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( r e c e i v e d August 2 5 , 1959) 

In th i s p a p e r an unsuccess fu l a t t emp t to c lass i fy p r i m e -
power g roups i s d e s c r i b e d . The a t t empt cons i s t ed in combining 
s o m e i d e a s of P . Hall and O. N . Go lov in . 

Golovin [2] defined ni lpotent p roduc t s of g roups and showed 
that e v e r y ni lpotent g roup i s a fac tor g roup of a n i lpotent p roduc t 
of c y c l i c g r o u p s , 

DEFINITION. Le t F be the f ree p roduc t of the cyl ic g roups 
A i , F^F, F n + 1 = ( F n , F ) = l u - V i u v | u é F n , v e F } ; 

t h e n the (n-2)nd ni lpotent p roduc t of the A'x i s F / F n (Golovin, [2] ) . 

Le t "n i lpotent p roduc t of cycl ic g r o u p s " be a b b r e v i a t e d 
n p c g . 

Hall [5] defined an equiva lence r e l a t i o n among groups ca l led 
i s o c l i n i s r n . Hal l hoped tha t t h i s equiva lence r e l a t i o n might p rove 
useful in c lass i fy ing non -Abe l i an p r i m e - p o w e r g r o u p s . (All 
Abe l i an g roups a r e i s o c l i n i c to {1}.) 

DEFINITION. L e t G,G} be two groups with c e n t e r s Z ,Z* 

r e s p e c t i v e l y , L e t H = ( G , G ) = { g ^ g ^ g l S z l Si 6 G ) ' 

H ! = ( G ' , G J ) . Then a c c o r d i n g to Hall [5] , G i s i soc l in i c to G1 if 

1) G / Z ^ G ! / Z ! (= d e s i g n a t e s " i s i s o m o r p h i c t o " ) , 
2) H = H 1 , 
3) the i s o m o r p h i s m s of 1) and 2) can be s e l ec t ed in such 

a way that w h e n e v e r a Z and bZ c o r r e s p o n d r e s p e c t i v e l y to a*Z ! 

and b ' Z 1 unde r 1), t h e n ( a ,b ) = a"^b"^ab c o r r e s p o n d s to ( a ! , b f ) 
under 2 ) . 

The fol lowing specu l a t i on o c c u r r e d to the a u t h o r , 

PROPOSITION. -Every finite ni lpotent g roup i s i soc l i n i c to 
an n p c g . 

Can . M a t h . B u l l , v o l . 3 , n o . l , J a n . I960 

27 

https://doi.org/10.4153/CMB-1960-006-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1960-006-5


T h i s p r o p o s i t i o n a p p e a r e d p l a u s i b l e b e c a u s e t he two n o n -
A b e l i a n g r o u p s of o r d e r p 3 , p ^ 3 and s i x g r o u p s of o r d e r p ^ 
a r e i s o c l i n i c to e a c h o t h e r , and one of t h e m i s a n n p c g , the f i r s t 
n i lpo ten t p r o d u c t of two cyc l i c g r o u p s of o r d e r p . It would be 
d e s i r a b l e for t he p r o p o s i t i o n to be t r u e b e c a u s e 

1) n p c g s can be def ined i n a s i m p l e way; 
2) a unique d e c o m p o s i t i o n t h e o r e m ho lds for n p c g s ( [4] , 

2 . 1, of which a s i m p l e r proof a p p e a r s in [7] , T h e o r e m 6 .14) ; 
3) i s o c l i n i c g r o u p s have s i m i l a r s t r u c t u r e s . 

Unfo r tuna te ly t h i s p r o p o s i t i o n i s f a l se a s shown by the 
fol lowing t h e o r e m . 

T H E O R E M . T h e r e e x i s t s a g r o u p of o r d e r p 4 , p ^ 3 which 
i s not i s o c l i n i c to an n p c g . In p a r t i c u l a r , l e t 

G = { a , b , c I a P 2 = b P = c P = 1, b~ X ab = a** 1 , c " 1 a c = a b , c ^ b c - b ] 

G i s not i s o c l i n i c to an n p c g . 

The proof of t h i s t h e o r e m fol lows f r o m the fo l lowing. 
(Hence fo r th , G s t a n d s for the g r o u p a p p e a r i n g in the s t a t e m e n t 
of the t h e o r e m , ) 

1) I s o c l i n i c g r o u p s have the s a m e c l a s s of n i lpo tency ; 
(Ha l l , [5] ) i . e . , l e t K be any g r o u p and l e t K^=K, 
K ^ i - ( K - . K ) = { u - * v - l u v | u e K n , v € K } . If K C * { l h 
Kc+1 = ( i J » t hen the c l a s s of n i lpo tency of K i s c . A b e l i a n 
g r o u p s a r e of c l a s s 1. 

2) G3 ^ {l} , G4 = {l} ; i . e . , G i s of c l a s s 3 (of n i lpotency)* 
( II] p . 145; G i s g r o u p (x i ) . ) 

3) The only npcgs which m i g h t be i s o c l i n i c to G a r e second 
n i lpo ten t p r o d u c t s . The s m a l l e s t p r i m e p o w e r g r o u p , p ^ 3 , of 
t h i s type i s t he second n i lpo ten t p r o d u c t to two cyc l i c g r o u p s of 
o r d e r p . I t s o r d e r i s p5 ( see l e m m a be low) . I t s c e n t e r i s con
t a i n e d i n i t s c o m m u t a t o r s u b g r o u p and hence i t s o r d e r i s m i n i m a l 
a m o n g g r o u p s i s o c l i n i c to i t (Hal l , [5] ) . Since G i s of o r d e r p 4 , 
and a l s o m i n i m a l a m o n g i t s i s o c l i n i c " b r o t h e r s " , i t cannot be 
i s o c l i n i c to a n n p c g . 
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L E M M A . L e t A = {a} , B = {b} , aP = b P = 1, p a p r i m e > 3 . 
L e t F = A*B be the f ree p roduc t of A and B , H = ( A * B ) / F 4 = A(2)B 
(the second n i lpotent p roduc t of A and B ) . Then H i s of o r d e r p5 
and e v e r y e l e m e n t of H can be uniquely e x p r e s s e d a s 

(1) a * b P ( a , b ) * ( ( a , b ) , a ) g ( ( a , b ) , b ) £ 

w h e r e oc, j3, ^ , £, e a r e i n t e g e r s modulo p . 

P roof . (This l e m m a i s a spec ia l c a s e of t h e o r e m 1 of [9l . ) 

A c c o r d i n g to [6] , 

( ( a , b ) , b ) P s ( ( a , b ) , a ) P s ( ( a P , b ) , a ) s 1 modulo F 4 . 

A c c o r d i n g to a l e m m a of [8] , 

(aP,b) s ( a , b ) P ( ( a , b ) , a r ? i f = 1 modulo F 4 . 

Hence (a ,b ) i s of o r d e r p in H, and e v e r y e l emen t of H can be 
e x p r e s s e d in the f o r m (1). If (1) i s unique, the l e m m a i s t r u e . 
To show th i s , c o n s i d e r two e l e m e n t s of fo rm (1) : 

X - a * 1 b P l ( a . b ) * 1 ( ( a . b ) . a ) X ( ( a , b ) , b ) € l 

Y = a * 2 J 2 ( a , b ) ^ 2 ( ( a . b ) . b ) 2 ( ( a , b ) , b ) S z 

If 

then 

Y = Z = a ^ b ^ ( a , b ) ^ 3 ( ( a , b ) , a ) 3 ( ( a , b ) , b f 3 

* 3 = " l + «2 

?3= Pl+ h 

(2) 7s= 7i+ 7 2 - Pi "2 

i3= S1+ S2+ Yi«2-Pi<?) 

g3= e 1 + £2 - oc2(fi)+ yifc-«zhh • 

C o n s i d e r the se t K cons i s t i ng of 5 - tup les (u , S ,' *̂ >, 6 , £ ) w h e r e 

<x, 6 , y , S , £ a r e i n t e g e r s modu lo p , and if M = (°^i»^»i*"yi* ^ 1 * £ l ) 

and N = ( < x 2 , @ 2 , ^ 2 , k 2 , £ 2 ) e K , then M ' N = (c<3, ( 3 3 , *jf3, o 3 , £ 3) 

i s g iven by (2 ) . K f o r m s a g r o u p with ( 0 , 0 , 0 , 0 , 0 ) a s the iden t i ty . 
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That K is isomorphic to H follows from the fact that K4 contains 
only ( 0 , 0 , 0 , 0 , 0 ) . This is sufficient to prove the L e m m a . 

REMARK. Another difficulty of combining Hall !s classif ica
tion scheme with Golovin!s npcgs is that some npcgs a re isoclinic 
to each other, e . g . , if A and B a r e cyclic groups of order p , and 
C is the cylic group of order p2, then A(1)B (the f irst nilpotent 
product of A and B) is isoclinic to A(1)C [3] . Hence even if every 
finite nilpotent group were isoclinic to an npcg, the npcgs do not 
form a system of distinct ncanonical n groups . 

The author thanks R. Ree for helpful c r i t i c i sms while p r e 
paring this paper . 
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