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Critical scaling profile for trees and con-
nected subgraphs on the complete graph

Yucheng Liu ® and Gordon Slade

Abstract. We analyse generating functions for trees and for connected subgraphs on the complete
graph, and identify a single scaling profile which applies for both generating functions in a critical
window. Our motivation comes from the analysis of the finite-size scaling of lattice trees and lat-
tice animals on a high-dimensional discrete torus, for which we conjecture that the identical profile
applies in dimensions d > 8.

1 Main results

1.1 Results

The enumeration of trees and connected graphs has a long history. We are motivated
by problems arising in the critical behaviour of branched polymers in equilibrium
statistical mechanics, to consider certain generating functions for the number of trees
and connected subgraphs in the complete graph Ky on V labelled vertices. The vertices
are labelled as V = {0,...,V — 1} and the edge setisE = {{x, y} : x,y € V, x # y}.
Our interest is in the asymptotic behaviour as V — co.

We define one-point functions

Gho = 32V Guem =2 (2)" Ly
T30

A30

where the first sum is over all labelled trees T in Ky containing the vertex 0, the second
sum is over all labelled connected subgraphs A containing 0, and |7'| and |A| denote
the number of edges in 7 and A. The division of p by eV is a normalisation to make
p = 1 correspond to a critical value. We also study the two-point functions

Gtv,Ol(p) = Z (%)m’ ?/,01(17) = Z (%)‘Al, (1.2)

T30,1 A>30,1

where the sums now run over trees or connected subgraphs containing the distinct
vertices 0, 1. To avoid repetition, when a formula applies to both trees and connected
subgraphs we often omit the superscripts ¢, a. With this convention, we define the
susceptibility

xv(p) = Gyo(p)+(V-1)Gv,0(p). (1.3)
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2 Y. Liu and G. Slade

We are particularly interested in values of p in a critical window p = 1+ sV~1/? around
the critical point, with s € R.
We define the profile
e 12,01
I(s) = —/ e VN __dx (s €R). (1.4
V2r Jo \/3_6

The profile can be rewritten in terms of a Faxén integral [25, p. 332] as I(s) =
€7T_1/22_5/4Fi(%, }1; \/zs), and its asymptotic behaviour is given by [25, Ex. 7.3, p. 84]
to be

I(s) ~ {em']/z oo (1.5)

es~1/2¢5°)2 (s = +00),

where f ~ g means lim f/g = 1. Our main result is the following theorem.

Theorem 1.1  For both trees and connected subgraphs, and for all s € R, as V — oo we have

Gv.oi(1+sV™12) ~v734(s), (1.6)
v (1 +sVU2) ~vA(s). (1.7)

The proof of Theorem 1.1 uses a uniform bound on the one-point function. The
following theorem gives a statement that is more precise than a bound. It involves the
principal branch Wy of the Lambert function [5], which solves Woe™ = 7z and has
power series

B a (_n)n—l i
Wo(z) = Z TZ . (1.8)
n=1
The solution to Wye"? = —1/e is achieved by the particular value Wo(—1/¢) = —1.

Theorem 1.2 For both trees and connected subgraphs, for all s > 0, and for all sequences py

with py < 1+ sV~2 andlimy_,., py = p € [0, 1],
- n"t ! p\1 e p
lim G = (—) =-Sw (— —). 1.9
Jim v.o(pv) Z AP PGl (1.9)

In particular, if p = 1 then limy_, Gy o(pv) = e.

Notation: We write f < g if there is a C > 0 such that f(x) < Cg(x) for all x of
interest.

1.2 Method of proof

To prove (1.6), it suffices to prove (1.7) and (1.9), since when p = 1 + sV-1/2 by

definition of yy we then have

xv—-Gvo xv
V-1 V'

Gv,o1 (1.10)
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Scaling profile for trees and connected subgraphs 3

1.2.1 Trees

By Cayley’s formula, the number of trees on n labelled vertices is n"*~2. By decompos-
ing the sum defining GIV,O( p) according to the number n of vertices in the tree, and
by counting the number of ways to choose n — 1 vertices other than 0, we have

v
V-1\ , ,( p\"!
G\ = " 2(—) : 111
V,o(p) ; (n _ l)n oV ( )
Similarly, by counting the number of ways to choose n — 2 vertices other than 0 and
1, we have
t N V-2 n-2( P n-1
GV,01(I7) = Z (n _ 2)” (W) . (1.12)
n=2
Since
V-1 V-2 V-1
+(V-1 = , 1.13
Pt R MR ) o
it follows from (1.3) that the susceptibility is given by
v
V_ l _ p n—1
t n-1
= — . 1.14
=20 () (114

For trees, we prove Theorems 1.1-1.2 by directly analysing the above series for y;,
and G, . The profile I(s) for x1,(1 + sV~1/2) arises from a Riemann sum limit.

1.2.2 Connected subgraphs

For connected subgraphs, we will show that the contribution to xy, GY, ;; from con-
nected subgraphs with cycles is much smaller than the contribution from trees. Let
C(n,n — 1 + £) denote the number of connected graphs on n labelled vertices with
exactly n— 1+ ¢ edges, i.e., with € surplus edges. The surplus must be zero forn = 1, 2.

For n > 3, we define the surplus generating function
S(n,z) =ZC(n,n—1+£)z€. (1.15)
=1

Note that terms in the above sum are zero unless ¢ < (’21) — (n — 1), and that the tree
term (€ = 0) is absent.

We decompose the sums defining GY, ; and GY, ;; according to the number n of
vertices in the connected subgraph, and we further distinguish whether or not the
subgraph contains surplus edges. This leads to the decomposition

GV .o(p) = Gy o(p) + Ay o(p), (1.16)
xv(p) = xy(p) + Av(p), (1.17)
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with
st = 37 ol BN )
4 V-1 p p \n-1
Av(p) = ; (n ) 1)nS(n, W)(W) : (1.19)

Given Theorems 1.1-1.2 for trees, we prove Theorems 1.1-1.2 for connected sub-
graphs by showing that, for all s € R,

Jim Ay o(1+ sV =0, (1.20)

Jim VAAL (1 + sV = 0. (1.21)

The proof is more subtle than for trees and requires estimates on the surplus gener-
ating function. As we discuss later, a precise but cumbrous asymptotic formula for
C(n,n + k) is given in [3, Corollary 1]. We use that formula to prove the following
useful explicit bound. By convention, k* = 1 whenk = 0.

Proposition 1.3 Letn > 3 and N = ('21) For 0 < k < n, we have

n k/2
C(n,n+k)$( N )(2) (@) . (1.22)

n+k)\e) \k

Proposition 1.3 is most useful when the surplus £ = k+1 is small but of order n. This
is a delicate region when controlling the surplus generating function, and the precise
constant e in the last factor of (1.22) is important. For a larger surplus, we simply
bound C(n,n + k) by the total number of graphs (connected or not) on n vertices
with n + k edges, which is (nlrk). Together, these bounds provide enough control on
S(n, p/(eV)) to prove (1.20)-(1.21).

1.3 Motivation

Theorem 1.1 is motivated by a broader emerging theory of finite-size scaling in sta-
tistical mechanical models above their upper critical dimensions. The theory involves
a family of profiles expressed in terms of the functions

I (s) =/ xkemi¥' gy (seR, k> -1). (1.23)
0

A change of variables transforms the profile I of (1.4) into I(s) =
e2/4 =121 (=V2s). The general theory is described in [21] with references to
the extensive physics and mathematics literature.

Given an integer d > 2, infinite-volume models can be formulated on a transitive
graph G = (Z4, E), whose edge set E has a finite number of edges containing the origin
and is invariant under the symmetries of Z<. Above an upper critical dimension d., for
many models it has been proven that the critical exponents that describe the critical
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behaviour are the same as the corresponding exponents when the model is formu-
lated on a regular tree or on the complete graph. The tree and complete graph settings
are easy to analyse. Finite-volume models (with periodic boundary conditions) can
instead be formulated on a discrete torus G, = (T¢, E,) of period . At and above the
upper critical dimension, the torus models are known or conjectured to have critical
behaviour analogous to that seen on the complete graph, with an interesting “plateau”
phenomenon involving a universal profile which is often expressed in terms of .
The value of k depends on the model. Dimensions d < d. are conjectured to exhibit
different scaling, with no plateau or profile.

Lattice trees and lattice animals: A lattice animal is a finite connected subgraph of
G, and a lattice tree is an acyclic lattice animal. The critical behaviour of lattice trees
and lattice animals is at least as difficult as is the case for the notoriously difficult
self-avoiding walk. Despite significant interest from chemists and physicists for over
half a century, due to applications to branched polymers [15], the critical behaviour
is understood mathematically only in dimensions d > d. = 8. For d > 8, it has
been proved using the lace expansion that for sufficiently large edge sets E (or for
nearest-neighbour edges with d sufficiently large), lattice trees and lattice animals at
the critical point both have the same behaviour as a critical branching process [4, 6,
12, 13].

For x € Z4,let c,,(x) denote the number of lattice trees or lattice animals contain-
ing 0, x and having exactly m bonds. The one-point functions, two-point functions,
and susceptibilities are defined by

2D = ) (07", Go(x) = ) cn®", x(@)= ), G.(x). (124)
m=0 m=0 xezd

The radius of convergence z (the critical point) of these series is finite and positive,
and is strictly smaller for animals than for trees [7]. High-dimensional versions and
extensions of Theorem 1.2 for g(z.) are proved in [19, 23]. The analogous quantities
for trees and animals on the torus T¢ are denoted g, (z), G, (%), xr(2). These are
polynomials in z, so they define entire functions of z. Nevertheless, for large r the
infinite-volume critical point z. plays a role in the scaling. We denote the volume of
the torus by V = r<.

Our computation of the profile [ for the two-point function and susceptibility in
Theorem 1.1 supports the following conjecture from [22] that the profile Ij (just a
rescaled I) occurs for both lattice trees and lattice animals on the torus, above the
upper critical dimension.

Conjecture 1.4 For lattice trees and lattice animals on T¢ with d > 8, there are constants
ag < 0and by > 0 (different constants for trees and animals) such that, as V = rd — oo,
-3/4
G rersv-in (x) = G . (x) ~ baV / lo(aas),

(1.25)
Xr(ze + VT2 ~ baV o (ags).

In (1.25), the torus point x is identified with its representative in 74 N (—%, %]d

in the evaluation of G,_(x). For d > 8, G,_(x) decays as |x|~(4=2) [10, 11], and the
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constant term of order V™34 = r~34/4 dominates the Gaussian decay over most of
the torus. This is the “plateau” phenomenon. On the complete graph, the decaying
term |x|_(d_2) is absent, and only the constant term occurs for Gy o1, as in (1.6). For
d = d. = 8, the conjecture is modified to include logarithmic corrections to the win-
dow scale V™1/2  the plateau scale V=34 and the susceptibility scale V14 but with the
identical profile /.

Self-avoiding walk: Self-avoiding walk on the complete graph Ky is exactly solvable
27 For1 <n <V —1,letcy,(0,1) = ?ZZ(V — J) denote the number of n-step
self-avoiding walks from O to 1 on Ky. Let Sy 01(p) = Z,‘f:_ll cy.n(0,1)(p/V)" and
let X%,Aw(p) =1+ (V-=1)Sy,01(p). It is proved in [27] (see also [24, Appendix B])
that, as V — oo,

Sv,o1(1+sV=12) ~ 2V)"V21 (—V2s),
AW+ sVTY2) ~ 27122 (A 2s).

In [24, 26], the same profile /1 is conjectured to apply to the self-avoiding walk on
T¢ for d > 4, in the sense that the two-point function and susceptibility obey the
analogue of (1.25) with the right-hand sides replaced respectively by b4V =121 (ays)
and bgV'2I (ays). The conjectured log corrections for d = 4 are indicated in [24,
Section 1.6.3].

(1.26)

Spin systems: The plateau for spin systems in dimensions d > d. = 4 is discussed in
[20, 21, 26), including rigorous results for a hierarchical |¢|* model and conjectures
for spin systems on the torus. The relevant profile for n-component spin systems is

_1 4_s 2
S P e )

= . 1.27
n [, e i3 x gyl (s) (127

fa(s) =

The profile fi has been proven to occur for the Ising model on the complete graph
(Curie-Weiss model); a recent reference is [2]. As n — 0, the profile f,,(s) converges
to I;(s), which is consistent with the conventional wisdom that the spin model with
n = 0 corresponds to the self-avoiding walk.

Percolation: Percolation has been extensively studied both on infinite lattices [9] and
on the complete graph (the Erdés—Rényi random graph) [17]. This is a probabilistic
model in which the cluster containing O is a connected subgraph A > 0 with weight
p!A(1=p)194l where |A| denotes the number of edges in A, and A denotes the set of
edges which are not in A but are incident to one or two vertices in A. On the complete
graph, we divide p by V (not by eV as in (1.2)) to make the critical value p = 1. Thus
we define the two-point function

|A| |0A|
v.01(p) =Ppv(0 = 1) = Z (3) (1 - E) (1.28)
14 1%
A>0,1
and the susceptibility (expected cluster size) Xf,erc(p) =14+ (V- 1Dty (p). Our
conjecture for an analogue of Theorem 1.1 for percolation on the complete graph

is as follows. It involves the Brownian excursion W* of length 1, and the moment

generating function ¥(x) = Eexp[x [)1 W*(t)dt] for the Brownian excursion area.
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Conjecture 1.5 For s € R, let

o0 1 1.,.3,58.,2 xz
Foerc(s) =/ x2doy, doy = —xPP(x3?)e s I T8k, (1.29)
0 V2

Then, for some a, b > 0, as V — oo we have

Ty o1(1+sV713) ~ bV £ (as),

X1+ VY < VP fo(as). (130

Note the different powers of V in (1.30) compared to (1.25) and (1.6)-(1.7). The
powers of V in (1.30) are well-known, but to our knowledge the occurrence of the pro-
file has not been proved. On the torus Ti’ with d > 6, the powers y-13 y-2/3 yl/3
are proved in [14], and the role of fper Was first conjectured in [20, Appendix C].

The origin of the conjecture is as follows. The properly rescaled cluster size (without
expectation) is known to converge in distribution to a random variable described by
the Brownian excursion [1], and the limiting random variable is characterised by a
point process [18]. The measure o is the intensity of the point process and is found
in [18, Theorem 4.1]. The point process describes cluster sizes, in the sense that

n*Zk/3Z|ci|’< =>/ Koy (k=2) (1.31)
n 0
1

in distribution [1]. The k = 2 case corresponds to )(E,erc and identifies fperc(s).

2 Proof for trees

We begin with an elementary lemma.

Lemma 2.1 Lety >0,k > 0,and A € R. There is a constant Cc 3 > 0 such that

\4

Z iyef’mz/ve/l"/‘/v < CK,,Ib’VV(l”’)/Z. (2.1)
n

n=[bVV1]
for all V and for all b sufficiently large (depending on «, A).

Proof Sincen > byV andy > 0, the left-hand side of (2.1) is bounded by

[e9)

1 —kn?/V_an/\NV

VIR Z e e . (2.2)
n=[bVV1]

For b sufficiently large (depending on «, A), the summand above is monotone decreas-

ing in n, so we can bound the sum by the integral

/hw e KON AWV gy < € VY, (2.3)
V-1
and the desired result follows. [ ]
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Proof of Theorem 1.1 for trees  We use (1.14) and drop the superscript 7. Fix s € R.
For p = 1+ sV~1/2, by combining V~("~1) with the binomial coefficient, we have

V. n-1 . n- n—
wttesr =S| Jo- Pty )™ e
n=1 j=1 '

Let0 < a < 1 < b < co. We divide the sum over n into three parts /\{i/w,,\/é,z),/\{{/s),

which respectively sum over 7 in the intervals [1, aVV), [aVV, bVV], (bVV,V]. We
will prove that

X{/l) < ea|s\(1 +a1/2V1/4), Xy) < C\s|b_1/2V1/4 @.5)

for all @ > 0 and all b sufficiently large, and that

Jim vy /f(x)dx f(x)=v%e-xz/2%e” 2.6)

for all a, b. These claims imply that

/ f(x)dx<hm1nf hmsupv— < Ceslag? 4 f(x)d.x+C| b~ 12

V—

2.7)
forall @ > 0 and all b sufficiently large. Since yy does not depend on a or b, by taking
the limits a — 0, b — oo, we obtain limy _,« V_I/4XV = [)Do f, which is the desired
result (1.7).

It remains to prove the claims (2.5)-(2.6). Let

nn—l

by = —
" (n—=1)len!

(2.8)

which obeys b, < 1/+/n, by Stirling’s formula. Using this in the sum for )(( ), and

~

using 1 + s/VV < SV e get

laVV ] " laVV] 1
(1) elsinivv als| als| 1/2y,1/4
1— <e — < e +al VT, (2.9)
IR 2
as claimed. For X( ), we also need a bound on the product over j. Using 1 —x < ™%,
we have
n-1 n-1
1 n(n-1)
1-2) <exp{-3; 7} = exof- e 2.10
] expi—= > j v (2.10)
Jj=1 j=1
By Lemma 2.1 withy = k = % and A = |s|, this implies that, for all b sufficiently large,
4 2
X‘(/S) < Z e 2V n/2V |s|n/\F < e\ 2p=12y1/4 2.11)
n
n=[bVV]
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)

Finally, for )(( we fix a, b and use the asymptotic formulas

(1 + %)n_l = exp {(n —1)log(1 + %)} = e“'"/‘/v[l + O(%) + O(%)],

(2.12)

n 3

To-2) _exp{zlog(l_)}_e—n/zv[HO( Jro()]: @

.

which follow from Taylor expansion of the logarithm (the constants here depend on s).
Since n € [aVV, b\V], the above, together with the fact that b,, = ﬁ [1+0(1/n)]

by Stirling’s formula, give

LbWJ 2 e 1
=y e /ZV—e“"/W[l + 0(—)]. (2.14)
2ntn VWV
n=laVV]
The desired limit then follows from the observations that the leading term of
V_1/4/\{£,2) is a Riemann sum for the integral fab f with mesh size V~1/2, [

Proof of Theorem 1.2 for trees We use (1.11) and again drop the superscript ¢. Fix
s > 0. Let py be a sequence with py < 1+ sV ™2 and py — p € [0, 1]. Similarly to
(2.4) and with an additional factor of n in the denominator,

Gv.o(pv) = Z(]_[( ——))n,en . (2.15)

Let N,b > 1. We divide the sum over n into three parts Gg,l), Gi,z), GEE), which

respectively sum over n in the intervals [1, N], (N, bVV], (b¥V,V]. For a fixed N,
we immediately get

N _
lim GO (py) = 3 L e (2.16)
V—oo \4 pv)= n! enilp ’ ’
n=1

which dominates the sum. Indeed, using monotonicity of the generating function, for
Gg/z) we can proceed as in (2.9) to bound

I-b\/VJ 1 bs

(2) (2) -1/2 bs €
Gy (py) <Gy (1+sVT /9 <e E —_— < —.
1% 1% 32 7w
n=N n/ N

(2.17)

For G 5,3 ), we can argue as in (2.11) but with an additional factor n in the denominator,

and use Lemma 2.1 withy = % to get Gi,s) (pv) < b=32v=14for b sufficiently large.
Together, we obtain

1 nnfl n-1 bs
— ]p" ]<11m1nvao<11msquvo<Z nely
P nl e~ Voo nl e~

(2.18)
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for all N > 1 and all b sufficiently large. Since Gy o does not depend on N, we can
take the limit N — oo to conclude the desired result (1.9). [ |

3 Proof for connected subgraphs
3.1 Boundon C(n,n+ k)

We use the asymptotic formula for C(n, n + k) proved in [3]. We follow the notation
in [3] and write
k
x=1+—. 3.1)
n
For x > 1, we define the function y = y(x) € (0, 1) implicitly by

1 1+ 1 oy
x = —log L arctanhy = Z 4 , (3.2)
2y 1-y y — 2m +1
and we define the functions ¢(x), a(x) by
—x.1—
e?X) — M, (3.3)
V1 -y?
1
a(x) =x(x+1)(1 -y) +log(l —x +xy) — 3 log(1 — x +xy?). (3.9

=X = latx = 1 and defining

Both ¢ and a extend continuously to x = 1 by defining y
a(l) =2+ %log%.

LetN = (;) Itis provedin [3, Corollary 1] that there are constants wy = 1+0(1/k)
for which

(3.5

1)1/16
Cn,n+k)= wk( :\-Ik)enw(x)ea(x) [1 + O(u)}
n

19/50

uniformly in 0 < k < N —n. The constants wy are related to Wright’s constants for the
the asymptotics of C(n, n + k) with k fixed [29], and they are related to the Brownian
excursion area [28]. We will simply bound wy by a constant. The next lemma gives
estimates for ¢(x) and a(x).

Lemma 3.1 Letx > 1.

(i) The function a(x) is bounded.
(i) Lett = \/3_eandy = y(x). Then

2 1
e?™ < —exp{——y2 logX}, (3.6)
e 3 t

and the right-hand side is monotonically increasing for 0 < y < t/+/e.

By considering the limit x — oo (y — 1), we expect that the inequality (3.6)
becomes optimal with ¢ = (e/2)° ~ 2.51, but we do not pursue this. The weaker ver-
sion with 7 = /3¢ is sufficient for our purposes, but to show the role of  we keep it
in our formulas.
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Proof (i) The function a(x) is continuous on [1, o) by definition, and it satisfies
la(x)| < x*(1 —y) ~ 2x%e™?* asx — oo by [3, Lemma 3.2], so it is bounded.

(ii) By the definitions of ¢(x) and x, and by the Taylor series for log(1 — y?),

p(x) ~log 2 = (1= 1)(1 + logy) - 3 log(1 =)

(o] (o] zm
y y
1+1 + —
22m+1( 08 ) am
m=1 m=1
1 oy 1
- Llogy+ 12+ S (<logy+5-). (7
37 o8Y y Ziomv 1\ % T om (3.7)

We bound the series in the last line by a quadratic function, term by term. For any
m > 2, by calculus,

2m
2m—2 —-1/m
m -2ml +1 _— . 3.8
onax, [y (-2mlogy + 1)]| = L (3.8)

Then, with K = maxmzz{zfn—"fze‘l/m} =2e71/2, by [8, 0.234.8] we have
y?

Zzzmﬂ( “’gy*_) Zm (1-log2 = 9)Ky*.  (3.9)

Therefore,

1 1
g+(1—10g2—g)K y2. (3.10)

2 1
e(x) —log - < —gyz logy +
e

This implies (3.6) with any 7 that obeys %logt > % +(1-log2 - %)K ~ 0.3367.In
particular, we can take any ¢ > 2.75, including t = V3e =~ 2.85. Monotonicity of the
upper bound in 0 < y < #/+/e is another calculus exercise. [

We now restate and prove Proposition 1.3.

Proposition 3.2 Letn > 3, N = ( ), and t = V3e. For O f < ;Z, we have

N \[2\"(2n\ /2
o< 7)) o

Proof We use the asymptotic formula (3.5), and use that w;, = 1 4+ O(1/k) is
bounded. The error term in (3.5) is bounded by a constant since k is at most linear

in n. The factor e®™*) is also bounded by a constant, by Lemma 3.1(i). We therefore

only need to estimate ¢”¢™*)_ Since 0 < % < g andx = 1+ %, by (3.2) we have

y(x) < 4/3(x = 1) = 3k /n < t/+/e, so Lemma 3.1(ii) gives

k/2n
2 1 y 2 x-1 3x-1) 2(tn
(x) < Z N E z -
e < eexp{ 3Y log t} < eexp{ 2 log » } (3k) . (3.12)

The desired result then follows by inserting the above into (3.5). [
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For larger K we simply use the fact that C(n, n + k) is less than the total number of
graphs (connected or not) on n vertices with n + k edges, which is ( ) Foralln > 2
and k > —1, we have

N Nn+k

3.2 Bound on the surplus generating function

We now prove useful bounds on the surplus generating function defined in (1.15):
smi)=§:chp4+wﬁf=§5cmﬂ+kk“ﬁ (3.14)
t=1 k=0

The terms in the series are zero unless k < ('21) — n. The goal is to prove that S(n, z) is
small relative to the number of trees C(n,n — 1) = n"*~2. We do this by decomposing
the series into two parts corresponding to sparse and dense graphs. We define

1 < k+1 1 S k+1
A(n,z) = o ZC(n,n +k)z"", B(n,z) = T Z C(n,n+k)z""",
k=0 k=L3n]
(3.15)
so that
S(n,z) <n"*(A(n,z) + B(n, 2)). (3.16)
Lemma 3.3 (Sparse connected graphs) Letn > 3,7 > 0, and t = V3e.
(i) If n®/%z < b, then A(n, z) < Cpn®/?z for some Cp, > 0.
@ii) If & > O, then
1
A(n,z) < Cs exp{(—4 + a)et2z2n3} (3.17)

for some Co > 0.

Proof Since % = 1, we can apply Proposition 3.2 to estimate C(n,n + k). For the
binomial coefficient in (3.11), we use Stirling’s formula, n + k > n,and N = ('2’) =
%n(n — 1) to see that

( N ) Nk 1 ( eN )”*k 1 (e(n—l))"+k
< < < —— . (3.18)
n+k (n+k)! " Anxk\n+k \n 2

Then, by extending the sum to run over all £ > 0, we obtain

1 1
EA(n’Z) = Z C(n,n+k)z*

k k)2 o k
< Z en)"™ (2)" (2n\ " Feny L (e’
T opn- 2\/_ el \ 3k - kk2\ 243 )7

k=0
(3.19)
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which converges for all z > 0.

(i) If n3/27 < b then the series on the right-hand side is bounded by a constant Cp, as
required.

(i1) We set x = 6’2" \é and use the asymptotic formula [16, Lemma 4.1(i)]

o 1
=X ~ e xe2[€ ’ asx — oo .
kk/2 k 4 -1\1/2, 5-x (3 20)
k=0

to get a bound for large x. For smaller x > 0, we simply bound by a constant. The
desired result then follows by absorbing the prefactor of (3.20) and another factor of
n®2z = const x into the exponential. This completes the proof. [

Lemma 3.4 (Dense connected graphs) Letn > 3 and z < . Then B(n, z) < z2.

Proof Letv = [n/2] > 1. The crude bound (3.13) gives

o)

Nn+k 1+v NV R

_Zz Z(Nz)k—vw

T2 (n+v)! = (n+k)!

B(n,z) <

Z1+v Nn+v

o] NZ m
-2 (n+y)!r;)(n+y) ) (3.21)

since (n + k)! > (n + v)!(n + v)*=”. Note that by our hypothesis

IN

N lo(n-1)z -1 1 1
L2 (1 )1 nn-l 1.1 (3.22)
n+v n+(§n—§) 3n—-3 3 e

so the geometric series in (3.21) is bounded by a constant. For the prefactor in (3.21),
sincel +v >2andz < % by hypothesis, we have

=2l < §Z2(3)Vn1_". (3.23)

Also, using N = %n(n — 1) and Stirling’s formula,

(n+ V)~ (e T n (3.24)

NIV y [%n(n ) G at (e)n+V(n - 1)n+
2

n+vy

1

Since 7+, %, together we obtain

1+v n+v
z N 2(3)V 5/2(6)“" 2 5/2(6)"
<22 A ). 3.25
2 mrny >\ 3 S (3.25)

It follows that B(n, z) < 22 supn23{n5/2(e/3)"}, and the proof is complete since ¢ <
3. ]
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3.3 Proof for connected subgraphs

Proof of Theorem 1.1 for connected subgraphs Fixs € Randlet p = 1 + sV~1/2,
We assume V is large enough so that p < 3. As discussed around (1.21), it suffices to

prove

Jim VVAAy (14 sV %) = 0. (3.26)

By the definition of Ay in (1.19) and by (3.16),

v o
Av(p) < Z(X::)(%) 1n"_l(A(n,%) +B(n,%)). (3.27)

We write the part of the upper bound (3.27) that contains A, B as Ag,A), Ai,B) respec-
tively.

We start with Ai,B) and use Lemma 3.4 to bound B. Let z = p/(eV).Sincen <V
and p < 3 (for large V), we have nz < p/e < 3/e, so Lemma 3.4 applies and gives
B(n,z) < V72 Then, by comparing to )((/ in (1.14), we find that

AP (p) V7 (p). (3.28)
For Ai/A), we claim that if both b > 1 and V are sufficiently large, then
AN (p) < VAL (p) + Cb™ 12V, (3.29)
Since we already know that Y-l X(/ converges, (3.29) implies that

(A) (B)
AV + AV

ci S C,b™ 112 (3.30)

. Ay .
< — <
0= lipsup s = fnse

for all b sufficiently large. But Ay does not depend on b, so by taking the limit b — oo,
we obtain (3.26), as desired.

It remains to prove (3.29). We divide the sum defining Ai,A) into two parts
Ag,l) s Ag/z)’ which sum over # in the intervals [3, b\/\_/], (b\/‘_/, V] respectively.

For Ag,l), we have n < bV2 s0 n*%z = n32p/(eV) < ¢, V™4, s0 we can apply
Lemma 3.3(i) to obtain A(n,z) < Cl'7n3/zz < CpV~4. With the formula for ,\/{, in
(1.14), this gives

N V1 11y p e
AD < vt (—) =12 o, v (). 331
v <G ,Z; o1 oy) =GV () (3.31)

This provides the first term on the right-hand side of (3.29).
For Ai,z), we use 7 = p/(eV) and Lemma 3.3(ii) to see that

1
A(n,z) < Cg exp{(ﬁ + a)e_1t2p2n3/V2}, (3.32)
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Since t = V3e, we have ie’lt2 = % By choosing € small, and by using p = 1 +
sV~12 - 1asV — oo, for V sufficiently large (depending only on &, s) we have
1n
A(n,z) <C, eXP{EW}' (3.33)

For these values of V, we thus have

v —1/2\n-1 3
V-1\({1+sV 1
AP+ g Y ( )(S_) nn-lexp{_%}, (3.34)

-1 Vv 5
i n e
We now follow the argument used for X{,S) of trees in the paragraph containing (2.11).
Using (‘/—32 < "—VZ and Lemma 2.1 with y = % and k = % - % > 0, we find that if b is
sufficiently large then
v 1_1y,2 1
AP (1 +sv12 < Z e~ GV sV < 0 pTIR2YYA L (3.35)
n=[b\VV] "

This gives the second term on the right-hand side of (3.29) and concludes the proof.
|

Proof of Theorem 1.2 for connected subgraphs As noted at (1.20), it suffices to
prove that Ay o(1+sV~'/2) — Oforall s > 0. We write p = 1+5sV~'/? and follow the
proof of Theorem 1.1. Compared to Ay for the susceptibility, there is one less factor
nin Ay o, so instead of (3.27) we now have

v .
Avo(p) <) (Z: 11)(%) ln"_Z(A(n, %) + B(n, %)). (3.36)
n=3

As in (3.28), the contribution from B obeys
AP (p) S V3Gl o(p) < V72, (3.37)

so it vanishes in the limit. For AS)O(p), the same bound on A that was used in (3.31)
now gives Ai,l)o(p) < CpV 4Gy o(p). For Ai/z)o(p), in (3.35) we now have an extra

factor n in the denominator, so Lemma 2.1 with y = % gives

\4
- Ay U _ _
AT+ g Y erlamon /Vme“'"/WSCMb Sy=l4 (3.38)
n=[byV]
Altogether, we have Ay o(p) < V~'/4 — 0, and the proof is complete. [
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