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ON THE COMMUTATIVITY OF
TORSION FREE RINGS

EVAGELOS PSOMOPOULOS

If R is (n(n-l)/2)-torsion free ring with 1 and satisfies

the identity (xy) = x y , then R is commutative provided

that n = kk .

A theorem of Bel I [2] states that if a ring R with identity 1 is

n nn-tors ion free and s a t i s f i e s the two i d e n t i t i e s (xy) = x y and

n+1 x y , then R i s commutative. In [ / ] Abu-Khuzam proved(xy)

that if R is n(n-X)-torsion free ring with 1 and satisfies the

identity (xy) = x y , then R is commutative. Recently Kobayashi [4]

has stated the following conjecture: if R is (n(n-l)/2j-torsion free

ring with 1 and satisfies the identity (xy) = x y , then R is

commutative provided that n is even. Considering the ring

R = 0 a 0 : a, b, c € GF(U)

we see that, with n = 6 , R is [n(n-l)/2)-torsion free ring with 1

and satisfies the identity (xy) = x y . Note that R is not

commutative. Therefore, Kobayashi's conjecture is not true in general.
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However, we prove that i f n = kk , then the above conjecture is true.

Namely, we prove the following

THEOREM. Let n be a fixed positive integer. If R is n(2n-l)-

torsion free ring with 1 and satisfies the identity {xy) = x y ,

then R is commutative provided that n is even.

Throughout this note R will be an associative ring with 1 , Z(i?)

the center, N(R) the set of a l l nilpotent elements and C(R) the

commutator ideal of R . As usual we write [x, y] = xy - yx .

We shall use freely the following well known results.

(I) If [as, [x, y]] = 0 , then [x , y] = mx ~ [x, y] for any

positive integer m .

(II) If x [x, y] = 0 for some positive integer m , then

[x, y] = 0 .

We now proceed to prove our theorem.

Proof of the theorem. In hypothesis (xy) = x y replace x by

u x and y by u , where u is an invertible element of R . Then

-2n 2n 2n , -1 >2rc -1 2n
u x u = (u xu) = u x u

which implies

(1) [w , x J = 0 , for all x in R and all invertible

elements u of R .

Let a € N(R) ; then there exists a positive integer p such that

(2) [a , x ] = 0 , for a l l k 2 p , p minimal.

Suppose p > 1 ; then 1 + <r is invertible, and by (l) and (2) we

obtain

r, ri\ P-li2n-l 2w-i , . r_p-l 2n-i

Since i? is (2w-l)-torsion free, we conclude that \fP~ , x ] = 0 which

contradicts the minimality of p . Thus p = 1 and (2) implies
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(3) [a, x2n] = 0 , for a l l x 6 R and a Z N{R) .

Consider the subring S = (x : x € f l ) of R generated by a l l 2nth

powers of elements of R . Then (3) implies N(S) c Z(S) , and by

Hers te in ' s theorem [ 3 ] ,

(h) C{S) c N{S) c Z(S) .

Since (xy) x = x{yx) for all x, y in S , we have

2n 2n 2n 2n
x y x = xy x

r 2n-l 2n-i
x[x , y \x = 0 .

In view of (i) and (h) the last identity implies

(2n-l)x n[x, y "] = 0 , for all x, y in S .

But S i s (2ri- l)- torsion f ree , thus x [re, y J = 0 which, in view of

( I I ) , implies

QCJ i/ ] = 0 , for a l l x, y in S .

Applying ( i ) , in view of (k), to the l a s t iden t i ty we obtain

2ny ~X[x, y] = 0 , for a l l x , y in S .

Since 5 is 7i-torsion free and n i s even, we conclude tha t

y [x, y] = 0 which together with ( i l ) implies

[x, y] = 0 , for a l l x, y in S .

Therefore

2n 2n 2n 2nx y = y x , for a l l x, y in /? .

Then

2n+l 2n+l r 2n 2m f 2n 2ni , ,2« , >2n , ,
x y = x(x y )y = x[y x )y = x(yx) y = (xy) xy = (xy)

that is,

IK\ i \2n+l 2n+l 2n+l „
(5) (xy) = x y , for a l l x, y in /?
Furthermore,
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, ,2n 2n 2n 2n 2n , ,2n
{xy) = x y = y x = iyx)

Since {xy) x = x{yx) = x\xy) , we have

r - ,2w-i r 2n 2nn 2n r 2nn0 = lx, (xy) J = [x, x y J = x [x, y J .

Combining ( I I ) and the l a s t identity we obtain

(6) [x, y ] = 0 , for a l l x, y in i? .

Let u be an inver t ib le element of R . In (5) replace x ~by u x

and j / by w to get

-1 2n+l r -1 i2w+l -2rc-l 2n+l 2n+l
u x u = {u xu) = u x u ;

tha t i s ,

( 7 ) [M , x J = 0 .

Now the same argument we used in ( l ) t o o b t a i n (3) works a l s o in ( 7 ) ,

s i n c e R i s n - t o r s i o n free and n i s even. Thus we can ob ta in

(8) [a , x2n+1] = 0 , for a l l x in R and a in N(R) .

Combining (3) and (8) we see t h a t

a € Z(i?) , for a l l a in N{R) ;

t h a t i s ,

N(R) c Z(R) .

Hence Herstein's theorem [3] implies

(9) C(R) E Z(R) •

F i n a l l y , c o m b i n i n g ( 6 ) , ( 9 ) a n d ( i ) w e o b t a i n

0 = [x, y n] = 2ny "~ [x, y] , for a l l x, y in R .

Since R is n-torsion free and n even, the last identity implies

y lx, y] = 0 which together with (II) yields [x, y] = 0 , for all

x, y in R .

This completes the proof of the theorem.
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