uncertainty than there are stocks
available for trading and the market is incomplete in the Harrison and Pliska (1981) sense.

Straightforward calculations yleld in this case, A = diag(X~ BYooH 1w, fo AT dM;
fo o) dwl, (»- M), = fo 165112 ds (which is the mean—variance trade-off) and 6 = o'
(the market price of risk). As before, we denote by M€ the set of equivalent martingale
measures of X. Let X (o) be the class of F-predictable R”~“¢-valued processes v such that
fo v |I? df < oo a.s.

Since o is nonsingular, by the It6 representation theorem any local martingale N that is
strongly orthogonal to M = diag(X)o - W' admits an integral representation N; = fot vST dWSJ-
for some v € K (o). Therefore, the density of any martingale measure can be expressed as

z :et(—/o edejJr/O vdej), 1€[0,T],

for some v € K (o). Let X,(0) = {v € K(0): E(Z}) = 1, E(Z})? < oo}. Then the
subclass M, of equivalent martingale measures is given by

MG = {P": dP"/dP = Z}, v € K,(0))

and Assumption 1 ensures that KX, (c) # &.
We now make a further assumption.

Assumption 3. The mean—variance trade-off is bounded, i.e. fOT 165112ds < ¢ a.s. for some
c>0.
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Remark 2. Assumption 3 implies Assumption 1, i.e. that the minimal martingale measure
exists and satisfies the reverse Holder inequality R, (P), since, for any stopping time 7,

X _ T
E&/p (=0 - W' | Fp) =E¥™ (exp{w/ ||9s||2ds} ‘ FT).

Recall that the measure QP ™" is defined by d(Q” ™) = &7 (—p6 - W!) dP.

By the martingale representation theorem, the martingale part of the value process is ex-
pressed as a stochastic integral,

t '
my :/0 o) dWSl—i-/O (HTdwit.

Now, since Assumption 3 implies that the minimal martingale measure satisfies the inequal-
ity R, (P), and the filtration F is continuous, the following statement follows from Proposition 1
as a corollary.

Theorem 3. Let Assumption 3 hold. Then the value process V is the unique bounded, positive
solution to the backward stochastic differential equation

t
(p—1
Yt = YO _/0 [LYSII(%HZ - pgs—rl/fs -

P 12
g d
5 AL ] s

2(p
t t

+/ w‘jdwslju/ whTawt,  yr=1.
0 0

Moreover, v* is optimal if and only if

1
v = —m(pf‘ (dt x dP)-almost everywhere,

i.e. if and only if the p-optimal martingale measure is given by the density

* ‘ 1 1
zy =¢ér( - erW’——/— HTawt).
T T( /0 s ST 1)y Vs (95) s
Remark 3. Let us introduce R, = InV;. Under Assumption 3, R; is the unique bounded,
nonnegative solution to

t
P(P_l) 2 T7 1 = 12 1 - 9
R, = Ry — == e — 0 o : 1 d
v /o[ 1017 = 0T = 5o IR 4 S| s
4 t
+/ I/fSTdWSl-i-/(llfSJ')TdWYJ‘, Rr =0, 21
0 0

where ¥ = /Y and 1/_/SL = 1//SL/YS. Furthermore, the martingale part of R; is in BMO.

As QMM is in M5, QP min i< a probability measure equivalent to P. Thus, by Girsanov’s
theorem, the process W' defined via

t
w! = p/o (s, Whds + W'

is the Brownian motion with respect to the measure Q? ™"
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The following corollaries respectively follow from Theorems 1 and 2.

Corollary 3. Let Assumptton 3 hold. Then the minimal martingale measure is p-optimal,
ie.v*=0and Z2 = &r(—0 - W'), if and only if

( _ 1) T T R R
exp{% /O ||es||2ds}=c+ fo g dw! (22)

for a constant ¢ and some Wl-integrable, F-predictable process 12 such that the defined
stochastic integral is a QP ™™ -martingale.

Remark 4. This condition is satisfied in the ‘almost-complete’ diffusion model, where the
market price of risk is adapted to the filtration, F!, generated by the Brownian motion W/,
i.e. where 0 = 6(t, W!), t € [0, T (see Pham et al. (1998) and Laurent and Pham (1999)).

In fact, (22) is ensured to hold by the integral representation theorem (see, e.g. Theo-
rem 7.12 of Liptser and Shiryaev (1977)), according to which any Q” ™"-local martingale
adapted to F! can be represented as a stochastic integral. Note that Assumption 3 implies that
07 aW! € BMO.

Corollary 4. Let Assumption 3 hold. Then the p-optimal martingale measure satisfies

T
el M) = Yobr ((1 — p)(e W fo ||es||2ds>> (23)

if and only if
p (T T _
exp{—E/ ||9S||2ds} =c+/ v dwit (24)
0 0

Equation (23) implies that v* is such that & (v* - W) =14 ¢~! fOT 1/~/YT dWSJ‘, where ¢ and
are respectively the constant and the F-predictable process appearing in (24).

Condition 4 is satisfied in the case in which the market price of risk is adapted to the filtration,
Ft, generated by the Brownian motion W+, i.e. in which 6 = o(t, WJ-), tel0,T].

4. Stochastic volatility model

In this, last, section we study a stochastic volatility model. We will assume that the underlying
dynamics are Markov, in which setting, provided that mild conditions on the coefficients are
satisfied, we can express the solution to the problem of finding the p-optimal martingale measure
in terms of a classical Bellman equation.

We start by considering a stochastic volatility model similar to that of Pham et al. (1998).
We will assume that the dynamics of the asset price process is determined by the following
system of stochastic differential equations:

dX; = diag(X,) (ue(t, X;, Yo) dt + 0 (1, X1, Y;) AW)), (25)
dY, = b(t, X, Y;) dt +8(t, X;, Y,) AW! + oL@, X, Yo) AW . (26)

Assumption 4. We assume that

(1) the coefficients u, b, 5, o!, and o+ are measurable and bounded;
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(il) the n x n matrix function ool

that

is uniformly elliptic, i.e. there is a constant ¢ > 0 such

(o(t, x, )k, o (t, x, Y)A) > c|r]?

forallt € [0,T], x € Ri, y € R"™4 and ) € R", where o is defined by

(ol x,y) 0 '
G(t’x’y)_(S(t,x,y) UL(”"’V))’

and
(iii) the system (25), (26) admits a unique strong solution.

Let us introduce the logarithm of the value function, namely

R(t,x,y)=In inf E(&t’;(—/QT(s,XS,YS)de
0

veXM (o)
+/ vl(s, Xs,Ys)dW&) ‘ X, =x, Y =y>,
0

where 6 = 0171u and KX 2’1 (o) is the class of feedback controls, i.e. controls from K, (o)
expressed in the form v(z, X;, Y;) for some measurable function v(z, x, y), t € [0, T], x € R4,
y e R" 4,

In the following, we will use Proposition 3 of Mania et al. (2004) and the fact that the
process R; satisfies (21). In essence, Proposition 3, applied to R;, says that the latter can be
represented as a space transformation of an asset price process by the logarithm of the value
function, which admits a generalized L-operator and all first-order generalized derivatives.
Hence, let us recall the definition of generalized derivative together with Proposition 3 of
Mania et al. (2004).

Let p(t, x, y) = p(0, (x0, Yo), t, (x, ¥)) be the transition density of the Markov process that
is the unique strong solution to (25) and (26) for the fixed initial conditions X¢ = x¢ and Yy = yo,
and introduce the measure p on the space ([0, T] x RZ x R"™¢, B([0, T] x RY x R"~%)):

p(ds, dx, dy) = p(s, x, y)dsdx dy.

We recall that, for functions f in C 1'2, continuously differentiable at ¢ on [0, T'] and twice
differentiable at x, y on Ri x R" 4 the L-operator is defined as

Lf = f; + tr(} diag(x)o’ (') T diag(x) fir) + tr(8(0") T diag(x) fy)
+u(3@88" +ot (0D fiy),

where f, fix, fxy,and fy, are partial derivatives of the function f, for which we use the matrix
notation.

Definition 1. We shall say that a function

f=ftxy),t>0,xeR:, ye R
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belongs to the class VpL if there exista sequence ( f”, n > 1) of functions in C'-? and measurable
p-integrable functions fy; (i < d), fy_]. (d < j < n), and (Lf) such that, as n — o0,

E(sup /(s X5, ¥o) = £, X, ¥9)[) = 0.

s<T
/f[o ot PG D) = ol x (s, dx, dy) > 0, i <d,
T ><R+><R”‘
[ G = £y ) e, dr dy) > 0. <=
[0,T]x R xR~
//O " d|Lfn(svx7y)_(Lf)(s’x’y)|p(dss d-x7 dy)_>0-
[0,T]x R x R~

Proposition 3. (Proposition A of Mania et al. (2004).) Let Assumptions 4(i) and 4(ii) hold and
let f(t, X;,Y:) be a bounded process. Then the process (f(t, X;,Y;), t € [0, T]) is an Ito
process of the form

t t
f(taXt,Yt):f(OaXO»YO)+/ g(s,a))dWS+/ a(s,w)ds, a.s.,
0 0

t t
E(/ g2 (s, w) dS> < o0, E(/ Ia(s,a))|ds> < o0,
0 0

if and only if f belongs to VpL. Moreover, the process f(t, X;, Y;) admits the decomposition

with

d t .
P X0 ¥ = £O.X0. 10+ 3 [ fto X, Y aX]
i=170

n t . t
+ ) fo fyj(s,Xs,YS)dYsj—F/(;(Lf)(s,Xs,Ys)ds.

j=d+1

Remark 5. For continuous functions f € VE, the first relation displayed in Definition 1 can
be replaced with the condition

Sup |fn(5,x,Y)—f(S,X,y)|—>0 asn — oQ,
(s,x,y)eD

where D is any compact subset of [0, T'] x Rf’f_ x R" 4,

Theorem 4. If Assumptions 4(i), 4(ii), and 4(iii) hold, then the logarithm R(t, x, y) admits all
first-order generalized derivatives R, and Ry, a generalized L-operator LR, and is the unique
bounded solution to

0=LR(t,x,y)+ (1 —p)u'(t,x,y)diag(x) R (t, x, y)

(p—1
+ 6Tt 3) = p8 8T (X IRy (1% ) + 6P
1 1\T 2
_— 1 R, (¢
2= 1)Il(cf ) (& x, )Ry (1, x, )l
+ Hi@h T, x, y) diag()Re (1, x, y) + 8" (¢, x, YRy (t, x, WII*  (df x dx x dy)-a.s.

27)
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with the boundary condition
R(T,x,y) =0. (28)

Moreover, v = —[1/(p — 1)](0’J‘)TRy and the density of the p-optimal martingale measure
is of the form

. L
z3 =8T<—/ 07 (s, Xy, Yy) dW! — ﬁf ((aL)TRy)T(s,XS,xg)dwﬁ>.
0 - 0

Proof. We give the proof of the existence of a solution (in a certain sense) to the Bellman
equation and of the differentiability (in a generalized sense) of the solution. Since (X, Y) is
a Markov process, the feedback controls are sufficient and R, = R(¢, X;, Y;) a.s. (this can
be shown as in Chitashvili and Mania (1996)). As it satisfies (21), the process R; is an Itd
process. Under Assumptions 4(i) and 4(ii), we know that R; is bounded and that its martingale
part is in BMO (see Remark 3), and these facts ensure that the finite-variation part of R; is of
integrable variation. We can apply Proposition 3, which implies that the function R(z, x, y)
admits a generalized L-operator and all first-order generalized derivatives, and that R, can be
represented as

R(ts Xl‘a Yl)

t
= Ro+ / (R] (s. X;. Yy) diag(X,)o! (s. X, Ys) + R) (5. X, Y5)8(s. Xy, ;) dW}
0
t t
+/ R (s, X, Y)o (s, XS,YS)dWSi+/ LR(s, X5, Yy)ds
0 0

t
+ /0 (R (5. Xy, Yy) diag(X) s, Xy, ¥5) + R (5, Xy, Yo)b(s, Xy, Y9)) ds. (29)

Moreover, the process R, is a solution to (21) and, by the uniqueness of the canonical
decomposition of semimartingales, comparing the martingale parts of (29) and (21) yields,
dt x dP-almost everywhere,

U = (o) (t, X;, V) diag(X )Ry (t, Xp, Yy) + 87 (1, X, YOR (8, X1, V), (30)
WHT =D, X, YR (1, X, Yr). (31)

Then, by equating the processes of bounded variation of (29) and (21) and taking (30) and (31)
into account, we obtain

t
0= /() |:LR(S’ X, Yo)+(1 - P)R;(S, X5, Ys) diag(Xs)M(s’ X5, Yy)

—1
+ R (5, Xy, Y)b(s, X, Y;) + %

o) T (s, Xy, YRy (s, Xy, Y92

16511 — poT 8T (s, Xs, YR, (s, Xy, Yy)
S 2(p—1)
+ e T (s, Xy, ¥y) diag(Xs) Ru(s, X5, Y5) + 87 (5, Xy, Yo Ry (s, Xy, Ys)nz] ds.

It follows that R(z, x, y) solves the Bellman equation (27).
We now prove the uniqueness of the solution. If we use the generalized Itd formula (see
Proposition 3) with any bounded, nonnegative solution to the equations (27) and (28) from the
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class VpL ,weseethat R(¢, X;, Y;) solves (21). The solution to (21) is unique, so it has to coincide
with R;. This implies that even the solution to (27) and (28) is unique (df x dx x dy)-a.s.

Remark 6. Observe that only R, enters in the construction of the p-optimal martingale mea-
sure. Note also that we must make only Assumption 4(iii) to obtain the financial interpretation
of the model, and that, for the validity of Theorem 4 (and Proposition 3), the existence of a
unique weak solution to (25) and (26), guaranteed by Assumptions 4(i) and 4(ii), is sufficient.

Now we consider the two particular cases.

Case 1. We suppose that the coefficients of (25) depend only on the asset price X, i.e. they
take the forms w (¢, X;) and ol(t, X;). In addition, we suppose that o! satisfies the uniform
ellipticity condition, and that u and o! are bounded, measurable, and such that (25) admits a
unique strong solution. Then F/ = FX and the market price of risk, 6 (¢, X,), is F/-measurable.

By the integral representation theorem, any Q” ™"-Jocal martingale adapted to F! can be
represented as a stochastic integral; hence, condition (22) is satisfied, and by Corollary 3, the
p-optimal martingale measure coincides with the minimal martingale measure Q™"

We can verify that

min —1 T
R, = InEY <exp{%/ ||93||2dsHFtl>

characterizes the unique solution to (21), with ¥, = 1//, / fo I//T dWl and 1//, = 0, where 1/; is
the F!-predictable process appearing in (22). The Markov property of X implies that R, =
R(t, X;) a.s., where

min —1 T
R(t,x) = InEY (exp{—p(pz )/ ||95||2ds} ‘X,:x).
t

Since the conditions of Theorem 4 are satisfied, R(, x) is the unique bounded solution to the
equation

-1
0= LR(t,x) + (1 — p)u' (z, x) diag(x) Ry (, x) + %IIQ(L 0I?

+ @) T, x) diag(x) Re (¢, »)[* (dt x dx x dy)-as., (32)

with boundary condition R(T, x) = 0, in the class VL
Under suitable regularity conditions on p and o (see, e.g. Friedman (1975)), the value
function R(z, x) is the unique bounded solution to (32) from the class C!-?, and

oR 1 ) L NT
LR = 3 + 3 tr(diag(x)o’(c") ' diag(x)Ryy).

Case 2. Now let us suppose that the coefficients in (25) and (26) depend only on Y, where Y is
the solution to the autonomous equation (26). Let Assumptions 4(i), 4(ii), and 4(iii) hold. Then
FL = FY and the market price of risk, 6(¢, ), is F L-adapted By the integral representation
theorem there exists an F--adapted process v satisfying (24), and such that ¢ - W' is a
bounded martingale.

Using the It6 formula, we can see that the process

T
J, =1nE]p<exp{—§/ ||es||2ds} ‘ F,i)
t
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is the unique solution to (21), with 1} =0and

gy
‘ﬂt ( p)C-i-fé I//STdWsJ‘

where ¢ and ¥ are respectively the constant and the F}-predictable process in (24). Therefore,
the process J; coincides with the logarithm of the value process R; and, hence, the logarithm
of the value function does not depend on x, i.e. R(¢, x, y) = R(t,y). Thus, by Theorem 4,
R(¢, y) is the unique bounded solution to

+p(p—1)

0=LR(t.y) 10 I+ R) (¢, y)(b(t. y) — pd(t, »)O(t, y))

1 1
- mn(&f(r, MRy I+ S18T @ Ry I (e x dx x dy)-as.

with boundary condition R(7, y) = 0, in the class V[f‘.
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