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Cyclic Groups and the Three Distance
Theorem

Nicolas Chevallier

Abstract. We give a two dimensional extension of the three distance theorem. Let 6 be in R? and
let g be in N. There exists a triangulation of R? invariant by Z2-translations, whose set of vertices is
72+ {0,0,...,90}, and whose number of different triangles, up to translations, is bounded above by
a constant which does not depend on 6 and q.

1 Introduction

Let @ bein Rand let g be in N. The points {0}, {6}, {26}, ..., {gf} cut the unit inter-
val [0, 1] into g + 1 intervals having at most three lengths ({x} denotes the fractional
part of x). This property is known as the three distance theorem and was first proved
by V. T. S6s in 1957; (see [32—-35]). Closely related to this result is the three gap the-
orem: if ¢ is in ]0, 1[, the gap between the successive integers n such that {nf} < ¢
takes at most three values as shown by N. B. Slater [29]. These two results can be
deduced from the continued fraction expansion of ¢, but there are also direct proofs.
A survey of the different approaches can be found in [31] A relation with the com-
binatorics on words has recently been established by P. Alessandri and V. Berthé who
provided a combinatorial proof of the three distance theorem (see [1]).

Extensions of the three distance theorem lead to many works. The first was found
in 1976 by E. K. R. Chung and R. L. Graham; they showed that if 6, . . ., 8, are d real
numbers, then the points {k;0;}, for 1 < i < dand 0 < k; < g, cut the interval
[0, 1[ into intervals having at most 3d values (see [9,22] for a very simple proof).
Later in 1993, A. S. Geelen and R. J. Simpson found a two dimensional extension of
the three distance theorem . Let 6, 6, be two real numbers and #n;, n, two positive
integers. Then the points {k;0; + k26,}, 0 < k; < 13, 0 < k; < ny, cut the interval
[0,1[ into nyn, intervals having at most min{n, n,} + 3 lengths (see [7, 14] for a
d-dimensional version of Geelen and Simpson’s result).

There are more abstract ways to generalize the three distance theorem . Endow R?
with the lexicographic order ((x,y) < (x’,y') means y < y’ ory = y’',x < x').
Let A be a lattice in R?, I C R a bounded interval and A(I) = {(x,y) € A : x € I}.
M. Langevin [21] proved that there exists a basis u,v of A such that for all w in
A(I), the next point in A(I) for the lexicographic order, is one of the three points
w+u, w+vorw+ u+v. Both the three distance theorem and the three gap theorem
can be recovered by Langevin’s result. With a growing abstraction, E. Fried and V. T.
Sés [12] generalize Langevin’s theorem to some ordered abelian groups.
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Kronecker sequences are a natural generalization of the sequences (16 mod 1),,>.
Let g be a positive integer and let © be in the d-dimensional torus T = R?/Z?. Con-
sider the finite sequence kO, 0 < k < gq. The (classical) discrepancy of this finite
sequence has been extensively studied (see [11, pp. 66-90]) but less is known about
its local conformation. Extension of the three distance theorem should give more
information about it. In order to formulate a T%-three distance theorem, we have to
replace the intervals. In [6], Voronoi’s regions were chosen instead of the intervals.
It leads to a partial extension of the three distance theorem to the d-dimensional
torus; the extension holds only for a subsequence g = g, — 1 of the sequence of
all positive integers. This subsequence (g,),>0 is the sequence of all best simulta-
neous Diophantine approximations of © with respect to the Euclidean norm (see
the definition below). The appearance of best approximation is easy to understand.
On the one hand, best simultaneous approximations of © can be seen as a multidi-
mensional continued fraction expansion and on the other hand, the three distance
theorem can be strengthened for some particular g: let 6 be a real number and let
0 = [ag; a1, ..., 4ay,...] beits continued fraction expansion. Let g, be the denomi-
nator of the rational [0;4y,...,a,]. Thenforalla € {1,...,a,}, the points {kf},
0 < k < agy + gu—1, cut the interval [0, 1[ into intervals having at most two lengths.
We shall refer to this result as the “two distance theorem”.

In the present work, we are mainly interested in two-dimensional extensions of the
three distance theorem. Intervals are replaced by triangles in a Z*-invariant triangu-
lation. We give two main results. The first corresponds to the two distance theorem
and holds only for the g of the shape g = g, — 1 where g, is a best approximation.
It improves the previous result about Voronoi’s regions [6]. The second corresponds
to the three distance theorem and holds for all positive integers q.

These two main results need a very simple lemma on translations in cyclic groups
(Lemma 3.1) similar to Liang’s proof of Chung and Graham’s theorem [22]. By the
way, we use this lemma in order to give another proof of the one dimensional two
distance theorem and also of one known property of length words associated with
the two distance theorem (see [26,28]). In fact, our first idea to prove Theorem 1.3,
was to use this property of length words. But it does not seem to work, whereas the
lemma on cyclic groups proved to be efficient.

Another important ingredient of the proofs of both Theorems 1.2 and 1.3 is an
extension to best Diophantine approximations of a property of continued fractions
(§7, Theorem 7.1 for d = 2 and Theorem 7.2 for d > 3), a result which may be of
independent interest.

1.1 Statement of the Two Main Results

Endow R? with the usual Euclidean norm, and for every x in RF set
||| = inf{|x — n| : n € Z%}.

Clearly || - || induces a distance on the d-dimensional torus, which we also denote
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Definition 1.1  Let © be in T?. A positive integer q is a best approximation of © if
kO] > ||g©|| for every integer k with 0 < k < g. Let 6 be in R?. A positive integer
q is a best approximation of 6 if it is a best approximation of its projection © in the
d-dimensional torus, that is, if || kf|| > ||q6)|| for every integer k with 0 < k < 4.

Best (Diophantine) approximations were introduced by C. A. Rogers [27] and
first studied as a multidimensional continued fraction expansion by J. C. Lagarias
[15-20], (see also [5,8]). Let @ be in R*\Q“. Arranging the set of best approximations
of 6 in ascending order, we get an increasing sequence (g,)nen of positive integers
starting with gy = 1.

Theorem 1.2 Let 0 be in R*\Q? such that Z* + Z0 is dense in R?. For all n in N, there
exists a Z*-invariant triangulation of R* whose set of vertices is Z*+{0, 0, . . ., (q,—1)0}
and with only 6 different triangles up to translations. Furthermore, the diameters of the
triangles go to zero when n goes to infinity.

Theorem 1.3  There exists an absolute effective constant K such that for all 0 in R*\Q?
such that Z*> + 76 is dense in R? and for all integers q¢ > 1, there exists a Z*-invariant
triangulation of R? whose set of vertices is Z* + {0,0,...,q0} and with at most K
different triangles up to translations. Furthermore, the diameters of the triangles go to
zero when q goes to infinity.

Let & = (61,0,) be in R?. The topological hypothesis, Z*+Z6 is dense in R?, is
equivalent by Kronecker’s theorem to an algebraic hypothesis: 6, 8, and 1 are linearly
independent over Q.

The proof of Theorem 1.2 is given in Section 9. Sections 3, 6, 7 (Theorem 7.1 only)
and Section 8 (Lemma 8.4 only) are required for its proof. The rather long proof of
Theorem 1.3 is given in Section 10, again, Sections 3, 6, 7 (Theorem 7.1 only) and
Section 8 (Lemmas 8.3 and 8.4) are required for its proof.

2 Notations

Numbers: 'We denote the fractional part of a real x by {x} and the lowest integer
greater or equal than x by [x]. Therefore, x = [x] + {x}.

Geometry: The usual Euclidean norm of an element x of R? is denoted by |x|. The
distance to the nearest lattice point of an element x of R? is denoted by ||x|| = inf{|x—
n| : n € Z}. The scalar product of two elements x and y of R is denoted by x - y.
The angle of two elements x and y of R? is denoted by /(x, y). The segment joining
to elements x and y of R? is denoted by [x, y], [x, y] = {tx+ (1 —t)y : t € [0, 1]}.
The open segment (semi-open) is denoted by ]x, y[ ([x, y[ or ]x, y]).

Torus: T¢ = RY/Z9. § will always denote an element of R? and © its projection in

T¢. Let X be in T?. The distance of X to 0 is denoted by || X|| = infycx |x|. Therefore,
the distance between two elements X and Y of T is | X — Y.
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Sets and metric spaces: The cardinal number of a set E is denoted by |E|. Let (E, d)
be a metric space, let F be a subset of E and let a be an element of E. The distance
between a and F is denoted by d(a, F). We define r(F) = inf{d(x, y) : x,y € F and
x # y} and e(F) = sup{d(x, F) : x € E}.

Graphs: Let G be a planar graph. The set of vertices of G is denoted by V(3), the
set of connected components of R?\ U[A,B]EQ [A, B] is denoted by C(G) and the set

{A—B) : A and B are vertices of G, and there exists w in €(9) such that A, B € dw} is
denoted by £(9).

3 Cyclic Groups

For a given irreducible fraction r = p/q, let us place the points {kr}, 0 < k < g, in
the unit interval. We get the sequence i/q, 0 < i < g, and each fraction i/q is equal
to a {kr} where k = k(i) is an integer in {0, ...,q — 1}. In this particular case, the
two distance theorem means that the differences k(i + 1) — k(i), 0 < i < g, take two
values. We can restate this property in a cyclic group (G, -) generated by an element
a. Each x in G is of the shape x = a* with 0 < k < |G|, set log(x) = k. For b fixed in
G, the differences log(bx) — log(x), x in G, take two values. In the sequel, we shall use
not only one translation x — bx, but several simultaneously.

Lemma 3.1 Let G be a cyclic group with generator a, and let n be the cardinal number
of G.

(i) For all b in G, the number log(bx) — log(x), x € G, have at most two possible
values (exactly two unless b = e).

(ii) For all m in N* and for all (by,...,b,) in G", there exists a partition of
{0,...,n — 1} into m + 1 intervals Iy, . . ., I, such that for all j € {0,...,m}, the
m-tuple (log(b,a?) — log(a?), ..., log(b,,a?) — log(a?)) does not depend on q in I;.

Proof (i) If log(b) + log(x) < n, then log(bx) = log(b) + log(x) and log(bx) —
log(x) = log(b). If log(b) + log(x) > n, then log(bx) = log(b) + log(x) — n and
log(bx) — log(x) = log(b) — n.

(ii) Arrange the points n; = n—log(b;) in increasing order, n;, < n;, < --- <mn; .
Set n;, = 0and n;,,, = n. Let p be in {0, ..., m} and x be in G such that log(x) €
(ni,, ni,,,[. Forq € {1,...,m}, log(b;,) +log(x) < n < log(x) < n—log(b;,) = n;,,
therefore
log(b;,) forg > p,

log(b; x) — 1 =
og(b;,x) — log(x) {log(biq)—n forq < p.

It follows that (log(b1x) —log(x), . . ., log(b,x) — log(x)) is constant on each interval
I, = [n,,n;,, [ and hence takes at most m + 1 different values. ]

We shall need a slightly more sophisticated result.

Lemma 3.2  Let G be a commutative group, H a subgroup of G and a in G. Suppose
G/H is a finite cyclic group generated by aH. Let n be the cardinal number of G/H.
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(i) Foreachx in G there exist a unique integer log(x) in {0, . .., n—1} and a unique
h(x) in H such that x = a'%*h(x).

(ii) For all m in N* and for all (by,...,b,) in G™, there exists a partition of
{0,...,n — 1} into m + 1 intervals Iy, . . ., I, such that for all j in {0, ..., m} and
all i in {1,...,m}, there exist n; j in Z and h; j in H such that for all x € G and all
ie{l,...,m},log(x) € Ij implieslog(bix) — log(x) = n; j and h(bix)h(x)~" = h; ;.

Proof (i) is straightforward. To prove (ii), we use the previous lemma with the
group G/H which is generated by aH. There exist intervals Iy, . . ., I, such that for
all i, log((b;H)(a’H)) — log(a?H) is independent of g in I;. Since for all x in G,
log(xH) = log(x), log(b;a?) — log(a?) is independent of g in I;. Let n; ; be the value
of log(b;a?) — log(a?) on I;. For x in G, we have b;x = b;a°8*h(x) = a8 p(b,x),
therefore

h(bix)h(x) ™" = bja~loelb®)=log) — . g=mij — pp, .

for all x with log(x) € I;. [ |

4 Proof of the Two Distance Theorem

This paragraph is not needed to prove Theorem 1.2 and 1.3; its aim is to give simple
consequences of previous lemmas. The two distance theorem can be stated without
using the continued fraction expansion:

Proposition 4.1  Let 0 be in R\Z and let q be a positive integer such that {k6} # 0,

0 < k < q. Suppose either

(i)  the interval 10, {(q + 1)0}[ does not contain any of the points {kf}, 1 < k < q
(first case), or

(ii) the interval 1{(q + 1)0}, 1[ does not contain any of the points {kf}, 1 < k < g
(second case).

Let q1, qp be the integersin {1, . .., q} such that {10} = min{{k0} : 1 < k < q} and

{g20} = max{{kf} : 1 < k < q}. If {ki0} < {ky0} are two consecutive points of

{{k0} : 0 < k < g}, thenk, — ki = g1 or —qa.

The usual statement of the two distance theorem follows from the proposition
because the integers of the shape g = aq, + q,—1 are exactly those who satisfy the hy-
pothesis of the proposition. Let us prove the proposition. In order to use Lemma 3.1
we replace 6 by a rational approximation 6’. The key fact is the following lemma.

Lemma 4.2 Let 0 and q be as above. Set 0’ = 0 — q%lg wheree = {(q+ 1)0} in the
first case and ¢ = {(q + 1)0} — 1 in the second case. Then 0’ belongs to ﬁZ and the
points {k0}, 0 < k < q are in the same order as the points {kf'}, 0 < k < g, i.e., for
allky, ky € {0,...,q}, {ki6} < {k:0} & {ki0'} < {k:0'}.

Notation Let 6 beinR. Set E,(0) = {0,{60},...,{q0}}.
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Proof of Lemma 4.2 Clearly 0’ € qi—ll. Let us see that the two cases reduce to the
first. Indeed, suppose that |{(q + 1)0}, 1[NE,(f) = @. Note that {(q + 1)0} = 0 is
impossible, for it implies {#} = 0 and 6 € Z. Since for all integer k with {kf} # 0,
{k0} + {—kf} = 1, the image of set E;(0)\{0} by the symmetry x — 1 — x is the set
E,(—0)\{0}. It follows that ]0, {(g + 1)(—6) } [NE,(—6) = @. Furthermore,

_M:_(mw) Y

(0" = (=) q+1 q+1

Thus it suffices to use the first case with —6.

Now, assume that |0, {(q + 1)0} [ NE,() = @. The real number ¢ is non negative.
Let us show that k@ — {kf} = ko’ — {kf’}, for 0 < k < g. By definition of the
fractional part, k@ — {kf} is an integer and

k0" — (kO — {k0}) = —% +{k0} < {k0} < 1.
Moreover, since {k6} > {(g+ 1)0} = ¢,
ke
r_ _ > > 0.
K= (k0 = (k) 2~ +e 2 0

Thus the integer k§ — {k0} is the integer part of k6’ and is equal to k' — {k6’}.
We must show that {k;0} < {k,0} < {ki0'} < {k,0'}. Suppose on the contrary
that {k;0} — {k,0} < 0and {k;0’'} — {k,0’} > 0. On making use of the equality
k6 — {k0} = k8’ — {kf’} for k = k; and k,, we get

€ €

ky — k .
q+1<(2 1)q+1

0< {ki0'} — {k0'} = {ki0} — {kn0} — (k1 — k2)

Therefore, k, > ki, and —e < (k; — kp)-= < {k16} — {k;0} < 0. It follows that

o1
{k:0} — {ki6} € 10,e[ = ]0,{(q + 1O},

but this is impossible, for it would imply that {(k, — k;)8} = {{k,0} — {ki6}} =
{k26} — {k10} € 10,{(q+1)0}[. [

Proof of Proposition 4.1 By the lemma, we can prove the proposition with 6’ in-
stead of 6. The projection of E;(f’) in T' = R/Z is a subgroup G of T'. On the one
hand, G is generated by the projection ©’ of §” and on the other hand, G is generated
by the projection of 3 of ﬁ. If {k;0"} and {k,0’} are consecutive points of E;(6"),
then k,©' — k;©' = 3. Therefore, by Lemma 3.1 witha = ©’ and b = (3, k, — k;
takes two values. To determine these values, we just have to consider the two cases
k1=O,k2:q1andk1:q2,k2:O. |

A natural question arises: given an irrational number 6, what are the denomina-

tors of the rationals r such that the points {kf}, 0 < k < g and the points {kr},
0 < k < gare in the same order?
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Proposition 4.3  Let 0 be in R\Q and let q be in N. There exists a in Z with
ged(a,q + 1) = 1 such that the points of E,(0) and Eq({ﬁil) are in the same order if
and only if one of the sets

E(0) N10,{(g+ DO} and E;(6) N {(g+1)0},1]
is empty.

Proof Setf’ = 747 Let g1 and g; be the elements of {1,...,q} such that the inter-
vals of T', ]0,410'[ N E4(©') and ]¢,0’,0[ N E,(©’) are empty. By our assumption,
the sets ]0,q,0[ N E,(©) and 14,0, 0[ N E;(O) are also empty. The integers q; and
q> are one sided best approximations of both © and ©’ and since (g + 1)©’ = 0, we
have g + 1 = g, + g2, therefore q + 1 is also a one sided best approximation of ©. It
follows that E,(0) N ]0, {(g + 1)8}[ or E,(0) N 1{(g + 1)8}, 1[ is empty.

As before, it suffices to consider the case E;(6) N 10, {(q + 1)0}[ = @. Sete =
{(q+1)8} and 6’ = 0 — ﬁs. We have (g +1)§" = (q+1)§ —e € Z, hence ' = e
with € Z. By the previous lemma, the points {kf’}, 0 < k < g, are in the same
order as the points {kf}, 0 < k < g and since the points {kf}, 0 < k < g, are all
distinct, by the previous lemma the points {kf'}, 0 < k < g, are all distinct. Now all
these points are in [0, 1[, therefore the points k©’, 0 < k < g are distinct in T! and
ged(a, g+ 1) = 1. [ |

5 Circular Length Words

Let A be a finite alphabet and let I be an interval of Z. Let us recall the definition of
a C-balanced word w : I—A. We say w is C-balanced if the difference between the
numbers of occurrences of any letter in two subwords of w of the same length is at
most C.

Let 6 be in R\Q and let © be its projection in T'. Let (a,),>; be the partial quo-
tients of 6 and (g,)u>0 the denominators of the convergents to §. Fix an integer g
of the shape g = g,—1 +aq, — 1,0 < a < a,4;. We can look at the points {kf},
0 < k < g or at the points kO, 0 < k < q. Either way, the two distance theorem
means that we have (g + 1) intervals of two different lengths. We associate to this
configuration a word w = (w;j)o<i<q = w(6, q) of g + 1 letters in the {0, 1} alphabet:

Choose the usual orientation on T'. When k,© is the successor of k,0, k, — k;
takes two values dy and ;. Describe T starting at 0, and set w; = 0 if the i-th
interval is of the shape [kO, (k + &y)©] and 1 otherwise. Identifying {0, ..., q}
with Z/(q + 1)Z, the word w may be seen as a circular word.

It is known that w is a Sturmian word, that is, a word with exactly k + 1 different
subwords of lengths k (see [25, Ch. 6]), and therefore a 1-balanced word (see [28]).
This balance property can be recovered directly with our approach.

Proposition 5.1 Let I and ] be two intervals of Z/(q + 1)Z of the same length. Then

|{iel:wi=1}-|{ic]:w=1}] <L
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Proof Let!be thelength of I and J. By properties of continued fraction and Lemma
4.2, we know that w(0, q) = w(6’, q) where 8’ = #‘1 with ged(q + 1,a) = 1. Let 8
be the projection of ﬁ in T!. We have {0,0’,...,40'} ={0,3,...,q0}. We are
going to use Lemma 3.1, the first lemma on cyclic groups, with the additive group
G=1{0,0",...,q0'},a=0,b=18. Foreachi € Z/(q+ 1)Z set k(i) = log(i3).
Suppose I = {i,...,i+1— 1}, then the sub-word w; - - - w;;;_; is determined by the
difference k(i + 1) — k(i), ..., k(G +1) — k(i +1— 1). We have

log(iB + b) —log(iB3) = k(i + 1) — k(i)
= |{jeI:wj=O}‘5o+’{j€I:wj:1}’61

and by the first lemma on cyclic groups, it has only two possible values when i de-
scribes Z/(q + 1)Z. Therefore |{j € I : w; = 1} has two possible values only. Fur-
thermore, if [ = {i,...,i+1—1}and J={i+1,...,i+ 1}, then

‘|{j€1:wj:1}|—|{je]:szl}” <1,
hence |[{j € I: w; = 1}|,i € Z/(q+ 1)Z, takes two values whose differenceis . W

Remarks (i) Can we extend the previous proposition to the two dimensional case?
Consider a lattice L of R* with a basis (ej, e;) and A a sublattice of L such that L/A isa
cyclic group of order g. Fix 6 a generator of this group. For each basic parallelogram
P,=(a,a+e,a+e,a+te +e) ac€l,set

0(a) = (k(a+e;) — k(a), k(a + e;) — k(a), k(a + e; + e;) — k(a)),

where k(x) is the unique integer in {0, ...,q — 1} such that x + A = k(x)6 + A. By
Lemma 3.2, §(a) has at most four different values, 9, d,, 93, d;. Therefore we can
label each parallelogram P, with one of the four symbols 41, d,, d3 or d4. This gives
a two dimensional A-periodic word w: L — {1,2,3,4}, w(a) = 0(a). With the
isomorphism (u,v) € Z?> — ue; + ve; € L, we can see w as word on Z2. Now a
n X m-subword of w is any restriction of w to a rectangle (u,v) +{0,...,m — 1} X
{0,...,n— 1} C Z*. This raises to the following question.

Is the difference between the numbers of occurrences of §; in two n X m-
subwords of w, bounded by an universal constant?

If we follow the proof of Proposition 5.1, we count the number of new letters when
we move from an n x m-subword to an adjacent n x m-subword. However, this
number can be 2 or m and not just 1 as in the one dimensional case. This means that
a new idea is necessary to answer the previous question.

(ii) We can note that for a word w: {1,...,n} — {0, 1}, C-balancedness for
C > 1 without further assumption is a property far weaker than 1-balancedness:
the number of 1-balanced words of length 7 is polynomial in n and the number of
2-balanced word of length 7 is exponential in n [23].

(iii) V. Berthé and E. Tijdeman have studied 1-balancedness for multidimensional
words. They have showed that if d > 2, a 1-balanced word w: Z% — {0, 1} must sat-
isfy a very strong condition on the frequencies of the letters 0 and 1: these frequencies
belong to a finite subset of the rational numbers [3].
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6 Best Approximation in R? and T¢

Let # € R Arranging the set of best approximation of 6 in ascending order, we
get an increasing sequence (g, ),>o of positive integers starting with gy = 1. For any
positive integer 7, let ¢, be the vector of R? and P, be the integer d-tuple such that

40 =P, +c, and |e,| = 1g.0].

Set
1 1
0,=0— —e,=—P, and r,=|e,|
qn qn
Then 6, is the rational approximation of 8 corresponding to the best approximation
qn- We consider the lattice A, = Z¢ + Z6,,, which is a lattice included in Q? since 6,
has rational coordinates.

The following lemma is easy; its proof can be found in [6].

Lemma 6.1 The sub-group (©,,) of T generated by ©,, has exactly q,, elements, that
is, kO, is non-zero for all 0 < k < g, — 1. Furthermore, ||p0 — p0,| < r, for all
0 < p < g, — 1. Moreover, the lattice A, has determinant é and its first minimum
A1 satisfies 21,1 > Aiy > 1,-1/2.

7 A Good Basis of A,

Letd = 1 andlet g = g, — 1. By Lemma 4.2, the points {kf} and the points {k6,},
0 < k < g are in the same order. In fact the points of {kf,} divide [0, 1] in g,
intervals of length 1/g,. Each of these intervals contains the corresponding points of
E,(6), More precisely,

. kO € [k0,,k0, + L[ ife, >0,
forallkin {0,...,q} Lo
k© € kO, — E’k@"] ife, <O0.
The next two theorems extend this property to d > 2, and the first is an important
ingredient in the proofs of Theorems 1.2 and 1.3. When d = 1, the lattice A, cuts R
into intervals of length qi, but when d > 2, there are many tilings associated with the
lattice A,,. To each basis e; ,, ..., es, of A, corresponds a tiling

P+{tiep1+ - +tyena:tr,...,ta € [0,1[}, P€A,.

We are looking for a basis of A, such that each piece of the tiling contains exactly one
point of the shape kf + P, 0 < k < q,, P € Z¢. Moreover, we wish to find a basis
whose vectors are as short as possible. We are able to find such a basis when d = 2
(Theorem 7.1). Nevertheless, when d > 3, we are only able to find a basis whose
vectors are not too long (Theorem 7.2).

Theorem 7.1  With the notations of the last section, suppose d = 2. There exists a
basis e, 1, €, of A, such that
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(D) i=1,2, |eni| < An1 + Anp, where N1, Ao are the minima of A,;
(i) |sin Z(en1,en)| > V3/8;
(iii) forallkin{0,...,q, — 1} andall Pin Z¢,

k
kf+P=k0,+P+—e, €k, +P+ {tlen,l +ithenn it € [07 1[}

n

Proof Step I: Let kbein {0,...,q, — 1} and x = k@, + P be in A,\{0}. We have
x.6, < |x|*. Indeed, if x.€, > |x|?, then |e,| > |x| and

|x — en* = |en]* — 2x.6, + |x* < |en)?
and therefore,
d(en,x) < |en| =10 dlen,x+e,) = |x| < 1.

By convexity, it follows that d(e,, x + %sn) < 1y, and projecting in T', we get

n

(g — KO = [|g:© — kO < d(e, k0 + P) = d(en, x + qken) <1y

By definition of the best approximation, we have k = 0 and x = P. But, by definition
of &, |en]? < |en — Q[ for all Q € Z2, hence we have €,.Q < %\Q|2, which is false
for Q = P = x. Note that this part of the proof works in every dimension.

Step 2: By Gauss reduction of a two dimensional lattice, there is a basis e, 1, e, of
A, such that

|eﬂ,1| = )\n,lv |en,2| = )\n,z-
Let vy and «, be the coordinates of ¢, in this basis. We can suppose «; and «; > 0.

Furthermore, since |e, 1 % €,2|> > |e,2|?, we have | sin Z(e,.1, €,2)| > V/3/2.

Step 3: Suppose e, - e,2 > 0. By Step 1,
2 2 d & _ 2
€1 > en1-En = Qe +aze, ., an €,7 > €n2.En = 1€y 1.6y T+ €, 5.

Since «; and «, are non negative, we get ; and o, < 1, which proves the theorem
in this case.

Step 4: Suppose e,1.€,, < 0 and |e,,| < 3|e,1|. The vector ¢, has nonnegative
coordinates in one of the bases (e, 1, e,1 + €,2) or (e,1 + €,2,€n2). By Step 3, the
coordinates of ¢, in one of these bases are in [0, 1[. It remains to estimate the sinus.
For the first basis, we see easily that

. 1
|sin Z(en1, en1 + €n2)| > $7
for the second basis, we can use a well-known formula in the triangle whose vertices
are 0,e,, and e, + ey

| sin Z(en2, en1 +en2)] _ |sinZ(eny, en2)| V3 y 1
2 lent + enz|

|en,1] B len1 + enz]
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Hence,

ol%

. 1
|51n 4(6,,’1, €n.1 + 67,72)‘ Z X Z

Step 5: Suppose e, - €,2 < 0 and |e,2| > 3|e,1|. Let us show that @, < 1. By
Lemma 6.1, |g,| < 2\,1 = 2|e,1|- Hence,

a%|en,1|2 + oz%\e,,,2|2 + 201006, - €np < 4\en71|2.
Since | cos Z(en1,en)| < Lande,; - €., <0,

Ofﬂen,l‘z + 04§|€n,2|2 — araze,|enz| < 4|€n,1|2-

Hence,
1
E(aﬂen,l‘z + a5 lenn|?) < 4len |
and ,
1
2 <slol g Loy
\enﬁ2| 9

Now we have oy < 1 + ap, otherwise, by Step 1,
2
En - en,l S ‘en.l|
and

ailent | + e - ens < lenn |,
z(en - €n2) < —lens|’.
Hence,
|en,2 + en,1|2 - ‘enﬁl|2 + |en,2|2 + 26n,1~enﬁ2 < ‘enﬁ2|2;

which contradicts the equality A,> = |e,|. f a1 > 1, thene, = aje,1 + aae,r =
(o1 —z)e, 1+ i (eq1 +e,2) has nonnegative coordinates in the basis (1, 4.1 +€,2),
and as in Step 4, we easily see that | sin Z(e,1, €51 + €,2)| > % ]

The next theorem is not necessary to prove Theorems 1.2 and 1.3, but may be of
independent interest.

Theorem 7.2 Suppose d > 3. There exists a basis e, 1, . . . , €4 0f Ay, such that

(i) foralliin{l,...,d}, |eqi| < Ana» where A, 4 is the d-th minimum,
(ii) forallkin{0,...,q, — 1} andall Pin Z°,

k
k0+P=k0,+P+ q—snek9n+P+{t1en_1+---+tnen,d:t1,...,tde [0,1[}.
n
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Proof We need to find a basis of A, such that the coordinates of ¢, are all in [0, 1[.

Step 1: Let A be a lattice of R, ey, ..., e; a basis of A and ¢ = 2?21 a;e; a vector

of RY with nonnegative coordinates. We now prove thatifa; < N fori = 1,...,d,
where N € N*, then there exists a basis e[, . .., ; of A such that

max{le/|,i =1,...,d} < d"¥max{|¢|,i=1,...,d}

and ¢ has nonnegative coordinates in the new basis e{, . . ., ¢/ with only one coordi-
nate a;, > 1, this coordinate being < N. We proceed by induction on N. There is
nothing to prove if N = 0. Let N > 1. Let I = {i : a; > 1} and choose i, such that

aj, = min{a; : i € I}.

Set ﬁo = €, + Ziel\{io} i and fl = for 7£ io. We have
€= Z a; f; + Z (a;i — ai,) fi-
i¢I\{io} i€\ {io}

There are two cases.

Casel Ifa;, > N —1,thena;, —a;, < 1forall I\{ip}. It suffices to take e; =
fis--., ey = fa, and we have

max{|e/|,i =1,...,d} = max{|fi],i = 1,...,d} < dmax{|e],i =1,...,d}.

Case2 Ifa;, <N —1, we apply induction hypothesis to the basis fi, ..., fz. We get
abasiser, ..., e;with

max{le/|,i =1,...,d} <d '"max{|f;|,i =1,...,d}

< d¥max{|e;|,i = 1,...,d}.

Step 2: We would like to use Step 1 with A, and ¢,. Since the new basis given by
Step 1 can have vectors as long as those of the initial basis, we must start with a basis
(e1,...,eq) of A, such that

max{|e;|,i =1,...,d} < A\a.

The LLL algorithm (cf. [13, Theorem 5.3.13, p. 143]) gives us a basis ey, . . ., eg of A,
such that |e| . .. |es] < det A,.. By the Minkowski theorem on successive minima we
get

max{|e|,i=1,...,d} < A\a

where A, 4 is the last minimum of A,. Furthermore, Babai [2] has proved that this
basis verifies that for all k € {1,...,d}, the sinus of the angle between ¢; and the
sub-space generated by the other vectors of the basis, is > (v/3/2)?. Then if x =
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Zf’zl aie;, |x| > (v/3/2)"max{|a;||e;| : i = 1,...,d}. By Lemma 6.1, 1, = |g,| <
fa—1 < 2),1. It follows that the absolute values of the coordinates ay, ..., a4 of €,
in the LLL basis eq, ..., ey, are all < 2 x (2/\/3)"1. With Step 1 we can find a new
basis ef, ..., e/, such that max{le/|,i = 1,...,d} < A\ygande, = Zle a;e! with
a; € [0,1[i > 2 and a; € [0,Cy4], where C; depends only on d.

Step 3:  'We drop the primes and let ey, . . . , e; be the basis found in Step 2. If a; < 1
we have e, € {tje; + -+ +t,e4 : t1,...,t4 € [0, 1[} which give (ii). So it remains
to find a basis with a; < 1. Take any i > 2 withe¢; - ¢y < 0. While oy > 1 and
e; - e; < 0, replace the vector e; by e; + e; and do not change the other vectors. After
each step, the coordinates of €, in the new basis are a1 —«;, ap, . . . , g and the length
ofe! =ei+eisgivenbye! e/ = (e/ +e;) e +er. Sincee; - e; < 0, we have |e/| < |e;]
ife/ - e; < 0and|e/| < |ej| + |er] if e - e > 0. At the end, we get a basis ey, ..., e}
such that fori = 2,...,d,

lef] < lei| + el
a; € [071[7

a; € [0,1] or e e >0,

Step 4: If a < 1, the theorem is proved. In the other case, e/ - e] > 0,i =2,...,d.
By Step 1 of the proof of Theorem 7.1, ¢] - €, < e}*. Therefore,

d
aje® + E el el < ep?
i=2
and o < 1. [ |

8 Graph and Triangulation

Definition 8.1 A triangulation T of R? is a countable set of triangles (the convex
hull of three points) whose union is R and such that the intersection of two distinct
triangles T and T, of T is either one edge of both T} and T, or one vertex of both
T, and T,. Furthermore, a bounded region of R* meets only finitely many triangles
of T. The edges of T are the edges of all triangles of T and the vertices of T are the
vertices of all triangles of J. We say that a triangulation T is Z?-invariant if for all T
in T and all v in Z2, v + T is in T. More generally if A is a lattice of R?, we say that T
is A-invariant if forall Tin T andallvin A,v+ Tisin 7.

Definition 8.2 A planar graph is given by a countable set of nonoriented edges §

verifying,

(i) all edges are segments of R?,

(ii) if two edges [A, B] and [C, D] of G meet i.e., [A, B] N [C, D] # &, then [A, B] N
[C, D] is a common extremity of both [A, B] and [C, D] or [A, B] = [C, D],

(iii) a bounded region of R* meets only finitely many edges of G.
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The vertices of the graph G are the extremities of the edges of .

We say that a planar graph G is Z*-invariant if for all [A, B] in G and all v in Z?,
[A, B] + visin G. More generally, if A is a lattice of R%, we say that G is A-invariant if
forall [A,B]in Gandallvin A, [A,B] +visin G.

Figures 1 and 3 below represent planar graphs whereas Figure 5 does not.

Obviously, if T is a triangulation, the set of edges of all triangles of T is a planar
graph G and it is possible to get 7 back from G.

We shall need two results on planar graphs and triangulations. The first lemma
allows us to get a triangulation with the desired property of finiteness. The second
lemma is on the homotopy of planar graph. Both lemmas will be proved in the
appendix.

Notation Let G be a planar graph. Let us denote by V(9G) the set of vertices of G and
by €(§) the set of connected components of R\ Uiasjeg A, Bl. In the following, we

shall always write R*\§ instead of R*\ Uy, p)¢g[A, BI.

€S

Let us denote by B(9) the set of boundaries of elements of €(§), more precisely

B ={BCSG:IwelS),dw= []J [ABI]}.

[A,BleB

Lemma 8.3 Let G be a Z*-invariant planar graph. Suppose all elements of C(G) are
bounded. Set

&G = {A—é : A and B are vertices of G,
and there exists w in C(S) such that A, B € Ow}.

If the set E(S) is finite, then there exists a Z*-invariant triangulation T of R* whose
set of vertices is the set of vertices of G and whose number of different triangles, up to
translations, is less than a constant depending only on the cardinal number of £(9).

Lemma 8.4 Let G and G’ be two planar graphs with no edge reduced to one point.
Suppose that all elements of C(G) are bounded and that there exists a bijection A €
V(G) — A’ € V(G') such that

. { [A—A'|: A€ V(S)} is bounded;
* foreacht € [0,1],

) ={[1—nA+tA",(1—1)B+1tB'] : [A,B] € G}
is a planar graph with no edge reduced to one point;

o themap A € V(G) —(1 —t)A+tA’ € V(G(t)) is a bijection.

Then the map B € B(G) — {[A’,B’] : [A,B] € B} € B(G') induced by the map
A — A’ is a bijection.
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Figure I: The triangulation given by Theorem 1.2

9 Two Distance Theorem in R?, Proof of Theorem 1.2

Let 6 be in R?\Q? such that Z? + Z6 is dense in R%2. We have to prove that for all
n in N, there exists a Z?-invariant triangulation of R? whose set of vertices is Z? +
{0,0,...,(g, — 1)8}, and with only six different triangles up to translations (see
Figure 1). We also have to prove that the diameters of the triangles go to zero when n
goes to infinity.

Let us outline the proof. The set of vertices Z*+{0, 0, . .., (g,—1)68} is very close to
the lattice A, = Z? + Z, where 0,, is the rational approximation of § corresponding
to the best approximation g, (see §6). With the help of a basis (e, e;) of A, it is
not difficult to find a triangulation of R? whose set of vertices is A,; just take the
collection of triangles

conv(A,A+e,A+e +e), conv(A,A+e,A+e +e), AcA,.

There are only two kinds of triangles. Now each element A of A, is of the shape
A = P+ k6, with P € Z* and is close to the element A’ = P + k6 of Z*> + {0, 0, ...,
(gn — 1)0}. The map A — A’ induces a map which sends each previous triangle T to
anew triangle T’. A good choice of the basis (¢f. Theorem 7.1) and Lemma 8.4 allow
us to show that the set of new triangles is a triangulation. Next, Lemma 3.22 allows
us to prove that there are at most six kinds of new triangles.
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Proof Let 6 be in R*\Q?. Fix a best approximation g, and choose a basis of A,
satistying the conditions of Theorem 7.1. Consider the vectors u; = ey, t; = e,
and us = e, + e, of A,,. We define a first planar graph G by

S={[A,A+u]:A€A,, i=1,23}

Let A = P+ k6, be in A,, where P is in Z* and k in {0, ...,q, — 1}. Set f(A) = ﬁ,
A(t) =A+1tf(A)e, fortin [0,1],A" = P+ kO = A(1). Set

§'={lA",B']:[A,B] € G}, and S(t) = {[A(®t),B(1)] : [A,B] €G,}

forall ¢ in [0, 1]. Note that

A=A+ ﬁsn =P+kf,+ ksn =P+ k0, + issn) =P+ k6.
n n n
Our aim is to prove that G’ is a planar graph such that for all w’ in C(§’), dw’ is a
triangle and the number of these triangles, up to translations, is at most 6.

It is obvious that for all w in C(9), Ow is a triangle. Moreover, the map A €
V(G) — A’ € V(G') is clearly a bijection. So, by Lemma 8.4 on the homotopy of
graphs, if for all # in [0, 1], G(¢) is a planar graph, then §(1) = G’ is a planar graph
such that all elements of €(G’) are triangles. Now, we show that G(¢) is a planar
graph.

Step 1: For all [A,B] in G and all C in V(§), if C # A and if C # B, then
[C —¢e,,C + ¢,] does not meet [A, B]. In fact, [C — ¢, C + &,[ is included in

R ={C+x1e1 +x26; : x1, % € [0, 1[} U{C +x1; + %28, : —x1, —x; € [0, 1[}

and [A, B] does not meet R, hence [A,B]N [C —¢,,C+¢,] = @.

Step 2: Forall [A, B] in G and for all C in V(§), if C # A and if C # B, then for all ¢
in [0, 1], C(¢) is not in [A(¢), B(t)]. Otherwise, there would exist A in [0, 1] such that
C+tf(Cley=AA+1tf(A)ey) + (1 — A)(B+tf(Ben).

This would mean that C+¢[ f(C) — (A f(A)+ (1 —A) f(B))]e, € [A, B], butt[f(C) —

(Af(A) + (1 — A f(B))] € [—1,1], and this contradicts Step 1.

Step 3: Let A, B and C be vertices of G such that [A, B] and [B,C] are in G and
A # C. Then for all ¢t in [0, 1], [A(¢), B(t)[ does not meet |B(¢), C(¢)]. Otherwise,
C(t) isin |B(t), A(t)] or A(¢) is in ] B(¢), C(¢)] which contradicts Step 2.

Step 4: Let [A,B] and [C, D] be in G. If they do not meet, then for all ¢ in [0, 1],
[A(t), B(t)] and [C(t), D(¢)] do not meet. Indeed, set

U={tel0,1]:[A(),B(t)]N[C(t),D(t)] = &},

V ={t€[0,1]: JA(t), B(t)[ N ]C(t), D(t)[ # @ and det(A(t)B(t),C(t)D(t)) # 0},
F={t€[0,1] : (A(t) or B(t) € [C(¢),D(¢)]) or (C(t) or D(t) € [A(t), B(t)])}.
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We have [0,1] = U UV UF. By Step 2, F is empty and by continuity, U and V
are open and since U and V are disjoint, U or V is empty. Since 0 is in U, we have
U = [0,1].

Step 5: By Step 3 and Step 4, S(¢) is a planar graph. Let w’ be a connected compo-
nent of R*\ §’. By Lemma 8.4 on the homotopy of graphs, there exists w in C(§) such

that 0w’ = U, pjca,[A’, B']. By definition of G we can find A in A, such that
Ow = [A,A + Ml] U [A + M],A + M3] U [A,A + 1/[3]

or
Ow=[AA+uw]U[A+u, A+us] U[A A+ us).

Suppose Ow = [A, A+ u1] U [A+ u1, A+ u3] U[A, A+ us]. In this case
Ow' =[A",(A+u)'TU[(A+u), (A+us) TU[A", (A+ u3)’]

is determined, up to translations, by the two vectors (A+u;)' — A’ and (A+u3)’ —A’.
Now we apply Lemma 3.2 on cyclic groups with G = A,,, H = Z%,a = 0,, b) =
and b, = us. There exists a partition of {0, ..., q, — 1} into 3 intervals Iy, I}, I, such
that forall jin {0, 1,2} and all i in {1, 2} there exist n; j in Z and H; ; in Z? such that
forallA=P+kf, € A,

kel = A+by = (k+nj)0,+P+H jandk+n ;€ {0,...,q,— 1},
! A+by=(k+m;)0,+P+Hy,jandk+my; € {0,....q, — 1}.

It follows that forall A = P+ kf,, € A,,

kel — (A+u1)’:A’+n1,j9+H1,j,
! (A+u3)':A’+n27j9+H27j.

Therefore, up to translations, there are at most three triangles (A’, (A+u;)’, (A+us)’).
Finally, there are at most 6 triangles.

Step 6: It remains to prove that the diameters of the triangles go to zero when n goes
to infinity. The length ! of an edge of G is |e; |, |€2,4| OF |1, + €2.4]. By the choice of
the basis (Theorem 7.1), we have | < 2(\; , + A,,). Furthermore, for every vertex A,
the distance between A and A’ is at most |¢,,|, therefore the diameter of each triangle
of §" is at most 2(A; , + A2, + |€4]), which goes to zero when 7 goes to infinity. M

10 Proof of Theorem 1.3
10.1 The Different Cases

Let 6 be in R? such that Z? + N6 is dense in R? and let q be in N*. There exists nin N
such that g is between g, — 1 and g,+; — 1 (g, — 1 < q@ < gu41 — 1). Furthermore,
there exists N € N* such that Ng, — 1 < g < (N +1)g, — 1.

By Theorem 7.1, there is a basis (e;, e;) of A, such that ¢, = ae; + fe, with0 <
B < a < 1and |sin Z(ey,e,)| > v/3/8. Since Z*> + Z6 is dense in R?, 3 > 0. We
consider the four cases:
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Case(1) /< 1/100and NS < 1.

Case(2) 6 <1/100and 1 < NG < 1+ 3p.

Case(3) (Main case:) 8 < 1/100and NG > 1 + 3/.
Case(4) 8 > 1/100.

We will give a proof of Theorem 1.3 only in cases 1, 3 and 4. Case 2 is more
difficult than Case 1, but far easier than Case 3 and we leave it to the reader. Case 4
is very different; we use Voronoi’s diagram. Note that the inequality on Z(e;, e;) is
only needed in Case 4.

Let us explain why we need to introduce four cases. We must construct a trian-
gulation whose set of vertices is Z> + {0, 6, ...,q0}. By Lemma 8.4, it is enough to
construct a planar graph with the same set of vertices. Since Z> + {0,6,...,q0} is
very close to I' = Z? + {0,0,,...,q0,}, we first define a planar graph whose set of
vertices is I'. If A = P + kf, is a vertex with k + g, < ¢, then the point A + ¢,
is another vertex and the segment [A, A + ¢,,] will always be an edge of our graph.
All the vertices can be joined by a succession of such edges to the subset of vertices
A, =7*+{0,0,,...,(g,—1)0,}. Now we add some new edges which are not of the
shape [A, A+¢,], in order to get a planar graph G such that all connected components
of R*\ G are small. The definition of these new edges will be different in cases 1-3. In
the first case the new edges are easy to define because for any vertex A, the segment
[A, A + e;] never meets an edge of the shape [A’; A’ + ¢,,]. Therefore, we can add all
the edges [A,A + 1], A € T, to the graph § (see Figures 2 and 3). In the second case,
a segment [A, A + e;] meets at most one edge of the shape [A’, A’ + ¢,,] and these
segments are very few. In the main case, most of the segments [A, A + e;] meet one
or more than one edge of the shape [A’, A’ + €, ] (see Figures 4 and 5). Therefore, we
must find another kind of edge. This is the reason why the proof is rather technical
in the main case.

The last case could probably be handled as the first three, but we find it more
convenient to use Voronoi’s diagram.

10.2 A Consequence of the Three Distance Theorem

The following proposition is an important argument of the proof in the main case.
Given a lattice A and a segment S of R?, the subset A + S of R? should not be very
intricate even if the length of the segment $ is far greater than the lengths of the vec-
tors of a basis of A. To see it, consider the intersection of A + S with a straight line.
We shall see that this intersection is of the shape Z + {0, . .., n}~, therefore the three
distance theorem allows us to count the number of different distances between con-
secutive points of this intersection. In fact, our real aim is not to study the distances,
but some vectors closely related to these distances. Each point M of this intersection
lies on a segment A + S with A in A. We want to count the number of vectors A’ — A
corresponding to successive points M and M’ of this intersection.

Proposition 10.1  Let I be a bounded interval of R, let A = Ze, ® Ze, be a lattice of
R? and let u be a vector of R%. Suppose u is not parallel to any lattice directions. Let S be
the segment Iu and for any P € R* set T(P) = {t € R: P+te; € A+ S}. Then:
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(i)  Foreacht € T(P) there exists a unique A = A(P,t) € A such that P+te; € A+S.
(ii) Fort € T(P), lett’ = min{s >t : s € T(P)}. The cardinal number of the set

{A(Pt') — A(P,t): P € R*and t € T(P)}

is at most 6.

Proof (i) Suppose P+te; = A+ ru = B+suwith A,B € A. If r # s, then u is
parallel to B— A whichisin A,sor = sand A = B.

(ii) Let us use coordinates in the basis (e;, e;); note (u;, u,) the coordinates of u.
Fix P in R%. We can suppose P = pe, with p € R. For t in R we have

t € TJ(P) < thereexist A € Aands € I suchthatP +te; = A + su

. t=a; +su
< there exist a;,a, € Z and s € I such that ! b
p = ax + su.

By hypothesis u, # 0,505 = ;-(p—az) and t = ay+pit —ar it = (pit+a1) —arib).
It follows with y = — L that

U’(P):{(‘Du—l:1 +a1) + @y a eZandaze(p—uzl)ﬂZ}.

There are integers a(p) and b such that (p — upl) N Z = {a(p),...,a(p) +b—1or
a(p) + b} (this interval may be empty). Set I(p) = {0,...,b — 1} in the first case
and I(p) = {0, ..., b} in the second case. So, with a, = b, + a(p),

u

T(P) = { (b + a(p)y) + (a1 +byy):a; € Zand b, € I(p)}.
25}

Now, by the three distance theorem, t’ — ¢ takes at most three different values in both

cases, which give at most 6 different values. Furthermore, v = — Z—; is an irrational

number and ¢ — t € Z + Z~. Then there exist unique n;,n, € Z such thatt’ — ¢ =
ny + nyy. If t' — t = ny + ny7y, we have

M(P,t") — M(P,t) = aje, + aye; — (are; + ayer) = nye; + myey

for
th—t= (& +a(p)'y) +aj +byy— ((& +a(p)’y) +a +b2'y)
U 25}
= (a] —ay) + (a) — ar).
Hence, M(P,t") — M(P, t) takes at most six values. [ |
Remark

(1) A more careful use of the three distance theorem shows that the cardinal of the
set {M(P,t'") — M(P,t) : P € R>and € T(P)} is at most 4.

(2) On making use of Langevin’s generalization of the three distance theorem
(see [21]), it is possible to enlarge the definition of T(P) to T(P) = {t e R: P+tv €
A + S} where v is an element of R? independent with . The same conclusion holds.
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10.3 Proof of Theorem 1.3 in Case 1

This case is far easier than the main case, but the basic ideas of the proof are the same,
geometric difficulties are avoided and the previous proposition is not necessary.

We define successively three planar graphs G;, 9, and 93, and thanks to Lemma
8.4, we shall see that G is the desired triangulation. The first graph is made from the
rational approximation 6,,. Then we slightly move the vertices of §; keeping the same
edges; we get the second graph. Finally, we add some missing vertices to the graph G,
and get the graph 9.

Notation Let t be in R. The lowest integer greater than or equal to ¢ is denoted

by [t].

First graph: Assume g = Ng, — 1 and consider the set

N—-1

Ty =2 +{0,..., (g — D0} + {060, ..., (N = Dy} = | (A +key).
k=0

The set T'y is an approximation of the set {0,0,...,q0} + Z? which must be the
set of vertices of our triangulation. Since the set I'y is simply deduced from the
lattice A, it easy to find a triangulation §; whose set of vertices is I'y. The graph G,
(Figure 2) is defined by the set of vertices I'y, and there are three kinds of edges. For
allAin 'y butnotin A, + (N — 1)g,, [A, A +€,] is an edge (vertical edge). For all A
in Ty, [A, A + ;] is an edge (horizontal edge). Set m = [(N — 1)«| and for all A in
A, + (N —1)eg,, set A* = (A — (N — 1)e,,) + me; + e, (note that A* isin A,,). For all
Ain A, + (N — 1)e,, [A, A*] is an edge (exceptional edge).

It is straightforward to prove that
(i) 9, isaplanar graph;

(ii) all connected components of R?\ G are parallelograms;

(iii) if [A, B] is an edge of G, , +AB has only six possible values.

Each point of I'y is uniquely written as an element of Z*> plus an element of
{0,...,(gn — 1)0,} plus an element of {0,&,,...,(N — 1)&,} (see Lemma 10.3).
Let P = A+kf, + g, be such a point and set P’ = A + kf + le,,. The point P’ belongs
to 2> +{0,0,...,(Ng,— 1)0} for P = A+ k0 +1(q,0 — P,) = A — IP, + (k+ Ig,)0.

Second graph: To each edge [P, Q] of G, we associate the edge [P’, Q’], which leads
to a new graph G, whose set of vertices is Z* + {0, 0, ..., (Ng, — 1)0} (see Figure 3).

In order to show that the connected components R?\ G, are quadrilaterals, we use
Lemma 8.4 on the homotopy of graphs. We need a continuous family §(¢) with
9(0) = Gy and §(1) = G,. Fort € [0,1], let §(¢) be the graph whose edges are
[((1—1)A+tA’, (1 —t)B+1tB’] with [A, B] in G;. We must show that these are planar
graphs.

Lemma 10.2  Forallt in [0, 1], G(¢) is a planar graph.
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Figure 2: Graph §. The points of A, are represented by the big black dots, the other points of
I'y are represented by the small black dots and the points of {0, 8, ..., g0} +Z* are represented
in cross-shaped.

+

D'

Proof Since the proof is the same for all t € ]0, 1], we do it only for t = 1. Let us
show that G, is a planar graph. We must study the intersections [A’, B’] N [C’, D’]
where [A, B] and [C, D] are edges of ;. Since N < 1, the only case which is not
obvious is the following:

Ae A, +(N—1)g,, [A,A*] =[A,B] and [C,D]=[A+e,(A+e)"].
We have A—A_*) = a’e; + 'e;. By the choice of A*, we have o/, 3 > 0, and since

NpB < 1, we have 3’ > (3. First note that the strip A + RA_—A—*> + [—1, 1]e, does not

meet the line A + ¢; + RA? Indeed, A+ e, € A+ e + RA? if and only if there
exists 4 such that )\a =1+ pa’ and A3 = pf’. Hence, A = (o — %o/)*1 Since

a,a’ € 10,1[ and > < 1, we have |\| > 1 and the point A + Ae,, does not belong to

theline A + ¢; + RAA . Now, if there is a point P in [A’,A* N [C’,C* ], there exist
s, t, A, u € [0, 1] such that

=sA+ (1 —5)A" + e, =tC+ (1 — t)C* + pe,,
therefore,

IC+(1—1)C* =sA+ (1 —s)A* + (A — pey, €A+RA7")+ [—1,1]e,.
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Figure 3: The graph G, deduced from the graph G, represented in Figure 2.

It follows that [A’, A*' ] N [C’,C*] = .

Since all connected components of §; are quadrilaterals, by Lemma 8.4 on the ho-
motopy of planar graphs, the connected components of R?\ G, are also quadrilaterals.
Now we use Lemma 3.2 on cyclic groups to count the number of edges of 9.

Let A = P+ke, beinT'y with Pin A, and k € {0,...,N—1}. Wehave P = Q+i6,
and P+ e; = R+ jf, with Q,Rin Z* and 7, j in {0, ...,g,—; }. By Lemma 3.2, the
couple (j — i, R — Q) has only two possible values, hence the vector

(A+e) —A'=(j—1)0+R-Q

has only two possible values.
Supposethat A =P+ (N — 1), = Q+i0,+ (N — 1)g,isin A, + (N — 1)g,,. We
have
A*=A—(N—1)e,+me; +e, = Q+1i6, +me; +e, =R+ jb,
where m does not depend on A. Hence, R + j8, — (Q + i0,)) = me; + e,. It follows
that (j — i, R — Q) takes only two distinct values, and so
A —A"=R+j0—-(Q+if) —(N—1)g, =R—Q+(j—1)0 + (N — 1)g,

takes only two distinct values. The last kind of edge [A, A+¢,] gives only one possible

—
value for (A+¢,)’ = A’ +¢,. Finally, we get 5 + 5 possible values for the vectors A’B’
where [A’, B] is an edge of G,.
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Third graph: For q between Ngq,, — 1 and (N + 1)g,, — 1, we add some edges to G, or
cut some edges, to get a new graph G3 whose set of vertices is Z> + {0,6,...,q0}. In
fact, each new point P of Z*> + {Ng,0, . .., g0} belongs to a connected component of
R?\G, or to an edge [A, B] of G,. In the first case, we add the singular edge [P, P]. In
the second case, we split the edge [A, B] into two edges [A, P] and [P, B].

Notation &(G3) = {zﬁ : A and B are vertices of Gs, and there exists w in C(G3)
such that A, B € dw}.

By Lemma 8.3 on graphs, the following property implies Theorem 1.3.

(*) There exists an absolute constant K independent of § and g such that
E(Gs)] < K.

Therefore, we now prove property (*). Since the connected components of R*\G,
are quadrilaterals and since G, has only 5 kinds of edges, property (x) is true for G,:
the number of elements of

&(Gy) = {XI_S> : A and B are vertices of G, and there exists w in G(G,)
such that A, B € &u}

is less than (2 x 5 x 5+5) x 2. Let Abein A, + (N — 1)&,. The point A" + ¢, is
in the connected component of R2\92 which contains at least one of the points A’,
(A+e), A* and (A* + e;)". It follows that E(93) C E(S,) U (E(G,) + E(G,) +eu)s
and (%) is true for Gs. [ |

104 TheMapA — A’

In Section 10.3, we used the approximation

FN:An+{0a5na~~'a(N_1)5n}
=Z7+{0,0,,...,(q, — 10,} +{0,e,,...,(N —1e,}

of the set
72 +{0,0,...,(Ng, — )0} =Z*+{0,0,...,(q, — )0} +{0,&,,..., (N — 1)e,, }.

This is an important idea of the proof of the first three cases. We have already used
the properties of I'y and of the map A — A’ which are given by the next lemma.

Lemma 10.3 Let N beinN* and q = Nq, — 1.

(i)  Every element of the set Ty is uniquely written as the sum of an element of Z*, an
element of {0,0,,...,(q, — 1)0,} and an element of {0,&,,...,(N — 1)e,}.
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(i) ThemapA €Tny — A’ € 2> +{0,0,...,(Nq, — 1)0} defined by
(P+Kkb, +ic,) =P+kf+ie,

where P € Z?, k € {0,...,q, — 1} and i € {0,...,N — 1}, is one-to-one and
onto.

Proof (i) Suppose P+k0, +ie, = Q+10,+ je, with P,Q € Z*,k,1 € {0,..., 9,1}
andi, j€{0,...,N—1}.Ifi # j, thene, € i%jAn C Q? and this is impossible for
0 ¢ Q*. Hencei = j. P+ k), = Q + 10, means that kO, = 10, in R?/Z?, and by
Lemma 6.1 we get k = land P = Q.

(ii) Let A=P+ k0, +ic,and B= Q+10, + je, bein'y. If A’ = B, then

A" =P+k0+ic, =B =Q+I10+ je,.
It follows that

Pkd+ic, — (Q+10+ je,) = (P+ k6, + 1o +ic,

n

- (Q+ 1(9,1 + qis) + jan)

—(P=Q)+ (k=D + (i—j+ kq l)an.
Again, (i — j + %) # 0 implies ¢, € A, C Q*. Now |k — I| < gy, hence i = j and
k = L. It follows that P = Q.
It remains to show that the map is onto. Let C = P + kf be in Z* + {0,6,...,
(Ng, — 1)8}. There exist ] € {0,...,9, — 1} and m < N — 1 such that C =
P+ (14 mg,)0. We have

1
C:P+(l+mqn)0:P+l€+mqn(0n+—5n)

= (P +mgq,0,) + 10 + me,.

Since q,0, € Z?, we get C = ((P + mq,0,) + 10, + me,)’. [ ]

10.5 Outline of the Proof in the Main Case: 5 < 1/100 and NS > 1+ 30

We proceed as in first case. We successively define four Z?-invariant graphs. The set
of vertices of the first graph is still I'y, but the edges are more difficult to define for

NG > 1.
First graph:
V(G) =Tn=2*+{0,...,(qs — D0} +{0,€n,...,(N — D)&,}
N-1
= J A, +key).
k=0

In Section 10.7 we define the edges of the graph G;. An example is given Figure 4.
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Figure 4: The graph G, is constructed with rules given in Section 10.7.
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Second graph: 'We remove some edges of §; to get a second graph ,.

Third graph: To each edge [P, Q] of G,, we associate the edge [P’, Q'] (see Lemma
10.3 for the definition of the map A — A’) which leads to a new graph G; whose set
of vertices is Z* + {0,6,...,(Ng, — 1)0}.

We need the second graph to be sure that G is a planar graph. Figure 5 shows the
kind of pictures we get without removing some edges first. The graph represented is
the graph deduced from the graph G; by the map A — A’. It is not a planar graph.

Fourth graph: For g between Ng, — 1 and (N + 1)q,, — 1, we add some edges to 93
or cut some edges to get a new graph G, whose set of vertices is Z* + {0, 6, ...,q0}.
In fact, each new point P of Z> + {Ng,0, . . ., q0} belongs to a connected component
of R%\G; or to an edge [A, B] of ;. In the first case, we add the singular edge [P, P].
In the second case, we split the edge [A, B] into two edges [A, P] and [P, B].

Notation Remember that C(G) denotes the set of connected components of RZ\S.
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Figure 5: This picture is deduced from the graph of Figure 4 by the map A — A’. It is no
longer a planar graph. Some edges have to be removed.

Set

& = {A_B) : A and B are vertices of §;, and there exists w in C(S;)
such that A, B € Gw} .

Let us introduce a property of the graph G;.
PO There exists an absolute constant K independent of 6 and g such that |€;| < K.

If PO holds for Gy, then by Lemma 8.3 on planar graphs, Theorem 1.3 holds in the
main case. In order to prove PO, we shall prove the following two properties of the
graphs G;.

P1 The number of vectors z@) with [A, B] in G; is finite and less than a number inde-

pendent of § and q.

P2 The number of edges of the boundary of any connected component of R*\§; is

less than a number independent of § and q.

The proof of PO for G, is organized as follows:

e G is defined such that P1 is true for G; (§10.6, Lemma 10.4) and that P2 is true
for G; (§10.8, Proposition 10.17).
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* Next, we prove that the connected components of R*\ G, are the union of at most 7
components of R?\G; (§10.9, Proposition 10.25); together with the property P2
for Gy, this shows that the property P2 is true for G,.

* Lemma 8.4 on homotopy, property P2 for G, and property P1 for G5 lead to prop-
erty PO for 95 (§10.10, Proposition 10.35).

* Finally, we prove that PO is true for G4 (§10.11, Proposition 10.37).

10.6 Properties of G,

In this section we introduce three properties which imply that P1 holds for G;. We

shall define G; in the next section.

P3 If [A, B] is an edge of G, parallel to €,,, then B = A + ¢,,.

P4 If [P, Q] is an edge of §; which is not parallel to ,, then P—Q> = Xe; + e, with
A#0andy € ]-1,1[.

P5 There exists a subset V of A, with less than 8 elements such that if [P, Q] is an
edge of Gy, then RS € Vwhere P=R+ I, and Q = S+ me, with R, Sin A,, and
LLmin{0,...,N—1}

Lemma 10.4 If G satisfies P3, P4 and P5, then there exists an absolute constant K,
—_—

such that the number of vectors A'B’ with [A, B] in Gy is less than K;. It follows that P1
is true for Gs.

Proof The edges of G, parallel to €, give only one vector, for if [P, P + ¢,] is in G;
with P = A + kf, + l¢,,, then

P =A+kO+Ie,,(P+e,) =A+kO0+(+1)e, and P'(P+e,) =e¢,.

For the other edges, we use P5 and Lemma 3.2 with G = A,, H = 7>, a = 0, and
{by,...,bx} = V. There exists a subset E of Z x Z* whose cardinal number is less
than |[V| ([V] + 1) and such that if [P, Q] is an edge of §; with P = A + kf, + le,, and
Q=B+ jO,+me,, then (j —k,B—A) € E. Set R=A+kf, and S = B + j6,. By
P4, I—’a = }?9 + (m — e, = ey + e, with vy € ]—1,1[. Since ES‘} € A, we have
I?S} = aye; + aze; with a; and a, in Z, hence

aje; + aze; + (m — 1) (e + Bex) = ey + y(aey + Bey),

ayer + (m— DBey = 7Ber, (m—1) = —% +7.

Since RS belongs to V, a, has at most |V| different values and since m — I is an integer
and v € ]—1,1[, m — I has at most 2|V| different values. Finally, the number of

vectors
P'Q = (B+ O+ mey) — (A+ Kk, +Ic,)’
=B-A)+(—ko+(m—De,
is less than 2|V|*(|V| + 1). [
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10.7 Definition of G,

In this section and the following we simply write A instead of A, and ¢ instead of ¢,,.
We have € = ae; + Be; with0 < 3 < a < 1 and NB > 1 + 33, and since Z? + Z0 is
dense in R?, ¢ is not parallel to any lattice direction of A. Set

r=A+{0,...,N—1}¢ and S=A+[0,N—1]e.

We want to define G; such that the set of vertices of §; is I' (I' = I",;) and such that
P3, P4 and P5 hold for ;.

Conventions

(1) For all points A, B,... in R?, (a1,a,), (b1, bs),... denote the coordinates of
A, B, ... in the basis (e, €).

(2) The vectors or edges parallel to ¢ will be called vertical and the others horizontal.

(3) Writing a segment [A, B] of R?, we shall always suppose that b; > a;.

(4) A point A is above (under) a horizontal segment [C, D] means that ¢; < a; < d;
and that thereist < 0 (¢t > 0) with A + te € [C, D].

Lemma 10.5 Forall AinT thereexists BinI such thatb, € [ay,a,+1[ and by > a,.
Proof Take B= A +e;. [ |
Lemma 10.6 IfAandBareinT, ifa; = bjand if A # B, then |a; — by| > 1.
Proof We have A = pe; + ge, + ne and B = re; + se; + me, therefore

—_

AB=(r—ple+(s—qley + (m —n)e = (b, — ay)e.

Hence, if |b; — ay| € 10, 1], € is parallel to the lattice direction (r — p)e; + (s — q)ex.
| ]

Definition 10.7  For all A in I, the successor of A is the point B of I' such that
b, € [ay,a; + 1[ and by > a; with b; minimal. We denote the successor A by A*. By
Lemma 10.6, the point A™ is unique.

Lemma 10.8 VA €T, [A, A*] is not vertical and aj — a; < 1.

Proof By definition, aj > a;. Hence [A, A*] is not vertical. Furthermore af < b;
where B= A + ¢;. |

Lemma 10.9 VA €T, ]JAJA"[NS=2.
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Proof Otherwise, there exists P in A such that (P + [0, N — 1]e) N [A,AT[ # @.
By Lemma 10.8, this intersection contains only one point B. All the points in
P + [0,N — 1]e have the same first coordinate in the (e;, &) basis. This coordi-
nate is by and is in ]a;,af[ for B € JA,A*[. Let n be in {0,...,N — 2} such that
B € P+ [n,n+ 1]e. The second coordinate of one of the two points P + ne and
P+ (n+ 1)eisin [ay,ay + 1[ which contradicts the definition of A*. [ |

Lemma 10.10 VA,B€I,A+#B= [A,A*[N[B,B'[= @.

Proof We can suppose a; < b;. We consider 6 cases.

Case1 Ifby > af,then [a;,ai[ N [by,b][ = @and [A,A*[ N [B,B'[= 2.
Case2 1fb, > af, then [ay,a3] N [by,b7] = @ and [A,A*[ N [B,B[ = @.
Case3 Ifb; € lay,af[ and by € [ay,a]], then b, € [ay,a, + 1[ and the point B
contradicts the definition of A*. Indeed, we have b, € [a,,a, + 1[ and a; < by < a7,

therefore a7 is not minimal.

Case4 1Ifb, = a; and b, € [a,,a}], then |b, — a,| < 1, which contradicts Lemma
10.6.

Case5 1fb; € [ay,a][, b, < a; and b] > aj, thenaj € [by,b5] C [by, by + 1]
and b; < af. Hence, by definition of B*, bf < af. Buta, < af < b <by+1 <
a, + 1, hence a, < bf < ap + 1. Since a; < by < b, we get B = A*. Therefore
[A,A*[ N [B,BT[ = @.

Case6 1fb, € [a1,a][, by < ay and b} < aj, then b] < a, + 1. We consider three
sub-cases.

Subcase 6.1 1f by < ap, then [by,b3] N [ay,a5] = @ and [A,AT[ N [B,B'|[ = .
Subcase 6.2 Ifa, < b3 and bj < af, then B contradicts the definition of A*.
Subcase 6.3 If aj < b7, then B* # A* and by definition of BY, by < b, +1 < 43.
Consider f: R*? — R? defined by f(X) = (x; —ay)(a} —a2) — (x2 — ay)(a} —a;). We

have f(A) = f(A") = 0, furthermore, f(B) = (by—ay)(a) —ay)—(by—ay)(at —ay) >
0 and

f(BY) = (b — an)(a} — @) — (b} — @) (a} —a)
= (b —al) (@ — @) + (a — a)(a} — @) — (b — ay)(al — ay)

= (b —af)(a} — a2) + (af — a)(af — b]) >0,

hence |B,B*[ N [A, AT = @.
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| ]
Lemma 10.11 VYA,BeI,A=Bor]A,A"[N[B,B"] = @.

Proof IfA # B, then by the previouslemma, JA, A*[N[B, B[ = &. But, by Lemma
10.9, no point of S belongs to JA, A*[, hence the point B* whichisin " C S, is not in
1A, A[. [ ]

Now, we wonder whether, for A in I, there exists B in I with Bt = A. As before it
is easy to prove the next lemma.

Lemma 10.12 (cf. Lemma 10.5)  For each A in I there exists a unique B in I" with
by < ay, by € la;, — 1,a,] and by maximal. We call this point A~.

Lemma 10.13  Let A be in T'. Suppose there is no P in T with P* = A. Let B= A~
andC = B*. ThenC € A, ¢c; < ajand c; € lay,ar + 1].

Proof Sincea, — 1< by <ayandb, < ¢ <by+1,wehavec, € la, — 1,a, + 1[.
Therefore by Lemma 10.6, we have ¢; # a; or C = A which is false by hypothesis.
Hence ¢; # a;. Sincea, — 1 < by, < ap, we have b, < a, < b, + 1, together with
by < ay, this gives by definition of B*, ¢; = b < a; and ¢; < 4a;. It follows by
definition of B = A™, that ¢c; > a,. The point D = C — ¢ cannot belong to I, for
o—1>a,—landc —1 < (by+1) —1 = b, < a, which contradicts the definition
of B=A".FinallyC eTandC — ¢ ¢ T'imply C € A. [ |

Lemma 10.14  Let A be in T'. Suppose there is no P in T with P* = A. Let B= A~
and C = B*. The segment |C, A[ does not meet S, nor any segment [D, D*] with D
inT.

Proof By definition of A~ the rectangle
R={X¢e R’:x € lay ;o[ and x; € Ja; — 1,a5]}

contains no point of I

Step 1: If a vertical segment [D, D + €] with D and D + € in I" meets ]C, A[, then
di € lei,aq[, hence d; € |by,a1[. If dy < ay, thend, < a, — 1, for D is not in
the rectangle R. But d, + 1 < a, is the second coordinate of D + ¢ which is not in
R, therefored, + 1 < a, — 1 and [D,D +e] N ]C,A[ = @. If a, < dy < ¢, then
a—1<d,—1<¢ —1< ay, therefore, D — cisin R, hence D € A. It follows that
the rectangle

U={X€eR*:x; €la— l,a;[and x; € ]ay,a, + 1]}
contains the two points C and D of A, which is impossible for 5 < 1, and therefore

U is included in a fundamental domain for the action of A. If d, > ¢, the result is
obvious.
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Step 2: Before studying the intersections [D, D*] N ]C, A[, let us note that the rect-
angle
V={XecR:x €la; a1l and x; € ]ay, ]}

contains only one point of I' which is C. Indeed, if Pisin VNI, thenQ = P — ¢
satisfiesa; < q; < a;anda;—1 < g, < ¢;—1 < a, which contradicts the definition
of A™. Furthermore, since § < 1, V cannot contain two points of A.

Let D be in I'. We can suppose D # B.

* Ifd, < ayand d, € [by,ai[, thend, < a, — 1for D # Band D ¢ R. Hence,
d; <dy+1<ay, [dz,d;r[ N las, e[ and [D,D+] N ]C,A[ = .

o Ifd, < ayanda; <d,then[d,df]N]c,ai] = 2.

* Ifd, < ayand d; < by and d; < by, then by definition of D¥, df < b; or
dy < b, — 1. It follows that [dy,d{] N Je;, a1 = @ or [dy,di] N ]az, 0o = @.
Hence [D,D*] N ]C, Al = @.

o Ifd, < ayandd; < by and by < dy, then df < ¢;. Therefore, [dy,df] N ]cy,ai] =
.

o Ifc, < dy, then [dy, df] N [az, ;] = @ and [D,D*] N [C,A] = 2.

o Ifd, € [a3,6;] and d; < ¢, then, by definition of D*, df < ¢; and [D,D*] N
1C,Al = @.

o Ifd; € [a, o] and a; < dy, then]ey,a1[N[dy,df] = @ and [D,DT]N]C, Al = @.

e Ifd, € lay, ;] and d; € [c1,a1[,then D € Vand D = C.

* Ifd, = ayand d; € [c1,ay[, then the point D contradicts the definition of B.

Lemma 10.15 (cf. Lemma 10.14)

(i) LetC bein A. Thereisat mostone Ain T with (A~)* = C.
(ii) All segments [C,A] with C in A and C = (A™)* are disjoint.

Proof ForDin A, set
R(D) ={X € R’:x, € [dy,d, +1[and x, € [d, — 1,d,]}.

Since B < 1, the rectangle R(D) contains exactly one point of A which is D. Further-
more, these rectangles are disjoint.

(i) Let A and B be in I" such that (A7)* = (B7)" = C. Suppose that A # B. We
have a, and b, € ]c; — 1, o[, hence, by Lemma 10.6, a; # b;. Suppose a; < b;. If
A is above [C, B], then by Lemma 10.14, A is in A for [A — €, A] meets [C, B]. Since
R(C) contains only one point of A which is C, A is under [C, B]. It follows that A is
in A + (N — 1)e and therefore A — € is in I'. One of the points A or A — ¢ is in

{X S R?: bf <x <byandx, € |b, — l,bz]}
which contradicts the definition of B~

(ii) The segment [C, A] is contained in R(C) and the rectangles, R(C), C € A, are
disjoint. ]
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Definition of G; G, is the collection of all edges of one of the three types:

(i) vertical edges [D,D +¢] withDand D +¢ein T,

(ii) horizontal edges [A,A"] with Ain T,

(iii) exceptional horizontal edges [C, A] where A is in I" and there is no point P in I"
withPY =AandC = (A7)*.

By Lemmas 10.6, 10.9, 10.11, 10.14 and 10.15, G; is a planar graph. (Since I is
discrete and the lengths of edges of G, are bounded, a bounded region of R* meets
only finitely many edges of §;.) Clearly, §; is invariant by A-translation, and G,
satisfies P3 and P4.

Now we use Proposition 10.1 to prove the following.

Proposition 10.16  Property P5 is true for 9.

Proof Let [A,B] be an edge of G;. There exist unique R, S in A and m,! in
{0,...,N —1} such that A = R+ me and B = S + le. If [A, B] is vertical, then
RS = 0 for ¢ is not parallel to any lattice direction. Suppose [A, B] is a horizontal
edge of G; such that B = A*. We would like to prove that }% takes at most 6 values.
SetU =]—1,N—1]eand for PinR?, T(P) = {t € R: P+te; € A+U}. Fort € T(P)
let t = min{s € T(P) : t < s}. By Proposition 10.1, for each ¢ in T(P) there exists a
unique point M (P, t) such that M(P,¢t) € A and P+te; € M(P,t) + U. Furthermore,
the difference M(P,t') — M(P, t) takes at most 6 values when P runs through R? and
t runs through T(P). By definition of A*,

a; =min{s >a; : 36 € [0, 1[,se; + aye + e € T'}.

Now sey+a,e+de € I'withd € [0, 1[ is equivalent to A+(s—ay)e; = se;+are € A+U,
therefore
ai —a; =min{s >0:A+se; € A+ U} =0".

Since R = M(A,0) and S = M(A,af — a,), it follows by Proposition 10.1 that RS
takes at most six values.

Since G, is A-invariant, if [A, B] is an exceptional edge, all other exceptional edges
are of the shape [A, B] +  with % € A. Therefore, exceptional edges give rise to

-
only one vector RS. ]
Remark The construction of the graph §; works with Z? instead of the lattice A,

and € = 0 instead of €,,. But it leads to a graph whose edges have lengths which do
not go to zero.

10.8 The Boundary of the Elements of C(S,)
The aim of this paragraph is to prove P2 for G;.

Proposition 10.17  The connected components of R?\G, are bounded and their
boundaries are connected, bounded and made of at most six edges.

https://doi.org/10.4153/CJM-2007-022-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-022-3

Cyclic Groups and the Three Distance Theorem 535

Lemma 10.18 If [A, B] is an horizontal edge of Gy, then A or B is not in A.
Proof Suppose A € A. The rectangle
R={X€eER:x € [ay,a +1[, x; € [ay,a, +1/8[}

is a fundamental domain for the action of A, therefore it contains exactly one point
of A+ (N —1)g;let C = D+ (N — 1)e be this point. Since (N —1)3 > 1+2/3, we have
dy < a; — 2. Since ¢ is not parallel to any directions of A, ¢ is not parallel to DA and
dy € lay,a;+1[. Since [A, B] is a horizontal edge of G;, we have b, € Ja, — 1, a, +1[.
Furthermore, by Lemma 10.9, [A, B] does not cross [D, C], therefore b; € ]ay, d;[. It
follows that B € R — . The rectangle R — ¢ contains already one point of A which
is A, hence B ¢ A. [ |

A similar proof leads to:

Lemma 10.19 (¢f. Lemma 10.18)  If [A, B] is a horizontal edge of G, then A or B is
notin A + (N — 1)e.

Lemma 10.20  Let P be in R%. Then there is a horizontal edge [A, B] of G, and \ €
[0, 3[ such that P — \e € [A, B].

Proof Since (N —1)8 > 1, thesetE = {A € T : a, € [p, —2,p, — 1] and
a; < p1} is not empty. Let A be the point of E with a; maximal. If p; < af, we have
P— Xe € [A,A"] with A € [0,2]. Ifa] < p;, by Lemma 10.18, one of the points A
or A* is not in A; but A* must be in A for the point A" — ¢ cannot be in E. Now, the
line [B=A —¢,B"] U [B",B*"] U .- is under the point P. [ |

Lemma 10.21  Let [A, B = A*] be a horizontal edge of G, with A and B not in A +
(N —1)e. If (A +€)*" # B+, then there exists D such that [A + ¢, D] and [D, B + €]
arein G.

Proof Forall point P € [A, B],let [Ap, Bp] be the first horizontal edge of §; meeting
the halfline P + Ae, A > 0. By Lemma 10.20 and the discreteness of §; there are only
a finite number of such edges, i.e.,

{[AP)BP] : P S [A)B]} = {[AI7BI]7' L) [Aﬂan]}'

We can suppose that the first coordinates a; ; of A; are in increasing order.

Step 1: Let us show that a; < a;; < b;j; < by for all i. Suppose a;; < a; for
some i. Let P; be a point of [A, B] for which [A;, B;] is the first edge to meet the half
line P + R*e. The edge [A + ¢, (A + €)*] cannot meet [A;, B;[, therefore, A + ¢ is
under [A;, B;]. It follows that the edge [A + ¢, (A + €)*] is entirely under [A;, B;]. Let
C = (A+¢)*". Since N > 6, the points C + ¢, C + 2¢ and C + 3¢ are in I'. But by
previous remark, one of the edges [C,C +¢], [C+¢,C +2¢] or [C +2¢, C + 3¢] meets
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[A;, B;] which means that C, C + € or C + 2¢ is B; and we can drop the edge [A;, B;].
By the same reasoning, we prove that b; ; < b;. (In this case, we use the existence of
a point C such that C* = B + € or such that [C, B + ¢] is an exceptional edge.)

Step 2: By 1, a1, = a;. Furthermore, by definition of G, there is no edge [A, C]
with [A, C] above [A, B], therefore A}y = A +¢.

Step 3:  Let us show that if a point A; is such that a; ; > a;, then A; is in A. Indeed, if
C = A; — e isinT, then the sequence of edges [C;, C/], [C],C*], [CF*,CH, . ..
is under [A;, B;], which contradicts the definition of the segment [A;, B;].

Step 4:  Since the rectangle R = {X € R* : x; € [a;,b;[andx; € [ay,a, + 4]}
contains at most one point of A, it follows that n = 1 or 2.

Step 5: Suppose n = 1. Since A + ¢ is not in A, the edge [A;, B;] cannot be excep-
tional, hence b, ; > a, + 1 > b,. It follows that B + ¢ is under [A, B;] and therefore
B] =B+e.

Step 6: Suppose n = 2. Considering the edge By, Bf], [Bf,B{*], [B{*,B{**]...,
we see that A, must be under the edge [A;, B;]. Considering the predecessor of A,,
we see that A, = By. If B, is not B, then B + ¢ is under [A;, B,] and it follows that
B2 =B+e. |

The proofs of Lemmas 10.22, 10.23 and 10.24 are similar to the proof of Lemma
10.21.

Lemma 10.22  Suppose [A,B = A*] isin Gy and that Bisin A + (N — 1)e. Then
either (A+¢)" = Bt +ceither[A+e,(A+¢e) | and [(A+¢)",Bt + €] arein G;.

Lemma 10.23  Suppose [A, B] is an exceptional edge of G1 and that B is not in A +
(N —1)e. ThenA* =B+eisin G.

Lemma 10.24  Suppose [A, B] is an exceptional edge of G, and that B is in A +
(N — 1)e. Then either A* = Bt +¢,0r [A",B* +¢] isin G.

Proof of Proposition 10.17 Let w be in a connected component of R*\ G, and Q in
w. There exists a first horizontal edge to meet the halfline Q — te, t > 0, let [A;, A;]
be this edge. By Lemmas 10.21, 10.22, 10.23 and 10.24, we can find a sequence of
edges [A1,Az], ..., [Ay—1,A, = A;] with n < 6, such that Q is inside the simple
closed curve v = [A1,A;]U---U[A,_1,A,]. Now, it is easy to see that w is bounded
and that dw = ~. ]

10.9 The Graph S,

Definition of G, The vertices of G, and the vertices of §; are the same. We remove
all horizontal edges [A, B] of G; such that there exist C in A and ¢t € ]0, 1[ with
C — te €]A, B[ or such that there exist C in A + (N — 1)e and ¢ € ]0, 1[ with
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C +te € ]A, B[. In these cases, we shall say that the edge [A, B] is removed by C. We
keep all the other edges of §;. We get a new set of edges G,. Since G; is A invariant,
G, is also A invariant. The only thing to prove about Gs, is the property P2. It follows
from the next proposition.

Proposition 10.25

(i) Ifw is a connected component of R*\ Gy, there existwy, . . . , w,, connected compo-
nents of R\ Gy, withm < 7, such thatw = wy U - - - U w,,,.

(ii)  The property P2 holds for G,.

Since P2 holds for G; (Proposition 10.17), (ii) follows from (i). The proof of (i) is
rather long; we outline the proof:

Step 1:  We study the number of removed edges by one element of A or A+ (N —1)e.

Step 2: Vertical curves. We construct a sequence (I',,),,cz of simple curves such that

e I'm=Tu+e,

e allT, are in the union of edges of G5,

e ifn#m,thenl, NT,, =g,

e allT', go from +00 to —oo in the ¢ direction, that is lim;_, o, I';2(t) = +oo and
lim,,_ o I';2(t) = —o0.

Step 3: Horizontal curves. For some B € I" we construct a simple curve
Ap = [Bo=B,Bi]U[By,B,] U---U[B,_1,B,]

contained in G, and in a strip of width 3, namely {X € R? : x, € [t,t + 3]}.

Step 4: Let w be a connected component of R*\G,. Since previous curves are in
9,, they do not meet w. Jordan’s theorem allows us to enclose w in a box B whose
boundary is made of parts of previous curves. Furthermore, we construct the curves
Ap sufficiently close to each other so that B is contained in a fundamental domain
for the action of A on R2. By Step 1, we see that there are at most six removed edges
of G; in B. This shows that w is contained in the union of at most 7 connected
components of G;.

10.9.1 Number of Removed Edges
Lemma 10.26  For each C in A there exist at most three removed edges [A;, B;] of the
first kind, i.e., such that there exists t; € 10, 1[ with C — t;e € [A;, Bi].

For each C in A + (N — 1)e there exist at most three removed edges [A;, B;] of the
second kind, i.e., such that there exists t; € 10, 1[ with C + t;e € [A;, B;].

It is enough to prove the following.
Lemma 10.27  If P is in R?, then there are at most three edges [A;, B;] such that

]Ai;Bi[m[PvP"'E]?éga i:172a3'
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Proof Suppose on the contrary that there are four edges [A;, B;] such that ]A;, B;[N
[P,P+e] # @,i=1,2,3,4. Let C; be the intersection of |A;, B;[ and [P, P + ¢]. We
can assume that ¢; , are in increasing order.

For all horizontal edge [A, B], we have b; — a; < 1 and |a, — b,| < 1, therefore,
ai1 € 1p1 — 1,piland a;; € ]p, — 1, po + 1[. Since the rectangle R = {X € R* :
x1 €1p1 —1,pi[and x, € 1p, — 1, p» + 2[} contains at most one point of A and at
most one point of A + (N — 1)e, there is at most one point of A among the A; and
one point of A+ (N — 1)e. Remember that N — 1 > 6 and that the second coordinate
is nondecreasing along all horizontal nonexceptional edges.

Case 1 The points A; are all distinct.

If a;; < ap), then Ay or A, — € or A; — 2¢ is in A and hence [A;, A; + €],
[A; +€,A; + 2¢] and [A; + 26, A; + 3¢] are in §,. It follows that as; > a, ;. But if
as; > ay), then As or As — € or A3 — 2¢ is in A and there would be two points of A
in R, which is not possible, so a;; = ay ;. Therefore A3 = A, + € or A, + 2¢. Again,
we get A; = Aj + ¢, but this is impossible, for T = {X € R* : x; € ]p; — 1, p1[ and
Xy € ]p2 — 1, p2 + 1[} cannot contain A;, A, + € and A, + 2e.

If a;; > ay), then A; or Ay + e or A; +2¢isin A + (N — 1)e. It follows that
[Az, Ay + €], [Ay +€,A; + 2¢] and [A; + 2¢, A, + 3¢] are in G;. Therefore as; or
as, < ay is not possible.

Ifas; = a5, then A3 = A, + € and ay; > a,;; now there is no room for A,. In-
deed, a4, < a3, implies that A; € A and the edge [A3, B3] cannot cross [A4, Ay + €]U
[Ag + €,A4 + 2¢]. Furthermore, as, > a3, implies b3; = a}r’l < a4, < p;or
asp > asp +1=ay,+2> p, + 1. It follows that [A4, B4] is an exceptional edge. In
this case the point D = By verifies d, < by, < azp +1,dy > asp —1 > as;, and
as) < dy < ay ; therefore a;I < d; < pj, which is impossible.

If as) > ay,, then A3 or A3 — e isin A, hence ay; > az ;. Furthermore, asz, >
ay, +1 > p; for A} # A;. Therefore Ay # Az +€and ay; > as ;. Again A4 has to be
in A and there are too many points in A.

If&ll’l = a1 theIlAz = A] + €.

Ifas; > ay,, then A; € A and [As, As +¢] isin G;. Now, there is no room for A,.

Ifas; = ay), then A3 = A, + ¢ = A, + 2 and [A3, B3] cannot meet [P, P + ¢].

If as; < ay), then A, € A+ (N — 1)e. Therefore, [A3, A3 +¢] isin G;. It
follows that as; > a3; and Ay € A. Hence, A3 ¢ A and A] = B;. By definition
of A}, we have a,, > a3, + 1, for the same reason we have a3, > a,,, therefore
asp > @+ 1 > ap; +2 > py+ 1. It follows that [A4, B4] is an exceptional
edge. The point D = Bj is not A; for A] # As. Wehaved, > asp — 1 > asy,
dy < pr <ayp+2<ay;+1<as; + 1, therefore, by definition of A}, d; < asz;. If
dy = a3, then D = A3 + e and by, > d, > p, + 1, which is impossible, for [A4, B4]
is an exceptional edge. Finally, d; < a3, is impossible for in this case, [D, D" = A4]
must cross [A3, As + ] or [A3; + &, A; + 2¢].

Case2 The points A; are not distinct.
Since there are four edges [A;, B;], there must be at least one point A; with two
successors. Two A; with two successors is impossible, for points with two successors
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are in A and R contains at most one point of A. It follows that one of the A; is in A
and has two successors, and that the other two are distinct and not in A.

IfAyisin A, then A; = Ay, a1, € [p2, p, +1] and the edge [A;, A, +¢] exists. The
point A; must be over [A;, AT], but this implies that A is in A, which is impossible.

If A, = Asisin A, then ay, € [py, p2 + 1] and the edge [A3,A; + €] exists.
The point Ay must be over [A,, A}], but this implies that A4 is in A, which is again
impossible.

If A; = Ay isin A, then [A3, B3] is an exceptional edge and B; ¢ A. Since [A3, B;]
is exceptional, there is no point Q in A with Q* = Bs, hence A} and A} # Bs.
Considering the polygonal line [A;, B;] U [Bs, B; — €], we see that By = AT and
B, = A} arein A + (N — 1)e for the segments [B;, B; + €] and [B,, B, + ] meet
[A3,Bs]. Therefore A7 = A3, but this implies that A; € A + (N — 1)e, which is
impossible, for R contains only one point of A + (N — 1)e. ]

Lemma 10.28  Either [A,A"] isin G, forall Ain A, or [A+¢e,(A+¢)*]isin G, for
all Ain A.

Proof These edges can only be removed by a point of A + (N — 1)e. Suppose that
the edge [A, A*] is removed by a point C of A + (N — 1)e. Therefore |af — ¢;| < 1
and |af — | < 2. It follows that C and A* cannot be both in A + (N — 1)g, so A* is
notin A+ (N — 1)e. The interior of the parallelogram P = conv(A, A", A"+, A+¢)
cannot contain a point of I" for such a point would be in A and would be too close
to A which is already in A. It follows that the edge [A + ¢, (A + £)*] is above P and
therefore can not be removed by C. Since G, is invariant by A-translations, if [A, A*]
isin G, for A in A, it holds for all A in A and the same is true for [A + ¢, (A + ¢)*].

]

10.9.2 Construction of Vertical Curves

Let A be in A. Let V be the vector of A such that (Casei) A* € A+V + {0,N — 1}¢
if [A,A*] € Gy, and (Case ii)) (A+e)* € A+V +{0,N — 1}eif [A,A*] ¢ G,. By
A-translation invariance the vector V does not depend on A.

Lemma 10.29 v, < —1/0.

Proof We prove the inequality in (Case ii); (Case i) is similar. Set B = A + . By
definition of V- we have B* € A+ V + {0, N — 1}e, therefore b3 € [a, +v2,a, +v2 +
(N—=1)]N[ay+1, a,+2[. Furthermorev,3 € Zand 3 < 1/2,hencev, < 0. Ifv, =0,
thenv; > 1and theset {X € R?: x; € ]a;,a;+1[and x; € [a,+1,a,+2[} contains
no point of I, which is impossible for (N — 1)3 > 1 + 3. Therefore v, < —1. R

We consider two cases.
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Case1 The points A and A + V are joined by the path
Yo = [A,ATJU[AY AT —c]U AT — g, AT —2]U---U[A+V +¢,A+ V].
Case2 The points A + € and A +V + ¢ are joined by the path
va=[A+e,B= (A+¢e)"]U[B,B—¢e]U[B—¢g,B—2c]U---U[A+V +2¢,A+V +¢].

Now we define the vertical path as the infinite union

Iy = U VA+nv -
nez

The curve I'4 is clearly simple and goes from +o0 to —oo in the € direction, therefore,
by Jordan’s theorem, I'4 splits R? in exactly two connected components. Moreover
'y € §,and I‘A+el =Ty+e

Definition 10.30 The vertical curves are I,y = Iy, n € Z.
Lemma 10.31 LetAbein A andtinR. ThendiamTy N{X €R* :x, =t} < L

Proof We give the proof in Case 1; the second case is similar. Let ¢ be in R and set
D, = {X € R* : x; = t}. For Bin A N Ty, let Iy be the interval {x, : X € g}
and Jg = [by,b}]. We have Iy = [by + v,,b3]. Since 8 < 1/2andv, < —1/0,
the intervals Jz, B € A N T4, are disjoint and an interval Iy only meets Iz_y and
Ig.v. Furthermore, Iz N Iz_y = Jp. It follows that there exists Bin I'y N A such that
D,NI'y = D,Nyp or D, N(ygUvp—v). Since (N—1)5 > 1, we have by —b; < 1 (use
(N—1)8 > 1+ in Case 2). Therefore, diam(D;Nvyp) < bf —b; < 1. If D, Ny # &
and D, Nyp_y # @, thent € Jpand diam D, N (yg Uvyp_v) < bf — by < L. [ |

The following lemma is an obvious consequence of Lemma 10.31.
Lemma 10.32 Let Abein A. Then'y N pyp, = @.

10.9.3 Construction of Horizontal Curves.

Lemma 10.33  Let A be in I'. There exists a sequence (A,)nen of I' such that Ay = A,
and for all n, a,, € [y, a, + 3[ and either Ay = A or Ay — € and [Ay, Anir] € G .

Proof We proceed by induction. Take Ay = A. Assume Ay, . .., A, are constructed.

o Ifa,, <ap+2 take A,y = AL

e Ifa,, >ay+2and [A,;, A, — €] € Gy, take A,y = A, — €.

o Ifa,, >ay+2and [A,, A, — €] ¢ G1,thenA,_; — e # A, and by Lemma 10.18,
[Ap—1,As—1 — €] € G1. We change A, to A,—; — € and take A,.1; = (A,—1 — &)*.
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Completion of Proof of Proposition 10.25 Let w be a connected component of
R?\G,. Each curve T, splits R? into two connected components. Let I'} be the
connected component of R*\I', which contains I',,;; = I', + ¢; and ', the other
component. Set Q, = I'}\I'},,, so Q, is the region lying between I', and T',.;.
Since, by definition of the curve I',,, w does not meet the curve I, there exists ny € Z
such that w is in Q,, = €. For a point A € I N I',,, let Ay be the horizontal
path [A,, Apii] U [Api1,Apa] U .. [Aj—1,A4] where the sequence (A,) is defined
in Lemma 10.33 with Ay = A, A, is the last point of the sequence in I',,;, and A is
the first point of the sequence in I',, 1 (the sequence of edges [A,_1, A, ] meets ', 11
since a, € [ap,a; + 3[, a,1 — 00, and there exists X € I', 1 with x; arbitrarily near
to +oo or —00). If Aand Barein I' N I, with a, — b, > 3, then A, does not meet
Ap. We can find a sequence (By,),ez inI' N I, with

bn,2 +3< bn+1’2 < bn,2 + 4.

The seven paths Ag , Ap ., Ap,., are all in the strip

{X S R2 1X) € [bn,van,Z + 24[}7

hencein R = QN {X € R? : x, € [by2, b, +27[}.

In order to see that one of the paths Ag ,...,Ag . isin §,, by Lemma 10.26, it
suffices to show that no points of R are equivalent modulo A. Let X and Y be in R
suchthat X—Y € A. Since 8 < 1/28, wehavex, = y, and X—Y = me, withm € Z.
Suppose m > 1. Since Y € I‘ZO, Xe I‘Za + me,. Furthermore, I'} + ¢; is included in
w1 forall n, hence '} +me; =T, + (m —1)ey C T, and X € T .. This

n+1
contradicts X € Q,, = T, \I'} .
For each n € Z, choose C,, among By, . . . , B7u46 such that A¢, isin G,. The curve

Ac, splits € into two connected components and the sets
:R:lr = {XEQ:XZ >cn’2+3}ande; :{XEQ:XZ <Cn’2}

are not in the same component. Since w does not meet the curve A¢,, w cannot meet
both R, and R}. The choice of the sequence (C,) shows that

Cn2 +3 S Cn+l2 é Cnp2 +52.
It follows that diam{x, : X € w} < 55, hence there exists t € R such that
wCB={XeQ:x, €[t,t+55]}.

As before, we see that B contains no equivalent points modulo A. Therefore, by
Lemma 10.26, B contains at most six removed edges and w is the union of at most
seven connected components of R2\9 1. |

https://doi.org/10.4153/CJM-2007-022-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-022-3

542 N. Chevallier

10.10 The Graph G5

Remember that G; is the set of all edges [A’, B’] with [A, B] in G, (see Section 10.4).
We have to show that G a is Z2-invariant planar graph and that G; satisfies P0. First,
Z?-invariance is easy: observe that (A + P)’ = A’ + Pforall Ain I" and P in Z%. Now
we show that G is a planar graph.

Lemma 10.34 Let [A,B] # [C,D] bein G,. Then [A’,B’] N [C’,D'] = & oris one
common extremity of [A’, B’] and [C’,D’].

Proof
Step 1: We first suppose {A, B} N {C,D} = @.

Casel [A,B= A+¢]and [C,D = C + ¢] are vertical. Since for each X in I, we
have x| = xi, the condition a; # ¢, implies [A’, B’] N [C’,D’] = @. In the other
case we can suppose ¢; > d,. By Lemma 10.6, we have b, = a, +1 < ¢, — 1 and since
for each X in T, we have x; — x, € 10, 1[, [A’,B'] N [C’,D'] = @.

Case2 [A,B = A + €] is vertical and [C, D] horizontal. If a; ¢ [c;,d,], then the
result is obvious. If a; € [c1,d,], then A is above [C, D] or B is under [C, D]. If
A is above [C, D], by definition of removed edges we have A + te € [C, D] with
t < —1. Therefore A is above [C’,D’] and [A’,B’] N [C’,D’'] = @. The same way
of reasoning shows that [A’, B’] N [C’, D’] = & if Bis under [C, D].

Case3 [A,B] and [C, D] are horizontal. We can suppose a; < ¢;. If b < ¢y, the
result is obvious. If b; = ¢j, then by Lemma 10.6, we have |b, — ¢;| > 1 and therefore
B"# C'and [A",B']N[C',D'] = @. If ¢ < by < dy, Bis under or above [C, D].
Suppose B is above [C, D]. By definition of the removed edges, we have B — te €
[C,D] with t > 1. Since [A,B] N [C,D] = &, C is under [A, B] and C + s¢ € [A, B]
with s > 1. All the points Q of [C’, D’] are of the shape P + re with P € [C, D]
and r € ]0, 1[, therefore [C’,D’] is under [A,B] and [A’,B'] N [C',D’] = @. If
by > d;, then C and D are both above [A, B] or both under [A, B]. We see as before
that [A’,B'] N [C',D'] = @.

Step 2: Suppose A = C. If one of the edges is vertical, the result is obvious. Suppose
that both edges are horizontal. One of the edges [A, B] or [C, D] must be exceptional.
Suppose [C, D] is exceptional. Therefore A* = B. If d; < b, by definition of removed
edge, D + te € [A,B] witht > 1. Therefore, D’ is under [A, B] and [A’,B’] N
[C',D'] = A’ = C'.Ifb; > d, by definition of removed edge, B — tc € [A, B] with
t > 1. Therefore Bis above [C’,D’] and [A’,B'] N [C',D'] = A’ =C’.

Step 3: The case B = D is not possible. Indeed, if the point B = D has two prede-
cessors A and C, then by definition of exceptional edges, neither [A, B] nor [C, D] is
exceptional and

[A,B]and [C,D] C {X € R*: x, €]b, — 1,b,].
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Therefore one of the two edges [A, B] and [C, D] must be removed.
Step 4: The cases B= C and A = D are obvious. ]

It remains to prove that PO is true for Gs:

—

Proposition 10.35 Let &5 = {A’B’ : A’ and B’ are vertices of G3, and there exists
w’ in €3 such that A’ B’ € Ow'}. We have |€;] < K, = K{? where K is defined in
Lemma 10.4.

Proof Letw’ be a connected component of R2\93, and C and D two vertices of G3
lying in dw’. By Lemma 8.4, there exists a connected component w of R*\ G, such
that

{[E,F] C dw' : [E,F] € G5} = {[A’,B'] : [A,B] C Qw and [A,B] € G,}.
Therefore, there are two vertices A and B of G, which are in dw, such that A’ = C
and B’ = D. By Proposition 10.25, there are connected components wy, . . ., w,, of

R*\G;, with m < 7, such that W = @W; U --- U w,,. It follows that there exists a
sequence Ag = A, A; ..., Ay = Bof vertices of §; such that

k<7andVie {0,...,]{— 1}, E'] S {1,...,71’1}, A;and A an]‘.
By Proposition 10.17, for each i € {0, ...,k — 1}, there is a sequence

[Bi,0>Bi,l]> sy [Bi,k,flu Bi,k,‘]

of less than six edges of G, lying in dwj, such that B;y = A; and By, = A1, It

follows that
.,k k—1k—1
CB= Y WAL =S S BB
i=0 i=0 j=0

—_—
is the sum of at most 42 vectors of the shape E'F’ with [E, F] in G,. Finally, by Lemma
10.4, the number of such vectors is at most K2. []

10.11 The Graph G,

Letgbein {Ng, — 1,...,(N + 1)g, — 2}. We recall the definition of G4: we add to
95 some new vertices and some new edges. The new vertices are the points of the set
7’ + {Ng,0,...,q0}. Each new vertex belongs to a connected component of R*\ G;
or to an edge [A, B] of Gs. In the first case, we add the singular edge [P, P]. In the
second case, we split the edge [A, B] into two edges [A, P] and [P, B].

By Lemma 10.27, we have:

Lemma 10.36  For all P in R* the segment [P, P + €,,] meets at most six edges of G.
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(If [P, P + €,] meets an edge [A, B] of G3, then [P — ¢, P + ¢,] meets the edges
[C,D] of G; where C' = Aand D’ = B).
Remember that

&y = {zﬁ : A and B are vertices of G4 and there exists
a connected component w of R2\94 such that A, B € 8w} .

Proposition 10.37  There is an absolute constant K; such that Vq € N, V0 € R?,
|€4] < K.

Proof Set

&= {XI_S> : A is a vertex of Gs, B is a vertex of G4 but not of G and
there exists a connected component w of R?\G, with A, B € ow} .

We have €4 C €3+ EU{0}+(—E)U{0} (note that 0 € ;). Therefore by Proposition
10.35, it suffices to find an upper bound to |€|. Let w be in C(G,), A a vertex of G;
and B a vertex of G4 but not of 93, such that A and B are in the boundary of w. By
definition of Gy, there is a vertex C of G3 such that B = C + ¢,. By Lemma 10.36,
the segment [C, B] cuts at most six edges of Gs; let ([D;, E;])i=1,..m» m < 6, be the
sequence of such edges. Let t; be the element of [0, 1] such that ;B + (1 — ;)C =
[C,B] N [D;, E;]. We can suppose thatt; < t, < --- < t,,,. The points C and D,
are in the boundary of the same element of C(Gs), the same is true for D; and Djy4,
i=1,...,m— 1and D,, and B are in the boundary of the same element C(G3). We
have

m—1
—_— — P—ar——

—D,B=BC+CD;+ Y DiDiy,.

=1

Hence,

—_— 6 — _ s — 6
DB € —(e,+» €)andA'B' = A'D], +D;,B' € & — (g, + ¥ _ &3),
i=1 i=1

finally, € C €3 — (e, + Zf:l €3)- .

Completion of proof of Theorem 1.3 We now handle the main case. By Proposi-
tion 10.37, G, satisfies PO. Furthermore, by definition, G4 is Z*-invariant. Now,
Lemma 8.3 gives Theorem 1.3 in the main case. Furthermore, the lengths of the
edges of G, are smaller than |e; ,| + 2|e,|. It follows that the diameters of the con-
nected component of G4 go to 0 when 7 goes to infinity. ]
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10.12 Proof of Theorem 1.3 in Case 4

We are going to use Voronoi’s diagram as in [5, 6]; it is probably not necessary but
it seems more efficient. Nevertheless, we also need Delaunay’s triangulation, for the
vertices of Voronor’s diagram are not those we want. The basic definitions and prop-
erties about Voronoi’s diagram and Delaunay’s triangulation (see Definition 10.38,
10.39 and Proposition 10.40 below) can be found in [4, 24]; but it should be noticed
that we use an infinite set instead of a finite set.

Definition 10.38  Let F be a subset of R%. For A in F, we call the region given by
V(FA) = {X € R*: d(X,A) < d(X, B) for B € F}

the Voronoi polygon associated to A. The set V(F) = {V(F,A) : A € F} is called the
Voronoi diagram generated by F and the points in F are called generators.

Definition 10.39  Let F be a subset of R%. Let D be a maximal subset of F such that
all points of D are on the same circle and such that there is no point of F inside the
circle. The convex hull of D is called a Delaunay polygon associated to F.

Remember the notations:
e(F) = sup{d(x,F) : x € R*}, r(F) =inf{d(x,y) : x,y € F, x # y}.

Proposition 10.40  Let F be a discrete subset of R? such that e(F) < +oo. Then

(i) if A and B are two points of F on the same Delaunay polygon, then V(F, A) N
V(F, B) # &;

(ii) if A and B are two points of F on the same Delaunay polygon and consecutive
on this polygon, then V(F,A) N V(F, B) is a segment which contains at least two
points;

(ili) the set of all Delaunay polygons forms a tessellation of R*;

(iv) each point A in F is a vertex of a Delaunay polygon.

Notation Let 6 be in R* and q be in N. Set F, = {0,6,...,q0} + Z*. In [5,6] we
used Voronoi’s diagram in T? instead R?. Some straightforward changes in results
of [5] give the two following results we state without proofs.

Lemma 10.41 Letf beinR? qinNand A in F,.

(i) Letkbein{0,...,q—1}. Ifforall X in V(F,, A), d(X,A) < d(X, —0 + Z?),
then V(F;,A) +0 C V(F;,A+0).

(i) Letkbein{l,...,q}. IfforallX inV(F,,A), d(X,A) < d(X,(q+1)§ +Z?),
then V(Fy, A) — 0 C V(Ey, A — 0).

Corollary 10.42  Let 0 be in R* and q in N. Set
I'={ke{0,...,q— 1} : IX € V(F,, k), d(X,k0) > d(X,—0 + Z°),
I ={ke{l,...,q}: 3X € V(F,, k), d(X,k0) > d(X,(q+ 1) + Z*)}.

Then, up to translations, the number of distinct regions in V(F,) is at most 1+[I"[+|I~|.
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Lemma 10.43

_ 2e(Fy)\ 2
I',ri< ) .
L= (SET)
Proof For all A in F; and X in V' (F,, A), the open ball B°(X, d(X, A)) contains no
point of F,; therefore, d(X,A) < e(F,). Let k be in I'*. There exist X in V (F,, k) and
P € —0 + Z* such that d(X, kf) > d(X, P). It follows that d(k0, —6 + Z*) < 2e(F,).
Now, for all k, d(kf, —0 + Z?) = d(k@ + Z?, —0), hence

2e(F )\ 2
II'| <|{A € F;: A € B(—0,2¢(F,))| < ( :((Fq))) .
q

The same argument shows the inequality for I~. ]

Proposition 10.44  Let 0 be in R* and q be in N* such that q, — 1 < q < qus1 — 1.
Suppose that (i, f,) is a basis of A, such that | sin Z(f1, f)| > /3/8ande, = o, fi +
oy fo with 1/100 < ay, ap < 1. Then

(i)  up to translations, the number of different Voronoi regions in V(F,) is at most 106,
(ii) the cardinal of the set

{XE :A,B € F;and V(F;, A) NV (Fy, B) contains at least two points}
is at most 1012,

Proof (i) By definition of the best approximation, for all q less than g,+; — 1, we
have r(F;) = r, = |e,|. The length of ¢, is greater than the length of its orthogonal
projection on the line orthogonal to f; or f,, therefore

|en| > max(aq[sin Z(fi, R fil, calsin Z(fi, L)lIfa])

1 V3 /3
> T.O X ?max(|f1|a |f2|) > %e(/\n),

But e(F,) < e(F,,) < e(A,) + 1y, hence

2e(Fy)\ 2 (Ay) 2
( :(Fq‘f)) < (% +2) < 10°.

(i) Let A be in F,. If Bis another point of F; such that V (F;, A)NV (F,, B) contains
at least two points, then one edge of V' (F,, A) is included in the bisector of [A, B]. It

follows that for fixed A, the number of vectors AB such that B is in F,and V(F;,A) N
V (F,, B) contains at least two points, is less than the number of edges of V(F;, A).

Furthermore if V(F;, A;) = V(F;,A;) + AjA,, then the two corresponding sets of
vectors are the same. It follows that the cardinal of

{1@) :A,B € Fyand V(F,, A) NV (F,, B) contains at least two points}
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is less than the number of different Voronoi polygons up to translations multiplied
by the maximal number of edges of a Voronoi polygon. As in the previous lemma,
we see that if V/(F;,A) N V(F,;,B) # @, then d(A,B) < 2e(F,) and therefore the

. . 2
maximal number of edges is less than (2:((1;4))) . Finally we get the upper bound
2e(Fy) \ 4 12
(58)* < 10, .

Completion of proof of Theorem 1.3 in Case4 Let 6 be in R? and g be in N* such
that g, — 1 < g < gu+1 — 1. Consider the set of all Delaunay polygons associ-
ated to F,. It is obviously Z?*-invariant. The chosen basis (e, e,) of A, is such that
|sin Z(e;,e;)| > v/3/8 and €, = ae; + Be; with 0 < 3 < a < 1. By hypothesis we
have g > 1%%) so we can use the previous proposition:

{1@ :A,B € Fyand V(F,,A) NV (F,, B) contains at least two points}

has less than 10'2 elements. By Proposition 10.40, it means that the number of possi-

ble edges for a Delaunay polygon is less than 10'2. Furthermore, the number of edges
ZjéF)”) for the radius of the circle associated to a
q

Delaunay polygon, is less than e(F,). As in the previous proof, we see that

of a Delaunay polygon is less than

e(Fy) _ _e(hy)

r(Fy) = Me(A,)

+1 < 500.

Therefore, the maximal number of edges of a Delaunay polygon is at most 10007.
Finally, there is an absolute constant K such that the set

{A—B> : A, B are two points of the same Delaunay polygon}

has a cardinal less than K. It means that PO holds for the planar graph associated to
Delaunay tessellation. We conclude with Lemma 8.3. ]

A Appendix

Proof of Lemma 8.3 Consider the equivalence relation on the set C(5) of connected
components of R?\ G defined by w; ~ w, if and only if there exists % in Z? such that
w; = wy + . Choose a subset Q of C(G) containing exactly one element of each
equivalence class. Let w be in € and set £(w) = {[A,B] : A, B are vertices of §
and ]A, B[C w}. For each w in (2, select a maximal subset M(w) of &(w) such that
G U M(w) is a planar graph. Set

g =5u(J U @+Mwp).

weN W ez?

Step 1: Let us show that G’ is a planar graph. Let [A, B] and [C, D] be two edges of
G’ such that [A, B] N [C, D] # &.
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If [A, B] and [C, D] are in G, there is nothing to prove.

If[A, Bl isin G’\G and [C, D] in G, then there exist w in Q and % in Z? such that
[A,B] + W € M(w), hence [A,B] + & and [C,D] + ¥ are in § UM (w). It follows
that ([A, B+ )N [C, D]+ %) is a common extremity of [A, B]+ % and [C, D]+ .

If [A, B] and [C, D] are in G\ G, then there exist w;, w, in Q and i, W in Z2
such that [A, B] + 4, € M(w;) and [C,D] + 5 € M(w,). Suppose [A,B] N [C, D]
contains a point P of ]A, B[. The point P is in w; — %, and in ; — uy, therefore
W) — 4, = w, — u, and w; = w,. Moreover, since the connected components of
R?\ G are bounded we have u; = u;. It follows that [A, B] + u; and [C, D] + uj are
in M(w;) C G U M(wr), hence intersection [A, B] N [C, D] cannot be inside |A, BJ.

Step 2: Let U be a connected component of R?\ G’. We have to prove that U is the
interior of a triangle.

First we show that there exist [A, B] and [A, C] in OU such that {)\ﬁz + ,uXa :
A, v €]0,r]} is included in U for some positive r. Choose a point O in R?. There
is a point A in U which is the furthest from O. This point is in QU and must be in
V(G') = V(9). Set r = inf{d(A,[Q,R]) : [Q,R] € G’ and A ¢ [Q,R]}. Then r
is positive and the open ball B(A, r) meets only edges of the shape [A,P] € §'. Let
Py, ..., P,_; be the vertices such that [A, P;] is an edge G’. We can order them such

— — . —_— K
that the angles Z(APy, AP;) increase. One of the sectors (AP;, AP;y;) (with P, = Py)

—_—

must meet U. Let (AP;,, AP; 1) be this sector, B = P;, and C = P; ;. The ball
B(0O, d(A, O)) contains this sector, hence A(H, M) <.

Let w be the connected component of R*\§ containing U. We can suppose that
w € Q. Let V be the set of vertices of G’ which belong to T = {/\A_B) + uﬁ O WIRS
10, 1]} and let C be the convex hull of V U {B,C}. Since there is no edge between
A and a point of V, T\C does not meet §’. Furthermore, if V # &, there exists a
point D in V such that JA, D[ C T\C, but this contradicts the maximality of M(w).
It follows that V # & and by maximality of M(w), [B,C] € §'.

Step 3: Finally, all triangles are made of edges belonging to £(3G). By hypothesis,
|€(9)| < K, therefore the number of triangles up to translations is less than K*. M

Proof of Lemma 8.4 Set O(G) = {(A,B) : [A,B] € G}. Then O(9) is the set of
oriented edges of G; note that (A, B) € O(9) <(B,A) € 0(9).

We use O(G) to make the sides of the edges precise. For #’, a non zero vector,
let 7+ be the unit vector such that (7', 1) is a direct orthogonal basis of R%. We
say that an element (A, B) of O(9) is a boundary edge of w € C(G) if there exists

to > 0 such that %(A + B) + tABL € wforallt € ]0,t]. Denote by BO(9) the set of
“oriented” boundaries of elements of C(§), more precisely

BOG) ={A C0O(9):Jw e C9), (A,B) € A< (A,B)isaboundary edge of w}.

For each t € [0, 1] and each vertex A of G, set A(t) = (1 — t)A +tA’.
We shall prove the more precise result. The map

A€ BOG) — {(A",B): (A,B) € A}
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is one-to-one and its image is BO(G').

For each , we define a binary relation on O(G(¢)) by (A(¢), B(¢)) ~; (C(¢), D(¢)) if
(A(r),B(t)) and (C(z), D(t)) are boundaries edges of the same element w € C(G(t)).
It is easy to show that ~; is an equivalence relation.

By a simple continuity argument, it is possible to show that for all (A, B) and
(C,D) in O(G) and all t in [0, 1], there exists § > 0 such that

(A(ty), B(ty)) ~, (C(ty), D(ty)) = Vt € [to — 6, +0], (A(t), B(t)) ~ (C(t),D(t)).

The converse

(A(to), B(to)) is not equivalent to (C(ty), D(to))
=Vt € [ty — J,ty + 6], (A(t), B(t)) is not equivalent to (C(t), D(¢)).

is “geometrically” obvious but is more difficult to prove. We need an auxiliary result
(see [10, Appendix of Ch. IX]):

Let U be the unit circle of C. Let K C C be a compact set.

* A continuous map f: K — U is not essential if there exits a continuous map
g: K — Rsuch that f(z) = expig(z) for all zin K. If the map g does not
exist we say that f is essential on K

* Let a and b be two points of C\K. The points a and b are in the same con-
nected component of C\K if and only if the map

_z—a _|z—1
sap(2) = — z—a

is not essential.

Let (A, B) and (C, D) be in O(§) and t; in [0, 1]. Suppose that (A(t,), B(t,)) is not
equivalent to (C(ty), D(t,)) (it may be that [A, B] = [C, D]). Then (A(t), B(t)) is in
the boundary of a connected component wy and (C(#y), D(#y)) is not in the boundary
of wy. Therefore, there exists oty > 0 such that for all « € 10, o],

2 (AGo)+Bl1) +aAl) B} €wy  and 3 (Clto+Dl10))+aCla) Dlto) ¢ wo.
For v > 0, set

I = [ 3 (Alt) + Bto)) — aAlio)Blio} ", 5 (Alto) + Blto)) + 0Al)B) |

J(a) = [ 3(Clt) + Dltw)) — o)D), 5 (Clt) + D) + aClr)Dlto) |
By continuity, there exist & and § > 0 such that the following hold:
Vi € [ty — 0,1 + 0], V[E, F] € G\{[A, B]}, d([E(t),F(t)],I(ax)) > 0;
Vit € [to — 0,1t + d], V[E, F] € S\{[C, D]}, d([E®),F(t)], J()) > 0;
JA(¢), B(t)[ N I(c/2) contains exactly one point G(#);
1C(#), D(#)[ N J(a/2) contains exactly one point H(f).
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—_— —
Seta = 1(A(to) + B(ty)) + aA(to)B(to)* and b = 1(C(ty) + D(ty)) + aC(to)D(to)*.
Forall t in [ty — 6,1y + d], a and b do not belong to an edge of §(¢). Let wy (¢) (resp.,
w,(t)) be the connected component of R?\G(¢) containing a (resp., b). Note that
w (ty) = wyp. Set Ko = dwi (ty), Ky is a finite union of distinct edges of G(t),

m

Ko = | JIAi(to), Bi(to)].

i=1

For ¢ in [ty — 8,19 + 6], set K, = |Ji~,[Ai(r), Bi(t)]. Since the map A € V(§) —
A(t) € V(5(1)) is bijective and since G(¢) is a planar graph, for all t € [ty — J,ty + ]
the map

fe: MAi(to) + (1 = N)Bi(ty) € Ko — AA;(1) + (1 — A)Bi(1) € K,
is a homeomorphism. Furthermore, the map
F: (t,P) € [ty — d,ty + 0] x Ky — f(P)

is continuous. By our choice of a and 6, neither a nor b are in K; for ¢ in [ty — 6, fo+6],
therefore the map

G: (t,P) € [to — 4,19 + 9] X Ky — sap(fe(P)) € U

is continuous. Since by hypothesis a and b are not in the same connected component
of C\Kj, the map s, is essential on K. Suppose that there exists ¢; in [fy — 0, to + J]
such that

sap: P €Kiy — 5,4(P)

is not essential on K, . Since the map f;, : Ky — K, is continuous, the map P € K, —
sa.p(fr, (P)) is not essential, hence by homotopy;, it follows that for all t € [ty —0, to+6]
the map s, 5, o f; is not essential on Kj (see [10, Appendix of Ch. IX]) but for t = 1,
this means that a and b are in the same connected component of C\ K, which is false.
Finally, for all ¢ in [fo — J, %, + d], a and b are not in the same connected component
of C\K; and (A(¢), B(t)) ~; (C(t), D(¢)) is false. Finally, since [0, 1] is connected, we
see that for all (A, B) and (C, D) in O(9),

(A(0), B(0)) ~o (C(0),D(0)) <= (A(1), B(1)) ~; (C(1),D(1)). u
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