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FIXED POINT THEOREMS FOR PROXIMATELY 
NONEXPANSIVE SEMIGROUPS 

BY 

MO TAK KIANG1 AND KOK-KEONG TAN2 

ABSTRACT. A commutative semigroup G of continuous, selfmappings 
on (X, d) is called proximately nonexpansive on X if for every x in X and 
every (3 > 0, there is a member g in G such that d(fg(x),fg(y)) < (1 + 
p) d (x, y) for every/in G and y in X. For a uniformly convex Banach space 
(X, mi), it is shown that if G is a commutative semigroup of continuous 
selfmappings on X which is proximately nonexpansive, then a common 
fixed point exists if there is an x0 in X such that its orbit G(x0) is bounded. 
Furthermore, the asymptotic center of G(x0) is such a common fixed point. 

1. Introduction. Let (X, d) be a metric space. A mapping f:X —» X is called 
nonexpansive if for every x, y E X, d(f(x), f(y)) ^ d(x, y). A point JC0 with the 
property that/(x0) = x0 *

s called a fixed point of/. Many interesting results concerning 
conditions on X and/which guarantee the existence of a fixed point of/have been 
obtained in recent years (see e.g. [7], [8], [9]). 

When G\X —» X is a semigroup of nonexpansive mappings, a point x0 with the 
property that/(x0) = x0 for every/ E G is called a common fixed point of G. In [4], 
a semigroup G of continuous selfmappings on X is called ultimately nonexpansive if for 
every x, y E X and (3 > 0, there exists g E G such that d(fg(x), fg(y)) ^ (1 + P) 
d(;c, y), for a l l / E G. It was shown there, among other things, that if X is a reflexive, 
locally uniformly convex Banach space having a point with a precompact orbit, then 
G has a common fixed point. 

The question arises as to whether the requirement that X has a point with a pre­
compact orbit can be weakened to that it has a point with just a bounded orbit. In [10], 
an example is constructed to show that a singly generated semigroup G (i.e. G = {/": 
n — 1, 2 , . . .}) of continuous selfmappings on a bounded closed convex subset of the 
Hilbert space 12 which is ultimately nonexpansive need not have a fixed point. A recent 
result by Edelstein [3] shows that if G is singly generated by/with an/-closure point 
which has a bounded orbit on a reflexive, locally uniformly convex Banach space, then 
G has a unique fixed point. 
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In this paper, it is shown that if (X, || ||) is a uniformly convex Banach space and G 
a commutative semigroup of continuous selfmappings on X which is furthermore 
proximately nonexpansive (a condition stronger than that of ultimately non-
expansiveness) then the existence of a point x0 with a bounded orbit G(x0) guarantees 
a common fixed point. Indeed, the asymptotic center of G(x0) is such a point. Other 
results generalizing some known fixed-point theorems for nonexpansive (asymp­
totically nonexpansive) mappings are also stated. 

2. Preliminaries 

DEFINITION. A semigroup G of continuous selfmappings of a metric space (X, d) is 
called proximately nonexpansive if for every x E. X, and every (3 > 0, there exists g 
G G such that d(fg(x), fg(y)) < (1 + P) d (x, y) for allf G G, and for all y G X. 

It is clear that if G is nonexpansive then it is proximately nonexpansive while if it 
is proximately nonexpansive then it is ultimately nonexpansive. 

For each g G G, let Gg = {fg:f£ G}. 
For every g, h G G, define g < h if and only if Gg D Gh. 
Let (X, || ||) be a uniformly convex Banach space, G a commutative semigroup of 

continuous selfmappings on X. Let x0 G X such that its orbit G(x0) = {f(x0) :f G G} 
is bounded. For every g G G, define 

(i) yg(x0) = the Chebyshev radius of Gg(x0) 

= inf sup{||y -/g(*o)||}, 
yEX fEG 

(ii) cg(jc0) = the Chebyshev center of Gg(x0) 
= the unique point y G X such that 

yg(x0) = sup{||y -/g(*0) | |}; 

thus 

7gUo) = sup {||cg(*0) -/g(*o)||}. 
fEG 

clearly if g < /z, then for any y G X, 

sup ||y - /gUo) | | ^ sup ||y -/ft(*o)||, 
/ 6 G fEG 

hence, 

inf sup ||y - /g(* 0) | | ^ inf sup ||y - fh(xo)\\, 
yEX fEG yEX fEG 

i.e. yg(x0) < 7/JOO) which show that {7g(jc0)} is a decreasing net. 

Let 7U0) = inf 7s(*o) 
gEG 

LEMMA 1. 

(a) yg(x0) -» 7(x0) 
(b) There exists c(x0) G X such that cg(x0) —> c(x0)-

https://doi.org/10.4153/CMB-1986-027-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1986-027-2


162 M. T. KIANG AND K.-K. TAN [June 

PROOF. 

(a) Obvious 
(b) CASE 1. Suppose y(x0) = 0. Then inf yg(x0) = 0, i.e. V e > 0 , 3 g E G such 

that for s, t E G, with g < s and g < f, we have 7,(-*o) < e/2 and 7,(*o) < e/2. 

Choose any z E G,(x0) H G,(*o)> then 

\\CS(XQ) - ct(x0)\\ < ||c,Oo) - z|| + Ik ~ ct(x0)\\ < 7,(x0) + 7,(JC0) < e/2 

+ e/2 - e 

which shows that {cg(x0)} is a Cauchy net. 
Hence, there exists c(x0) E X such that cg(x0) —» C(JC0). 

CASE 2. Suppose y(x0) > 0. //{cg(jt0)} w wo* 0 Cauchy net, then there exists € > 
0, such that for every g EG, there exists h,tEG with g <h and g <t such that \\ch(x0) 
~ ct(x0)\\ ^ e. Since yg(x0) —> y(x0), there exists g0 E G such that yg0(x0) — y(x0) 
< (l/2)7(jt0)8(€/D) where D = diam G(x0). 

Hence, for any g, h E G with g ^ go and h > go, 

(*) l7*Uo) ~ 7A(*O)| - l7*(*o) - 7(*o)| + \yh(x0) - y(x0)\ < y(x0)by — J 

However, for this g0 there exist k, t E G with k > g0, t > g0 such that ||Q(JC0) - C,(JC0)|| 

> e. Let s E Gk 0 Gt then Gs C Gk D Gt which implies ys(x0) < 7*(*o) a nd 7*C*o) 
— 7/Uo). Assume 7*U0) ^ 7,Uo)- For every /E G, then 

\\ck(x0) - fs(x0)\\ ^ yk(x0) < 7,Uo), 

lk,(*0) -/^Uo)|| - yt(x0) 

and hence 

Therefore, 

c*(*0) + ct(x0) 
• fs(x0) 

r 

/,(*o)[] 
7rUo) / J 

7*(*o) ^ 7;(*o) 

which implies that 

7rUo) /J 

yt(x0) - 75(*o) ^ 7/Uo) •(f) 

7rUo) 

^ 7(^o) 

D 

8 ' § 
This contradicts inequality (*) above as t > g0 and s > f > g0- Hence, {cg(jc0)} is a 
Cauchy net, which implies that there exists c(x0) E X such that cg(x0) —> c(x0). 
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REMARK. In lemma 1(b), c(x0) is called the asymptotic center of G(JC0). In the case 
when G(x0) is a sequence, the notion of the asymptotic center was first introduced by 
Edelstein in [2]. 

LEMMA 2. Ify(x0) = 0, thenf(c(x0)) = c{x0), for allfE: G. 

PROOF. We first observe that if xg E Gg(x0) for g E G, then xg —» c(x0). Indeed, let 
xg —fgg(x0) where fg E G. Then for each e > 0, there exists g{ E G such that ||cg(jc0) 
- e(jc0)|| < e/2 for every g > gu and there exists g2 E G such that 7^(JC0) < e/2 for 
every g > g2. Now if g0 £ G is such that g0 > g\ and g0 > #2 then for each g E G 
with g > go then we have 

||*g - c(*o)|| = \\fgg(x0) - c(x0)\\ < ll/^Uo) - c*(*o)|| + IkOo) - c(*o)|| 

^ 7*(*o) + \\cg(x0) - c(x0)\\ < - + - = e, 

which shows that *g —» c(*0)-
Next, for each g in G, choose any xg E Gg(x0). Then by the above observation 

xg -> c(jt0). L e t / E G, then/(x^) E Gg(x0) for each g E G which implies that 
/(jcg) —» c(x0) also. Since xg —» c(x0), by continuity of each/ E G we have/(jcg) -* 
/(c(x0)). Hence f(c(x0)) = c(x0), for every/E G. 

LEMMA 3. For eac/z e > 0, there exists g0 E G, SWC/Î that for all g G G with g > 
go, \\c(x0) - fg(xQ)\\ < 7(x0) + e/<?r each f G G. 

PROOF. For each e > 0, there exists gx E G such that ||C^(JC0) - C(JC0)|| < e/2 for 
all g E G with g > g\, and there exists g2 E G such that |7gU0) - 7(x0)| < e/2 for 
all g E G with g > g2- Now, if g0 E G is such that g0 > g{ and g0 > £2 then whenever 
g & G with g >go, we have 

lk(*o) - /gUo) | | ^ IkUo) - c*(*o)|| 4- \\cg(x0) ~ fg(xo)\\ 

<l + y8(x0) <^ + 7U0) + I 

= 7U0) + e for a l l / E G. 

3. Main Results 

THEOREM 1 .Let (X, || ||) be a uniformly convex Banach space, G be a commutative 
semigroup of continuous self mapping s on X. If G is proximately nonexpansive and if 
there is a point JC0 in X such that G(x0) is bounded, then the asymptotic center c(x0) 
of G(x0) is a common fixed point. 

PROOF. By Lemma 2, we may assume that 7U0) > 0. For each x E X, define d(x) 
= inf sup {||JC — /g(*)||}. Hence 

«ec / E G 

d(c(x0)) = inf supllkUo) ~ fg(c(x0))\\} 
gee fee 
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Clearly d(c(x0) < °°. Indeed, for any X > 0, for the point x0, there exists g0 E G such 
that whenever g EG with g > g0, we have \\fg(x0) -fg(c(x0))\\ < (1 + X)\\x0 - c(x0)\\ 
for all fE G. 

Hence for any / E G, we have 

IkUo) — /^(c(x0)|| < ||c(*0) - cg(x0)\\ + \\cg(x0) - fg(x0)\\ 

+ \\fg(x0) - fg(c(x0))\\. 

< ||c(*0) - c^Uo)|| + y8(x0) + (1 + \) | |*0 - c(x0)||, 

This implies that 

sup \\c(xQ) - fg(c(xQ))\\ < ||c(*0) - ^(*o)|| + 7*(*o) + (1 + X)\\XQ - c(x0)\\ 
/ E G 

i.e. 

rf(c(*0)) = inf {sup \\c(x0) - fg(c(x0))\\} < oo 
gee fee 

CASE 1. Assume d(cU0) < 0. 

(I) Let e* Z?e such that 0 < e* < d(c(jc0)). 

Then for each g E G, there exists/, E G such that ||C(JC0) ~~ fgg(xo))\\ > €*. Choose 
e > 0 so small such that 

1 - 51 ) (7U0) + e) < 7(jc0). 
^y(xo) + e'J 

(2) Nexty choose (3 > 0 such that 

(i + p)[7(*o) + ! < y(x0) + e 

(3) By proximately nonexpansiveness ofG, for the point c(x0) and the above (3 > 0, 
there is g0 E G such that 

\\fgo(c(x0)) -fgo(y)\\ ^ (l + P)lk(xo) - j | | , 

/or all f' E G and for all y E X. 

(4) #y Lemma 3, for this e > 0, £/zere is g\ E G such that for all g E G vwY/i g > 
g], we /zflve ||C(JC0) ~/gC*o)|| — 7U0) + e/2,/or each f E G. 

Let ga^G with ga > g, and/a be the member in G corresponding to ga such that ||C(JC0) 

-/a£a(c(*o)|| > e*' T h e n w e a l s o h a v e Ik(-̂ o) - hgafago(xo)\\ < 7U0) + e/2, for each 
A E G . 

(5) /« (3) above, replacing f by f0 (where f0 is the member corresponding to g0 such 
that \\c(x0) — fogo(c(x0)\\ > e*) and y by fag0hga(x0) where h E G, we have 

\\fogo(c(x0)) - fo8ofagohga(x0)\\ < (1 + 0)||c(xo) ~ fagohga(x0)\\, 

for all h E G. 
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(6) Using results in (5), (4) and (2) above, we have 

\\fogo(c(x0)) -fogofagohga(x0)\\ < (1 + p m U o ) + e/2] 

< 7U0) + e, \/h EG. 

(7) Now from (5) above, \\c(x0) - fogo(c(x0)\\ > e* and from (6), 

\\fogo(c(x0)) - fogofagohga(Xo)\\ < 7 U 0 ) + ^ 

Also by (4) we have, by replacing h byf0g0h 

IkUo) - fogofagohga(x0)\\ < 7U0) + - < y(x0) + e, VA 

Hence, by uniform convexity of X, 

\c(x0) + fogo(< 

2 
:(*o)) 

fogohgafago(Xo) 
< 

X (y(x0) + e) < 7(*0), 

for all hEG. 
Let t denote fogogaf*go, then clearly 

sup 
hEG 

which im 3lies 

\c(x0) +fogo(c(x0)) 
ht(x0) 

1 - 8 
7 (•*<>) Tl)] 

< 7(*o) 

7,Uo) = inf {sup H37 - ht(x0)\\} < y(x0), 
yEX hEG 

arriving at a contradiction. Therefore we must have 

CASE 2. d(c(x0) = 0 that is inf {sup ||JC0 - /g(jc0)||} = 0 
gEG fEG 

It follows that for each positive integer n there is gn E G such that sup ||JC0 - /g*(*o)|| 
ftg 

< l/n, so thatfgn(xo) -» x0 for each/ E G. Now if /z E G, then hfgn(x0) —» /I(JC0) by 
continuity of /z; but hfgn(x0) —> *o so that /i(x0) = *0. Hence x0 is a common fixed point 
of G proving the theorem. 

With slight modifications the proof of Theorem 1 can be used to prove the following: 

THEOREM 2. Let (X, \\ ||) be a uniformly convex Banach space, K be a nonempty 
bounded closed convex subset of X. If G is a commutative semigroup of continuous 
selfmappings on K which is proximately nonexpansive, then for any x E K, the 
asymptotic center c(x) of G(x) is a common fixed point of G. 

When G is singly generated by/the following result is an immediate consequence 
of Theorem 2: 

COROLLARY 1. Let (X, ||||) be a uniformly convex Banach space, K be a nonempty 
closed convex subset ofX andf'.K-^ K be continuous. If for each x E K and each a 
> 0 there exists n > 1 such that 
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llrw-rooNa + <*-:y|| 
for ail m > n and ail y E K, then for each x E K, the asymptotic center of its orbit 
{fn(x): n = 1, 2 , . . . } is a fixed point off 

As a special case of corollary 1 we have the following strengthened version of a result 
due to Goebel and Kirk in [6]: 

COROLLARY 2. Let K be a nonempty bounded closed convex subset of a uniformly 
convex Banach space X and letf:K-+ K be asymptotically nonexpansive, then for each 
x E K, the asymptotic center of its orbit is a fixed point. 

An immediate consequence of Corollary 2 is the following strengthened version of 
a result due to Gôhde in [5] and Browder in [1]: 

COROLLARY 3. Let K be a nonempty bounded closed convex subset of a uniformly 
convex Banach space X, and letf:K->Kbe nonexpansive, then for each x E K the 
asymptotic center of its orbit is a fixed point. 
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