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KERNEL GENERATED 
TWO-TIME PARAMETER GAUSSIAN PROCESSES 

AND SOME OF THEIR PATH PROPERTIES 

MIKLÔS CSÔRGÔ, ZHENG-YAN LIN AND QI-MAN SHAO 

ABSTRACT. We study path properties of kernel generated two-time parameter, not 
necessarily stationary, Gaussian processes. We establish large deviation results for some 
increments of these processes and use these results to prove some of their moduli of 
continuity and other path properties. 

1. Introduction and statement of results. This exposition was inspired by some 
recent studies of infinité dimensional stochastic evolution equations which, in turn, were 
initiated by D. A. Dawson [17, 18], where the solution was used to model continuous 
space-time population processes. In particular, the roots of this paper are related to the 
infinité dimensional Gaussian process Y(t) = (X\(t),... ,X/(f), • • •)> where the {X/(f), 
—oo < t < oo}, are independent Ornstein-Uhlenbeck processes with coeffiecients 
7/ > OandA/ > 0J.e.,EXi(t) = 0andEXi(s)Xi(t) = (7,-/A/)exp(-A/|.s-f|),i = 1,2,.... 
In Dawson [17] the process Y(-) is the stationary solution of the infinite array of stochastic 
differential equations 

(1.1) dXt(t) = -XiXi(t) dt + (211)1 /2 dWi(t) (i = 1,2,...), 

where {W[(t), —oo < t < oo} are independent Wiener processes (cf. also Dawson [18], 
Walsh [38, 39] and Antoniadis and Carmona [2]). Such processes have been used as 
a model for neuronal behaviour (Kallianpur and Wolpert [28], Walsh [38]); they have 
proved important in quantum field theory (Carmona [4], Rôckner [32]); and they also 
arise as fluctuation limits in infinite particle systems (Holley and Strook [24]). Owing to 
the variety of applications of these processes, they have been looked at from a number 
of different mathematical angles. For instance, they have been considered as examples 
of stochastic evolution equations (DaPrato, Kwapien and Zabczyk [16], Kotelenez [29], 
Miyahara [31]); or as reversible Markov processes which may be studied by using the 
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associated theory of Dirichlet forms (Schmuland [34, 35]); or as solutions to stochastic 
p.d.e.'s (Walsh [38,39]). They have also been studied directly as Gaussian processes (An-
toniadis and Carmona [2], Csâki and Csorgô [5, 6], Csâki, Csorgô, Lin and Révész [7], 
Csâki, Csorgô and Shao [8, 9], Csorgô and Lin [10, 11, 12], Csorgô, Lin and Shao [14], 
Fernique [21,22], Iscoe, Marcus, McDonald, Talagrand and Zinn [25], Schmuland [36]), 
and it is the latter lines of research which have led us to our present deliberations which 
we now outline. 

Throughout this paper the following notation conventions will be used: log* = 
logmax(x,e) andx = x+ \/x. 

Concerning the infinite dimensional Ornstein-Uhlenbeck process Y(-) as above, a spe
cial case of Théorème in Fernique [19] reads as follows: For each x G IR+, let K(x) = 
{k G N : 7* > Xkx} and \(x) = supjA/c : k G K(x)}. Then F(-) G I2 is a.s. contin
uous if and only if we have T.^L\(lk/ Xk) < oo and J(log[A(jc)] V 0)dx < oo as well. 
Consequently, (cf. Corollary 1 of Fernique [21]), for Y(:) G I2 to be a.s. continuous, it is 
sufficient that we have 

OO / x 

(1.2) E ( V * * ) (l + ((logA*)V0) <oo. 

For moduli of continuity results Y(-) G I2 and for its closely related £2-norm squared 
process x2(0 = \\Y(t)\\2 = £S£iX*(0, w e r e f e r t o C s o r g° a n d L i n [H, 12], Schmu
land [33], Csâki and Csorgô [5], and Csâki, Csorgô and Shao [8]. Fernique [22] gives 
also necessary and sufficient conditions for Y(-) G Ep, 2 < p < oo, to be a.s. continuous. 
Csâki and Csorgô [6], Csâki, Csorgô and Shao [9], and Schmuland [36] study continuity 
and moduli of continuity sample path properties of Y(-) G £p, 1 < p < 2, and those of 
Y(-) G £°° are studied by Csorgô, Lin and Shao [14]. 

Another real valued process which is also closely related to Y(-) G I2 is the stationary 
mean zero Gaussian process X(-) defined by 

r °° 1 
{X(r),-oo <t<oo} = E ** ( ' ) , - cx )<f<oo , 

where Xk(-) are the Ornstein-Uhlenbeck components of Y(-). Let 

( L 3 ) 

{X(r,«),-oo <t <oo,n = 1,2,...} = ( Ë Xk(t),-oo <t < oo,n = 1,2,...). 

Csâki, Csorgô, Lin and Révész [7] show that X(t, n) —> X(t) uniformly in t over finite 
intervals with probability one as n —> oo if for some 6 > 0 we have 

(1.4) £7*(log(A*VéO) /Xk <oo , 

and hence, under the latter condition, X(-) is continuous with probability one. Csâki et al. 
[7] prove also exact moduli of continuity results for X(-). The relationship of X(-) and 
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Y(-) G I2 is illustrated by conditions (1.2) and (1.4). Indeed, the process X(-) is con
tinuous if and only if it satisfies Fernique's necessary and sufficient condition for the 
continuity of a stationary Gaussian process (cf. [191 and Corollary 2.5 of Section IV.2 
in Jain and Marcus [27]), i.e., if and only if in this case E\X(t) — X(s)\2 = <j>2(\t — s\), 
where </>(«) is an increasing function in u > 0, we have that </>(«)/ (u(\og(\ / u)) ) is 
integrable at zero (cf. also Theorem 2.2 in Csâki et al. [7]). Since 

E\\Y(t)-Y(s)\\2 = E\X(t)-X(s)\2, 

hence, in general, checking Fernique's necessary and sufficient condition for the a.s. 
continuity of the real valued, stationary, mean zero Gaussian process X(-) should be also 
sufficient for that of the stationary, mean zero Gaussian process Y(-) in I2. The conditions 
( 1.2) and ( 1.4) illustrate this point. More importantly along these lines, it was pointed out 
by a referee of Csôrgô and Lin [13] (cf. p. 425 of [13]) that a more precise analysis and 
study of the results of Fernique [21] yield in effect that the following four properties are 
equivalent: 

(i) P{Vr, Y(t) e I2} = 1, P{t —> Y(t) continuous} = 1, 
(ii) £ £ , lk/\k < oo, JTog+ \(x)dx < oo, 

(iii) Vf, P{X(t, n) —• X(t)} = 1 , P{t —> X(t) continuous} = 1, 
(iv) P{X(-, n) —> X(-) uniformly over every finite interval} = 1. 
Path properties of the two-parameter Gaussian process X(t, n) of (1.3) were studied 

by Csorgô and Lin [10]. Integrating the equations in (1.1) from —oo to t we obtain 

(1.5) Xi{t)= f exp(-A /|f-j|)(27/)1/2dW /(5) ( /= 1,2,...), 

and hence we have also 

(1.6) X(t,n) = Y,Xk(t) = E T exp(-A,|^-^|)(27^) , / 2^^). 

The latter, in turn, has led us to study, in the same paper, also the two-parameter Gaussian 
process 

(1.7) X(t,v) = [ £ o o exp(-A(v)( r -x)) (27(^)) , / 2 ^(x , j ) , 

where 7(y) and A(v) are assumed to be positive continuous functions on [0, oo), and 
{ W(x,y), —oo < x < o o , 0 < _ y < o o } i s a standard two-parameter Wiener process (cf. 
Sections 1.10-1.15 and the Supplementary remarks of Chapter 1 in Csorgô and Révész 
[15]). 

This brings us to the main topic of our present exposition. Here we study two-
parameter Gaussian processes {X(t, v), t G R, v G R+} of the form 

(1.8) X(u v) = / / r(r, v, x, y) dW(x, y), 
JO . / -oo 
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where the kernel function T(t, v,x,y) is assumed to be square integrable in (x,y) on R+ x 
R, and W(x,y) is a standard two-parameter Wiener process. Thus X(t, v) is a Gaussian 
process with mean zero and covariance function 

(1.9) Co\(X(t,v),X{s,u)) = r j°° T(t,v,x,y)T(s,u,x,y)dxdy. 

We note that we do not assume stationarity properties for X(t, v) and that we can as
sume X(t, v) to be separable. For an earlier study of such processes we refer to Csorgo 
and Lin [13] and Lin [30]. Here we improve the results of [13] and [30] to a great extent 
and under much weakened conditions. In particular, the large deviation results of Sec
tion 2 are much sharper than those of [13] and [30]. The ones we have here are more 
like those of Fernique (cf., e.g., [19], [20], [21] and [22]). However, we pay more at
tention to details in the case of non-stationary Gaussian processes, especially when they 
are kernel generated as in (1.8). Also, the new and weaker conditions here are easier to 
verify than the stronger ones in [13] and [30]. Before stating and commenting on our 
main new theorems concerning path properties of processes X(t, v) as in (1.8), we give 
five examples, illustrating our results in some special cases. Right after stating our four 
main theorems, we spell out nine corollaries which deal with path properties of the pro
cesses in Examples 1-5. These corollaries well illustrate also the main features of our 
theorems, which can be summarized by saying that they succeed in treating moduli of 
continuity and large increment path properties respectively, simultaneously in the two 
time parameters. These features of two-time parameter fluctuation theory are believed to 
be new, and the results of the nine corollaries themselves are also new, even for the well 
known two-time parameter Wiener and Kiefer processes. 

We let 

(1.10) H2
{(t, s, v) = E{X(t + s, v) - X(t, v)}2, 

(1.11) X(R(t, s, v, w)) = X(t + s, v + u) - X(t, v + u)-X(t + s, v) + X(t, v), 

(1.12) H2
2(t,s,v,u) = EX2(R(t,s,v,u)). 

It is easy to see that 

(1.13) H\(t,s, v) = f ° J°° (T(t + s, v,x,y) - T(t, v,x,y))2 dxdy 

(1.14) Hj(t,s,v,u) = f°° f°° (r(t + s,v + u,x,y)-r(t,v + u,x,y) 
JO J—oox 

— T(t + s, v, x, y) + T(t, v, x, yfj dx dy. 

The following examples are immediate. 

EXAMPLE 1. If T(t, v,x,y) — l(__OO;r]X[0,v](^};), - c o <t <oo, 0 < v < o o , then 

X(u v) = W(t, v), 

H](t, s,v) = sv, 0 < s < oo, 

H\(t, s, v, u) — su, 0 < s, u < oo. 
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EXAMPLE 2. If F{t, v,x, v) = lmx[0,v](x,y) - tl[0,\]X[oAx>y)> 0<t<l,0<v< 
oo, then X{t, v) = W{ty v) — tW{\, v), a Kiefer process {cf. Section 1.15 in Csorgô and 
Révész [15]), 

H]{t,s,v) = s{\ -s)v, 0<s<l, 0 < v < o o , 

Hj{t,s,v,u) = s{\ -s)u, 0<s < 

EXAMPLE 3. If, with —oo < t < oo, 0 < v < oo, 

HJ{t,s,v,u) = s{\ -s)u, 0<s<\, 0<u<oo. 

1/2 
T(t,v,x,y) = l(-oo,/]x(o,v](^y)exp(-ACy)(r-jr))(27Cy)) , 

where \{y) and 7(y) are positive continuous functions on (0, oo), then X{t, v) is the two 
parameter Gaussian process of (1.7) with 

H\(u 5, v) = 2 j f ^ | | (l - e x p ( - A ( ^ ) ) dx, 

Hj{t,s, v,u) = 2 I**" ^—( 1 - exp(-A(jc)s)) dx. 
Jv \{x) V v /1 

EXAMPLE 4. If, with -oo < t < oo, 0 < v < oo, 

k=0 

then 

T(t,v,x,y) = ^ 4>k{v)l{^00^x{kM]]{x,y)exp(-Xk{t - x)){2lk)
1 

k=0 

OO , s \ x 

H](us, v) = 2E^ 2 (v ) ( l - « T W T M , 
*=o VA*y 

oo 2 "Y. 

H2
2{t,s,v,u) = 2X;(0it(v + M)-^(v) ) (1 - ^ A 

oo 

where {X*(0, —oo < r < oo} are independent Ornstein-Uhlenbeck processes with co
efficients lk > 0 and Ajt > 0. 

EXAMPLE 5. If T{u v, JC, y) = f{x, y)g\ {t)g2{v), then 

if?(r,j,v) = ^(v)(g1(r + j ) - ^ i ( 0 ) 2 - c , 

Hj(t, S, v, M) = (g2(v + w) - g2(v))2(gi (f + 5) - g,(r))2 • c, 

where c = J0°° J!°M/2(^j) ^ < oo. 
This paper is organized as follows. In Section 2 we establish new large deviation 

results for some increments of the process X{t, v) as in (1.8). These are more general and 
sharper than the ones proved in [12]. We use these results to prove our main theorems 
concerning path properties of the X{t, v) process, which we now proceed to state and 
comment on. The proofs of these results are given in Section 3. 
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Put 
H2{t, s, u, v) = E(X(t + 5, v + u) - X(U v))2 

= / / (r(ï + s, v + u,x,y) — T{t, V,JC,J)) dxdy, 

and let 
</>(/z, Z) = sup //(?, 5*, w, v). 

0<v,w</i,|f|<A,|v|<A 

We note that, by a classical result of Fernique [20] {cf. Berman [3], p. 197), if we have 

(1.15) / <f){e~y ,A)dy <oo foreveryA>0, 

thenX(f, v) is almost surely continuous. Since we are mainly interested in studying mod
uli of continuity and other path properties of increments of X{t, v), for the convenience of 
the statements, and for that of the proofs later on, we assume throughout the whole paper 
that X{t,v) is a.s. continuous. Also, further in this section we assume that H\{t,s, v) is 
non-decreasing in s, H2O, s, v, u) is non-decreasing in s and w, and that ar, bj, cj and DT, 
H\ {t, s, T) and Hi{t, s, v, u) are continuous functions of T, s, u. For the conditions (2.12) 
and (2.38), we refer to Section 2. Our main results are as follows. 

THEOREM 1.1. Assume that (2.12) is satisfied and that there are positive numbers c 
and a such that 

n - , , Hx{t^T) Hx{UsuT) 
(1.16) < c 

sa - s« 
for each \t\ < bj + aj, 0 < s < s\ <aj. Moreover, assume 

H\(t + s,6aT,T) 
(1.17) hmlimsup sup sup ——— — — = 0 

<5^0 T^^ \t\<br+aT 0<s<aT H\{t,aT,T) 

(1.18) \og\og[aT + —- ) = o(log—) asT—^oo. 
V br' V ar ' 

Then we have 

(1.19) 
lim sup sup sup \X{t + s,T) — X{t, T)\ 

T-+00 \t\<bT0<s<aT 

Hi(t,aT,T)- [2(log — + log\ogH{{t,aT,T))) \ < 1 a.s 

If in addition, 

bj 
( 1. 20) log log Hi(t,aT,T) = o( log 

V aj 

uniformly in \t\ < bj, as T —> 00, 

(1.21a) E(X((J + 1)5, v) - X(js, v)) (x({l + l)s, u) - X{ls, u)) < 0 
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for each j ^ /, s > 0, or 

(1.21b) Hx{t,s,T)=Hx(0,s,T)and 

E(X{(J + IK v) - X(js, v)) (x((l + \)s, v) - X(ls, v)) < 0 

for each] ^ l, s > 0, \t\ < bj, then, we have 

, i r n ,. \X(t + aT,T)-X(t,T)\ 
(1.22) lim sup 7—-jT = 1 a.s. 

T^o<<<bT H,(t,aT, T)(2 log £) ' /2 

(1.23) hm sup sup 7—— = 1 a.s. 
T-°° M<M<,<«r //i(f,flr, D(21og ^ ) ' / 2 

THEOREM 1.2. L^ aj be non-decreasing, H\(t,s, T) non-decreasing in t on (0, oo) 
and non-increasing in t on (—oo, 0]. Assume that (2.12), (1.16), (1.17) and 

br 
( 1. 24) \- H\ (t, aj, T) —> oo uniformly in \t\ < bj as T —> oo 

aj 
are satisfied. Then (1.19) holds true. If in addition, bj > c$ > 0, (1.20), (1.21a) or 
(1.21b) are satisfied, then (1.22) and (1.23) also hold true. 

THEOREM 1.3. Assume that (2.38) is satisfied and that there are positive numbers c 
and a such that 

.« o c , H2(t,s,v,u) H2(t,s\,v,u) 
( L 2 5 ) a ~C a 

Sa S* 

for each 0 < s < s\ < aj, 0 < v < Dj + cj, 0 < u < 2cj, \t\ < bj + a?. Moreover, 
assume 

lim lim sup sup sup sup 
<5—^ \t\<bT+ar 0<s<aT0<V<DT+CT -8cr<u<cT 

H2(t + S,aj,V + U,bcj)+H2(t + S,baj,V + U,CT) 

Hi(t,ar,v,CT) 

(1.27) \og\og{aT + cT + ^ " + / " ) = 0[lo&{-^- + l) {l + f 1 ) ) ™T->OO. 

Then 
(1.28) 

lim sup sup sup sup sup \x(R(t, s, v, u)) I / 
T-^oo 0<v<DT0<u<cT\t\<bT0<s<aT ' 

I \ 1/2 

H2(t,aT,v,cT){ 21 logf — + ljf 1 + — ) + \og\ogH2(t,aT, v,cT)\ < 1 a.s 
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If in addition, the following conditions are satisfied 

(1.29) \og\ogH2(t,aT,v,cT) = o\\og(— + l ] ( l + — H 

uniformly in \t\ <bj and 0 < v < Dj as T —> oo, 

(1.30) EX(R(js, s, ku, u)) x(R(ms9 s, lu, u)) < 0 

for each s > 0, u>0,j + k^m + l, then 

\x(R{UaT^cT))\ 
(1.31) lim sup sup ! ! -rz = 1 a.s. 

T^*<v<DTQ<t<bT H2(UaT,v,cT)(2\o^T + 1 ) ( ^ + 1)) ; 

(1.32) 
\x(R(t,s,v,u))\ 

lim sup sup sup sup -— — 1 a.s. 
T-^oo 0<v<DT0<u<cT\t\<bT0<s<aTH2(t,aT,V,CT)(2\og(^ + 1 ) ( ^ + 1)) ' 

THEOREM 1.4. Assume that Cj and aj are non-decreasing and H2(t, s, v, u) are non-

decreasing in t and v. Suppose that (2.38), (1.25), (1.26) and 

(1.33) ( — + l ) ( — + l ) +H2(t,aT,v,cT)—>oo 

uniformly in\t\ <bj and 0 < v <Dj asT —> oo are satisfied. Then (1.28) holds true. 

REMARK 1.1. If Hx (t, s, T) does not depend on t, that is Hi (t, s,T) = Hx (0, s, T) for 

all u then (1.16) implies (1.17). 

REMARK 1.2. If aT —» 0 and bT > c0 > 0, then (1.18) is satisfied. 

The following corollaries deal with the five examples given earlier in this section. 

COROLLARY 1.1. Let {W(x,y), — oo < x < oo,0 < y < oo} be a standard two-

parameter Wiener process. Assume that 

(1. 34) l o g l o g f ^ + _ + _ ) = oflog ~ ) asT-^ oo. 
V laj bj J V aj ) 

Then 

\W(t + aT,T)~W(t,T)\ 
lim sup r = 1 a.s., 

T-™o<t<bT (2TaT\og^y/2 

\W(t + s,T)-W(t,T)\ 
lim sup sup T—— = 1 a.s. 

T^°° \t\<bTo<s<aT (2TaTlog -£)xI2 

COROLLARY 1.2. Let {W(x,y), — oo < j c < o o , 0 < y < oo} be a standard two-

parameter Wiener process. Assume that 

(1.35) 

\og\og\ aj + cr + ajCr + + 7 - + — ) = o\ log) — + 1 ) ( — + 1 ) as T —> 00. 
V ajCj bj Dj) v ^ar ' ^ cj J) 
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Then 

\w(R(t,aT,v,cTj)\ 
lim sup sup • • —- = 1 a.s., 
T-**>o<v<DTo<t<bT (2aTcT\og{hfT + 1 ) ( ^ + 1)) ; 

\w(R(t,s,v,u))\ 
lim sup sup sup sup ! !

 -TZ = 1 a.s. 
T^0<v<DT0<u<cT\t\<bT0<s<aT (2aTCT\og(^ + 1 ) ( ^ + 1)) ' 

COROLLARY 1.3. Let {K(x,y), 0 < JC < 1,0 < J < oo} be a Kiefer process, aT and 

bj be continuous functions with 0 < aj + bj < 1. Assume that 

(1.36) l o g ( V +TaT+—-) = o(\og — ) asT-^oo. 
\br Taj) \ aj J 

Then 

,. \K(t + aT,T)-K(t,T)\ 
lim sup 7-pr — 1 a.s., if-^OO 0<t<bT HzV'2 

(2TaT(\-aT)logbfT) 

\K{t + s,T)-K(t,T)\ 
lim sup sup j-TT- = 1 a.s. 

^0<t<bT0<s<aT (2TaT(l-aT)log%) 

COROLLARY 1.4. Let {K(x,y), 0 <x < 1,0 <y < ex»} be a Kiefer process, aT, bT, 

v cj, Dj be continuous functions with 0 < aj + bj < 1 and 0 < aj < ~. Assume that 

1 1 1 \ (. (bj \ (Dj 
+ 1 — + (1.37) log — + — + c r + = o log - + 1 — + 1 as T-* oo. 

V/?r L>7 ajCj ) V ^<?r / V c r 

lim sup sup -jz — 1 a.s., 
!#(/?(*, <zr, v,cT)) 

v<DTo<t<bT (2aT(l - a r ) c r l o g ( ^ + 1 ) (^ + 1)) 

\K(R(t,s,v,u))\ 
lim sup sup sup sup ! -jr — 1 a.s. 
T-^Q<v<DTo<u<cT\t\<bTQ<s<aT (2aT(\ - aT)cT\og(~f + 1 ) (^ + 1)) ; 

COROLLARY 1.5. Let {X(t,v),—oo < t < oo,0 < v < oo} be a two-parameter 

Ornstein-Uhlenbeckprocess as in Example 3. Put 

H2(aT, T) = H2(t, aT,T) = 2jTjp)(l- exp( - \(x)aTj) dx. 

Assume that there exists c > 0 such that 

(1.38) / l^Ldx<csf l(x)dx 
J0<x<T:\(x)>t \(x) J0<x<T:X(x)<\ 
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for each 0 < s < aj, 

1 . * , „ _ ^ _ ^ i * n ( 1. 39) log log (aT + — + H(aT, F)) = o (log — ) as T 

Then 

oo. 

lim sup r——— = 1 a.s. 
T^o<t<bT H(aT,T)(2\og^y/2 

\X(t + s,T)-X(t,T)\ 
lim sup sup — ^ / ^ t i ^~7777 = 1 «•£• 

T^°°\t\<bT0<s<aT
 TT/ ^ ^ 1 - -/ /(a r ,D(21og^)1 /2 

COROLLARY 1.6. Let d > 0, b > 0, {X(r, v), - oo < r < oo,0 < v < oo} be a 

two-parameter Ornstein-Uhlenbeckprocess as in Example 3. Assume that aj —> 0 and 

cj —> 0 as T —> oo and that 

(1.40) sup A(JC) < oo, 
0<x<d+b 

(1.41) ^-ff7(Jc) < c y 1 " ^ ^ ) and ^ < c ^ 

for each 0 < x < y < 1, where 0 < a < 1, c > 0. 77ien 

|x(/?(f ,a7,v,c7)) | 
lim sup sup ' 1 1 / 7 = 1 a's-> 

T^°° o<v<dO<t<b H(aT, v, cT)(2 log — ) ' / 2 

\x(R(t,s,v,u))\ 
lim sup sup sup sup ' ^—— = 1 a.s., 

T-*OO 0<v<d0<U<CT |r|</, o<s<aT H(aT, v, cr)(2 log — ) / 2 

w/zere H2(aT, v, c r ) = 2 Jv
v+^ ^ ( l - exp(-A(jc)a7 ')) <**• 

COROLLARY 1.7. Let {X(t, v), — oo < r < o o , 0 < v < oo} £>£ a two-parameter 

Gaussian process as in Example 4. Assume that 4>k(v) is non-decreasing in v for each k 

and that there exists c > 0 such that 

(1.42) E « v ) r < « E « v ) " ^ / o r 0 < j < l , v > 0 , 

and 

(
OO 'V x x J x 

Then 

\X(t + ar,T)-X{uT)\ 
lim SUP j——rr = 1 Û.5., 

T-^o0<t<\ / / 1 ( a r , r ) ( 2 1 o g ^ ) 1 / 2 

\X(t + s,T)-X(t,T)\ 
l im SUp SUp j—r-pr = 1 d.S.. 

T^°° \t\<\ o<s<aT H\(aT, D(2 log ^M1/2 

https://doi.org/10.4153/CJM-1994-003-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1994-003-x


TWO-TIME PARAMETER GAUSSIAN PROCESSES 91 

where H]{aT,T) = 2£™, <t>2
k(T)(l - e~x^)^ 

COROLLARY 1.8. Let {X(t, v), 0 < t < oo, 0 < v < oo} be a two-parameter Gaus
sian process as in Example 5 withg\(s) = sa] andg2(v) — vai (ct\ > 0, oci > 0). Assume 
that as T —> oo 

(1.44) \og\og[T + aT +— + 7—) = of log 
V ay bj' V 

1 . l \ J^„bT) 
aj) 

Then 
\X(t + aT,T)-X(uT)\ 

hm sup r — = 1 a.s.9 
T^v<t<bTHx{t,aT,T){2\ogblTyl2 

\X{t + s9T)-X(f9T)\ 
hm sup sup r—— = 1 a.s.9 

r-*»o<t<bTo<s<aT Hx(f,aT,T)(2\og^y/2 

where H](t, aT,T) = c- T1(Xl ((t + aT)ai - ^ f. 

COROLLARY 1.9. Let {X(t, v), 0 < t < oo, 0 < v < oo} be a two-parameter Gaus
sian process as in Corollary 1.8. Assume that as T —> oo 

(1.45) \og\og(DT + cT + aT + — + — ) = o\\og{— + l)(— + 1 ) ] . 
V aj bj ' \ \aj 1 \ cj ' J 

Then 

\X{R{t9s9v9u)\  
hmsup sup sup sup sup —pr < 1 a.s. 

r - o o 0<v<DT0<u<cT0<t<bT0<s<aTH2(t9aT,V,CT)(2\og(^ + l){^L-¥l)) ' 

where HJ(t9 aT, v, cT) = c((v + cT)a2 - va> f ((t + aT)a^ - ta> f. 

For results which are similar to those of Corollaries 1.1-1.4 on the two-parameter 
Wiener and Kiefer processes we refer to Chapter 1 of Csorgô and Révész [15]. The con
clusions of Corollaries 1.5-1.9 are believed to be brand-new. Corollary 1.7 is related to 
some results of Walsh [38]. 

2. Large deviations. Let aj, bj9 cT and Dj be non-negative continuous functions 
of T. For positive k9 put K — 21 and 

(2.1) / f „ a J , r , ^ , f l r ) = / / , ( r , ^ , r ) + H , ( r + j , ^ , r ) , 

(2.2) Hl2(t,s,T,K9aT) = 4£)_2 
Hx(t,aTe~\ T)+Hx(t + s,aTe~\ T) 

dz, 

(2.3) Hl3(t9s9T9K,aT) = 20 j^i(H](t9aTe-z\T) + H{(t + s,aTe-z\T)) dz. 

In what follows we always assume that for each \t\ < bj9 0 < s < aj9 0 < v < DT 

and 0 < u < cj 

(2.4) Hl3(t9s9T9K9aT) < oo. 

The first two lemmas are well known and will be useful in the sequel. 
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LEMMA 2.1 (SLEPÏAN [37]). IfX and Y are separable centered Gaussian processes 

on A such that EX2 — EYt
2 for all t G A and 

(2.5) EXtXs > EYtYs for all s,teA, 

then for all xt > 0 

(2.6) Wsup — > l ) < W s u p - > l ) . 

LEMMA 2.2 (GORDON [23]). Let {Xtj}It {Yij}h I = {(ij) : 1 < / < n , 1 < 

j < m} be two collections of centered Gaussian variables satisfying the following three 

conditions 

(2.7) EXtJ
2 = EYt

2, (iJ) G / 

(2.8) EXijXik < EYtjYik, (ij), (i,k) G / 

(2.9) EXtjXlk > EYijYlk9 (ij\ (/,k) G /, i± I 

Then, for all real Ay > 0 

(
n m s , n m 

nu(*(/>*(,-) >^ nu(^>^) 
LEMMA 2.3. Assume that H\ (t, s, T) is non decreasing in s. Then, for each x > 0, we 

have 

(2.11) 

p\ sup sup \X(t + s,T)~ X(t, T)\ j \x{H\ (t, s, T) 

+ / /n(r ,s ,T,K,aT ) + HX2(t,s,T,K,aT)) + Hl3(t,s,T,K,aT)} > l} 

< 1 6 . 2 2 4 + , f ^ + l V 
\aj 

If in addition, we have that 

(2.12) E{X(î + 5, v) - X(f, v)) (X(f + s, u) - X(f, «)) > #(X(f + 5, u) - X(t, u)f 

for each v > u and each t, s and that H\{t, s, T) is a continuous function of T for each 

fixed t, s then for every 0 < e < 1, there exists a constant c, depending only on e, such 
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that for any subset A ofR+, ao > 0, —oo < b\j < b2j < oo, we have 
(2.13) 

PJsup sup sup \X(t + s9T)-X(t9T)\ / \(H\(t9aç>9T) 
\T^A blT<t<b2jO<s<a0 ' ^ 

+ 2Hu(t,s,T,K,ao) + 2Hl2(t9s,T,K,aoJ) 
i a 

- (^ +(2 + e)\og\og(Hx{t9av9T) + Hn(t9s9T9K9aQ)f 

+ 2Hu(t9s9T9K9a0) + Hi4(t9s9T9K9a0)\ > 1 

< c{e)2l sup — + 1 exp , 
TeA\ a0 J V 2 + e/ 

where 

Hl4(t9s9T9K9a0) = 16 f^ ^ ^ ^ - ^ (\og\ogH{(t9a0e~\ T)f f2 dz 

roo Hi(t + s9a0e-\T)s ~ _z _xi/2 

(2.14) 

r i sup sup sup |X(r + s9 T) - X(t9 T)\ J [x(H\ (t9 s9 r ) 
^ JTG4 bij<t<b2j0<s<a0 

+ Hu(t9s9r9K9ao) + Hl2(t9s9r9K9ao))+Hi3(t9s9r9K9ao)} > 1 

<S.22k+]sup(b2J~blJ + l)e-x2'2 

TEAV «0 / 

or each x > 0, w/z r̂e 7"* = sup{T : T G A}. 

PROOF. We first prove (2.11 ). For fixed T > 0, let 

**+/ + 1W/22**, y = 0,l,2,... 
aT 

where [x] denotes the integer part of x. Since we assumed X(-, •) to be almost surely 
continuous, we can write 

\X(t + s9T)- X(s9 T)\ < \x((t + s)k9 T) - X(tk9 T)\ 
OO 

n ... + E |*(( ' + Î W I , ? ) -X((t + s)k+j,T)I 

7=0 

By the definitions of //1 (?, s, 7) and ^+J, it is clear that 

#,(**, (f + *)*-f*,r) <Hx{t9tk-t9T)+Hx(t9{t + s)k-t9T) 

< Hi (t9 s9T) + Hn (r, j , T, K, a r) , 
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(2.17) Hx{{t + s)k+J+{,{t + s)k+j-{t + s)k+j+uT)<2H\{t + s,aTl22k\T) 

and 

(2. 18) Hx(tk+j+utk+J - tk+j+l,T)< 2Hl(t,aT/22k+\T). 

From (2.16)—(2.18) we get that for every x-} > 0 

(2.19) P sup sup -r-L-^ ^ ' N > 1 < 4 - 2 2 ( ^ + l V - y " / 2 , 
11,|<lT o<s<aT x{Hx (f, s,T) + Hn (*, s, T, K, aT)) I \aT ) 

(2.20) 

(2.21) 

P 

E ^ 0 | % + *Wi.r) -X((t + s)k+J,T)\ 
PI sup sup —-—— ^—- — > 1 

\\t\<bTo<s<aT H™02xJHl(t + s,aT/22k\T) 

\aT J j=0 

S U P S U P Voo o r / / , /o2^ T^ - M - 4 ( _ + 1 l ^ 2 e • 
t\<bTo<s<aT E™Q2xjH{(t,aT/2l \T) J \aT Jj=Q 

Let x2 = x2 + 2*+-/+2. It follows that 

(2.22) y=o j=oye' 

1 \ 2 * + 7 + l 

E 2 x , / / , ( f , « r / 2 2 ' , 7 ^ 

< 2 x £ / / 1 ( f , a r / 2 2 ' + \ T) + 2 £ 2 < ^ ' + 2 ) / 2 / / l ( ? , a r / 2 2 ' + \ T) 
j=o 7=0 

(2-23) <4xg f " ^ / ^ D g ,** HtUarl^T) •dz 
; = o " <• j=oJ™-' 

= 4xL< — ; — d z + 8 i-. —jn—dz 

ço Hi('.°Te->,T) ̂ ^ r , 
J2k-2 7 J22l 

as well as 

(2.24) 

™ ->2^' YJ2xJHl(t + s,aT/22 \T) 

0̂0 H\(t + s,aje~z,T) roo H\(t + s,aje z, T) , ^ roo _2 

< 4 J C / — — -—dz + 20k ,H\(t + s,aTe-- ,T)dz. 
J2k~2 7 .72 2 ' 
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Combining the above inequalities we get (2.11). 
Before proving (2.13), we show that for every 0 < e < 1 there exists c(e) such that 

for every fixed t, s 

(2.25) P sup — > 1 <c(e)exp (-=— 
[TSA H\(t,s,T)(y + (2 + e)\og\ogH*(t,s,T)) J v 2 + 6 

for each _y > 0 and any continuous function H\{t,s, T) of r which is such that H\(t,s, T) > 
H\(t,s,T). 

Let 

' • * ' 

Ak = {T:6k < H*(t,s, T) < 6k+l }, -oo < k < oo, 

7* = sup{7 : T G A*A}, 7( = inf{7 : T G AkA). 

Since //|(£, 5-, 7*) is assumed to be a continuous function of 7, we have 

(2. 26) ^ < H\(u s, Tk) < 9k+l, 0k < H\(U s, T'k) < 9k+l. 

Let Z(7) be a process of independent increments with Z(T) — X(t + s, 7) — X(t, 7). Then 

EZ2(T) = H]{t,s,T), 

EZ(T)Z(Tf) = H2(t, s, T') < E(X(t + s,T)~ X(t, 7)) (X(t + s), T') - X(u T')) 

for each 7 > T' by (2.12). Applying the Slepian lemma, we have 

J \X(t + s,D-X(t,T)[  
p SUP m - l 

\TeAH]{t,s, T)(y + (2 + e)\og\ogH\(t,s, T)) ' 

^ E n SUP : : zm ^ ] 

k yTeAtAH*(t>s,T)(y + (2 + e)\og\ogH*(t,s,T)) ' 
^ J X(t + s,T)-X(t,T)  
+ £/> sup — —^ > 1 

k \r&AkA H](t,s,T)(y + (2 + e)\og\ogH*(t,s,T)) ' 

^ £ p SUP ; : ZijJ ^ ' 
k {T€AkA H*(t,s,T)(y + (2 + e)\og\ogH*(t,s,T)) ' 

+ £ M SUP ; : 7U2 
k \T£AtAH*x(t,s,T)(y + (2 + t)\og\og,H\(Us,T)) ' 

< 2 E P j s u p 133 >, 
* I TtAkA Qk (y + (2 + e) log log 01*1 ) 7 

<2}_jPl sup — > -
* I rt<r<r*//j(rj j , 7^(3; + (2 + e) log log 0W) " 

< 4 E W ^ r > 
* ' #*(f, j , Tk)(y + (2 + e) loglog#l)1 / 2 
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< 8 j > x 
k 

( y + (2+ e) log log 01*1̂  < 8 j > x 
k 

p l w J 
<cfe)e*p(-^) 

< C ( Ê ) e x p ( - ^ ) 

as desired. 
We now turn to the proof of (2.13). Let 

r/22J+'i , \ i^lj+k . ~ ^ ~ 

Using (2.15), we obtain 
(2.27) 

sup sup sup |X(f + j , r ) - X ( r , 7 ) | 
TeA blT<T<b2J0<s<aQ 

< sup sup sup \x((t + s)k,T) — x(^,r) 
TG4 blT<T<b2T0<s<a{ 

+ ]£ SUP SUP SUP |*(( ' + ̂ W r ) _ X(( ? + 's)ifc+/+l ' r ) I 
j=0 TeA bXJ<T<b2j 0<s<a0 

oo 

+ ]Tsup SUP SUP \X(tt+j+\,T)-X(tk+j,T)\. 
j=0 TeA blT<T<b2J 0<s<a{) 

Similarly to (2.16)-(2.18), we have 

(2.28) Hx(tkAt + s)k-tk,f) <Hx(t,ao,T) + Hxx(t,s,T,K,a0) 

(2.29) Hx ((t + s)k+J+l, (t + s)k+J - {t + *)*+;+1, 7) < 2//! (f + j , a0/22A+/, D 

(2.30) Hx (tk+J+], ^ - tk+j+l ,T)<2Hx (f, a0/2
2k\ T) 

for each bxj <t< b^j, 0 < s < ao. From (2.28) and (2.25) it follows that 

PJsup sup sup \x((t + s)k,T) -X(tk,T)\ I 
1 TeA bhT<T<b2J 0<s<a() ' 

Hx(t,ao,T) + Hxx(t,s,T,K9a0j) 

• (x2 + (2 + e)iogiog(^1(^a0,r) + //11(r,^r,^«o)))1 2} > i 

< c(e)2z sup — + 1 exp . 
TeA\ a0 J V 2 + e/ 

Similarly, by (2.29), (2.30) and (2.25) we have for each xj > 0 
(2.32) 

P\ sup sup sup \xUt + s)k+j+l, T) - xUt + s)k+j, t) I / 
1 TeA blT<t<b2J 0<s<a0 ' 

{4H{(t + s,a0/2
2k\T)(x] +\og\ogHx(t + s,a0/2

2k+\T)y/2} > 1 

< c ( l / 2 ) 2 2 ^ sup(b2J~blT + 0 exp(-*?/2), 
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P sup sup sup \X(tk+j,T)-X(tk+j+uT)\ 
\TeA bij<t<b2jO<s<ao 

(2.33) j4tf, {t, a0/2
2t\ T) • (*? + log log W, (r, a0/2

2k\ T)) ' / 2 } > 1 

< c(l/2)22^' supf^ r~^ r + l W - ^ / 2 ) . 
f^2j — ^i,r 

TEA V ^ 0 

From (2.27), (2.31)—(2.33) we conclude 
(2.34) 

J \X(t + s9T)-X(t,T)\ ^ , 
r sup sup sup > 1 

{ TeA bXJ<t<b2J 0<s<a0 h + h + *3 

« > s ( ^ + ' ) • (2!"'»K-é) +%*" - R / # 
where 

h = ( # i (?, ao, r ) + Hi i (/, s, r, *, flo)) 

• (x2 +(2 + e)\og]og(Hl(t,a0,T) + Hu(t,s,T,K,a0))y, 

/a= 42^ (^^ .7 )^+108108^^ ^ , 7 ) ) * . 

Let xj = x2 + 2k+J+2. Then, proceeding as in the proof of (2.23) and (2.24) we can obtain 

h < 8. rHlit + S'aoe~l'T)dz + 40 /?_, //,(r +W^T)* 
(2 35) Z _ 

+ 8/;2 ^±^Z2(ioglogAI(r + s . f lo^,70) i A. 

as well as 

i3<zxr
 Hl{ua°e Z,T)dz + 40 /T, / / i ( r ,a 0 e~ z 2 , r )& 

(2 36) 72^2 z 725 

+ 8 y (log log //i (f, a 0<? z, ̂ )) ~ <fe. 

Now (2.13) follows from (2.34)-(2.36) and (2.22). 
From the proof of (2.25), we can see that 

(2.37) J I X ^ ^ D - ^ D l ^ l ^ 
(TEA H\{t,s,T*)y2 I 

holds true for every y > 0 and H\ (t, s, 7̂ *) > //(£, s, 71*). Along the lines of the proof of 
(2.13), with (2.37) instead of (2.25), we obtain also that (2.14) holds true. This completes 
the proof of Lemma 2.3. 
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For studying the increments of X(t, v) in t and v, we give below another large deviation 
result for X(t, v). Put 

H2l(t,s,v,u,K) = 2H2(t,s,v-^,^+2H2(Kt,s,V + u - ^ , ^ 

+ //2(,|,v,cr(l + | ) ) + 2 / / 2 ( ? + , , | , v , C r ( l + | ) 

//](/,«, v,z) = H 2 [ r , z , v - ^ , c r ( l + | ) j + / / 2 ( r + s , z ,v -^ ,C7- ( l + I ) ] , 

H22(t,s,v,K) = 40 f ° Hl
2(t,s,v,aTe-z)/zdz, 

//23(f, s, v, K) = 40 y k H\(U S, v, a r é ^ ) dz. 

REMARK 2.1. Here and in the sequel, we write H2(t, s, v, u) = H2(t, s, 0, u) if v < 0. 

LEMMA 2.4. Asswrae z'/zutf Hiit, s, v, w) /s non-decreasing in s and u and that for each 
t, s, a > v > v' > 0 we have 

(2. 38) EX(R(Us,v'9a- v'j)x(R(t,s,v,a- v)) > EX2{R(t,s, v,a- v)). 

Then we have 

Pi sup sup sup sup \X(R(t,s, v,u))\ / 
[ 0<v<DT0<u<cT\t\<bT0<s<aT ' 

(2.39) {x{H2(t,s,v,u) + H2\(t,s,v,u,K)+H22(t,s,v,K)) +H2?>(t,s,v,K)) > 1 

V Cr J \ar ' CT yaj 

REMARK 2.2. We recall that X(R(t, s, v, w)) is defined on a rectangle [t, t+s] x [ v, v+w] 
(c/*. ( 1.11 )). Intuitively, this makes it easy to understand the subdivision of X(R(t, s, v, u)) 
in the proof of Lemma 2.4 that follows. 

PROOF. Let 

lt2 
2k+J 

Vk+j 

L aj 

v 2 2 < + y 

+ 1 W: ak+j 

Cj 
+ 1 W 2 

2*+/ 

We have 

\x(R(t,s,v,u))\ < \x(R(tk,(t + s)k-tk,vk,(v + u)k-vkj)\ 

+ \x(R(t + s,(t + s)k-(t + s),v'k,(v + u)'k-v'k))\ 

+ \x(R(t,tk-t,v'k,(v + u)'k-v
/
k))\ 

+ \x[R(t, s, v, v'k — v)) | + \x(R{t, s,v + u, (v + u)'k - v + u)) 

< \x(R(tk, (t + s)k - tk, v'k, (v + u)'k - v'k))\ 
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oo 

+ £ ) |x ( / ? ( ( f + *)*+,+ ! , {t + S)k+j - (f + S)k+J+1 , v'k, (V + U)'k - v[)) | 
7=0 

(2.40) oo 

+ £|x(/?(f*+y+1, tk+j - tk+J+{, v£, (v + u)'k - v'k))I 
7=0 

+ \x(R(t, s, v, v[ - v)) I + |x(/?(f, 5, v + w, (v + u)'k - (v + w))) |. 

From (2.38) it follows that we have 

(2.41) H2(t,s,v,u) >H2{t,s,v',u) 

for each v' > v, v + u > v' + uf, and with the help of (2.41), we get 

H2(tk, (t + s)k - tk,v'k, (v + u)'k - v'k) 

< H2(t,s,v,u) + H2(t + s,{t + s)k — (t + s)iv'k,(v + u)'k - v'k) 

+ H2{t,tk - uvk,(v + u)'k - v'k) + H2(t,s,v,v'k - v) 

+ H2 (t, s,v + u,(v + u)'k-(v + uj) 

< H2(t, s, v, u) + H2\(t,s, v, w, K). 

Corresponding to (2.17) and (2.18), we have 

H2((t + s)k+j+u(t + s)k+j~(t + s)k+j+uvl(v + uyk-vk) <2H2(t + s,^,v,cT(l + -

H2(tk+j+l,tk+j - tk+J+uvl(v + u)f
k - v'k) < 2H2[t9 ^ - , v ,c r( l + - ) J . 

Then, for every Xj > 0, 

P< sup sup sup sup 
x(R(tk9(t + s)k-thv'k9(v + u)'k 

I \ sup sup sup sup -; r-
(2. 42) I 0<v<£> 7 0 < W < C T - |r| <bT 0<s<aT X\H2(t, S, V, li) + H2\ (t9 S, V, W, K)j 

(2.43) 

> 1 

P< sup sup sup sup 
0<v<D r 0<u<cT \t\ <bT 0<s<ar 

£~o x(fl(( ' + 4 + j + i , (f + s)k+j - (t + *)*+,•+,, v[, (v + u) 

2Z£0XjH2(t + s,$j,v,cT(\ + jf)) 
> 1 

D T <4f^+l)f^+l)f2-
V cT J\aT J ~i) 

-*2k+]+2k+->+ 

j=o 

(2.44) 

P< sup sup sup sup 
0<v<D r0<M<c r |r |</, r0<.v<a r 

exp(-x2/2), 

Z™0\x(R(tk+j+l, tk+j - tk+J+i, v£, (v + u)'k - v'k) 

2J2^xjH2(t,^,v,cr(l+^) 
> 1 

7=0 
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Let x) = x2 + 2k+j+2. If follows that 

(2.45) f:22k+l+2k+J+le^'2<2K2e^2/2. 
7=0 

Similarly to ( 2.23) and (2.24), we have 

(2.46) 

£ 2 * ^ + 5, |£-,v,cr(l + !)) 

<4x 
roo 

J2k-2 

H2(t + s,aTe z , v , c r ( l + | ) ) 
dz 

+ 20 / k H2 \t + s, aTe z , v, cT 1 + Dh 
(2.47) 

s^^.^^^r'1*'0* 7=0 

« 7 

+ 20 J72lH2UaTe *\ v , c r ( l + - ) ] <fe. 

We now deal withX(fi(^ s, v, v'k — v)) and XIR(Î, S, V + U, {v + u)'k — (v + w)) j . For each 

y > 0 we have 

(2.48) 

P{ sup sup sup |x(/?(f,s, v, v'k — v))| > v} 
0<v<D r | / |</ ,7 .0<s<a7 

< P{ max sup sup sup 

LK] 

— Yl M SUP SUP SUP 

Let J,- = (/ + \)CTIK. We show below that for each fixed t, s 

X(R(Us,v,di-v))\ 

X { R { U ^ ^ L ^ V > y -

(2.49) PI sup 

for each _y > 0. 

—^J±>y\ < 4 e x p ( - / / 2 ) 

*D 
Let Z(v) be an independent increment process with Z(dt — v) = X(R(t, s, v, d, — v)) 

for f̂  < v < - - ^ . Then for each v > v' 

EZ(dt - v)Z(dt - v') = EZ2(di - v) = £X2 (/?(r, 5, v, 4 - v)) 

< EX(R(t,s,v,di - v))x(R(t,s,v,di - v')), 

where the last inequality is from (2.38). By (2.41) we find that 

(2.50) 
„ . cT 2cT\ f icT cT 

1 K K J - \ K K 
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for each ^ < v < ~£l. Using the Slepian inequality and (2.50), we obtain 

f \x(R(t,s,v,di-vj)\ 
p\ sup l—y- T-^^y 

< P{ sup -^ ^- > y 

+ /> sup — * T^->y\ 

< P sup 5— >y) 

' W< v <^«2(U,w-^^) - I 
+ f sup x— > y 

\^J±!*zH2(t,s,v-*,%)-> I 

< 2PI ' . K ' > 
" \H2(t,s,f,cf) -• 

(\x(R(t,s,f ,di-'-f))\ 
1 H2(t,s,'f,f) 

<4exp(-y 2 /2) . 

This proves (2.49). 
Proceeding along the lines of the proof of (2.14), by (2.49) we can get 

| \x(R(t,s,v,di-v))\ ) 
P{ sup sup sup - 1 ———: '-— > 1 

1 i<r ^M*T {,{<h^o<s<arxh(t,s, v,K)+I2(t,s, v,K) 1 

< 8 . 2 2 t + ' ( ^ + l )exp(-x2 /2) , 

where 

/l(M.v,if) = / /2(r . , ,v- | .^) + 1 6 ^ ( l ) ^ 2 ( / , f l ^ , v - | ?.cr(l 

+ /72( ^ + ̂ ,«r^ \ v - ^ » c r ( l + ^ j ) | &, 

I2(t,s,v,K) = 40 jC, //2(^^"z2 ,v - Y'C7'(1 + 

ey / 1 
+ //2(f + 5,a^ ' > - —, Cr (̂  1 H- — J I ûfe. 
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Combining (2.48) and (2.51) yields 

(2.52) 

\x{R(t,s,v,v>k-v))\ 
Pi sup sup sup —r- ——— — 

l 0<v<DT \t\<bT 0<s<aT Xl\ (t, S, V, K) + I2(t, S, V, K) 

DT 

CT 

> 1 

< 1 6 . 2 ^ ( ^ + i ) ( ^ + i ) e x p ( - x 2 / 2 ) . 

Similarly, we have 

Pi sup sup sup sup 
X(R(J, S, v + u, (v + u)'k — (v + u)) 

(2.53) 0<v<Dr 0<u<cr \t\<bT 0<s<a T xl\{t,s,v + u,K)+h(t,s,v + u,K) 
> 1 

^fbr Dr 
< 16-22 y— + 1) (— + I)exp(-x72) 

and (2.39) now follows from (2.40)-(2.47), ( 2.52) and (2.53). This completes the proof 

of Lemma 2.4. 

LEMMA 2.5. Assume that the conditions of Lemma 2.4 are satisfied. Then, for any 

A C R+, we have 

(2.54) 

P sup sup sup sup sup \x(R(t, s, v, u)) I / 
^ TeA 0<v<DT0<u<c0 \t\<bT0<s<a0 

{Hl3(t, s, v, «, K) + jc(//2(r, 5, v, u) + //21 (r, 5, v, w, # ) + //£2(f, s, v, «, /Q) } > 1J 

< 56 • 22k+2 s u p ( ^ + 1) ( - + 0 e x p ( - x 2 / 2 ) , 
TeAv CQ J \a0 J 

where H\v H\2, H\^ are defined as H^x, H22, #23 are but with a$ and CQ instead of aj 

and cj respectively. 

PROOF. Let 

tk+ 

tl 2k+J 

ao 
+ 1 )ao/ 

s2k+J 
Vk+j 

v2 2
k+j 

L c0 

+ 1 co r 

Then (2.40) remains true. The rest of the proof is exactly the same as that of Lemma 2.4. 

The details are omitted here. 

In the rest of this section we consider some particular cases of Lemmas 2.3 and 2.5. 

LEMMA 2.6. Let A C 1R+, 5o > 0, b\j < bij. Assume that (2.12) is satisfied and 

that there exist positive numbers c and a such that 

(2.55) < c 
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foreachTeA, bXJ<t<b2j,0 < s < sx < s0. Then, for every 0 < E < l/(l + cl+a), 
there exists a positive constant c(e), depending only on c, a, E, such that 
(2.56) 

P sup sup sup \X(t + s9T)-X(t9T)\ I \e(Hx{t + s,s0,T) + Hx(r,s0,T)) 
{ TçAbUT<t<b2jO<s<so [ 

loglog(#i(f + s9s0,T) + Hx(t,so, 7))) +(Hi(t,s09T) + Hi(t + s,es0,TJ) 

x2 + 2\og\og(Hl(t,s0,T) + Hl(t + s,£S0,T)\) J > 1 + 

^ / >* (b2J-b\j ,\ ( X2 

< C(E) sup + 1 exp 
r&4v $o J \ 2 + e 

and 
J \X(t + s9T)-X(t9T)\ \ 
Pi SUp SUp SUp —; r- > 1 + E ) 

I TEA blT<t<b2J 0<s<s0x{H\ (t, So, T*) + HX (t, ES0, T*)) J 

/ / x fb2,T~b\j ,\ ( X2 \ 
< C(E) sup + 1 exp - — — 

TeA\ s0 J V 2 + EJ 

for each x > 1, where T* — sup{T : T E A}. 
PROOF. The basic idea of this proof is that on assuming the condition (2.55) and 

taking k large enough, the terms HXX,HX2,HX?, and #14 of (2.13) become negligible when 
compared to the main term Hx of the same denominator. It follows from (2.55) that 

(2.58) Hx(t,soy,T)< C-^-Hx{t,soe,T) 

for each 0 < y < E. Then we have 

Ac r°° e~za / \ 
Hl2(t9s,T9K9so)<—J2k_2 (Hx{t,eso,T) + Hx{t + s,soe,T))dz 

< —e-a2kl (Hx (t9 ESQ9 T) + Hx{t + s, soe, T)) 
ot£a v 7 

< ^Hx{t9esç>9T) + Hx{t + s9s0e9T))9 

provided £ > 2 + ^ n - . 
Similarly, noting that x log log(x + £) is increasing on (0,00), we have 

max (Hi 1 (f, s9 T9 K, s0)9 Hx3(t9 s9 T, K, s0)) < | (Hx (t9 s0£, T) + Hx(t + s9 s0£, T)) 

and 
HX4(t9s9T9K9sQ) < ^Hx(t,so,T)(\og\ogHx(t9so,T))l/2 

+ ^Hx(t + s9so,T)(\og\ogHx(t + s9s0,T))]/\ 

p r o v i d e d t h a t ^ > 2 + ^ r . 
Combining the above inequalities with (2.13) yields (2.56). The proof of (2.57) is 

similar and is omitted here. 
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LEMMA 2.7. Let A C IR+, CQ, ao > 0. Assume that (2.38) is satisfied and that there 

exist positive numbers c and a such that 

(2.59) < c 
sa s® 

for each T G A, \t\ < bT, 0 < s < s{ < a0, 0 < v < DT + c0, 0 < u < 2c0. Then, for 

every 0 < £ < 1, there exists c(s) depending only on e, c, a such that 

(2.60) 

P sup sup sup sup sup \X(R(t,s,v,u))\ / 
^ TeA 0<v<DT 0<u<c0 \t\<bT 0<s<a0 ' 

[x(H2(U (\+E))+H2{t, sao,v - £Co,co(l + £)) 

+ 2H2(t, ao, v — £CQ, 2SCQ) + 2H2(t, ao, v + u — £CQ, 2ECO) 

+ 3H2(t + s,£ao,c0(l + e ) ) } > l ] 

< C ( £ ) s u p ( ^ + l)(^ + l ) e x p ( Xl 

Ta\\ CO J \ar ' X r G A Vc 0 / W 7 V 2 + e 

for each x > 1. 

PROOF. By (2.59) we have 

(2.61) H2(t,aoy,v,u) < H2(t,ao£,v,u) 
ea 

for each 0 < 3; < e. Along the lines of the proof of Lemma 2.6, we obtain by (2.61 ) and 

(2.41) that 

¥tlx (t, sy v, u, K) < 2H2(t, s, v — £Co, 2eco) + 2H2(t, s,v + u — sco, 2eco) 

+ 7,H2(t,a0, v,c0(l + e)) + 2H2{t + s, ta0, v, c0( 1 + e)), 

H22(t,s,v,K) < E-(H2(t,sao,v- ec0 ,c0( l + £)) + / / 2 ( / + s , ^ 0 ,Q) (1 + £ ) ) ) , 

7/^3(/, 5, v, A') < I (//2(/ , ea0, v - ec0, c0(l + £)) + //2(f + s, £a0,c0(l + e) ) ' 

provided k > ^ + J , ^ . Now (2.60) follows from the above inequalities and by (2.54). 

3. Proofs of theorems. 

PROOF OF THEOREM 1.1. We first prove (1.19). For every 0 < e < 1/2, by (1.17) 

there exists a constant N such that 

,~ n H{(t + s,aT/N9T) 
(3-1) sup sup — '— < £ 

\t\<br+aTo<s<aT ri\{t,aT,l) 

for each T > N. Let 1 < 0 < min(l + ^ , 1 + f^). Put 

At = {T : ff <aT< 6i+l}, - 0 0 < / < 00, 

Bj = {T:ff< — + l <ff+l}, 7 = 0, 1,2,.. . . 
aj 
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Clearly, (1.18) implies ^ —-> oo as T —> oo and AtBj — 0 if |/| > 6£j, where j is 
sufficiently large. Hence we have 
(3.2) 

r \X(t + s,T)-X(t,T)\ 
limsup sup sup 

r , r ) ^ l o g ^ + l o g l o g / / , ( r , a r , r ) ; j 

\X(t+x T> - X(t T\\ 
< lim sup sup sup sup 

r^oo \^°*&THlittaTt71(2(logbfT+loglogW,aT,T)) 

\X(t + s,T)-X(t,T)\ 

j-*co - TeB, \,\<bT 0<s<aT H i { u aTf ^ ^ [ o g £ + j o g 1 ( ) g B i { u a T t ^ J 

\X(t + s,T)-X(t,T)\ 

1/2 

< lim sup max sup sup sup , 
j-*» I ^ ^ A i ^ o ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ j 

(l+e)\X(t + s,T)-X(t,T)\ 
< hm sup max sup sup sup 

H<XI \i\<w TeBjAi mhT0<,<fll+, W] ^ QM ^ T)^logy + lQg l Q g ^ ^ QM ^ T)^ 1/2-

Here we have used, and in the sequel we will frequently use, (3.1) and the fact that 
x log log(x + -J: J is non-decreasing on (0, oo). 

Using Lemma 2.6 and (3.1) again, we get 
(3.3) 

[ \X{t + s,T)-X{t,T)\ , ] 
Pi sup sup sup 1— — ^—^ r ^ > ( l + f ) 3 > 

l r e B ^ l ' ' ^ °^ ( " t l / / i ( f , e ' + l , 7 ) (2 ( log^ + loglogW l(r,^+l,D)) J 

<c(e) sup ( ^ L + i)exp(-(l+e)2 log0' ' ) 

< c(e)0-2ej 

and hence 
(3.4) 

P< max sup sup sup 
^ \i\<0£j TEBjA, \t\<bT 0<s<9'+] 

Hi(t, 6i+x ,T)(l(\og6i + log log Hi(t, 9l+KT))) J 

It follows from (3.2), (3.4) and the Borel-Cantelli lemma that 
(3.5) 

lim sup sup sup \X(t + s,T)- X(t, T)\ I 
T-^oo \t\<bT0<s<aT ' 

Hx (t, aT, T) • (2 (log ^ + log log # , (t, aT, 7)) j ) < ( 1 + ef a.s. 

This proves ( 1.19) by the arbitrariness of e. 
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We deal next with (3.8) which, together with (1.19), will imply also (1.23). Note that 
(3.6) 

\X(t + aT,T)-X(t,T)\ 
lim inf sup 

T—>oo 0<t<bT / /1(?,a r ,D(21og^)1 /2 

. r . f . f . f \X(t + aT,T)-X(uT)\ 
> liminf mi mi sup r — 

j^oo \i\<o*JTeBjAi0<t<bT Hi(t,aT, T)(2\og ^)1/2 

> liminf mi inf sup ——-
- 7-oo \i\<0^T€BjAiO<t£bT(l + £)Hi(t,0l+KT)(2log&y/2 

\X(t+6i+\T)-X(t + aT,T)\ 
— lim sup sup sup sup -— n. , ,„— 

Hoo \^T^%Q<t<bT Hx{t,0«KT){2\ogWl2 

\xUl+\)Qi+\T)-X(Wi+\T)\ 
> lim inf inf inf sup j-+oo \i\<^T€BjAi0^.2 (1 + e)Hx(W

i+l,0i+x,T)(2logQiy/2 

\X(t + s,T)-X(t,T)\ 
— lim sup sup sup sup sup — —rj^ • 

./-•oo \i\<frJ TeBjA, aT<t<bT+aT 0<s<(9-\)9< H\ (t — <2T, 9l+], T){2 l o g &) ' 

Along the lines of the proof of ( 1.19), by ( 1.20), ( 1.17), we have 
(3.7) 

\X(t + s,T)-X(t,T)\ 
lim sup sup sup sup sup , 

j^oo \i\<0£J TEBjA, aT<t<bT+aT O<v<(0-1)0' # 1 ( ' — aT, # , T)(2 l o g (p)[ I1 

t\X(t + s,T)-X{t,T)\ 
< lim sup sup sup sup sup — :—r :—— 

7-^00 \i\<&J TtBjAiaT^bT^TQKs^Q-XW H\(t,{8 ~ 1 ) # ' , 7 j ( 2 l o g ^ / 2 

< s a.s. 

Let 

(3.8) Ck :=C(k,lJ) = {T:6k < H\(Wi+\ 9i+\ T) <6>*+1}, -oo < k < oo, 

(3.9) TkJ := T(k, /, ij) = sup{r : T G Q / ^ } , 

(3.10) Tkl := r(k,lJJ) = inf {7 : T e QA/fl,-}. 

Put Y(l, T) = X((/+ \)6i+l, T) - X(Wi+l, T). Let Z(/, T) be a two-parameter Gaussian pro-

cess such that for each fixed /, Z(/, T) is an independent increment process with Z(/, 7) = 

F(/, 7), and £Z(/, T)Z(n, T') = EY(l, T)Y(n, T) for n^L Then, by (2.12) we have 

EY2(l, T) = EZ2(l, 7), 

EY(l, T)Y(n, 7) = EZ(/, T)Z(n, 7), 

EY(l, T)Y(n, T') = EZ(l, T)Z(n, 7'), for / ^ n 

EY(l, T)Y(l, T') > EY2(l, T AT') = EZ(l, T)Z(l, T). 
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Thus, we can use Lemma 2.2 and obtain 

PI inr max —-—— —TT < 
(rG^Ao</<^2//i(W/+1,6>/+1,r)(21og^')1/2 - ( i + £ ) : 

•- ' In u I „ , * ; " , „ > ' 
I res,* o</i»--2 ' «i (W'+l. ^'+l - 70(2 log »')' /2 - ( 1 + e)2 J j 

(3'U) <i-Wn u ( — r > - i - l l 

l r ev,o<'<^1«i(W' '+ l^'+ l ,7)(21og^) l /2 " ( l + e ) 2 / ) " 

From (1.20) it is easy to see that CkBj = 0 if |£| > 8>, when y is sufficiently large. Hence 
(3.12) 

I T^A, o<l<*-'{Hi (10M, 6M, T)(2 log Biy /2 ~~ ( 1 + e)2 

" i é » 1 rey,c« „</<!•-*1 «i (^'+1 • 8M. D(2 log #0'/2 ~ ( 1 + e)2 J , 

< E W n u ( ^ r< ! ): 

— -̂̂  I I I <-> ) u nûi+i oi+\ m n i — a i \ \ 1 — 

Z{1, T) 1 H u n ( — r<——1 

|t|<* U ^ r ^ f i ^ i r ' - ^ . W l o g ^ ) ' / 2 " (1 +£)2 

< T" P ! max Z( / ,7*- / ) < — 

~ i ^ - io™<*-2//i(ieM,eM,TkJ)(2loge>)• /2 - i + £ 
+ > P< max SUD — — 7-r-n- > — -r 

l*j<0 lo</<^re«Ac t //i(/0'+l^'+l,rw)(21og0')1/2 - (1 + £)2 

Noting that Z(/, 7) is an independent increment process for / fixed, we have 

E(Z(l, TkJ) - Z(l, rKl)f = EZ\l, TkJ) - EZ\l, Tkl) 

= EY\l, Tu) - EY2(l, rkl) 
< e2(M) - eu < (e2 - \)EY2{I, TkJ) 

= (62-\)H2
l(lff

+l,0i+l,Tkj) 
and hence 

y pi „,„., „..„ \Z(lTKl)-Z(l,T)\ ^ Be 
max sup ———r —rrr > 

|*|<0 l0<K*-27-eByXct //,(/^+1,fl'+1,rw)(2l0gfl') ,/2 - ( l+e ) 2 

" ^ ;tô I r e j c * //, (WM, 0M, 7i,,)(2 log 0) ' /2 " 2 , 

(3.13) <TT2rl W'W-ZV'Tiïl >g 

- ng» ,t6 I //, neM, 9M, Tu)(2 log &)' /2 - 21 
<-/. V- ^ ( £2logflM 
-4 ,£§ rap-4(^i) |*|<0//=O 

< 46r2A 
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Here 1 < 0 < 1 + ^ was used. 

When (1.21a) is satisfied, using the Slepian lemma we have 

P\ max — — ! —rj;: < 
\o<i<oi-*Hi(lOi+l

9O
i+l,Tkj)(2\og6i)1/2 ~ 1 + e 

/=0 1^1 
< 

(Wi+l,0i+\Tktl)(2\og0>y/2 ~ 1 + e 

< I 1 l - e x p ( - — - log^ 
/=o V v i + £ 

<3-14) , i Ui(^+1,0/+1,rw)(2iogfl/")1/2 ~ 1 + ^ 

#2 

I l - e x p ( - : 

/=o 
<exp(-^ ' / 4 

< r4 .̂ 

If, on the other hand, (1.21b) is satisfied, then Tkj does not depend on / by (3.8). Hence, 
using (1.21b) and the Slepian lemma again, we again have (3.14). Therefore, we conclude 
from(3.11)-(3.14)that 

(3.15) P[ inf max , , J ^ ^ - — < /A * 1 \ < 5Q-2j 

[TeBjAiOKKOi 2 H{(l9
l+l,0l+KT)(2\og&)1/2 ~ ( l+e) 2 J ~ 

for every sufficiently large/ 

Combining (3.6), (3.7), (3.15) with the Borel-Cantelli lemma yields 

(3.16) hminl sup r - > r — e a.s. 
T-™ o<K/, r//ia,«r,r)(21og^)1/2 - (l + e)2 

This proves (1.22), by (1.19), (1.20) and by the arbitrariness of e, and also completes the 
proof of Theorem 1.1. 

PROOF OF THEOREM 1.2. For every 0 < e < 1 /2 , let TV be a positive number such 
that (3.1) holds true. Put 9 = min(l + ^, 1 + f^). Define 

Akti = {T:0k <Hx{(0- l)iaT,aT,t) <0k+l), - oo < k < oo 

AkJJ = IT : ff < 1 + - < f ' j G Akti\, j = 0,1,2,... 

Tkjj = sup{7: TeAkiiJ}, 

G(i,T) = Hl((i+W-l)aT,aT,f). 
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Then, by (3.1) 

\X(t + s,T)-X(t,T)\ 
hmsup sup sup 

r-,oo miroirH]{ttaTtT)(2(\0g% +\og\ogHl(t,aT,T)) 

< lim sup max sup sup 
T^oo | / | < ^ ^ r i(0-\)aT<t<(i+\X9-\)aT0<s<aT 

\X(t + s,T)-X(t,T)\  

Hx (U aT, T) (2(log £ + log log Hx (f, aT, T)) ) 

< lim sup max sup sup 
r—oo \i\<jp%j i(e-l)aT<t<(i+\)(6-\)aT0<s<aT 

(l+E)\X(t + s,T)-X(t,T)\ 
(3-17) r ^ 

G(i, r)(2(log | + log log G(i,D) J 

< lim sup max sup sup sup 
./+|*|-K50 | / |<£ j - y G A ^ / ^ - D f l K K a + l K e - D û r O ^ ^ f l T - ^ . 

1/2 

(l + g)^lX(r + 5,r)-X(r,7)l 

G(/, r w ) (2(log 0 + log log G(/, T*>IV)) ) 
1/2 

< lim sup max sup sup sup 
./+|*|—oo | / | < g - T£AUj i(0-\)aT<t<(i+\)(6-l)aTO<S<aTki. 

(l+£)0\X(t + s9T)-X(t9T)\ 

Hx (r, £irw,, rw)(2( log 0 + log log 01*1 )) 
1/2' 

where in the last inequality the assumption that H\ (t, s, T) is non-decreasing in t on (0,00) 
and non-increasing in t on (—00,0) is used. 

In terms of (3.1) and (2.57), we obtain 

P\ max sup sup sup 
Tk,ij 

\X(t + s,T)-X(uT)\ 

:'l<£rr TeAkjj i(e-\)aT<t<(i+l)(6-\)aT0<s<aTki 

> ( l + £)2 

(3-18) Hx{UaTkip TktiJ)(2(log0i + loglog0l*l))1/2 

<c{e) J2 exp(-(l + e)(log^ + loglog^l)) 

M<£r 

< c(e)0-£j(\k\ + l)~(1+£). 

From (3.17), (3.18) and the Borel-Cantelli lemma we conclude 

lim sup sup YE — (1 + £) a-s-

This proves (1.19) by the arbitrariness of e. 
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We show next that (1.22) and (1.23) hold true. It suffices to prove that (1.20), (1.16) 
and bj > CQ > 0 imply (1.18). It is clear that (1.20) implies ^ —» oo as T —> oo. So, 
when 0 < aj < 1, ( 1.18) is obvious. When aj > 1, then by ( 1.16) 

^ < cHx{Q,aT,T) < cHx(Q,aT,T) 
Qj ~ //i(0,1,7) - / / i (0 , l , l ) 

for 7 > 1, which together with ( 1.20) also yields (1.18). This proves that ( 1.18) is satis
fied. From Theorem 1.1 it follows that ( 1.22) and ( 1.23) are true. 

PROOF OF THEOREM 1.3. For every 0 < e < 1/2, by (1.26) there exists a positive 
N such that 
(3.19) 

H2(t + s,aT,v + u, ^ ) + //2(f+ s, ^ , v + w,cy) 
sup sup sup sup < £ 

\t\<bT+aT 0<s<ar0<v<DT+cT -l^<u<cT
 H2(t, dT, V, CT) 

for 7 > N . Let 1 < 6 < 1 + ^. Put 

Ak = {7 : 0k <aT< 6k+[ }, -oo < k < oo 

5/ = {7 : 01" < cT < 0l+[}, - oo < / < oo 

Clearly, (1.27) implies that 

— + 1)1 — + 1 ) —̂  oo as 7 —> oo, 
aj ) \ cj 

AkGj = 0 and BkGj = 0 if \k\ > 0£j, when j is sufficiently large. Hence we have 
(3.20) 

limsup sup sup sup sup 
r-^oo 0<v<D7 0<u<cT \t\<bT 0<s<aT 

\x(R(t,s,v,uj)\ 

/ /2(r,« r ,v,c r)(2(log(^ + l ) ( ^ + l) + loglog/ / 2 a ,^ ,v ,c 7 ) ) x l 2 

< lim sup max sup sup sup sup sup 
y->oo \kl\i\<e^J TeAkBjGj 0<v<DT 0<u<cT \t\<br 0<s<aT 

\x(R(t,s,v,u))\ 

//2(r,ar,v,c r)(2(log(^ + 1)(^ + 1) + \og\ogH2(t,aT, v,cr)) 

m sup max sup sup sup sup sup 
j-^oo I ^ U ' I ^ TeAkB,Gj ()<v<DT0<u<ei+l \t\<bT 0<s<6k+] 

(l + e)|x(/?(f,.s,v,w))| 

/ /2a,^+ 1 ,y ,^+ 1)(2(log^+loglog//2a,^+ 1 ,v ,^+ 1)) 

1/2 
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Using (3.19) and (2.60), we derive 
(3.21) 

P< max sup sup sup sup sup 
[ |£|,|/|<6>y TeAkBiGj 0<v<DT0<u<9M \t\<bT 0<s<9k+l 

\x(R(t,s,v,uj)\ 

H2(t, 6
k+l, v, 6i+l)(2(log& + loglog//2(f, 0

k+i, v, 0M ))) 

<«e) E sup ( ^ + l)( |^ + l ) e x p ( - ( l + , ) 2 l o g ^ ) 

<c(e) Y, 0 /exp(-(l+e)2 log0 /) 

|£|,|/|<6^' 

< c(£)0-£2j. 
It follows from (3.20), (3.21) and the Borel- Cantelli lemma that 

4 

limsup sup sup sup sup 
7—»oo 0<v<DT 0<u<cT \t\<bT 0<s<aT 

\x(R(t,s,v,u))\ 
1 /j 

H2{t,aT,v,cT){2(\og{bfT + 1)(^ + l) + loglog# 2 (^r ,v ,c r ) ) ) 

< ( l + e ) 5 a.s. 
This proves (1.28) by the arbitrariness of e. 

We now consider (1.31). Note that 

\x(R{t,aT,v,ct))\ 
liminf sup sup ! ! -rr 

T-^oo 0<v<DT0<t<bT H2(t9aT,V9CT)(2\0g(^;-ï- 1 ) ( ^ + 1) ) ' 

\x(R(UaT,v,cT))\ 
> liminf inf inf sup sup . 

/ - o o | / c | , | / | < ^ ^ ^ ( G 7 o < v < D 7 o < K ^ 7 'H2(t,aT, V , C 7 ) ( 2 l 0 g ( ^ + 1 ) ( ^ + 1 ) ) ' 

\x(R{t,Qk+\v,di+x))\ 
> liminf inf inf sup sup • —— —-; —n. ,,~ 
~ /-«> \k\,\i\<frj TtAkBlGj o<v<DTo<t<bT (1 + e)H2(u 0k+l, v, 0l+{ )(2 log^)»/2 

— lim sup sup sup sup sup sup sup 
y - * » \k\\i\<9^ T£AkBjGj 0'<v<Bl+DT 0<u<(6-1 )9'0<t<bT Q<s<9k+] 

\x(R(t,s,v,uj)\ 

H2(t, 0
k+l, v - 0\ #<+1)(21og#01/2 

ip sup sui 
<&J TeAkBiGj 0 < v < 

\x(R(t, s, v, u)) | 

— lim sup sup sup sup sup sup sup 
j-+oo \k\,\i\<0*J TeAkBiGj 0<v<DT0<u<9i+l 9k<t<9k+bT 0<s<(9~\)9k 

H2(t - 6k,6k+[ ,v,6>/+1)(21og^)112 

oo 

+ Y\x{R{{t + s)k+j+], (t + s)k+j -(t + s) 
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(3.22) 
\x(R(wk+\ek+\pOi+l,ei+l))\ 

> lim inf inf min max max —;—— ———; —rr; 
~ j-oo |ik|,|i|< -̂m.n>fl/-o</<mO<p<n(l + e)H2(W

k+l, 6k+K p6l+\ 6l+l )(2 log &)1/2 

— e lim sup sup sup sup sup sup sup 
7-^00 \k\,\i\<p TeAkBiGj O<v<0'+Dr 0<u<(9-\)9' 0<t<bT 0<s<9k+] 

\x(R(t,s,v,u))\ 

H2(t,0
k+l,v,(0- 1)00(2 log fl/')1/2 

sup sup si 
,\i\<9£JTeAkBiGjO<\ 

\x(R(t,s,v,uj)\ 

£ lim sup sup sup sup sup sup sup 
J-+00 \k\,\i\<9£J TeAkBiGj 0<v<Dr 0<u<9i+i 0<t<9k+bT 0<s<(9-\)9k 

H2(t,(6- \)9k,v,0i+l)(2\og0J)1/2 

\=h-h-h. 

Along the lines of the proof of (1.28) and by (1.29) we can obtain 

(3.23) 7 2 + / 3 < 2 £ a.s. 

For /1, in terms of (1.30), we can apply the Slepian lemma and get 

f . X(R((Wk+\6k+\p6i+\0i+l)) 1 
PI mm max max ——— ——— —TT̂  < n>9<0<l<m0<p<n H2(W

k+l ,0k+] ,p0i+l ,6i+l)(2\og8J)1/2 ~ (1+&)2 

< v n n r\ x(/?((^+1^+1>/?fl,'+1>°,'+1)) 
— 2-j 1 1 1 1 M Tj nûk+] ak+\ „oi+\ ûi+1\i"->i ni\]/2 — 

(m+l)(n+l) 

m,n:mn>A V (l + ^ > J 

< Yl exp(—(m + l ) ( n + l ) ^ ^ ) 1 ) 
m,n.mn>$ 

<^'exp(-r) 
<0-j 

for every sufficiently large j . This proves 

(3.24) ^ I > 7 ^ - T J a.s. 
1 

by the Borel-Cantelli lemma. From the above inequalities we finally conclude 
(3.25) 

\x(R(t, aT, v, CT)) I 1 
lim inf sup sup !— - — > — 2e a.s. 

T^OO Q<v<DTo<t<bT H2{f9aT,v,cT){l\og{^T + 1 ) (^ + 1)) ' ( 1 + e ) 

Now (1.31) follows from (3.25), (1.28) and (1.29), and so does also (1.32). This com
pletes the proof of Theorem 1.3. 
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PROOF OF THEOREM 1.4. For every 0 < e < 1 /2 , let N satisfy (3.19) and 1 < 0 < 

1 + i .Put 

AkÂp = [T:0k < H2((6 - l)laT,aT,p(0 - \)cT,cT) < 0k+i}, -oo < k < oo, 

G,= { r : ^ < ( l + ̂ ) ( l 3 ) < ^ } , , = 0,1,2,..., 

r := T(k,l,pJ) = sup{7 : T G AUpGj}. 

Then 

limsup sup sup sup sup 
T-+00 0<v<DT0<u<cT\t\<bT0<s<aT 

\x(R(t,s,v,u))\ 

/ / 2 a« r , v , c r ) (2 ( log(^ + l ) ( ^ + l) + log log^ 2 a« r ,v ,c r ) ) x l ' 

< lim sup max sup sup sup sup sup 
j+i-^oo (\i\+\)(p+\)<£l \k\>iTeAkUGjp(e-\)cT<v<(p+\)(9-\)cT0<u<cT l(9-\)aT<t<(l+\)^^^ 

\x(R(t,s9v,u))\ 
sup — 

0<s<aT - - . / - / - ,u- . ,n_ _ . . --- - . \ \ / r / /2(r ,ûr ,v,c r)(2(log( | + 1)(^ + l) + loglog/ / 2 (^ r ,v ,c r ) ) ) 

sup su] 

-1 )cT<v<{p+\){P-1 )c7 0<«< 

( l + £ ) | x ( # ( f , . S , V , H ) ) | 

< lim sup max sup sup sup sup 

sup sup 
/(6>-i )fl77+i )(0-1 )flr o<s<ar* H2(^ û7> s v> C p )(2(log # + log log 0l*l )) 1/2 

limsup max sup Ikjpj. 
j+i-^OO (|/| + l ) ( p + l ) < ^ . |*|>/ 

According to (3.19) and (2.60), we arrive at 

P{ max s u p / U A / > ( l + e)3} 
( | / |+l)(p+l)<g^ |*|>i 

<c(e) E E sup ( ^ + l ) 

• ( — + l) exp(-(l + e)(log^ + log log 01*1)) 

<c(£)^'-7-r(1+fcy(/+ir£ 

<c(e)e-^"(/ + i)-£ 
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and hence 

l imW U { m a x ., sup/U / ? J>(l+£)3] 
N~*°° J+i>2N (\i\+\)(p+\)<i£± \k\>i 

oo oo 

< lira P\ (J U { m a x sup/Ww- > (1 +e)3) 

+ lim P ( Q U { m a x SUP 'u,Pj > ( 1 + e)3} ] 
W-oo ^=/V,=0 (|/|+l)(p+|)<f^|it|>,- J ) 

CO 

< lim J ] P{ max sup IklpJ > (1 + s)3} 
N-*°°j=0 (|/| + l)(p+l)<f^ \k\>N 

oo 

+ lim J2 p{ m a x SUP huj > (1 + £)3} 
N~^°j=N ( | / |+ i ) ( / ,+ i)<fli|*|>0 

^ - > o o y = 0
 N^°°J=N 

< lim X>(e) • 0~V(N + \y£ + Hm j ] c ( e ) r ^ 

= 0. 

This proves 

lim sup sup sup sup sup 
7—>oo 0<v<DTQ<u<cT \t\<bT 0<s<aT 

\x(R(t,s,v,uj)\ 

//2(r,a7 ,v,c r)(2(log(^ + l ) ( ^ + l) + loglog//2a,«7,v,cY))) 

< ( l + e ) 3 a.s., 

which implies that (1.28) holds true by the arbitrariness of e. 

REMARK 3.1. From the proof of Theorem 1.3 one can see that if in addition to the 
conditions of Theorem 1.4, also ( 1.29), ( 1.30) and 

loglog(f l r + cr+^ + ̂ :)=o(log(g+ l)(l + ^ ) ) a s T ^ o o 

are satisfied, then (1.31) and ( 1.32) are true. 

PROOF OF COROLLARY 1.1. Since H\(t, s, v, u) = su, H}(t, s, v) = sv and { W(x, y), 
—oo < x < oo, 0 < y < oo} is an independent increment process, it is easy to ver
ify that the conditions in Theorem 1.1 are satisfied. This implies that the conclusion of 
Corollary 1.1 holds true. 

The proof of Corollary 1.2 is trivial and is omitted. 

PROOF OF COROLLARIES 1.3 AND 1.4. Noting that H\{t, s, v) = s( 1 - s)v, Hj(t, s, v, 
u) — s{ 1 — s)u and that ( 1.36) and bj < 1 imply aj —•» 0 as T —-> 0, we have that (1.16), 
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(1.17), (1.25), (1.26) are satisfied. For each v > u,0 <t + s < \,t >0,s > 0 we have 

E{K(t + s,v) - K(t, v)) (K(t + s,u)- K(t, u)) 

= ( ( r + 5) — (t + s)2)u- (t — t(t + s))u— (t-t{t + s))u + (t-t2)ll 

= s(l-s)u = E[K(t + S,U)- K(t9 u)f 

and for y > / 

E(K((J + 1 )s, v) - K(js, v)) (V((/ + 1 )s9 v) - K(ls, v)) 

= ((/ + l)s(l - (/' + \)s) - (/ + 1W1 -js) - ls(\ - (/ '+!>) + ls(\ - » ) v 

= -sv < 0. 

This shows that (2.12) and (1.21b) are satisfied. Similarly, we can verify that (2.38) and 
(1.30) are satisfied. Now Corollaries 1.3 and 1.4 follow from Theorems 1.1 and 1.3. 

PROOF OF COROLLARY 1.5. Noting that 

rvAu l(v) 

EX(t,v)X(s,u) = jo exp(-\(y)\t-s\)-^-dy 

for v, u > 0, we can verify that (2.12), (1.21b), (2.38) are satisfied. We show below that 
H2(s, T) Jsa is increasing in s on (0, aj), where a = 6 ' . Let 

f(s) = H\s, T)/sa = 2 [ j^( 1 - exp(-A(jc)s)) dx/sa. 

Then, by (1.38) 

rT -)(x) 
f'(s) = 2s~a~l(-a f -—-(l -exp(-\(x)s))dx + f m(x)exp(-\(x)s) dx) 

-'(-a/" p-dx-asf 
\ Jo<x<T:\(x)>\ \(x) A)< 

> 2s~a~l -a / -^— dx - as / l(x) dx 

+ ^ / , 7(x) dx 
3 ô<jc<r.-A(jc)<| 

> 2^" a~1f-a(c+ l)j / 7(JC)JJC+ - / l(x)dx 
~ V J0<Jc<r:A(jc)<} 3 J0<x<T:X(x)<^ 

>0 , 

provided 0 < a < 3 7 ^ , as desired. Therefore, (1.16) is satisfied. Corollary 1.5 now 
follows from Theorem 1.1. 

PROOF OF COROLLARY 1.6. Put M = sup0<x<d+b\(x). Then M < 00 by (1.40). It 
follows from (1.41) that 

rd+b 

(3.26) / l(x)dx< 00. 
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Clearly, for 0 < s < 1/M,0 < v + c < d + b, 

S rv+c rv+c 7(jc) / / x \ 1 9 fv+c 
- / l{x) dx < / - ^ 4 1 - exp(-À(x)s) dx = - / / 2 0 , v,c)<s l(x) dx, 
3 ./v ./v A w V v ' ) 2 -A' 

which implies that (1.25) is satisfied. We show next that (1.26) is also satisfied. It suffices 
to prove that we have 

n o ^ r r H2(aT,v + u,ècT) 
(3.27) limhmsup sup sup —— = 0. 

<5-+0 j ^ o o 0 < v < J + fc -bcT<u<cT H (« r» V, CT) 

By (1.40) again, we see that 
H2(aT,v,c) l 

2aTCcl(x)dx 

as r —> oo, uniformly in 0 < v < d + fr, 0 < c < 1. Hence, equivalently, it is enough to 
show that 

CUu+6CTKx)dx 
(3.28) limlimsup sup sup r + c ,, = 0. 

<5̂ o j^oo 0<v<^+| -ècT<u<cT Je 7 w a x 

Noting that 7(*) is a positive continuous function on (0, oo), we have 

0 < inf 700 < sup l(x) < oo. 
\<x<d+b \<x<d+b 

Hence 

(3.29) hmlimsup sup sup ^ < limé • — — = 0. 

If 0 < v < i, - for < u < f, then 

(3.30) / l(x)dx> I l(x)dx>^(x0\ 
fV+Cj ^ rV+Cj 

Jv+\cT 

where v + ^ < xo < v + c^. By (1.41) we find 

rv+u+ScT , __ rv+u+ScT \ rv+u+ccT , __ pv+u+ccT l 

/ 7W dx < c 4 a7(*o) / - j — dx 

= -x{
0~

al(x0)Uv + u+6cTr-(v + ur) 
a v 7 

< - ( v + cr)
1~a7(x0)((v + w + ̂ r r - ( v + w)a) 

(3.31) a 

< 

a 
6c(èa+è)cTl(x0) 

a 
I f 0 < v < ±, f < w <cT, then 

(3.32) / l(x)dx = l(yo)bcT, 
Jv+u 
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where u + v<yo<v + U+6CT- From (1.41) again, we obtain 

rv+cT rv+ '-f 

/ 7 (x) dx> l(x) dx 

. 7(y0) r + T i . > —rj- / xa ax 

. oa(yo)(( cT\^ I+. 

> 

2c-2â(y + cr)« 
Q^(yo)cr 

c-(12)^+1. 

(»?) 

Combining (3.29)-(3.33) yields (3.28). This proves that (1.26) is satisfied. Corollary 1.6 
follows from Theorem 1.3. 

The proofs of Corollaries 1.7-1.9 are trivial. The details are omitted here. 
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