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QUASI-REGULAR DIRICHLET FORMS:
EXAMPLES AND COUNTEREXAMPLES

MICHAEL ROCKNER AND BYRON SCHMULAND

ABSTRACT.  We prove some new results on quasi-regular Dirichlet forms. These
include results on perturbations of Dirichlet forms, change of speed measure, and tight-
ness. The tightness implies the existence of an associated right continuous strong
Markov process. We also discuss applications to a number of examples including cases
with possibly degenerate (sub)-elliptic part, diffusions on loop spaces, and certain Fleming-
Viot processes.

0. Introduction. The purpose of this paper is to bring together some new results
on quasi-regular Dirichlet forms that were obtained recently. In Section | we start with
some examples of semi-Dirichlet forms on an open subset of R¢ with possibly degenerate
(sub)-elliptic part. Our treatment of these forms extends some of the results in [Str 88].
Subsequently, we consider perturbations of Dirichlet forms by smooth measures, along
the lines of [AM 91b], and also look at the effect of changing the underlying speed mea-
sure (cf. Section 2). In Section 3 we extend our earlier results on tightness to a more
general class of Dirichlet forms which consist of a “square field operator”-type form
perturbed by a jump and killing term. As a consequence one can construct an associ-
ated (special) standard process on the basis of the general theory in [MR 92]. We give
several applications in Section 4, i.e., construct diffusions on Banach spaces and loop
spaces, and also construct certain Fleming-Viot processes (which are measure-valued).
We note that in the Section 1 we look at semi-Dirichlet forms, but afterwards we restrict
ourselves to Dirichlet forms (see Definition 0.3 below for the difference). The reason is
that we will sometimes use Ancona’s result (see Remark 0.4) and it is not known if this
result extends to semi-Dirichlet forms. Many of the results for Dirichlet forms do carry
over to semi-Dirichlet forms, we refer the interested reader to [MOR 93].

Until recently, the general theory of Dirichlet forms had been restricted to the case
where the underlying space is locally compact. In M. Fukushima’s book [F 80], which is
the standard reference in the area, the local compactness is used throughout and is crucial
in the construction of the associated Markov processes. Fukushima assumes that E is a
locally compact, separable metric space and that m is a positive Radon measure on B(E)
with full support. He then constructs a Markov process, indeed a Hunt process, associated
to any regular Dirichlet form (’E, D(E)) on L*(E;m) (cf. below for definitions) where
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regularity means
0. 1) D(E)NCy(E) is ‘E:/z-dense in D(‘E), and is uniformly dense in C(F).

Here Cy(E) is the space of continuous real-valued functions with compact support.

Now the local compactness assumption, of course, eliminates the possibility of using
Fukushima’s theory in the study of infinite-dimensional processes. Nevertheless, in the
years since the publication of [F 80] several authors (cf. e.g. [AH-K 75, 77a,b], [Ku 82],
[AR 89, 91], [S 90] and see also the reference list in [MR 92]) have been able to modify
Fukushima’s construction in special cases and obtain processes in infinite-dimensional
state spaces. Recently a more general framework in which such constructions are possible
has been developed. This is the theory of (non-symmetric) quasi-regular Dirichlet forms,
which are defined below. The fundamental existence result in this framework is found in
[MR 92; Chapter IV, Theorem 6.7] and it says the following:

THEOREM 0.1.  Let E be a metrizable Lusin space. Then a Dirichlet form (’E l)(’E))
on L*(E;m) is quasi-regular if and only if there exists a pair (M, M) of normal, right
continuous, strong Markov processes associated with (‘E, D(‘E)).

This says that the class of quasi-regular Dirichlet forms is the correct setting for the
study of those forms associated with nice Markov processes.Z. M. Ma, L. Overbeck, and
M. Rockner [MOR 93] have recently proved a one-sided version of the existence result
for quasi-regular semi-Dirichlet forms; see Definition 0.3 below. In this case we do not
get a pair of processes but only the process M.

In order to explain what a quasi-regular Dirichlet form is we first need some prepa-
ration. For a detailed exposition we refer the reader to [AMR 93a] and, in particular, to
the monograph [MR 92].

Let E be a Hausdorff topological space, and B(E) be the Borel sets in E. Fix a positive,
o-finite measure m on B(E).

DEFINITION 0.2, A pair (Z, D('E)) is called a coercive closed form on (real) LX2(E;m)
if D(‘E) is a dense linear subspace of L2(E;m) and if ‘E: D(E) x D(E) — R is a bilinear
form such that the following conditions hold:

(1) E(u,u) > 0forall u € D(E).
(i) D(‘E) is a Hilbert space when equipped with the inner product Ei(u,v) =
(/2 Eu,v) + EGv, )} + (U, V)12 (-
(iii) (‘E| R D(’E)) satisfies the sector condition, i.e., there exists a constant K > 0 such
that |'Ey (u, v)| < KEy(u, 1) 1> Ey (v, W!'/2 for all u,v € D(E).
Here and henceforth, E,(u, v) := E(u, v)+ou, vz, for o > 0, and E(u) := E(u, u).
For the one-to-one correspondence between coercive closed forms, their generators, re-
solvents, and semigroups we refer to [MR 92; Chapter I].

DEFINITION 0.3. A coercive closed form (‘E D(‘Z)) on L3(E;m) is called a semi-
Dirichlet form (cf. [CaMe 75], [MOR 93)) if it has the following (unit) contraction prop-
erty: for all u € D(‘E), we have u* A 1 € D(‘E) and

0.2) Fu+u" ANu—u"N1)>0.
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If, in addition, E(u — u* A Lu+u* A1) > 0, then (E, D(E)) is called a Dirichlet form.

REMARK 0.4. Ify: R — Rsatisfies (0) = O and [(1)—(s)| < |t—s|forallt,s € R,
then v is called a normal contraction. Ancona [An 76] has shown that if (Z D(f)) is
a Dirichlet form and v is a normal contraction, then the mapping « — 1)(u) is strongly
continuous on the Hilbert space (D(f), f.). It follows easily that this conclusion also
holds if 1 is a function with a bounded first derivative and 1(0) = 0.

DEFINITION 0.5.  Let (‘E, D(Z)) be a semi-Dirichlet form on L2(E; m).
(i) For a closed subset F C FE we define

(0.3) D(E)r:={u € D(E) | u=0m-ae.onE\ F}.

Note that D(‘E)r is a closed subspace of D(‘E).

(i) An increasing sequence (Fy)ien Of closed subsets of E is called an E-nest if
Uk>1 D(E)y, is @:/z-dense in D(‘E).

(iii) A subsetN C E'is called E-exceptional if N C (> F} for some E-nest (Fy )ien-
A property of points in E holds E-quasi-everywhere (abbreviated E-q.e.), if the
property holds outside some ‘E-exceptional set. It can be seen that every E-
exceptional set has m-measure zero.

(iv) An ‘E-q.e. defined function f: E — R is called ‘E-quasi-continuous if there exists
an E-nest (Fy)ren 0 that f|g, is continuous for each k € N.

(v) Letf.,f,, n € N, be E-q.e. defined functions on E. We say that (f,,),en converges
‘E-quasi-uniformly to f if there exists an E-nest (Fy)ten such that f, — f uni-
formly on each Fy.

We shall use the following result throughout this paper (cf. [MR 92; Chapter III, Propo-
sition 3.5] and [MOR; Proposition 2.18]).

LEMMA 0.6.  Let (E.D(E)) be a semi-Dirichlet form on L*(E;m). Let u, € D(E),
which have ‘E-quasi-continuous m-versions iiy,n € N, such that u, — u € D(‘E) with
respect to ‘f:/ 2 Then there exists a subsequence (u, )ken and an ‘E-quasi-continuous
m-version ii of u so that (ii,, Jren converges ‘E-quasi-uniformly to ii.

We are now able to define a quasi-regular semi-Dirichlet form.

DEFINITION 0.7. A semi-Dirichlet form (E, D(E)) on L*(E;m) is called quasi-

regular if:

(QR1) There exists an ‘E-nest (Fy)ren consisting of compact sets.

(QR2) There exists an ‘f:/z-dense subset of D(E) whose elements have E-quasi-
continuous m-versions.

(QR3) There existu, € D(E),n € N, having ‘E-quasi-continuous m-versions ii,,n € N,
and an E-exceptional set N C E such that {i, | n € N} separates the points of
E\N.

REMARK 0.8. Let (‘E, D(‘E)) be a quasi-regular semi-Dirichlet form.
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(i) By [MOR 93; Proposition 3.6] (¢f. [MR 92; Chapter IV, Remark 3.2(iii)]) the
compact sets Fy in (QR1) can always be chosen to be metrizable.

(il) (QR2) implies that every u € D(‘E) has an ‘E-quasi-continuous m-version i.
Henceforth, for any subset D of D(E) we will use D to denote the set of all -
quasi-continuous m-versions of elements of D. That is, D = {ii | u € D}.

(iii) By [MOR 93; Proposition 2.18(ii)] (¢f. [MR 92; Chapter III, Proposition 3.6])
there exists an E-nest (Fy)ren such that m(F;) < oo for each k. Using this and
[Bou 74; Chapter IX, Section 6, Definition 9, Théoreme 6 and Proposition 10]
we can prove that m is inner regular on B(E), i.e., m(B) = sup{m(K) | K C B
and K is compact} for all B € B(E).

(iv) We define the symmetric part of (‘E, D(‘E)) by setting F(u,v) =
HEW,v) + E(v,u)} for u,v € D(E). If (E,D(E)) is a Dirichlet form, then
(@, D(‘Z)) is also a Dirichlet form. We notice that the definitions of E-nest, E-
quasi-continuity and quasi-regularity only depend on E through its symmetric
part E.

(v) The property (QR1) is equivalent (see [MR92; Chapter III, Theorem 2.11] and
[MOR 93; Theorem 2.14]) to the tightness of an associated capacity and is ab-
solutely vital in the construction of an associated Markov process (see [LR 92],
[RS 92], [MOR 93]). In this paper we will not use the notion of capacity, instead
we will stick with the equivalent “nest” formulation.

The new concept of a quasi-regular semi-Dirichlet form includes the classical concept

of a regular semi-Dirichlet form, this follows from the next proposition (c¢f. [MR 92;
Chapter 1V, Example 4a]). We repeat the proof here for the convenience of the reader.

PROPOSITION 0.9.  Assume E is a locally compact, separable, metric space and m
is a positive Radon measure on ‘B(E). If (f, D(Z)) is a regular semi-Dirichlet form on
L*(E;m) (see (0.1)), then (‘Z, D(TE)) is quasi-regular.

PROOF. We only show (QR1), as (QR2) and (QR3) are easy exercises. By the topo-
logical assumptions on E, we may write E = |2, Fy, where (Fy)ien Is an increasing
sequence of compact sets in E so that F is contained in the interior of Fy, forall k > 1.
It is then easy to see that

0.4) Co(EYND(E) € | D(E)r,,
k=1

which concludes the proof. L]

REMARK 0.10. The first example in Section 5 is a Dirichlet form that satisfies (0.1),
but is not quasi-regular. The space E is this example is a separable, compact, non-metriz-
able Hausdorft space.
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1. Degenerate semi-Dirichlet forms in finite dimensions. The purpose of this sec-
tion is to generalize the standard class of examples of semi-Dirichlet forms on an open
(not necessarily bounded) set U C R?, d > 3 (¢f. [MR 92; Chapter II, Subsection 2d)]).
In particular, we want to allow sub-elliptic, possibly degenerate diffusion parts. We need
some preparzitions. We adopt the terminology of Chapters I and II from [MR 92].

Let 0,p € L} (U;dx), o,p > Odx-a.e. where dx denotes Lebesgue measure. The
following symmetric form will serve as a “reference form”. Set for u,v € C°(U) (:= all
infinitely differentiable functions with compact support in U)

ou Jv
(1.1 Eyu,v) = ,JZI/B ap
Assume that
(1.2) (‘Ep, C?)O(U)) is closable on LZ(U; odx).

REMARK 1.1. A sufficient condition for (1.2) to hold is that p, o satisfy Hamza'’s
condition (see [MR 92; Chapter II, Subsection 2a)]). We recall that a B(U)-measurable
function f: U — [0, 00) satisfies Hamza’s condition if for dx-a.e. x € U, f(x) > 0 implies
that for some € > 0

(1.3) /{_\‘:||,\'~x”§f}<f(y))_l dy <o

where we set § := +00 and || - | denotes Euclidean distance in R?. In particular, o, p may
have zeros, and (1.2) holds if, for example, o, p are lower semi-continuous. However,
there is also a generalized version, a kind of “Hamza condition on rays”, which, if it is
fulfilled for o, p, also implies (1.2) (¢f. [AR 90; (5.7)] and [AR 91; Theorem 2.4]). In
particular, if o, p are weakly differentiable then (1.2) holds.

Now let a;j, b, di, c € L,'OC(U; dx), 1 <1i,j <d, and define for u,v € C5°(U)

ou v ou
-, E(u,v) = ,szl/ a,j dx + Z /avbidx

+;/M8_)‘:, d,-dx+/uvcdx.

Then (E, C3°(U)) is a densely defined bilinear form on L*(U; 0dx). Set ai = i:(a,-j +aj;),
a;j = %(a,»j —aj), b= (by,...,by), and d := (d,,...,d;). We define F to be the set of
all functions g € Ll'oc(U; dx) such that the distributional derivatives g—f’ 1 <i<d, arein
L} .(U;dx) such that | Vg||(go)~"/% € L®(U;dx) or | Vg|P(g"' o/ /? € LUU;dx)
for some p, q € [1, 00] with 117 + é = 1, p < 00. We say that a B(U)-measurable function
f has property (A,,) if one of the following conditions holds:

(i) flpo)~ /% € L®(U; dx)

(i) fP(p’* o?/4)~112 € L4(U; dx) for some p, g € [1,00] with s+ =1,p<ooand

pEF.
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THEOREM 1.2.  Suppose that
(1.5) ||§||2 = Zd L a;&i& > p]|§||2 dx-a.e. forall § = (§i,....8q) € R
(1.6) a;p~ Le L”(U;dx).
(1.7) Forall K C U, K compact 1kl|b + d|| and lkc"/2 have property (A, ), and
(¢ + ago)dx — Z m is a positive measure on ‘B(U) for some oy € (0, 00).
(1.8) ||b—d| haspro[)erty (Apo)
(1.9) b= B+ such that ||B]], |1]| € Lj,.(Usdx), (c + ago)dx — S| (a\ is a positive
measure on ‘B(U) and ||| has property (A, ).
Then: a
(i) There exists a € (0, 00) such that (fa, C(O)O(U)) is closable on L*(U; odx) and its

closure (‘E[,,D(‘Z,,)) is a regular semi-Dirichlet form. In particular, the corre-

loc

sponding semigroup (T,);>o is sub-Markovian and there exists a diffusion process
M properly associated with (‘Za, D(ZD,)) (cf. [MR 92; Chapter1V]).

(it) If 8 = 0in (1.9) then & can be taken to be o as givenin (1.7), and (‘E,, [)('E(,)\)
is a regular Dirichlet form. In particular, both corresponding semigroups (T;);>0.
(T))>0 are sub-Markovian and there exists a pair (M, M) of diffusion processes

properly associated with (E. D(Eq)) (cf. [MR 92; Chapter IV]).

REMARK 1.3. (i) Theorem 1.2 extends a result obtained by different techniques by
D. W. Stroock (cf. [Str 88, Theorem II 3.8]) in the strictly elliptic case (p = const) with
o= 1,a; € L®Usdx), 4 =0forl <i,j <d ¥, d=0,and ||| € L®(U;dx).
We emphasize, however, that Stroock’s result in this particular case is sTr()nger than ours
since he even proves the corresponding semigroup to be strongly Feller and to have a
density with respect to Lebesgue measure.

(i) The analytic part of the proof of Theorem 1.2 is quite elementary. One of the
main ingredients is the classical Sobolev Lemma (cf. [Da 89; Theorem 1.7.1]), i.e., if

>\ = (1121‘12;1'3/: s tht‘,n
(l. IO) HM”q = forallu € CSO(U),
Where + 3 =Landforp > 1, || ||, denotes the usual norm in L(U; dx). A part of the

proof Ot Theorem 1.2 is close to the classical one in [St 65] where p = o0 = 1. However
even in this case our proof of the Dirichlet property is quite different and shorter (cf.
[BI 71, (10.7)] for the classical proof), and we need less restrictive assumptions on the
coefficients (namely, e.g. merely ||b]], ||d|| € L{ (U;dx), ¢ € L;:)L“(U dx) instead of
the global integrability conditions in [St 65]). This is mainly due to our more refined
techniques to prove closability which also permit us to take so general ¢ and p.

(iii) We stress that in the situation of Theorem 1.2 we can replace U by a Riemannian
manifold M as long as condition (1.10) or more generally the following inequality holds
for some o > 0

(1.11) el 2, < const][(=A+a)2ull, forallu € (M),

where A is the Laplacian on M. We refer e.g. to [VSC 92] for examples.
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Before we prove Theorem 1.2 we discuss some examples for the function p in (1.1),
(1.5).

EXAMPLES 1.4. (i) Inthe case o = 1 it is easy to check that our conditions allow p
to have zeros of order ||x||*, o > 2.
(ii) Suppose that U = R and that for every K C R, K compact, there exists cx €
(0, 00) such that
d

(1.12) S ag&i€; > ck||€)|)* dx-ae.

ij=1

forall € = (£1,...,&y) € RY (i.e., we have local strict ellipticity). Then there exists a
strictly positive C!-function p satisfying (1.5).

(iii) Suppose U is smooth and let g be a smooth distance function in the sense of
[LM 72]. Define

(1.13) p:=g% a>2.

Then it is easy to check that [|Vp||p~'/? € L™(U; dx).
For the proof of Theorem 1.2 we need two lemmas.

LEMMA 1.5.  Letf be a B(U)-measurable function having property (A, ). Then there
exist 0,1 € (0,00), with ¢ arbitrarily small, such that for all u € C°(U),

(1.14) /fzp_'uzdx < 6]]]Vu”2pdx+7)/uzadx.

PROOF.  The assertion is obviously true in case (A,,)(i). In case (A, ;)(ii) with p, g €
(1,00) we have for all §; € (0, 1) and u € CP(U) that

/7/ q

I,
1.15) 257 P dx < —A+— w’o dx,
( /f p qb
where
(1.16) A= / 2P Pl dx

and where we used that a'/?b'/7 < a/p+b/q for a,b € (0,00). Setting
(1.17) fo=fr(pr ot 12
we obtain by Holder’s inequality with g € (2, 00), }/ + 517 = %, and (1.10) that
A< Rldlle"2ull;
1
2014112 1/2 i 2
(1.18) < NAllE( [ 112V + Sup V| dX)

< Xl (2 [ IVulPpdx+3),
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where

(1.19) B:= /HVszp’]uz dx.

If || Vp||(po) /% is bounded, the assertion obviously follows. If
(1.20) po = Vol (" o 14)=12 e LU dy),

applying what we have proved so far with f := ||Vp|| we obtain for all 6, € (0, 1) and
u € C3°(U) that

6]_)”/‘/1 s 9 B 1 )
(1.21) B < ” ||,00||(1<2./||Vu|| pdx+ —2—) + v /u odx.

Solving for B we get for 6, small enough that

5{;'/(/' 5! 25[7”/(/' 2 2 1 )
1.22 <( _2 2 2 2 2dvt —— [WPody).
(.22 B (1= lll) (2Nl [19ulPpder — [ioar)

and resubstitution in (1.15) and (1.18) yields the assertion. The case where ||Vp||p ' €
L4(U; dx) is similar. If f has property (A, ,)(ii) with p = 1, g = 0o, we have as in (1.18),
since

(123) f: l{/'(pg)'l/lgk}f"‘ﬁx

with f; 1= ]{/‘(pa)' '/3>k}f’ k € N, that
(1.24) /'fzpflu2 dx < 2k* /uzadx+2|[ﬁ\.p7]||2|| V22
. /. e <2k alp b

Noting that by assumption ||fip~'||s — 0 as k — oo, we obtain the assertion also in this
case by the same arguments as before. u
Let (, ) denote the Euclidean inner product on RY.

LEMMA 1.6. Consider the situation of Theorem 1.2. Then for any € € (0, 1) there
exists o € [, 00) such that for all u € C(U),

(1.25) ./|<Vu,§>u| dx < e<‘£a(u,u) - /(Vu,@udx).

PROOF.  We first note that for all u € C3°(U),
(1.26)

Fory (U, 1) — /(Vu, Budx = /||Vu||§dx+ % /[<Vu2,1+c_1> +2(c + ago)u’ | dx
> [ Vul2dx.
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Furthermore, by (1.5) and Lemma 1.5 for all §’,6 € (0,1) and u € ),
1 / 2 1 2 —1 2
J VBl < 5 [(8'p]Vull*+ 5181~ u) ax
1 6
< (8 += 2
< 2((5 +6,)/||Vu|]adx+ /u o dx,

for some 7 € (0, 00). Now the assertion follows by (1.26). ]

(1.27)

PROOF OF THEOREM 1.2. Lete, ar be as in Lemma 1.6. Since € < 1 the positive def-
initeness of (‘Ea, C8°(U)) is obvious by Claim 1.7. To prove closability of (‘Ea, C8°(U))
on L2(U; odx) first note that by Lemma 1.6 for all u € C*(U)

(1.28) (1 +6) " Folit, 1) < Foltt, u) — /<vu,g>udx < (1 =) "Ealu,u).

Hence it suffices to consider the case g = 0. By [MR 92; Chapter II, Subsection 2b)] we
know that if for u,v € C3(U),

du d

(1.29) E(u,v) = Z/ . Va,jdx
ij=1
then (‘£‘7, C8°(U)) is closable on L2(U;odx). Let u be the positive Radon measure on
B(U) defined by
4 9(d; + b;

(1.30) b= 2+ aoye — 3 24t

i=1 Xi

(cf- (1.7), (1.9) and recall that g =0).

CLAM 1.7. Letu, € C3°(U), n € N, with u, — 0 in LX(U;0dx) as n — oo, and
IVu,|| — 0 in L*(U; pdx) as n — oo. Then there exists a subsequence (un )ren with
uy, — 0 p-a.e. as k — oo.

Before we prove the claim, for the convenience of the reader we repeat the (modified)
argument from [MR 92; p. 51] that it implies closability. So, let u,, € C5°(U), n € N such
that u, — 0 in L>(U; odx) as n — 00, and Fg(up — Uy, Uy — Uy) — 0 as n,m — 00.
Then by (1.26), E*(ty — tn, tn — ) — 0 as n,m — 00, and, since (7, CP(U)) is
closable in L>(U; odx), we therefore obtain that E%(u,,, u,) — 0 as n — 0o and by (1.5)
that ||Vu,|| — 0 as n — oo in L*(U; pdx). If (uy )en is as in the claim, Fatou’s lemma
implies that for all n € N

i I
(1.31) Ealttns ) < E* Uy 10) + 3 liminf / (i — ttn)* dps
(cf. (1.26)). Hence

(1.32) Fottn, uy) < h{n inf Eq(u, — Up s Up — M,,‘)
—00

which can be made arbitrarily small for large enough n. Hence (‘Ea, C8°(U)) is closable
on L*(U; odx). To prove the claim, replacing u, by u,v for any v € C*(U), v > 0 we
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may assume that supplu,| C K for some compact set K C U and all n € N. By the
Cauchy-Schwarz inequality we obtain that

1 P Pl
3 /u,‘, dp = /IK<c_l+[2, Vun)u,,dx+/u,“,(c+aa)dx
IVullp'/?

(1.33) ;
<|1xlld+allp" u

5 + ” lK(c+oz<7)u,2,|||.

Using Lemma 1.5 we see that for some 6,7 € (0, 00)
(1.34) 1klld+bllp~" |3 <6 /]|Vu,,||2pa'x+n/u,2,0dx‘
and

(1.35) |1k(c + a0y,

| < 5/||Vu,,||2pdx+(1]+oz)/u,z,adx.

Now the claim follows.

To prove the sector condition of (Z(,, D(‘Ea)) on L2(U; odx) we recall that by [MR 92;
Chapter I, 2.1(iv)] it suffices to show that there exists K € (0, 00) such that for all u, v €
Crw)

(1.36) | B, v)| < KEo(u, 1) 2 Ep(v, v)' /2.

where fa(u, V) = %('Za(u, v) — Eqlv, u)) is the anti-symmerric part of (fa, D(‘E(,)).
But for all u,v € C3°(U)

y d du Jdv
Folu,v)| < — —d;dx + d—b,Vu)v|dx
[Tt < 30 [ 555 bayder [ M

ij=1

KINraE

Y

(1.37) < sup lé (e~ ]| 1 Vullp'/?
Xy

+ | lld = bllp~"/?v

IVullp' 2],

2

By (1.8) and Lemma 1.5 the second summand is dominated by

(1.38) (5 ./||Vv||2pdx+7]/\)2061.)()1/2(/'HVu“zpdx)‘/3.

Hence by (1.5) and (1.6) we can find a constant K’ such that for all u,v € )

2

(1.39) | Fuu,v)| < K'<./||Vu||§cl)c+./uzatbc)l/2 (/[]Vv”f-,dxf/ vzoa’x)l/ ,

which by (1.26) and (1.28) implies (1.36). From the proof we see that « = o if 3 = 0.
The semi-Dirichlet property (resp. the Dirichlet property if 3 = 0), is proved by e—xactly
the same arguments as those on pages 48 and 49 in [MR 92]. The form (‘EO,, D('E(,)) is
by definition regular (i.e., satisfies (0.1)). The semi-Dirichlet property (resp. the Dirichlet
property if 3 = 0), is proved similarly to [MR 92; Chapter I, Proposition 4.7]. We need
that for every e > 0O there exists ¢.:— [—¢, 00[ such that ¢.(r) = ¢ for all r € [0, 00|,
0< o (t))—de(tr) <tr—1tift) < tr, pcou € D('E), SUP,~ E(pe o u, ¢ ou) < 0o and
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limsup,_; E(u+¢.ou,u—¢.ou) > 0. The boundedness sup,, E(pc ou, d.ou) < 00 is
proved by using inequality (1.28) and reducing to the case 3 = 0. The limsup statement
follows from arguing directly as in [MR 92; Chapter 1, Proposition 4.7].

The existence of the corresponding diffusions now follows from [MOR 93; Theo-
rem 3.8] (see also [CaMe 75]) resp. [MR 92; Chapter 1V, Theorem 3.5] and [MR 92;
Chapter V, Theorem 1.5] (see also [O 88] and the references quoted in [MR 92; Chap-
ter IV, Section 7 and Chapter V, Section 3] as well as [AMR 93a,b].) Note that the proof
of Theorem 1.5 in [MR 92; Chapter V| can be carried over to the case of semi-Dirichlet
forms. Now the proof is complete. n

2. Perturbations of a quasi-regular Dirichlet form. We begin with the result
which says that the notion of quasi-regularity is equivalent for two equivalent Dirich-
let forms ‘£’ and E.

PROPOSITION 2.1.  Suppose (‘E D(‘E)) is a Dirichlet form on L>(E;m) and D is an

‘f: 12 dense linear subspace of D('E). Let ‘E' be a positive definite, bilinear form on D
such that for some ¢ > 0

2. 1) (1/e)Ei(u) < ‘Ej(u) < cEy(u), forallu € D.

Then the form (E', D) is closable in L>(E;m) and the closure (‘Z’ ,D(E' )) satisfies (2.1)
on all of D('E') = D(‘E). If for some constant K > 0, we have

2.2) \Elu,v)| < KE2WE*(v).  forallu,ve D,

then (’E’, D(E’ )) is a coercive closed form on L*(E;m). Furthermore, if (‘E’ , D(f’)) is
a Dirichlet form, then (f’, D(‘E')) is quasi-regular if and only if ('Z, D(‘E)) is quasi-
regular.

PROOF. The proof of all but the final sentence can be found in [MR 92; Chapter I,
Proposition 3.5]. To prove the final sentence, we note that for any closed set F, the spaces
D(‘E")r and D(‘E) coincide, as both are simply the set of u € D(‘E) which vanish m-a.e.
outside of the set F. From (2.1) we see that the norms fll/z and (‘ﬁ’)i/z are equivalent
on D(E), so for any increasing sequence (£ )ren 0f closed sets, the subspace Uy D(‘E)p,
is fllﬂ-dense if and only if it is (f’)}/z-dense. In other words, (Fy)ren 18 an E-nest if
and only if it is an E'-nest. Therefore the notions of quasi-continuity and exceptional set
are also equivalent for the two forms ‘£ and ‘E'. Since D(E) = D(E’), it follows that
(Z’, D(‘E’)) is quasi-regular if and only if (‘E, D(‘E)) is quasi-regular. n

In the rest of this section we let (‘E, D(Z)) be a fixed quasi-regular Dirichlet form
on L*(E;m), and we consider a number of methods for getting a new quasi-regular form
from the given one.

One way to get a new Dirichlet form is to perturb £ by adding a killing term. This
idea was used by, for instance, S. Albeverio and Z. M. Ma [AM 91a] to obtain a quasi-
regular Dirichlet form whose domain contains no non-zero continuous function and is
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therefore far from being regular. This example can also be found in [MR 92; Chapter I,
Example 2(e)]. In Proposition 2.3 below, we show that adding a reasonable killing term
does not affect the quasi-regularity of E.

DEFINITION 2.2. A positive measure j, on (E Q%(E)) is said to be ‘E-smooth if u(A) =
0 for all E-exceptional sets A € B(E), and there exists an E-nest (Fy)ien of compact
sets such that u(Fy) < oo for all k € N.

The relation between smooth measures and Radon measures has recently been clari-
fied in [AMR 93c].

Since (‘Z, D(‘E)) is quasi-regular, every u € D(E) has an E-quasi-continuous m-
version i of u [MR 92; Chapter IV, Proposition 3.3(ii)]. If &# and &’ are two ‘E-quasi-
continuous m-versions of u, then it = ii' ‘E-q.e. [MR 92; Chapter IV, Proposition 3.3(iii)]
and, since p is smooth, i = ii’ u-a.e. Thus, it makes sense to define D(EH) in the follow-
ing way: D(‘E*) consists of all m-classes in D(‘E) whose E-quasi-continuous m-versions
are p-square integrable. Set

(2.3) Eu,v) = Eu,v) + (@, 9)2 )

for u,v € D(E*). The following generalizes [MR 92; Chapter IV, Theorem 4.6] (which
was taken from [AM 91b] and only proved for (‘Z, D(‘ZI)) regular).

PROPOSITION2.3.  If u is an ‘E-smooth measure, then (f“, D(E+ )) is a quasi-regular
Dirichlet form on L3(E; m).

PROOF. We begin by showing that D(EH) is 'Zl]l/z—dense in D(E). Let (F})ren be an
‘E-nest that corresponds to the measure y, as in the definition of a smooth measure. Since
(Fr)ken is an ‘E-nest we know that z> | D(E)r, is i]l/z—dense in D(‘E), and furthermore,
by truncation (¢f. [MR 92; Chapter I, Proposition 4.17(i)]) we see that | ;2 (L”"(E; m)M
D(E)y,) is E\/*-dense in D(E). Now, for any u € L®(E;m) N D(E)r, we have & = 0
E-qe.on E\ Fy and |i| < ||u||z=Em) E-q-e. on E. Since u(F;) < oo we find that i is
p-square integrable and so u € D(E*).

In particular D(‘E*) is also L?-dense in L*(E;m) and so ‘E* is densely defined. By
[MR 92; Chapter I, Exercise 2.1(iv)] and [MR 92; Chapter III, Proposition 3.5] it is easy
to see that (E“, D(‘B‘)) is a closed coercive form with the Markov property, and so is a
Dirichlet form.

Now we show that any E-nest (Fy ey is also an E*-nest. Letu € D(‘EF) and suppose
thatu > Om-a.e.sothati > 0 ‘E-q.e. Letu, € |, D(E)r, be asequence which converges
to u in ‘f:/z—norm. We can replace u, by v, := (u A\ u,) V 0 without affecting 'f:/z—
convergence (cf. the proof of 4.17 in [MR 92; Chapter I]), and by taking a subsequence
we may assume that ¥, — i E-q.e. Thus ¥, — i p-a.e. and also 0 < ¥, < i p-a.e.
so that ¥, — i in L3(E; w). Since v, already converges to « in ‘fl:/z we have v, — u in
(@‘)i/z-norm. Also v, = 0 wherever 4, = 0 and so v, € D(‘E*)f, for some k € N. For
an arbitrary element u € D(‘E#), we apply this argument separately to the positive and
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negative parts, u* and u~, and conclude that |, D(‘E*), is dense in D(EF). Thus (Fy)ien
is an E*-nest.

Since an E-nest is also an ‘EF-nest, the properties (QR1) and (QR2) for (‘B‘, D( fB‘))
follow immediately from (QR1) and (QR2) for (‘£,D(E)). By [MR 92; Chapter 1V,
Proposition 3.4(i)] there is a countable collection {ii, | n € N} of E-quasi-continuous
functions in D(‘E*) that separates the points of E\ N, where N is E-exceptional. But then
{#i, | n € N} are also E*-quasi-continuous and N is also E*-exceptional so (QR3) holds
for (‘E+, D(‘B‘)). ]

The following definition extends one given in [RW 85] (¢f. also [FST 91]).

DEFINITION 2.4.  Let D C D(‘E). A positive measure y on ‘B(E) is called a D-proper
speed measure for (Z, D(‘E)), if it does not charge any Borel ‘E-exceptional set, and for
all E-quasi-continuous m-versions v of v € D,

(2.4) 7 =0 p-a.e. implies ¥ = 0 E-q.e.

Note that because p does not charge any ‘E-exceptional set, the implication in (2.4) is
independent of which E-quasi-continuous m-version of v is chosen. Let Mps(D) denote
the set of all D-proper speed measures.

The next result shows that, if D is large enough, replacing m by a D-proper speed
measure does not affect the quasi-regularity of (E, D(‘Zj)).

PROPOSITION 2.5.  Let pi € Mps(D) and assume, for simplicity, that E is symmetric.
Suppose D C D(‘E) is an ‘E:/ 2_dense Stone lattice such that D consists of p-square
integrable functions, and that (‘E, D) is closable on L*(E; ) with closure (f’ , D(E’)).
Then

(i) (Z’, D(’E’)) is a symmetric Dirichlet form on L*(E; ).

(ii) Every E-nest is an ‘E'-nest.

(iii) (‘E', D(‘E’)) is quasi-regular.

PROOF. First we note that condition (2.4) guarantees that ‘E is well defined on D
regarded as a subspace of L*(E; 1). We want to show that it is also densely defined. By
[MR 92; Chapter IV, Proposition 3.3(i)], the space D(E) is separable with respect to the
T,:/z-norm. Therefore we can find a sequence (u,),ecn in D which is an ‘Z:/z-dense set.
By [MR 92; Chapter IV, Proposition 3.4(i)] if we fix a sequence of E-quasi-continuous
m-versions ii,, then we have
(2.5)

{@, | n € N} separates the points in £\ N, where N is an E-exceptional set in ‘B(E).

Also, there exists an & € D(‘E) with an E-quasi-continuous m-version i which is strictly
positive ‘E-quasi-everywhere and a sequence (h,)qen In D which converges E-quasi-
uniformly to A. Let (Fy)ren be an E-nest so that, on each Fy, h, is continuous, his strictly
positive, and 4, — & uniformly. By taking an even smaller nest we may also assume that
i, is continuous on Fy for every n,k > 1, and that {&, | n € N} separates the points in
Ur Fi-
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Define for each k > 1,
(2.6)
A(Fy) := {f € C(Fy) | f = ii|r, for some E-quasi-continuous m-version i of u € D}.

From what we have proved so far, we know that A(Fy) separates points and contains a
strictly positive function. Since A(F}) is a subspace lattice, the Stone-Weierstrass the-
orem tells us that it is uniformly dense in C(F;). We conclude that D|x, is L>-dense in
L2(Fy: l‘|ﬂ) for every k, and hence D is L*-dense in L*(E; ).

Now we prove the Markov property. For u € D we have u* A 1 in D, so

2.7 Ew Al =Eut A1) <Ew =E ).

This proves (0.2) for u € D and now we apply [MR 92; Chapter I, Proposition 4.10] to
get the Markov property for ‘£’ on all of D(‘E').

In order to prove (i) we need a preliminary result which says that if u € D with u > 0
m-a.e., and if v € D(E) with v > 0 m-a.e., then u A ¥ € D(‘E'). Suppose we are given
suchu andvandletv, € Dsothatv, — vin Z:/z-norm, and v, — v E-q.e. By replacing
v, with v} we may suppose v, > 0. Now u Av, — uAvin ‘le/z—nonn, in particular
(UAVp)en 18 E-Cauchy. Also uAv, — uAv p-a.e. and hence, by dominated convergence,
the convergence also holds in the Lz(u) sense. Since (E’,D(CE’)) is a closed form, we
conclude that u A v € D(E)andu A ¥, — u A ¥in (‘E’):/z—norm. This result can be
localized by noting that for any closed set F' C E,

D(E)r = {v € D(E) | v=0m-ae.on F'}
(2.8) ={veD(E)|v=0E-q.e. onF}
C{veD(E)|v=0pu-ae. onF}

Therefore, if u € D with u > 0 m-a.e., and if v € D(E)r with v > 0 m-a.e., then
uNv € D(E .

Now let (Fy)ren be an ‘E-nest of compact sets in E. For u € Dletu, € Uk D(E)f, so
that i, — u in ‘E:/z-norm and, without loss of generality, i, — u E-q.e. Set

(2.9) Vo= (T Aty — (@, Au).

Then v, € Uy D(E')r, and, arguing as above we have v, — u in (’E’):/z-norm. Since D
is already (‘E’):/z-dense in D(‘E"), this shows that (F)en is also an ‘E'-nest, and (ii) is
proven.

By (ii) any ‘E-quasi-continuous function is ‘E’-quasi-continuous, hence (QR2) holds
for (Z', D(E")). Since (QR 1,3) hold by (ii) and (2.5) respectively, (£', D(E')) is quasi-
regular. u

REMARK 2.6. (i) If (’E D(’E)) is transient in the sense of [F 80] it can be proved as in
[RW 85] that (‘E, D) is always closable on L>(E; u1). For a nice necessary and sufficient
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condition on g for the closability of (E, D) on L*(E; u) in the locally compact regular
case provided p is a Radon measure of full support we refer to [FST 91].

(i1) The condition that D is a Stone lattice may be replaced by the condition that D is
closed under composition with smooth maps on R which vanish at the origin.

Since (‘E, D(‘E)) is a quasi-regular Dirichlet form, we may as in Definition 0.5(i),
define a subspace of (’E, D(‘E)) by setting, for any Borel set B,

(2.10) D(E)g :={u € D(E)| i =0 E-qe.onB}.

This is more general than Definition 0.5(i) in that the set B need not be closed. It follows
from [MR 92; Chapter IV, Proposition 3.3(iii)] that these two definitions are consistent.
Now D(‘E)p is aclosed subspace of (’E, D('E)) and it is closed under normal contractions.
Also, D(E) is a subspace of {u € L*(E;m) | u = 0 m-a.e. on B¢} which can be identified
with LZ(B;m|,,») in the obvious way. Therefore, if

(2.11) D(E)g is L*-dense in L*(B;m|3),

then (‘EB, D(‘EB)) is a Dirichlet form on L2(B; m|p), where we define Ey as the restriction
of E to D(E)g. We shall prove that if (2.11) holds, then (‘EB, D(‘EB)) is a quasi-regular
Dirichlet form, but first we need a few lemmas.

LEMMA 2.7.  There exists an increasing sequence (Ey)ien of compact subsets of B,
so that Uy D(E)g, is 'fll/ 2_dense in D(‘E)p.

PROOF. Fix u € D(‘E)p and for every € > 0, let u'? := u — ((—e) Vv u) Ae. Letii
be an E-quasi-continuous m-version of u. By definition, i = ilg E-q.e. so iilp is also
‘E-quasi-continuous. So, without loss of generality, we will assume that ii(z) = O for all

z € B“. Let (Fi)ren be a nest of compacts so that i|r, is a continuous function for each k
as in Definition 0.5(iv). Then

(2.12) Fo:={z€E||a)| > e} NF,

is a compact subset of B.

For any f € D(E) consider the function ﬁm‘ € D(‘E) as defined in [MR 92; Chap-
ter 11, Proposition 1.5]. ThenfpA >0 m—a.e,fpl- > f m-a.e. on Fy, andfq — 0 weakly
in (D('E), ’El) as k — 0o (c¢f. [MR 92, p. 79]). Therefore it is possible to extract a subse-
quence (kp)uen SO that

1N
(2.13) WiN = ";IfF;H
converges strongly to zero as N — 0o (cf. [MR 92; Chapter I, Lemma 2.12]). Once again

we have wyy > 0 m-a.e. and wyy > f m-a.e. on Fi..
Now let {k,} be a common subsequence so that, as above,

(2 14) Wypo Ny — 0 and Wy N — 0
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strongly as N — o00. Let gy 1= (' — w0 n)*. Since wyo y > ' m-ace. on F we
see that gy vanishes m-a.e. on Fj . Also, w0y > 0 m-ae. and u' = 0 m-ae. on
{Z €E ’ li(z)] < e} so gy also vanishes m-a.e. there. This means that gy = 0 m-a.e. on
the set

(2.15) {ze E|lak)| <ejUFy, = (F},)"
Thus gv € D(E)r_. Similarly hy := (=t — w_ N € D(E)r; . Thus gy —
N N
hy € D(‘Zl)pA and using the strong convergence in (2.14) we conclude that gy — hy —
N

N -
O — 49" =y as N — oo.

The above argument demonstrates the existence of a sequence (F)ien 0of compact
subsets of B depending on u and e, so that 4 belongs to the closure of |J, D(E)r,. We
need to find a single sequence of compacts that works simultaneously for all u € D(‘E)g.

Now the metric space D(E) is separable and hence so is the subspace D(E)g. Let

(u;)ien be ‘f: /2-dense in D(‘E)p, and let (v;);en be an enumeration of the double sequence

1/j L . . )
(ui. /.I))’.J.GN which is again dense because uﬁ.‘) — u; as € — 0. Foreachi > 1, let (F;),-m

be an increasing sequence of compact subsets of B so that v; belongs to the closure of
U D(‘Z)F;, and define £y = ;< Fj’ This new (Ej)ren 1s an increasing sequence of
compact subsets of B. For any u € D(E) and any § > 0, let v; so ||v; — u|| < é/2 and
takej > 1 and w € D(E): sothat ||v; —w|| <6/2. Thenw € D(E)g,,, and [Ju—wl| < 6.
This shows that |, D(f)g/A is dense in D(‘E)p. [

REMARK 2.8. For future reference we note that each of the E; sets defined above is
the finite union of sets of the type shown in (2.12). It follows that for each k, there exists
u € D(E)p with E-quasi-continuous m-version i so that for all z € E; we have ii(z) >
€ > 0. By truncating from above with €, and from below with 0, and then multiplying by
l/e, we may even assume that 0 < fi(z) < 1 everywhere on E, and ii(z) = | identically
on Ej.

LEMMA 2.9.  If (Fi)ien is an E-nest, then | J;, D(‘E)pnr, is dense in D(‘E)g.

PROOF. Letf € D(E)p and choose sequences (ip)uen, (Vadnen € Uy D(E)p, so that
u, — f*and v, — f~. Then
(2.16) wa = (" A @)) = (F A)") € UD( B,

k
and w, — f as n — oo. [ ]

COROLLARY 2.10. If (F)ien is an ‘E-nest and (Ey)ien is an FEg-nest, then (E;, N
Fren is also an Eg-nest. Therefore, an ‘E-quasi-continuous m-version ii of u € D(‘E)p
is also Eg-quasi-continuous.

PROOF. Fix k and let u € D(‘E)g,. Applying the previous lemma with B = E;, we
can find k" > k and g € D(E)g,~r, € D(E)g,nr, 50 |lu — g|| < €. This gives the first
part of the result, because we already know that | J; D(E)g, is dense in D(‘E)g.

For u € D(‘E)p choose an ‘E-quasi-continuous m-version i and an E-nest (Fj)ien SO
that ﬁ|;~k is continuous for each k > 1. Then (E; N Fy)ien is an Eg-nest and ﬁ|1:~m,,~k 1S
continuous for all £ > 1. So i is ‘Eg-quasi-continuous.
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PROPOSITION 2.11.  If (2.11) holds, then the Dirichlet form (EB,D(’EB)) is quasi-
regular.

PROOF. Lemma 2.7 tells us that (QR1) holds, and Corollary 2.10 shows that (QR2)
holds for (EB,D(‘EB)). So it only remains to show (QR3).

Let (u,),en be a sequence in D(E) with ‘E-quasi-continuous m-versions (i, ),en, and
an E-nest (Fy)ien so that {iZ, | n € N} separates points in Jy Fy. Now let (E)en be
an ‘Eg-nest as constructed in Lemma 2.7, and for each k let vy € D(‘E)g with an Eg-
quasi-continuous m-version ¥ so that 0 < ¥(z) < 1 for all z € B, and ¥, (z) = 1 for all
7 € E; (see Remark 2.8). Then the sequence (Fy N Ey)ren is an Eg-nest, and the doubly
indexed sequence (u,vi)nken in D(E)p has Eg-quasi-continuous m-versions (i, Vi )nxen
which separate points in |, (Fx N Ey). Since B\ Uy (Fx N Ey) is ‘Eg-exceptional, this gives
us (QR3). =

By Theorem 0.1, Proposition 2.11 has a corresponding probabilistic counterpart, i.e.,
it means that the restriction of an m-sectorial standard process to a Borel subset is again
an m-sectorial standard process. For the definition of m-sectorial for standard processes
we refer to [MR 92; Chapter IV, Section 6].

We have proved the quasi-regularity of the form (EB,D('E)B) provided that it is a
Dirichlet form, that is, provided (2.11) holds. The following lemma gives conditions
under which (2.11) will hold, in particular, it holds for every non-empty open set in E
(cf. [F 80])).

LEMMA 2.12.  Suppose that U is a Borel subset of E with m(U) > 0, and so that for
some ‘E-nest (Fy)ren we have U N Fy is open in F, for all k. Then (2.11) holds so that
( Eu, D(‘E)U) is a quasi-regular Dirichlet form.

PROOF. Applying Remark 2.8 to B = E, we see that there exists an E-nest (Fy)ren
so that for each k, the space

2.17) A(Fy) :={f € C(Fy) | f = ii|F, for some E-quasi-continuous m-
version i of u € D(E)}

separates points and contains the function 1. Since A(F}) is a subspace lattice, the Stone-
Weierstrass theorem tells us that it is uniformly dense in C(F}). Using the hypothesis on
U, by taking the nest even smaller we may assume that U M F is open in Fy for every k.

Let K| and K, be any two disjoint closed subsets of F; and, let f € C(F;)sof = 2
on K| andf = —1 on K. Choose u € D(‘E) with an ‘E-quasi-continuous m-version i so
that i|, is continuous and |i(z) — f(2)| < % forall z € F,. Thenv = (u AO) V 1 has an
‘E-quasi-continuous m-version (i A 0) V 1 which is continuous on Fy, is equal to 1 on K|,
and equal to 0 on K.

Fix € > 0 and let K be any compact subset of U with with m(K) < 0o. Since m(K) =
m(Kﬂ(Uk Fk)) it follows that || 1x — Lkrr,, || < € for some k. Here, and in the remainder
of the proof, the norm || -|| will refer to the norm in L>(U; m|y). Since (Fy)ren is an E-nest,
we may choose ki > ko, andu € D(E)g, so that |u— lmﬂnll < e. Setting K, = KNF,,
and K, = U°NF, we may use the result in the previous paragraphto find v € D(‘E) with

https://doi.org/10.4153/CJM-1995-009-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-009-3

182 M. ROCKNER AND B. SCHMULAND

‘E-quasi-continuous m-version ¥ so that 0 < ¥(z) < l forallz € E, ¥ = 1 on KN F},,
and ¥ = 0 on U° N Fy,. Finally set w = uv, sow € D(‘E)y and

J(v@ = 15,@) mide) = [ (@) = 15,)) 'm(d2)

o8 = /Kl(uv(z)— l)zm(dz)+/K‘ (uv(z))zm(dz)

< /K (u(z) - l)zm(dz) + /K (u(z))zm(dz)

= “u_ 1Kl” <e

Then ||w — 1k|| < |lw— 1k || + |1k — 1k,|| < €+€ = 2¢, and since € is arbitrary, we
conclude that 1x can be approximated from within D(E)y to any degree of accuracy.
Now D(‘E)y is a linear space, and the linear span of such ¢ is dense in LQ(U;m|U), SO
therefore we see that D(‘E)y is dense in LZ(U;mIU). [

We may now use Lemma 2.12 to prove a generalization of Proposition 2.3, where we
do not assume that the measure p is smooth. In the classical case where (’E, D(‘E)) is
associated with Brownian motion, the set U in the statement of Proposition 2.13 below
can be chosen in a canonical way. We refer to recent work [Stu 93] by K. T. Sturm. For
a more functional analytic apprcach to the problem of perturbations of Dirichlet forms
by not necessarily smooth measures, while addressing the problem of quasi-regularity,
we refer to Theorem 4.1 in the paper by P. Stollmann and J. Voigt ([StoV 93], see also
[Sto 93]).

PROPOSITION 2.13.  Suppose that (s is a positive measure on (E, B(E )) sothat W(A) =
0 for all E-exceptional sets A € ‘B(E). Define the form ‘EF as in (2.3). If D(‘E*) contains
at least one non-zero function, then (‘B‘, D(E+ )) is a quasi-regular form on some Borel
subset U of E.

PROOF. Recall that D(E*) = {u € D(E) | [a(z)*u(dz) < oo}. Let (i ),en be a
sequence in D(E*) which is ‘E:/z—dense in D(‘E*), and so that (ii,),en is L>(E; j1)-dense
in D(‘E*). Fix ‘E-quasi-continuous Borel m-versions (ii,),en Of (in)nen, and define

(2.19) F:={z € E | iiy(z) = 0 for all n}.

For every u € D(‘E*) we can find a subsequence (i, Jren SO that i, (z) — i(z) E-quasi-
everywhere on E. Therefore ii(z) = 0 E-q.e. on F, and since p does not charge the Borel
‘E-exceptional set (ii(z) # 0) N F, also ii(z) = 0 p-a.e. on F. Define U := E \ F. Then
D(‘EH) can be identified with a subspace of L*(U;m|y), and D((fU)") = D(‘EM) with
(‘Ey)* = F*. Since we assume that D(‘E¥*) is non-trivial, it follows that m(U) > 0.

Now let (Fy)wen be an E-nest so that i, is continuous on Fy for each n,k > 1. Then
UNFy = U, {in # 0} N Fy is an open set in F; so we may apply Lemma 2.12 and
conclude that (‘ZU, D(EU)) is a quasi-regular Dirichlet form on Lz(U;mIU).

Using Proposition 2.3 we will be able to get the desired conclusion provided we can
show that p (more precisely u|y) is Ey-smooth. Let (Ej)ien be an ‘Ey-nest of compact
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subsets of U, and without loss of generality assume that £y, C Fy for all k. By construc-
tion, at each point z € E, there exists u € D(E*) with an m-version i that is continuous
on E; and so that ii(z) > 0. In fact, u is one of the members of the sequence (u,,),en. Now
{z € Ex | dn(z) > l/j}f;‘f,-:l is an open cover of E; and so has a finite subcover. That
means there exist indices {n;})_; and € > 0 so that § := @, V iiy, V -+ V i, satisfies
7 > € on Ej. Since [ #(z)>uu(dz) < oo, this proves that ju(E;) < 0o, which means that u
is ‘Ey-smooth. n

3. Quasi-regularity of square field operator Dirichlet forms. In this section we
prove a general quasi-regularity result for Dirichlet forms which are made up of a square
field operator part plus a jump part and a killing part. Our proof of quasi-regularity, in
particular of (QR1), will use the nest obtained using Lemma 0.6.

Let (E, p) be a complete, separable metric space equipped with its Borel o-algebra
‘B(E). Let m, 1, and k be positive o-finite measures on (E, ‘B(E)) and J a symmetric
finite positive measure on E X E.

Now we start with a core D of functions. Suppose D is a linear space of bounded,
continuous, real-valued functions on E, so that D separates points in £ and D is closed
under composition with smooth functions which vanish at the origin. We assume that
each member u of D is square integrable with respect to the measures m, u, and k. We
also assume that for u, v € D, if u = v m-a.e., then u = v (which is the case, for example,
if supp[m] = E). Thus D < L?*(E;m) is a one-to-one map and so we may regard D as a
subspace of L*(E;m). Finally, we assume that D does not vanish identically at any point
in £, and combined with the fact that D is a point separating algebra, this implies that D
is in fact dense in L2(E; m).

Next we assume that we are given a (generalized) square field operator T". This means
that I: D x D — L'(E; p) is a positive bilinear mapping, where positivity means that for
eachu € D we have I'(4) := I'(u,u) > 0 p-ae.

We now define a bilinear form E on the core D by setting, for u,v € D,

G Eww) = [ Tewdpr [ (u)—u) (v =) dzdz)+ [ uvdk.
We assume that (‘E, D) is closable in L*(E; m) and that its closure (‘E, D(‘Z)) is a Dirich-
let form (see Section 4 below for examples). Then the map I': D x D — L'(E;p) is
continuous in the ‘Z:/z-norm and so I extends to a continuous bilinear map on D(‘E).
For notational convenience we will continue to denote this map as I'.

We want to give conditions on I" under which the form (‘Z, D(‘Z)) is quasi-regular.
Since the space D consists of continuous functions, the condition (QR2) is automatically
fulfilled. Since E X E is a separable metric space, it is strongly Lindeldf and since D
separates points in E, we conclude that there is a countable set {u, | n € N} in D that
separates points in £. Thus, (QR3) is also automatically fulfilled, so in order to prove the
quasi-regularity of (’E 1)(%)) we only need to show (QR1), that is, we need to find an
‘E-nest (Fj)ren consisting of compact sets.
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In proving the quasi-regularity of (‘E, D(’E)), it will be convenient for us to change
the base measure. Consider (‘E, D) as a bilinear form, not over L2(E; m), but over L*(E;
m + p + k). This form is again closable and its closure (Z’, D(‘E’)) is a Dirichlet form.
If we could prove that (Z' ,D(E' )) is quasi-regular, then the measure m is certainly a
D-proper speed measure for £’, and applying Proposition 2.5 we find that (‘E, D( ‘E)) is
also quasi-regular. Therefore, in proving quasi-regularity we could take the base measure
to be m + p + k. But for notational convenience we will relabel this new base measure as
m, and assume, without loss of generality, that u + k < m.

In the next lemma we obtain a substitute for the representation (3.1), as this represen-
tation may not hold on the complete domain D(‘E).

LEMMA 3.1. Foru € D(‘E), we have
(3.2) L) < [T dpp +4(E % B)|ul[Fiii + / 2 dk.

PROOFE.  We begin by assuming that ||u[|}.z.,, < 00, since the inequality is trivial
otherwise. From (3.1) we see that the inequality (3.2) is true for u € D. Now let u,, € D
so that E;(u — u,) — 0, and let ¢ be a smooth function on R with bounded derivative so
that sup, g [Y(X)| < ||| oo(Ezm+e, and P(x) = x for |x| < ||ul|zooEm)- Setting v, == P(u,)
we see that v, € D and from Remark 0.4 we know that E;(« — v,) — 0. In particular,
I'(v,) — T(u) in L'(E; 1) and v, — u in L?*(E; k). Now plugging v, into (3.2) gives

(3.3) Ev,) < / T(va) dp + 4JE % E)(||utf| oz +€)* + / v2 dk,

and letting n — o0 and then ¢ — 0 gives us the required result (3.2). n

The fact that m, u, and k are not necessarily finite measures causes problems for our
calculations. In order to overcome this difficulty we will use a scaling technique that
was used in [ALR 93]. Since m is o-finite we can find a function 0 < ¢ < 1 so that
J?dm < 0o. Let h = G. It follows that 0 < h < 1 m-a.e. and h is 1-excessive (cf.
[MR 92; Chapter III] for a discussion of excessive functions). Define ‘Ef on D(ff) =
{u € LX(E;h’m) : uh € D(E)} by

(3.4) Elu,v) := Ey(uh,vh), u,v € D(E}),

considered as a form over L%(E; h’m). Since h is 1-excessive, (‘EF, D(Z{’)) is a Dirich-
let form, and the map u — uh defines a bijective isometry between (f{’,D(‘E{’ )) and
(‘B,D(‘E)). Since h > 0 m-a.e., it follows that, for any closed set F C E, the sub-
spaces D(‘E{')p and D(‘E)f correspond to each other under this isometry. Consequently,
a sequence (Fj)en is an E-nest if and only if it is an E"-nest. So to prove (QR1)
for (‘E, D(E)), it suffices to prove it for (‘ZZ?, D(Z{’)). For u,v € D(E}), let us define
I (u,v) := T(uh, vh). Notice that from Lemma 3.1, and the fact that / is bounded and
belongs to both L%(E;m) and L*(E; k), we see that there exists ¢ > 0 so that for every
u € D(EV),

3.5 i) < [THao dp+ cllull o,
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There is one more condition that we must impose on the operator I'*: we suppose that if
u,v € D(E!), then

(3.6) T(uVv) <T'w) VI'(v) p-ace.

The following lemma gives a way in which to check condition (3.6).

LEMMA 3.2.  Suppose that if u,v € D, then
3.7) ‘r(u, qS(v))} < |T(u, v)| p-a.e.,

whenever ¢ is a smooth function on R with $(0) = 0 and |¢'(x)| < 1. Then (3.6) holds
for the operator T on D(‘E), and hence also for T" on D(EL).

PROOF. Let ¢, be a sequence of smooth functions on R satisfying ¢,(0) = 0 and
|¢;,(x)| < 1, and such that ¢,(x) — |x| as n — o0. Just as in [MR 92; Chapter I, Propo-
sition 4.17] we can show that for any u € D(E), ¢,(«) — |u] in ‘Zl'/z-norm asn — 00.
For u,v € D, we apply (3.7) to ¢, and then let n — 00 to obtain

(3.8) D, )| < T, v)| p-ace.

But since ¢(x) = |x| is a normal contraction, we can use Remark 0.4 to conclude that
(3.8) can be extended to all of D(‘E). Now we use the inequality (3.8), the fact that I" is
a bilinear form, and the equation x Vy = (1/2){(x+y)+ |x — y|} to obtain (3.6) for I" on
D(E).
(3.9)

TuVv)y=1/H{Tw+v)+ 20w+ v, ju—v))+T(ju—v|)}

< (1/4){T +v) + 2T + v, [u — )| + T(|u — v])}

</ A{Tw+v)+2|Tu+v,u —v)| +Tu —v)}
={1/H{Tw+v)+2|T(u) —TW)| + T —v)}

= (1/H{T(w) + 2T (u, v) + T(v) + 2|T(u) — T(v)| + T(u) — 2w, v) + T(v)}
= (1/2{(Tw) + TM) + [T — T}

=T () VI(v).

If u,v € D(E}!), then using the positivity of h and applying inequality (3.6) for T on
D(E) to uh and vh, we obtain (3.6) for I"". ]

REMARK 3.3.  For any u,v € D(E}"), applying (3.6) to the pair —u and —v gives us
(3.10) I (uAv) <THu) VTHv) p-ace.

We recall that a metric p; on E is called uniformly equivalent to p if the identity from
(E, p) to (E, py) and its inverse are uniformly continuous.

https://doi.org/10.4153/CJM-1995-009-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-009-3

186 M. ROCKNER AND B. SCHMULAND

THEOREM 3.4. Suppose that for some countable dense set {x; | i > 1} in (E, p),
there exists a countable collection {f;; | i > 1,j > 1} of functions in D(‘E}') satisfving

3.1 sup T'(fy) =: ¢ € LU(E; ),
iy

and

(3.12) pi1(z,x;) = supfii(z) ‘Ef-ge. z€Eforalli€N,
J

where py is a bounded metric on E uniformly equivalent to p, and f,j is an Z{’—quu.\'i—
continuous h>m-version of f;j. Thenthe Dirichlet form (TZ’,’, D( f{')) satisfies (QR1), which
implies that (f, D(’E)) also satisfies (QRI). We conclude that (‘E, D('E)) is quasi-
regular.

PROOF. Fix the index i and for each n > 1 define the function

(3.13) u,(2) == sﬁ?ﬁj(z).

j=
Then u, € D(‘E{’) and u, 1S ‘E{‘-quasi—continuous. Furthermore, from (3.5), (3.6), and
(3.10) we see that the sequence (i,),cn is bounded in D(E!) in the (E/)'/?-norm, and
even more, I (u,) is dominated by ¢ € L'(E; ). By the Banach-Saks theorem, there ex-
ists a subsequence u,, whose averages ﬁ Zf’zl uy, converge strongly in the Hilbert space
(D(ﬂ'), ‘E;’). From Lemma 0.6 we know that a further subsequence of these averages
must converge Ef'-quasi-everywhere to an El'-quasi-continuous m-version of a function
in D(‘E}"). But, on the other hand, the original sequence u, already converges El'-q.e.
to the limit p,(z, x;). Thus the function z — p;(z,x;) is f{’—quasi—continuous, belongs to
[)(’E{’) and satisfies rh(Pl(',X,')) <peE L‘(p).

Now for each n > 1, define the function

(3.14) wp(z) = infpl(zsxi)-

Arguing as above we find that the averages yy of a subsequence of (w,),cn converge
strongly in (D(E}), E}'), that is,

1 N
(3.15) W=y S wy, —y in DCED).
k=1

On the other hand, the sequence (w,),cn converges pointwise to zero on £ and so the
limit y in (3.15) is the zero function.

By Lemma 0.6 we know that a subsequence of (yy)yen converges El-quasi-uniformly
to zero on E. But since the sequence w, is decreasing, it follows that (w,,),cn itself con-
verges El-quasi-uniformly to zero on E. This means that there is an E/-nest (Fj)ien SO
that, for each k € N, w,, converges to zero uniformly on Fy. Fix any k € N and é > 0,

then choose N so wy < ¢ on Fy. Then inf}_, p;(z,x;) < 6 on Fy, or

N
(3.16) Fi C U B(xi,0),
i=1
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where B(§) = {y € E | pi(x,y) < §} is the ball centered at x, with radius §. Since this
is possible for every § > 0, we conclude that F; is totally bounded and so, since (E, p|)
is complete, F is compact. This gives (QR1) for (’E{’, D(’Ef)) and hence for (‘E, D(‘E)),
Since (QR2) and (QR3) already hold, we conclude that (‘Z, D(‘E)) is a quasi-regular
Dirichlet form. [

Now that we know (Z D(’E)) is quasi-regular we may use the existence results [MR
92; Chapter IV, Theorem 3.5] to construct an associated strong Markov process.

DEFINITION 3.5. A right process M with state space E and transition semigroup
(P10 1s called properly associated with (f, D(‘E)) if for all f € B,(E) N L*(E; m) and
all t > 0 we have

(3.17) pf is an ‘E-quasi-continuous m-version of T,f,
where (T}),>¢ is the semigroup on L*(E;m) generated by (‘E D(‘E)).

COROLLARY 3.6. Thereexists a right process M properly associated with (f, D( ’E)).

REMARK 3.7. The process M can, in fact, be taken to be an m-tight special standard
process. We refer the reader to [MR 92; Chapter IV] for definitions and more details.

4. Applications. (a) Quasi-regular gradient-type Dirichlet forms on Banach space.
Let E be a (real) separable Banach space, and p a finite measure on ‘B(E) which
charges every weakly open set. Define a linear space of functions on E by

4.1) FCP ={f.....L,) | meN.f e CCR").1,....L, € E'}.

Here C;°(R™) denotes the space of all infinitely differentiable functions on R™ with all
partial derivatives bounded. By the Hahn-Banach theorem, f C}° separates the points of
E. The support condition on y means that we can regard ¥ C3° as a subspace of L*(E; ),
and a monotone class argument shows that it is dense in L*(E; ). Define for u € FC?

andk € E,

du d
4.2) a—k(z) = E;u(z +5k)|s=0, zZE€E.
Observe that if u = f(l,...,1,), then

ou m af
4.3 = = = ""*1/” X [isk X
4.3) 5% ,-;aXi(ll )er(lis k)E

which shows us that du/dk is again a member of FC;°. Also let us assume that there
is a separable real Hilbert space (H, (, )u) densely and continuously embedded into E.
Identifying H with its dual H' we have that

4.4) ECHCE densely and continuously,
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and g(, ) restricted to E' X H coincides with (, )y. Observe that by (4.3) and (4.4), for
u € FC and fixed z € E, the map k — (du/0k)(z) is a continuous linear functional on
H. Define Vu(z) € H by

4.5) (Vuz),k)y = g—:(z), ke H.
Define a bilinear form on  C}° by
(4.6) ) = [(Vu(@), Vo) p(dz).

ASSUMPTION 4.1, We assume that the form ‘£, in (4.6) is closable in L*(E; p).

Let L.,(H) denote the set of all bounded linear operators on H with operator norm
I lloo- Suppose z — A(z), z € E is a map from E to Ly(H) such that z — (A(z2)hy, ha)y
is ‘B(E)-measurable for all 4y, h, € H. Furthermore, assume that

4.7) there exists a € (0, 00) such that (A(z)h, h)y > alh||7; forall h € H,

and that [|A|o € L'(E; p) and [|A]|oo € L¥(E; ), where A := 1(A +A4), A := LA — A)
and A(z) denotes the adjoint of A(z),z € E. Letc € L™(E; ) and b,d € L™°(E — H; )
such that for all u € FC}° withu > 0,

4.8) [(d, Vuyy + cwydp > 0 and /((b, Vi) +cu)dp > 0.

Define the constant k = ||b + d|| ;). Foru,v € FCX let,

4.9) Eau,v) = [(AQ VU, V@)nu(d:),
and
4.10) Eu,v) = Ealu, v) + /u(a’, Vvyydu + /(b Vu)yvdu +/uvcdu.

Then Example 3e of [MR 92; Chapter II] shows us that the forms (E4, FC;°) and
(‘E, F C}?) are closable and that their closures (ZA, D(‘E, )) and (‘E, D(‘E)) are Dirichlet
forms.

We would like to show that these two forms are equivalent in the sense of Proposi-
tion 2.1. To begin with we note that for u € FC;° we have, for p-almost every z € E,

(b + d)(2), Vu@))pu(2)| < ||(b +d))||u]|Vu(@)||gluz)]|
@.11) < 2k([|Vul|7 + [u)]*)
< 2k((1/ ) (AR Vi), Vu@))y + |uz)]*)
and
4.12) le@uz)?| < ||ellisonuz)’.
Therefore, using (4.10) and integrating with respect to ;v we see that for u € FC)°,

(4.13) Fa(u) < Ew) < ki(Ea)i(u),
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where the constant k; can be taken to be max{(2/a)k + 1,2k + ||c|| z=o(£; }- By Proposi-
tion 2.1, the domains D(‘E) and D(‘E,) coincide and the form (E, D(‘E)) is quasi-regular
if and only if the form (4, D(Ey)) is.

In order to prove quasi-regularity of (EA,D(iA)) (cf. [RS 92]), we shall use The-
orem 3.4, and since the measure p is already finite we do not require the re-scaling,
that is, we take & = 1. The square field operator is given on FCp° by I'(u, v)(z) =
(A(2)Vu(z), Vv(z))y, which clearly satisfies (3.7), and by Lemma 3.2, also condition
(3.6). Now since E is a separable Banach space, there exists a countable set (;);en in
E' such that ||[;]|p < 1 forall j € N, and ||z]|[z = sup;[i(z) for all z € E. Let ¢ be a
bounded, smooth function on R such that p(0) = 0, ¢ is strictly increasing, and ¢’ is
decreasing and bounded by 1. Then p;(z,x) := ¢(||z — x||¢) is a bounded metric on E
that is uniformly equivalent with the usual metric p(z,x) := ||z — x||g. Let (x;);en be a
countable dense subset of E, and define for every i,j € N,

(4.14) i@ = o(liz—x).
Then f;; € FC° forevery i,j € N, and
(4.15) V@) = ¢'(liz = x) 1,

and so for p-a.e. z € E,

sup [(f)(2) = sup{A()Vf;(2), V@)u
1J 1J

= sq_p(go’(lj(z - x,-)))_<A(z)1./, li)u
(4.16) Y

= syp(<p’(lj(z - x,-)))2<A~(Z)1j’ lj)u
1
< [A@|co-

Since ||Al|s belongs to L'(E; u) we see that (3.11) is satisfied. On the other hand, for
every fixed i € N, we have

supf(z) = sup ga(lj(z - x,-)) = @(suplj(z - x,-))
4.17) i J j

= ¢(|z = xille) = pi(z, X)),

for every z € E and so (3.12) is also fulfilled. Therefore Theorem 3.4 applies and we
conclude that (‘E4, D(‘EA)), and hence (f, D(‘Z)) is quasi-regular.

(b) An intrinsic quasi-regular Dirichlet form on the free loop space.

The results of this subsection have been first proved in [ALR 93]. Our purpose here
is to show that they also be obtained from the general Theorem 3.4.

Let g := (g;) be a uniformly elliptic Riemannian metric with bounded derivatives
over RY and A, := (detg)~'/? ¥ %[(detg)'/zg"j%] the corresponding Laplacian. Let

pix,y), x,y € R4, t > 0, be the associated heat kernel with respect to the Riemannian
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volume element. Let W(RY) denote the set of all continuous paths w: [0, 1] — R? and let
LRY) := {w € WRY) | w(0) = w(l)}, i.e., L(RY) is the free loop space over RY. Let P}
be the law of the bridge defined on {w € L(R’) | w(0) = w(1) = x} coming from the
diffusion on RY generated by A, and let

4.18) po= /prl(x,x)dx

be the Bismut measure on L(RY) which is o-finite but not finite. We consider L(R?)
equipped with the Borel o-algebra coming from the uniform norm || ||, on L(RY) which
makes it a Banach space. The tangent space T, L(R?) at a loop w € L(R) was intro-
duced in [JL 91] as the space of periodical vector fields X,(w) = 1, (w)h(r),t € [0, 1],
along w. Here 7 denotes the stochastic parallel transport associated with the Levi-Civita
connection of (R?, g) and h belongs to the linear space Hy consisting of all absolutely
continuous maps h: [0, 1] — Tw((),IR" = R? such that

| |
4.19) (h, hyy, = /0 |h’(s)|2ds+_/0 |h(s)]2ds < 00

(where |v])? := gu0)(v,v)) and 1y (w)h(1) = h(0) with 71(w) = holonomy along w (cf.
[JL 91] for details). Note that if we consider £(R?) as continuous maps from S to RY
this notion is invariant by rotations of S!' and that (4.19) induces an inner product on
T, L(RY) which turns it into a Hilbert space. Below we shall also need the Hilbert space
H,L(RY) (D TWL([R{")) with inner product (, )i which is constructed analogously but
without the holonomy condition, i.e., Hy is replaced by H which denotes the linear space
of all absolutely continuous maps 4: [0, 1] — TRY = R? satisfying (4.19). Let FC°
denote the linear span of the set of all functions u: L(RY) — R such that there exists
keN.feCP(®Y).n..... €10,1] with

(4.20) u(w) = fw(t).....w(t)), we LR

Note that FCy° is dense in L*(i) := (real) LQ(L(R"); u)‘ Let FC™, FC? be defined
correspondingly with COO((Rd)"') resp. CZO((IR")") replacing Cgo((Rd)"'). We define the
directional derivative of u € FC™, u as in (4.20), at w € L(RY) with respect to X(w) €
H,L(RY) by

k

4.21) Jpu(w) := Iyu(w) 1= Zdl-f(w(tl), A w(tk))X,, (w)
i=1
k
=3 e (Vo (00, w0 7 (h))
i=1
where h € H with X(w) = ('r,(¢.u)h(1‘))/elo 1 and /; resp. d; denotes the gradient (with

respect to g) resp. the differential relative to the i-th coordinate of f. We extend 9y, to all
of FC* by linearity. Note that if we consider u as a function on W(R¢) then

(4.22) Ixu(w) = iu(w+A‘X(o.;))],\.:o, w € LRY.
ds
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Hence dxu is well-defined by (4.21) (i.e., independent of the special representation of u).
Let for u € FC® and w € L(RY), Du(w) be the unique element in H such that

(Du(w), h) y= opu(w) for all A € H and let Du(w) be its projection onto Hy. Define for

u,v € FCY

(4.23) Fu,v) = [

L(W)(D“’ Dv)y, du.

(cf- [AR 89, 90, 91] for the flat case). By our assumptions on g and (4.29) below it
follows that E(u, u) < oo forallu € FC3°. By [L 92, 93], [ALR 93] the densely defined
quadratic form (‘E, F C3°) is closable on L%(p). Clearly, the closure (‘E, D(’E)) is of the
type discussed in the preceding section (see (3.1)) with core # C3° and

(4.24) I'(u,v) = (Du,Dv)y,, u,v € D(E)

where we denote the closure of D with domain D(‘E) also by D. We note that D satisfies
the chain rule, in particular,

(4.25) Dé(u) = ¢'(w)D(u) for all u € D(E).

Hence by Lemma 3.2, T and consequently also I'" satisfy (3.6). Here and below I, ‘El,
and D(E}) are defined as in Section 3. It is easy to see that

(4.26) FCX CD(E) and M) <2(RTw) +u’T()).

Let ¢ € C3°(R) be an odd and increasing function such that || < 2,¢" <1, ¢"” <0
on [0, 00), and p(x) = x for x € [—1, 1]. Let {sy[k € N} be a dense set of [0, 1] and fix
wy € LRY). Let x': R? — R, 1 <[ < d, be the standard linear coordinates and define for
JEN

4.27) 1j(w) == sup sup <p(x[(w(sk) - wo(sk))) . we LRY.

k<) I<d

Applying first (3.6) and then (4.26) and the chain rule for D we obtain that for p-a.e.
w € LRY)

4.28)  T'(up(w) <4sup sup(hZHD(xl(w(sk) _ w()(sk))> ”2 + ||Dh(w)||i,0).
k<j I<d Hy

For u € FC* we have that || Du||y, < ||Du||y and if u(w) :f(w(sl), e ,w(sk)) then
k
(4.29) Du(w)(s) = 3 Gls, i), (@)~ i f (wls1)...., wisy)
i=1

where G is the Green function of —f},- + 1 with Neumann boundary conditions on [0,1],

ie.,

(4.30) G(s,u) = 3 (e 4ol plusi=l g pl=lusly

e
(-1
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Hence by our assumptions on g and by (4.29) there exists ¢ €]0, oo[ such that for all
wo € L(Rd)

4.31) I (up)(w) < c(h® + || Dhl|y,) p-ace.

But the function on the right hand side of (4.31) is in L!(E; ). Let now {w; | i € N}
be a dense subset of £(R?) and define fij == u; N1 where u;; is equal to u; with wy
replaced by wjy, i,j € N. Then all assumptions of Theorem 3.4 are fulfilled with the
metric p(w, W) = 1 A [|w — &||o0» w, 0’ € L(RY). Hence (‘E, D(f)) is quasi-regular.
The corresponding Markov process is in fact a diffusion which is invariant by rotation
of the loops. (cf. [ALR 93] for more details). Similarly, the tightness results in [DR 92]
can be also derived from the general Theorem 3.4.

(c) Fleming-Viot processes.

Let E := M (S) be the space of probability measures on a Polish space S with Borel
o-algebra B(S). Let E be equipped with the topology of weak convergence. There exist
uniformly continuous functions (¢;);en on S, such that ||¢;]|- < 1, and the topology on

E is generated by the metric
[éidp— [piav

and (E, p) is complete. Set (u, ) := [ ¢ du for ¢ € Cp(S) and p a finite positive measure
on ‘B(S) and let
4.33)

FC = {1 (o)) | m € N € Cu(S), 1 < i < m.f € CPR™}.

Foru=f({(-,¢1)....(*,¥m)) € FC® and x € S define

, W,V EE,

4.32) p(p,v) = sup

J d
4.34) ) = et sedlo. 1 € MS).
€ ds
and
Ju
(4.35) Vulp) == (E(m)ﬂ.

For u € M(S) and f, g € L(S; p) we also set
(4.36) (f. &)= /fgdu —/fdu/gdu~

Note that for u € FC°, p € M(S) the map x — du/de (1) belongs to the space
L*(S; w), e, Vu(u) € LX(S; 1), hence if m is a finite positive measure on the Borel sets
‘B(E) of E we can define

(4.37) Eu, v) = / (Vu(p), Vo)) m(dp); v € FC.

Clearly, F C° separates the points of E and therefore if supp[m] = S, then (£, F C}°) is
a densely defined positive definite symmetric bilinear form on L?(E; m). If it is closable,
then its closure (E, D(f)) is clearly of the type studied in Section 3 with core F C;°, and

(4.38) L, () = (Vu(p), Vo(w)), n € E.
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It is easy to check that (‘E, D(Z)) is a Dirichlet form and by Lemma 3.2, T satisfies (3.6).
Since (M (S), p) is separable we can find v; € M(S), i € N, which are dense in M(S).
Defining fori,j € N

(4.39) fiw = [$dn— [$dvi ek,
we see that f;; € FC5°, that for p € E
(4.40) L) = (¢, @) < [ @] du < 1€ L'Esm),
and that
(4.41) o, v;) = sqpf,-,-(u) forallpy € E, i € N.
J

Thus, Theorem 3.4 applies and ( E, D(Z)) is a quasi-regular Dirichlet form. The corre-
sponding process is in fact a diffusion.

If m is the reversible invariant measure of the Fleming-Viot process on M (S) (cf. e.g.
[EK 93]), then (E, F C;?) is closable and the corresponding process is just the Fleming-
Viot process. For more details on this, a more general set-up including non-symmetric
Dirichlet forms with state space M (S) (i.e., Fleming-Viot process with generalized se-
lection), and a thorough study of the associated generating operators as well as the cor-
responding martingale problems we refer to [ORS 93].

5. Counterexamples. (a) A Dirichlet form (Z, D(’E)) that satisfies (QR1) and
(QR2), but not (QR3).

Our first example is a regular Dirichlet form that is not quasi-regular. This form is
defined over a separable, compact space E, so this example shows that the assumption
of metrizability in Proposition 0.9 cannot be dropped. All that this example requires is a
pathological measure space. It really has very little to do with the Dirichlet form, in fact,
we will take ('E, D(f)) to be the “zero” form. Let X = [0, Q] be the first uncountable
ordinal space with the order topology. Then X is a compact, Hausdorff space and B(X)
consists of all subsets that are countable or have countable complement. We define a
Borel measure i by

0, if Bis countable;
1, otherwise.

5. 1) W(B) = {

A function u on X is measurable only if it is eventually constant on [0, Q), that is, it is
constant on an open set of the form (A, Q) for some A € X. We denote this left limit
as u(Q—). The space L*(X; 1t) identifies those measurable functions with the same left
limit at Q. Everything is fine, except for the fact that X is not separable. So now we
use the fact that X is completely regular and embed it into the separable, compact space
E = [0, 1], Let p* be the image measure under this embedding and let (z;);en be a
countable dense set in E. Define a Borel measure m on B(E) by setting

(5.2) m=pu*+ f((s:, /2.
j=1
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Now let (‘E D(‘E)) be the zero form on L2(E; m), that is, D(‘E) = L*(E;m) and ‘E(u, v) =
0 for all u,v € D(E). We now show that this Dirichlet form satisfies (QR1) and (QR2)
but not (QR3). Since E is compact, (QR1) is trivially satisfied. We will prove (QR2) by
showing that every measurable function u on E has an E-quasi-continuous m-version.
Let u be measurable and set

w(Q—), ifz=2Q;

(5.3) #(z) = u(z), otherwise.

Here [0, Q] is regarded as a subset of E. Since m({Q}) = 0, we see that ii is an m-version
of u. Also, the sequence of closed sets

k
(5.4) F=10,Q1U [ J{z}
=1

is an ‘E-nest, and, since u is constant on a set of the form (A, Q) C E, z?[,sA is continuous
for each k. This means that i is E-quasi-continuous and so (QR2) holds. Now we show
that (QR3) fails. An exceptional set N must always be contained in a Borel set of measure
zero, so N C (A, Q) for some A € [0,Q). This means that any sequence of functions
(tn)nen satisfying (QR3) must separate points in (A, ), for some A. Since each u, is
measurable, there exists A, € (A, Q) so that u, is constant on (A,, Q). Let A* = sup, A,.
Because Q is the first uncountable ordinal, A* <  and so the sequence (u,),en fails to
separate the points of (A*, ). Thus no countable collection {u, | n € N} can satisfy the
conditions of (QR3).

(b) A Dirichlet form (. D()) that satisfies (QR2) and (QR3), but not (QR1).

For our next example we take £ = [0, 1) equipped with m= Lebesgue measure dz,
and let (‘E, 1)(‘E)) be the Dirichlet form associated with reflecting Brownian motion on
[0, 1]. That is,

(5.5) D(E) = {u | u is absolutely continuous on (0, 1) and u' € Lz((O, l);a’z)}
Eu,v) = (1/2)/u’(z)v'(z) dz.
In order to explain this example we need the following result.

. . l)2 :
LEMMA 5.1. Ifu, — uin ‘E,/ -norm and m(z]uk(z) = 0) > 0 for all k, then there
exists ¥ € [0, 1] so that the continuous version of u has a limit of zero at 7.

PROOF. Since m(z|uk(z) = O) > 0, the continuous version i; of u;, must vanish at
some point z; in [0, ). Therefore, for all z € [0, 1),

(5.6) i) = / “1(s) ds.

Now by taking subsequences we may assume that zz — z* € [0, 1]. Since u; — u in
1/2 . .
‘El/ -norm, the derivatives i’ converge in L>((0, 1); dz) to u’ so

(5.7) i (z) = / w(s)ds — / u'(s) ds.
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The right hand side of (5.7) is the continuous version of u and it clearly has limit zero at
z. .

One consequence of this lemma is that an increasing sequence of sets (Fy)ien 1S an
‘E-nest only if m(F;) = 1 for some k. That is because the constant function 1 cannot be
approximated from within (J, D(E)r, otherwise. Since no compact subset of [0, 1) has
full measure we see that (QR1) fails for ('E D(‘E)). The conditions (QR2) and (QR3)
are easily seen to be satisfied.

(¢c) A Dirichlet form (f D(’E)) that satisfies (QR 1) and (QR3), but not (QR2).

In this example we take the same Dirichlet form (‘E D(‘E)) as in Example (b), except
we give E = [0, 1) the topology of the circle. Then E is compact so that (QR1) trivially
holds. It is again quite easy to show that (QR3) holds, so we will only show that (QR2)
fails. In fact, using Lemma 5.1 as before, we see that an increasing sequence (F)ren €an
only be an E-nest if F; = E for some k. Thus an ‘E-quasi-continuous function must be
continuous everywhere on E. But D(‘E) contains a lot of functions that do not have a
version that is continuous on the circle, for example, u(z) = z. Therefore (QR?2) fails.

In example (b), we saw a Dirichlet form which satisfies (QR2) and (QR3) but not
(QR1) and so is not quasi-regular. In that example, the reason that quasi-regularity fails
is that the space £ = [0, 1) is adequate to define the form but not as a state space for
reflecting Brownian motion. The boundary point {1} is missing from the space, and
if we put it back, we get the usual quasi-regular form on £ = [0, 1] corresponding to
reflecting Brownian motion. The following example shows that the problem of “missing
boundary points” can even occur when E is a complete metric space. It is an example of
a classical Dirichlet form, i.e., a form of gradient type defined on a complete linear space
E, which, nevertheless, is not quasi-regular. Once again, it would be possible to embed
E into an even larger space so that (f, D(‘IE)) becomes quasi-regular, but we will not do
1t

(d) A classical Dirichlet form that is not quasi-regular.

Let E be an infinite dimensional, separable Hilbert space and denote each pointz € £
as

(5.8) 2=(21,22, - Zis- o

where (z;);en are the coordinates of z with respect to some fixed orthonormal basis. We
equip E with its Hilbert topology and its Borel o-algebra B(E). Let ((7,-2 )ien be a sequence
of strictly positive numbers such that 3_; 07 < 00, and let m be the Gaussian measure on
(E, ’B(D) so that (z;);en becomes a sequence of independent mean zero Gaussian random
variables with E(z?) = o7.

Define a core of functions, dense in LZ(E; m), by

(5.9) FC = {u| Ik > 1,f € CPRY) such that u(z) = f(z1,...,20)}-

Fori > landu € FC°, with representation u(z) = f(z1,.. . ., %), we define the function
du/dz; by

vy — | @F[0xi)(zis oz, for 1 <i <k
(5.10) (Qu/dz)(@) = § otherwise.
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Now let (7;)ien be a sequence of strictly positive constants and define the form E by
o0
(5.11) Eu,v) = /sz,-(au /92)(@v/dz;) dm.
JEi=1

foru,v € F C;°. It can be shown that this is a well-defined, symmetric, bilinear form with
the Markov property and that (E, F C°) is closable in L*(E; m). We denote its closure by
(E, D(’E)). The form (‘ZZ, D(fE)) is an example of a classical Dirichlet form of gradient
type (cf- [AR 89] [AR 90] [S 90]), and because m is Gaussian, the form (‘E, D(‘E)) cor-
responds to an Ornstein-Uhlenbeck process. To get the required counterexample we will
show that for some choice of constants (Uiz)jeN and (7;)jen, the form (‘E, D(’E)) fails to
satisfy (QR1). What this means is that this Ornstein-Uhlenbeck process cannot live on
the space E, but must be modelled on a larger space where (f, D(‘E)) is quasi-regular.
Our analysis begins with the observation that because of the simple product structure
of the measure space (E ‘B(E), m) certain calculations can be reduced to one-dimen-
sional problems. For a fixed index j, we let z;: E — R denote the map which sends z to
its j-th coordinate. Let Pju = E(u!o(z,-)) be the conditional expectation with respect to
0(z;). The operator P; is a projection in L*(E;m) and we claim that it is also a contraction

in (D(Z), Z:/z). For u € FCy°, with representation u(z) = f(zy,...,z), we have the
explicit formula
(512 Pw@ = [ [ xen gm0 [T,

| i#

where m; is the Gaussian measure on R with mean zero and variance o7. We note that
Pju is a function of z; only. This formula (5.12) also holds when f is not quite so smooth,
for example when f = g VV h where g,h € C°(R¥). Using this explicit formula we find
that for u € ¥ C;°, the function Pju is again in F C;° and

(5.13) OPju/0dz; = 6;;P;(dudz)).

Consequently,

E(Pju, Pju) = i / Vi(OPju [ dz;)* dm
i=|

= i /'Y,'(S[j(Pj(au/aZj))z dm
i=1
=7; /(Pj(au/azj))z dm

< i /(au/az,-)2 dm
< E(u, u).

(5.14)

Therefore, also E,(Pju, Pju) < E;(u,u) on FC;° and by continuity this inequality ex-
tends to all of D(‘E). This shows that the image of D(‘E) under P; is the closure of

(5.15) PiFCY ={fz) | f € CPR)}.
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Thus P;D(‘E) consists of all functions of the type f(z;) where f belongs to the closure
of Cp°(R) with respect to the one-dimensional Dirichlet form ; [ u'v' dm; + [ uv dm;. In
particular, f must be absolutely continuous.

Now let A be the open set {z eE ( |zj| > 1} and define

(5.16) Ly={u€DE)| u>1mae. onAl.

The element in £, with the smallest ‘E: / %_norm is written 1 4 and is called the reduite of
the function I on the set A (¢f. [MR 92; Chapter III, Section 1]). We would like to show
that 14 € P;D(‘E), and to do so, it suffices to show that P; maps 14 back into L.

First we note that since the map u — |u| is norm-reducing in D(E), the function
14 must be non-negative m-a.e. Now let g € C;°(R) be a function satisfying />4 <
g(x) < I,>1). Then the function v = g(z;) belongs to D(E) and v < Iam-a.e. Let u,
be a sequence in F C;° which converges to 14 in ‘E:/z-norm. Then the sequence u, V v
converges in fl]/z-norm to 14 Vv = 14. Using the fact that g(x) > >4 and the
formula (5.12), we see that P;(u, V v) > 1 on {z EE ||z >1+ e}. As n — o0, the
sequence Pj(u, V' v) converges to P;1, and so this limit also must be greater than or equal
to 1 on the set {z € E ‘ |zl > 1+€}. As this is true for every e > 0, we conclude that
P;jl4 > 1 on A, in other words, Pj14 € Ly.

Since ||PJ-1A||,£I./1 < HlA“'E‘I/Z and 14 is the unique norm-minimizing element in £,

we conclude that P14 = 14. Thus 14 has an m-version which is of the form 14(z) = f(z;)
for some absolutely continuous function f. Now this function f is equal to 1 on the set
{x ’ |x] > l} and for any point x € (—1, 1) we have

(5.17) L= = () —f = [ Fo)ds
By Cauchy-Schwarz we get
(5.18) 0—¢u»23(ﬂxﬂ@»%mwwjggy/w@»

where ¢; is the density of the Gaussian measure m; on R with mean zero and variance
afz. By the norm minimizing property of 14 we obtain

! 2
519 [ (W) eiwdy =y 1) < By L) S B D = 1,
and combined with the formula for ¢;(y) this leads to the bound
(5.20) sup|14(2) — 1> < V2m(20; /7)) exp(1 /207).
€k '

PROPOSITION 5.2.  If (0;/7;) exp(l /20_/2) — 0 as j — oo, then the Dirichlet form
(‘E, D(‘E)) is not quasi-regular on L*(E;m). In fact, D(‘E)x = {0} for any compact set
K C E and so (QR1) must fail to hold.

NOTE. Recalling that Zof < 00, we see that choosing ¥; = exp(1 /2q/-2) will give us
coefficients satisfying the hypothesis of the proposition above. It is typical that ¥; must
go to infinity very quickly in order to force (‘E D(TE)) not to be quasi-regular.
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PROOF. Forj > 1defineA; = {z € E| 5] > 1} and set Oy = Uy A;. Now if K is
any compact subset of £, then z; — 0 uniformly on K as j — oo so that K C Of, for some
N. This implies that D(E)x C D(‘Z)Oj\, and so it suffices to prove that the projection P in
(D(’E), ‘E:/Z) onto the space D(Z)()jv is the zero projection. Now since A; C Oy C E for
J 2 N, we have 14, < lg, < 1 m-a.e. On the other hand, since (U_,-/Wj) exp(1 /20}) — 0
we see from (5.20) that 14, — 1 uniformly on E. Therefore 1o, = 1.

Now for any other 1-excessive function h € D(‘E) we have
(521) //’l dm = 'Z[(h, l) = 'Zl(/’l, l()N) = 'Z:] (/1()‘,\/, l) = /‘h()‘\, dm.

Noting that & > hg, m-a.e. we conclude that h = hg,, in LX(E; m). Thus for every -
excessive function 4 we have Ph = h — ho, = 0. Therefore P is zero on the linear span
of all 1-excessive functions, and since this linear span is dense, we conclude that P = 0
on D(‘E) which proves that D(‘E)x = {0}. n
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