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Abstract

Some inequalities of Jensen type for Arg-square-convex functions of unitary operators in Hilbert spaces
are given.
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1. Introduction

Let (H, (-, -)) be a complex Hilbert space. We recall that the bounded linear operator
U : H — H on the Hilbert space H is unitary if and only if U* = U~

It is well known that (see for instance [4, pages 275-276]) if U is a unitary operator
then there exists a family of projections {E;}aci0.2x), called the spectral family of U,
with the following properties:

(@ E;<E,forO0<A<pu<2nm
(b) Ey=0and E,,; = 1y (the identity operator on H);
(¢c) Epo=E,for0<A<2nm
d U= fOZF et dE;, where the integral is of Riemann—Stieltjes type.
Moreover, if {Fa}icp02- 1s a family of projections satisfying the requirements
(a)—(d) for the operator U, then F, = E, for all A € [0, 27x].

Also, for every continuous complex-valued function f : C(0, 1) — C on the complex

unit circle C(0, 1),
271

fU) = fehdE,,
0
where the integral is taken in the Riemann—Stieltjes sense.
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In particular, we have the equalities

21
fW)x = | fe"dExx,
0

27
fW)x,y) = . fe)d(E x,y)

and

2
HﬂwW=l:WﬂmeW, (L.1)

for any x,y € H.
For z € C\{0} we call the principal value of 1og(z) the complex number

Log(z) := In|z] + i Arg(z),

where 0 < Arg(z) < 2.
We observe that for ¢ € [0, 27r) we have Log(e™) = it.
If we consider the continuous function g : [0,27] — C,

Log(e") =it ift€[0,2n),
g(t) == . .
2mi if t = 2m,

then we can define a bounded linear operator denoted by Log(U) : H — H as follows:

21 21
Log(U)x := f g dEx = f (I dE,x, x € H.
0 0

In what follows we establish some results connecting this operator with the function
of operator f(U) for a class of function we call Arg-square-convex such that a Jensen
type inequality and related results can be derived.

2. The results

The function f : C(0,1) — C will be called Arg-square-convex if the composite
function ¢ : [0, 27r] — [0, o),

WF?WW2 1 €[0,27),

limgor () 7= 2x,

is continuous and convex on [0, 27].

To make the distinction between the value ¢(0) = |f(e)|> = |f(1)]* and the value
©(27) = limy_o._ |f(e™)]>, we write by f.(1) := lim,_,_ f(e*). With this notation,
@(2m) = |f(DP.

The function f, : C(0,1) = C, f.(z) = (Log(z))", where n is a positive integer, is
Arg-square-convex. We have

@n(®) = | (e = |(Log(eM)"* = it = ", t€[0,2n),
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and
@a(2m) = lim [f,(e"P = |fue(DP = 2x)"
For g > % define the function f; : C(0, 1) — [0, o) by f,(z) = |Log(z)|?. We have
0q(D) = 1 fy (e = ILog(eP = |if* = £*, 1€ [0,2nm),

and
$g2m) = lim |fo(e") = fe(DF = @m)*.

The function f; for g > % is an Arg-square-convex function.
If g:[0,27] — [0, 00) is continuous and convex on [0, 27], then the composite
function f : C(0, 1) — [0, co) defined by

f(@) := (g(ILog(z)))""*

is an Arg-square-convex function on C(0, 1).
The following Jensen’s type result holds.

TueorEM 2.1. Let U € B(H) be a unitary operator on the Hilbert space H and
f:C(0,1) - C an Arg-square-convex function on C(0, 1). Then

(If(l)I2(<(27T1H ~ [Log(U))x, x)) + Ife(DIP{|Log(U)lx, X))”2

2w
> [|f(U)x| > |f(eoe V32,

2.1

for any x € H, ||x|| = 1, where f.(1) := lim,_o,_ f(€").

Proor. Since f is continuous on C(0, 1) and U is a unitary operator, then, by (1.1),

21 27
||f(U)XI|2=j; If(em)lzdlll‘imlz=f0 |f(e") d(E,x, x)

for any x € H, ||x|| = 1, where {E} 1¢[0.2+] 1 the spectral family of U.

Now, since |f(e")|> is continuous convex on [0, 27x], then, by Jensen’s
integral inequality for the Riemann—Stieltjes integral with monotonic nondecreasing
integrators,

2

2 . 2
If(e™)* d(Ex, x) Ad{(E x, x)
= e )
fo d{E x, x) fo d{(E x, x)

forany x € H, ||x|| = 1.
Since

(2.2)

21
f d(E,x,x) = ||xl* = 1
0
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and
27

27
() d{E x, x) = f Log(e™) d(E;x, x) = (Log Ux, x)
0 0

for any x € H, ||x|| = 1, then we get from (2.2) the second inequality in (2.1).
Now, if ¢ : [a, b] — R is a convex function on [a, b] then for any A € [a, b] we have
the inequality
(b = Dp(a) + (2 — a)p(b)
b—-a

> ().

If we write this inequality for the continuous convex function ¢(f) = |f(e)|> on the
interval [0, 27], then

Q2r = DI + Af(DI
2w

> |f(eP

for any A € [0, 27].
Integrating on [0, 27] over the monotonic nondecreasing integrator (E,x, x),

|ﬂnmh—ﬁﬂmwmw»ﬂﬁnﬁﬁﬂﬂmxm>

27
i _f @R dCEx, 3
T 0

forany x € H, ||x|| = 1.

. . 2 .
Now observe that the Riemann—Stieltjes integral fo "2 d{Ex, x) exists and can be
written as

21 21
f Ad{E X, x) = f ILog(e™) d(Ex, x) = ([Log(U)lx, x)
0 0
forany x € H, ||x|| = 1.
The proof is complete. O

The following result also holds.

TueorREM 2.2. Let U € B(H) be a unitary operator on the Hilbert space H and
f:C(0,1) » C an Arg-square-convex function on C(0, 1). Then

1 1 2 cl 2 ]
;(w - |f(—1)|2)<(7T1H — [Log(U) — inlnl)x, x)

< If(DP(Qnrly — [Log(U))x, x)) + |f.(D*(|Log(U)lx, x)
- 2w

—WAW%ﬂHﬂmgw—mmmJ»

—llf@a? - 2:3)

1
< -
T

(If(l)l2 +1f(DP
2

forany x € H, ||x|| = 1.
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Proor. First, we recall the following result obtained by the author in [1] that provides
arefinement and a reverse for the weighted Jensen’s discrete inequality:

n

n min (> Zl a(x) -0 2 )

i=

[
N
N

1
< — iCI)(x,-) - (D(— ,'X,') 2.4
A P P ;p (2.4)
1 < 1 <
<nmax (> D 00 - o~ ) )
i€{l,...,n} n 1 n -

where ® : C — R is a convex function defined on the convex subset C of the linear
space X, {x;}ie(1...ny are vectors and {p;}ici1
?:1 Di > 0.

For n = 2 we deduce from (2.4) that

"""" ) are nonnegative numbers with P, :=

2 min{t, 1 — z}(q)(x) er O _ dD(x er y))

< 10(x) + (1 - HO() — O(tx + (1 — £)y)

< 2max{t, 1 — l}(q)(X) er 20 _ q)(x;ry))

for any x,y e C and r € [0, 1].

Now, if ¢ : [a,b] — R is a convex function on [a, b], then, for any A € [a, b],

s o050 o)

2 2
G /1)<p(a; i i/l —a)p(b) o) (2.5)
b—A A—a\[/p(a)+ @) a+b
Szmax{b—a’b—a}( 2 _“”( 2 ))
If we write (2.5) for the continuous convex function ¢(¢) = |f(e)|> on the interval
[0, 27], then
2 2
= min(or 4, 0 LEEEOE )
n 2
< (2n /1)|f(12)| + Al fe(DI F(eD)?
JT
2 2
< l max {27 — A, A}(M _ |f(_1)|2)
Vi 2

for any A € [0, 2x].

Let x € H with ||x]| = 1. Integrating on [0, 27] over the monotonic nondecreasing
integrator (E,x, x),
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2 2 21
l(w - |f(_1)|2) min{27r — A, A} d(E; x, x)
P s 2 0

_OP@r— [ AdEx 0) + 1DP [ AdE .0
L 2n (2.6)
- f F(@)P d(E,x, x)

0

2 2 2
(w iy f(—l)|2) max{27 — A, A} d(E x, x)
0

1
< =

T

and since

271
min{2w — A, A} d{E x, x)
0
21

27
= [ - dE ) = - f = 7l d(Ex, %)
0 0
27 27
=7T—f I/l—ﬂ'ld<E/1x,x)=7r—f lid — in| d{Ex, x)
0 0

21
=n- f ILog(e™) — in| d(Ex, x) = m — {{Log(U) — inly|x, x)
0

=((rly — [Log(U) — inlyl)x, x)

and similarly
27
f max{2mr — A, A} d{E x, x) = {(rlg + [Log(U) — irlg|)x, x), .7

0

then by (2.6)—(2.7) we get the desired result (2.3). O
In the following, an upper bound for the nonnegative difference
ILF)xIP = |feMoe s,

where x € H with ||x|| = 1, is also provided.

Tueorem 2.3. Let U € B(H) be a unitary operator on the Hilbert space H and
f:C(0,1) = C an Arg-square-convex function on C(0, 1). Then

0< ||f(U)X||2 - |f(e<L°g UX,X))|2

1
< - max{{(2r1y — [Log(U)|)x, x), {|Log(U)|x, x)}
P + 1P : 23)
x (P )
P + 1P )
<o B )

forany x € H, ||x|| = 1.
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Proor. By the convexity of the function ¢(f) = |f(e™)|* on the interval [0, 27],
IF AP = [f et

= j; B |f(e™)* d(Ex, x) - 'f(eXP(i fo 2”/161(5% x>))

21
— f |f(el(((27'r—/l)/27r)~0+(/1/27'()271))|2 d(E,{)C, )C>
0

- ' Flexei fo T B 0))

21 -1 , 1 i
Sfo (21 R + SR s, 0

- ' f(exp(i fo A, x)))

P = [T AdE %, x) + (DR [ AdCE,x, %)
a 2r

- ' f(exp(i fo A, x>))

forany x € H, ||x|| = 1.

2

2

(2.9)

2

2

Applying the second inequality from (2.5) for the convex function ¢(f) = |f(e™)?
on the interval [0, 2] and for the intermediate point f02” Ad{E x, x) € [0,2r] we can
write that

2 2 2 2
F(DIFQr =}~ Ad{Ex, x)) + | fe(D)] fo Ad{E)x, x)
2w

2 2
- ‘ f(exp(i fo Ad(E x. x)))
(2.10)
2 [T AdExx) [T Ad(Ex, x)
<2 max{ 2n ’ 2n }
IF(DI? + £ 2
x (L 1)

forany x € H, ||x|| = 1.

Since, as above,
2
f Ad(E;x, x) = (Log(U)lx, x),
0

for any x € H, ||x|| = 1, then we deduce from (2.9) and (2.10) the desired result
(2.8). O
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3. Examples

Let U € B(H) be a unitary operator on the Hilbert space H. Then, for a natural
numbern > 1,

Q)Y (Log(U)lx, 1)'/* > [I(Log(U))" |
> |In [{(Log Ux, x)| + i Arg({Log Ux, x))|",

for any x € H, ||x|| = 1. This follows from (2.1) applied for the function f, : C(0, 1) —
C, fu(2) = (Log(2))".

If we apply the same inequality for f, : C(0, 1) — [0, o), f,(z) = [Log(z)|%, then
Qn)*([Log(U)lx, x)'/* > || [Log(U)|"]|
> |In [{Log Ux, x)| + i Arg({Log Ux, x))|%,
forany x € H, ||x||=1and g > %
Now, if we use the inequality (2.3) for the function f,(z) = (Log(z))", then
@' = Dr*" (w1 = ILog(U) = inl ), )
< 20" (ILog(U)lx, x) — lI(Log(U))" xII*
< @' = D" N(xly + ILog(U) = inlyl)x, x),
for any x € H, ||x|| = 1, where 7 is a natural number with n > 1.
The same inequality applied for f,(z) = [Log(z)|? provides
%7 = DNl - [Log(U) — inl yl)x, x)
< (2 ([Log(U)x, x) — || [Log(U)|9 x|
< ¥ = D N (xly + [Log(U) — inl gl)x, x),
forany x € H, ||x|| =1 and g > %
Finally, if we use the first inequality from (2.8), we also get
0 < [I(Log(U))"xl[* = [In KLog Ux, x)| + i Arg((Log Ux, x))"
< (2" = Dr*" " max{((2x 1y — [Log(U)|)x, x), {[Log(U)lx, x)}
S 2(22!171 _ 1)71_2}1
for any x € H, ||x|| = 1, where n is a natural number with n > 1.
If g > 1, then
0 < [[[Log(U)*x|* — In KLog Ux, x)| + i Arg((Log Ux, x))[**
< (2" = Dr*™ max{((27 1y — [Log(U)|)x, x), {[Log(U)|x, x)}

<202%7 ' — 1)p*

for any x € H, ||x|| = 1.
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If g:[0,27] — [0, o0) is continuous and convex on [0, 2r], then the composite
function f : C(0, 1) — [0, o0) defined by

f@ := (g(ILog(x))'?

is an Arg-square-convex function on C(0, 1).
As examples of such functions we have

fa(2) := exp(a|Log(2)));

these are Arg-square-convex functions on C(0, 1) for any real number « # 0.

We also notice that the functions f,,, : C(0,1) — C, f,.(z) = Z"(Log(z))", where
m # 0 is an integer and # is a positive integer, are Arg-square-convex functions.

The reader may apply the above inequalities for these functions as well; the details
are omitted here.

For Jensen’s type inequalities for functions of selfadjoint operators see the recent
book [2]. For related results, see [3].
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