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Abstract

In this paper, we consider denumerable state continuous time Markov decision processes
with (possibly unbounded) transition and cost rates under average criterion. We present a
set of conditions and prove the existence of both average cost optimal stationary policies and
a solution of the average optimality equation under the conditions. The results in this paper
are applied to an admission control queue model and controlled birth and death processes.

1. Introduction

Continuous time Markov decision processes (CTMDP) have received considerable
attention because many optimization models are based on processes involving con-
tinuous time. Both average and discounted criteria in CTMDP are often used to
determine optimal policies. In this paper, we consider denumerable state CTMDP
with (possibly unbounded) transition rates and (possibly unbounded) cost rates under
average criterion, which has only been discussed by Bather [2] as far as we know.
When the state space is finite, bounded solutions of the optimality equation (OE)
for minimizing average cost and methods computing optimal policies have been
investigated for CTMDP by Howard [10], Miller [13], Lembersky [12], and many
others. Since then, most work has focused on CTMDP with denumerable state space
[5,11, 14, 18]. Under the conditions of bounded reward rates and bounded transition
rates, Kakuman [11] showed that if there exists a constant and bounded function
satisfying the average reward OE, then any stationary policy determined by the OE is
average reward optimal. If the difference defined as u, (i) = V,(i) — V,(0), where
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V. (i) is the a-discounted optimal reward value function, is uniformly bounded in
state i with discounted rate factor « > 0, then the existence of such a constant and
bounded function was also proved in [11]. Dong [5] extended the results of Kakuman
[11] to the case of all possibly randomized Markov policies and countable action
space, and provided a value-iteration algorithm. This means that the average reward
optimal policies have the optimality property of obtaining the maximal average reward
relative to the class of all possibly randomized Markov policies. Song [18] further
extended the results of [5] to the case of non-uniformly bounded transition rates, but
his treatment is restricted to the case of bounded reward rates and uniformly bounded
difference u,(i). For the case of unbounded reward rates, Puterman [14] and Zheng
[21] proved the existence of both an average reward optimal stationary policy having
the optimality property and a solution to the OE, but their treatments are restricted
to the case of bounded transition rates. For the case of unbounded cost rates and
unbounded transition rates, to the best of our knowledge only Bather [2] addressed
this issue, and gave a set of sufficient conditions to guarantee the existence of an
average cost optimal stationary policy using unbounded solutions of the OE, but the
proof of existence of optimal policies in [2] is based on the assumption of existence of
unbounded solutions to the OE. In the same paper, Bather mentioned that it is not easy
to prescribe a general method for constructing solutions of the OE. The aim of this
paper is to prove the existence of solutions to the OE and optimal policies for the case
when both transition and cost rates are possibly unbounded. In the spirit of [2, 14-16],
we present a set of conditions under which the existence of a solution of the OE and an
average cost optimal stationary policy are proved. Later, the results are illustrated by
two examples. One is an admission control queue model with unbounded cost rates
and bounded transition rates. The other is controlled birth and death processes with
unbounded transition rates and unbounded cost rates.

The rest of this paper is organized as follows. In Section 2, we briefly present
our model, notation and definitions. In Section 3 we deal with a-discounted cost
optimality. In Section 4 we provide a theorem giving the existence of a solution
of the OE and an average cost optimal stationary policy. The theory is illustrated
by considering an admission control queuing model and controlled birth and death
processes in Section 5.

2. Model, notation and definitions

The system under our consideration can be simply stated as follows: when the
system is at state i of a denumerable state space S, the decision maker chooses an
action a from a finite set A (i) of available actions. There are two consequences: (1)
the decision maker needs to pay the cost for implementing the action a at rate r(i, a);
(2) the system state moves to state j, j € S, which is governed by the transition
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rate q(j | i, a). The goal of the decision maker is to choose a sequence of actions
which causes the system to perform optimally with respect to some predetermined
performance criterion V. So the model for this system can be denoted by a five-element
tuple {S, (A(i), i € S), r, ¢, V} having the following characteristics:

(i) the state space S is denumerable;

(ii) every available action space A (i) is a finite subset of an action space A;

(iii) the cost rate r is a bounded below functionon K := {(i,a) | i € S,a € A(Q)};

(iv) the transition rate g satisfies g(j | i,a) = 0, Vi # j,a € A(i),i,j € S and
YiesqU 1i,a)=0,i,j € S,aeA@);

(v) Vs adiscounted (or average) cost criterion which will be defined later.
For the average cost criterion defined with ‘liminf’, it is not easy to extend the
optimality property to the unbounded. So the treatment of Bather [2] is restricted to
the class of all stationary policies F, thatis, F={f | f : i — f (i) € A(i), Vi € S}.
As in [2], we limit ourselves to the same class of policies F.

Forany f € F,let g;(f) := q(G | i, f (D), i,j € S, r(i, f) = r(i, £ (1)),
i € S,and Q(f) := (g;(f)). The minimum transition matrix with respect to the
Q-matrix Q(f) is denoted by P™"(z, f) = (pj"" (¢, f)), t = 0. In order to determine
a unique standard transition matrix with respect to Q(f ), and discuss a-discounted
cost optimality, we make the following assumptions which are also essential to the
coming discussion on average cost optimality.

ASSUMPTION 1. There exist k non-negative functions w,, n=1, . .., k, such that

(i) forallie Sanda e AGi), n=1,...,k=1, 3, sqG | i, @)wa(j) < war1 (i);
(ii) foralli e Sanda € A(i), Zjesq(j | i, a)w () <O.

ASSUMPTION 2. W := (wy 4+ ---+wy) > l,and foralli € §,t >0, f € F,

Jo Xies PTw, £)g;(f YW( ) du < 00, where q;(f) := —q;;(f), j € S and every
w, comes from Assumption 1.

ASSUMPTION A, (i) Assumptions 1 and 2 hold,
(i) |r(i,a)l < MW(i), i€ S, ae A(i), for some M > 0.

For the case of polynomial reward, Hou [8] presented the following condition which
we denote (H-C).

H-C: There exist a function w > 1 on S, positive constants b and M, an integer
k > 0, such that

@) |r@i,a)l < Mw(i)a,a € A(i),i € S;

(i) Zj#q(j [ Law(y) < ~q@ i, a)[w@) +b]",forn=1,... k.

Obviously, H-C is different from Assumption A. However, comparing Assump-
tion A with H-C, we can obtain the following conclusions.
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PROPOSITION 1. (D If sup,capies(—q( | i,a)) = |lgll < oo, then H-C im-
plies Assumption 1;

(ii) If H-C holds and Zjes g(j 1i,a)Q() <0,a € A(i), i € S, then Assump-
tion 1 holds, here Q(j) 1= sup,c,;y(—q(G 1Jj.a)). j € S;

(iii) If H-C holds, llgll < oo and f, YiesPTu, f)g; (Flw( ) du < 0o, then
Assumption A holds. Here, k and w come from H-C;

(iv) If Assumption A holds and there is an integer | < m < k such that w4, (i) <
—q(i | i,a)b, |r(i, a)l < Mw,, (i) for positive constants b and M, then H-C holds.

PROOF. (i) Under H-C, Assumption 1 is obviously valid for the case of k = 0. If
k > 1, then we can derive that for any 1 < n <k,

Y a6 li,aw()" < (uqn > C"'b"') w(i)"™.

j€S

Let w, = (llgll Yo, C*6™)" " w* ' n = 1,...,k + 1. Then we can derive that
Assumption 1 holds.

(ii) Under H-C, Assumption 1 is obviously valid if k = 0. Let k > 1, then we have
Y esqU | i, @)w() < g—qi | i,a)b < Q(i)b,a € A(i),i € S. Letw, (i) = w(i),
wy (i) = bQ(), i € S. Then we can obtain that Assumption 1 holds.

(iii) By part (i) and w > 1, we can derive that part (iii) is valid.

(iv) Part (iv) obviously holds.

In fact, the main results and method presented in this paper have nothing in common
with those presented in [8].

Now we define the discounted and the average cost criteria and their optimal cost
value functions, respectively, as follows: Forany f € F,i € Sanda > 0,

W= [ SR G a0 = il G,

JjESs

V(f, i) = hmmf—f Zp e, F)rG, f)de, V@) = inf V(f, ).
j€es fe-F

A policy f* € F is called a-discounted cost optimal, if V,(f*, i) = VI (i), i € S.

Similarly, we can define average cost optimal policies.

REMARKS. 1. Under Assumptions 1 and 2, we know that the transition matrix
with respect to Q(f) is unique and honest, denoted by P(¢, f). Hence we have
Pm™in(s, f) = P(t,f), forany t > 0, f € F. Since the cost function r is bounded
below, by the above definitions, we may assume r > Q without any loss.

2. Throughout this paper, we assume that every function on S is regarded as a
vector and that any kind of operator on matrices and vectors corresponds to them on
all components.
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3. Discounted optimality

In this section we will prove the existence of discounted cost optimal policies and
characterize the optimal discounted cost value V', which is essential in the following
discussion on average cost optimality.

LEMMA 1. If Assumption | holds, then forany f € F andt > 0,

. (k=1)
@ P™(, fIWE< (l+t+m+Zk_—l_)!> W,

‘e o —at in 1 1 1
(i1) NP, WS-+ =+---+— W
0 o a2 ak
PROOF. Similar to the proof of [19, Theorem 1], we can obtain these conclusions.

LEMMA 2. Ifone of the following conditions holds, then Assumption A holds:

@ N7l = supies eaqy 7 @) < 00, ligll < oo;

(i) Assumption 1 holds, r < W and ||q| < o0;

Gii) forallie S=1{0,1,...}, A() =1{0,1}, q(i —11i,0) = ui, q(i 1i,0) =
—(A+w)i, qi+11460) =24, i>1490]0,0 =0,9G—-1]i1) = ui
gi | L) =—-A4+pi+vq@+1}|i,1)=xxi+v,i>14g0]01)=-—v
qg(1]10,1) =v,0 <X <u, v>0. There are | positive numbers b,, n = 1,...,1,
such that r(i,a) < Y\ _ b,i", foralla € A(i), i € S.

PROOF. Obviously, (i) is valid. By adding 1 to w; in Assumption 1, from Lemma 1,
we obtain (ii). Part (iii) can be proved by applying Lemma 1. The calculation is
straightforward, but lengthy, and we shall omit the details.

With Assumption A we can define
B(S) :={u| cW(@i) < u(i) < cW(i), Vi € S for some ¢ > 0}.

LEMMA 3. If Assumption A holds, then we have
(i) foranyf € F,t>0,ie S, a>0

1 Zjesp?jﬁn(t’f) =1,
(2) Vy € B(S);

(ii) for any a > O, the quantity V(i) (i € S) is a unique solution of the following
OE within B(S):

@ V(i) = min r,a)+ Y qG |, a)V;(G)t, Q€S (3.1)

j€Ss
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(iii) for any a > 0, there must exist an a-discounted cost optimal policy f;
(iv) a stationary policy f € F is optimal if and only if it realizes the minimum on
the right-hand side of (3.1). :

PROOF. By [19, Theorems 2, 4 and 7], we can obtain these conclusions.

REMARK 3. Under Assumption A, Lemma 3 (i) means that the transition matrix
with respect to Q(f ) is unique, standard and honest, for any f € F.

We take an arbitrary, but fixed, function m > 0 on § such that m(i) > Q(i), i € S.

LEMMA 4. Let Assumption A hold.
(i) Ifwelet ug:=0and

N | _rG.a) m(i) gG lia) .
U1 (i) i= min [m(i) e TmOte ]zes:( m() H") “"(’)} ’

i€ Sandn >0, thenlim,_, o u,(i) = Vi (i), fori € 8.

(i) fAG) = A, i€ §S:={01,...}, foranya € A, a > 0, m(i) and
r(i,a)/(m(i) + a) are increasing functions in i on S, and for any fixed k € S,
a€A gklia):= ijk [q(i | i,a)/m(i) + 8,-,-] is increasing in i on S, then V(i)
is increasing in i on S forany a > Q.

PROOF. (i) For u € B(S), let

Tu(i)=min[ rtha) | m@) Z[q(ili,a)Jr&j]uU)]’ es.

aeAld | m(i) + « m(i)+aj€s m(i)

Then we have u,1 = Tu,, u, = T"0, u, < up1, n = 1. Based on Assumption A,

by induction, we can obtain that, for any n > 1,
: 11 1
U < Y 07w+ wM < (—+—2+---+—;)MW.
= ¢ o a

Hence by the control convergence theorem and Lemma 3, and noting that every A (i)
is finite, we have ¥ = Tu. Hence (i) is valid.
To prove (ii), by (i), we need to prove that, for i, i, € S, i} > i, n > 0,

u, (i) > un(i2). (3.2)
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By induction, when n = 0, (3.2) is obviously valid. Suppose (3.2) holds forn = N.
With the denotation uy(—1) = 0, for any a € A, i} > iy, i}, i; € S, we have

(a0 Lir,a) .
Z (W +8i|j) un(j)

j=0
q([ | ’lv a) I . .
[ m(i) +8"j] [Z(“N(‘) —upn(i ])):|

i=0

u~(/) —un(G = 1) (}: [f’-(’—m'(—i'l)—“) +a.-..-])

i=j

I
.Mg

()

8 n[Vja

= Z unG) —un(G = 13y | i, a)

j=0

Q(J | iZ’ a)

m(iz)

Ms

(unG) —un(G — D)0 | ibya) = Z( +8i;j) un(j).

j =0 j=0

-

Hence

r(iy, a) m(iy) q( |, a)
m(i)) + o + m(i) +a Ig( m(i,)

r(iz, a) + n(iz) Z[(l(iliz,a)

T mi))+a  m@)+a = m(iy)

+‘Si|j) uN(j)

lu] uN(l)

Then uy,1(i)) > uny(i2). That means (3.2) is valid forn = N + 1. Hence (ii) is also
valid.

COROLLARY 1. Let |iq|| <oo and Assumption A hold. If for any ieS=(0,1, ...},
A(i) = A, foranya € A, r(i, a) is increasing (or decreasing) inion S and q(k | i, a)
is increasing in i on S for any fixed k € S, then V(i) is increasing (or decreasing).

PROOF. Let m(i) = |lq|| + 1, i € S. Using a similar method to that used to prove
Lemma 4, we can obtain these conclusions.

4. Average criterion

In this section, we always assume that Assumption A holds. By Lemma 3, we let
[ denote a discounted cost optimal stationary policy with respect to the discounted
rate factor ¢ > 0.

By the Tychonoff theorem we have that F is a compact metric space. Hence
for any sequence {f,,n > 1} C F, there must exist a convergent subsequence of
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a» 1 = 1}. This means that there must exist a limit point f* for any sequence

;,. ,n>1}

Let ko € S be a fixed state. Forany @ > Oand i € S, let u, (i) := V(i) — V. (ko).
Now we present the conditions under which the existence of optimal policies and a
solution of the OE can be proved.

ASSUMPTION B. For some decreasing sequence {a,} tending to zero and some
ko € S, there exist a non-negative function h and a constant N*, such that for all
n>1laecA@l),iesS

(D) N* < ug, (i) < h();

() 369G | i @hG) < 00

(iii) there are a non-negative and decreasing sequence {§;} and a positive integer
u such that, for any a€A(j), r(j, a)> Q(j Yh(j)¢;, whenever j >u, and Zjes ¢; =00;

(iv) there exist positive integers v ,u, constants C > 0, B € (0, 1) such that, for
anyj € S,a€ A(j), qk | j,a)h(k) < B*C, wheneverj > v, k > w + j.

ASSUMPTION C. One of the following conditions holds:
(i) lim;, e mingeaq) 7(i, a) = 00;
(ii) Zjesrr,-j (f)=1i€S8,f € F here (m; (f)) :==lim,_, P(t, f).

To verify Assumption C, we have the following lemma.

LEMMA 5. If one of the following conditions holds,

(i) there is a function G such that lim;_,o, G(i) = oo and r(i,a) > G(i), i € §,
a € A();

(ii) for any f €F, there exists a function X (f )=0 such that lim;_, X (f ) (i)=00
and Q(f)X(f) <0;

(iii) forany f € F, the process (P;(t, f)) is irreducible and recurrent positive,
then Assumption C holds.

PROOF. Obviously, the conclusion is valid under Condition (i). By [1, Propo-
sitions 5.1.7 and 5.4.8 and Theorem 5.1.6], we then obtain this conclusion under
Conditions (ii) or (iii).

LEMMA 6. Forany f € F, i € S, we have
D) FXjesmi(f) < 1, limy o r(k, f (k) = 00, then V(f, i) = 00;
() 2umi (F)gk1j, £ G < malfg(f);
(i) V(. i) = Y esmi (F)rG. f G
if there exist a function u bounded below and a constant g satisfying the equation

g=rG,f)+) qG i fuG), ies,

j€S
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then V(f,i) < g.

PROOF. Conditions (i) and (ii) are from [2, Lemmas 2.2.2 and 2.2.1], respectively.
Condition (iv) is from [2, Theorem 2.1.3]. Since r > 0, by the Fatou lemma, we can
prove (iii).

THEOREM 1. If Assumptions A, B and C hold, then

(i) there exist a stationary policy f*, a constant g*, a function u* on S and a
decreasing sequence {a,} tending to zero, such that for i € S,

@ g = limo, Vo (), u'() = lim u,, (i);

(b)
g =r(i, fr N +Y_qG | i, frO)u()
jes
=aTAi(I})[r(i’ a)+jzes:q(i | i, a)u*(i)]; - (4.1)

(i) f* is an average cost optimal and satisfies V(f*,i) = g* i € S;
(iii) any f realizing the minimum on the right-hand side of (4.1) is average cost
optimal.

PROOF. (i) Foranyn > 1,i € S and a € A(i), by Lemma 3, we have
a, Vo (i) =r(i, fa D)+ ) qG | i £L VL)

jes
=aglAi(r})[r(i, a)+jZ;sq(i |i,a)V.,:(f>]
= min [r(i, a) + leS:q(j | i, a)uan(j)] . 4.2)

Hence

a, Vy (ko) + atatta, (i) = r(i, f, (i) + Zq(i |4, £, (e, ()

jes
= min [r(i, a) + ,-Xes:q(i | i, a)u.,n(j)} . (4.3)

Since f* is a limit point of {f }, there must exist a subsequence {a,} of {a,} such
that lim,./_,oof;n,(i) = f*(i), fori € S. By Assumption B (ii) and (4.2), to take any
a € A(ko), we have

0<a,V; (ko) <r(ko, a)+z qU | ko, @)h(j)—2q (ko | ko, a)(h(ko)+IN*|) < 00.

j€es
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So |a, V: (ko)| is bounded for any n’ > 1. Hence there must exist a subsequence
{an} Of {ay) such that g* = lim, e @mw Vi, (ko). By Assumption B (i) and the
Tychonoff theorem, we also have that {u, )} is a sequence of the compact met-
ric space I'[,.GS[N‘, h(i)]. So there must exist a subsequence {a;} of {a,} such
that limy_, o U4, (i) := u*(i), i € S. By Assumption B, we have lim;_,, a; = O.
Hence lim;_, o iy, (i) = O, for i € §. Now we derive that lim;_, V(@) =
limg_. o0 o4 V;, (ko) = g*, for i € S. From the above discussion, we get, for i € S,

g = klim oV (i); klu?o Ug, (i) := u*(i); klirgf;k(i) = f*@). 4.4)
From (4.3), for k > 1, we have
ay Vy (ko) agity, (i)

m(i) m(i) + g (i)
_ @ fa, @) qG 1i, f2 ()
_f m(i) + Jg[ m(@) u] us, ()
— r(i, a) qG i, a) ) .

For any i € S, since A (i) is finite, there must exist an integer N (i) > 0 and an action
a*(i) € A(i) such that, for k > N (i),

fa=f*0) “.8)
and maXean { 3yes 90 | 6 DRG)) =3 ;059G | i, a*())h() < oo. Hence we
have
S (LD 5, ) ki< 00 10 )40+ N <00,
AL o m)

By the control convergence theorem, (4.4)~(4.6) and noting that A (i) is finite, for
i € S, we have

g o G f (t)) q( 14, f*() .
m® TCO= 0w +E[ () 5"]“(’)

Jj€es

- min ] 79 aG1ia) o | i
‘a’é‘}f?)[m(i) +§[ m(i) +5"]u(’)]'

Thus
g* = min lr(l a)+> qG | i,a)u’ (,)] @.7

acA(i)
j€S
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By (4.4) and (4.7), we have that (i) is valid.
(ii) First, we assume that 3, 7 (f) = 1,i € S, f € F. We prove

Yo (IrGL N 2 8" (4.8)
jes

Obviously, we only need to consider 3, s 7 (f *)r(j, f *(j)) < oo. Since Y, .9 |
i, f*(i)) = 0, and u* is bounded below, the components of ¥* may be increased by
adding any constant without affecting the proof. So we may assume «* > 0. From
(4.1) and Lemma 6 (ii), we have that, for a large N > 0,

Yo m (G =G M

j<N
= m () (Zq(k lj,f‘(i))> u* (k)

j<N keS
=Y m() [Zq(k FEADNCE qj(f‘)u‘(i)]
j=N k#j

=Y m(f) [Z gl 1 fr N ® + 3 1, (F gk |j,f“(i))u*(k)}
Jj<N k>N k.{i}v,

— D malf e (f Yut (k)

k<N

<Y Y ak i, N+ Y ) m(F gk |, G )u(R)

jsN k>N k<N j#k

=D mu(f ge(f *yut k)

k<N

=Y m )Y a1, £ ®

j<N k>N

-k [mk(f*)qk(f‘) =Y ek Ij,f‘(i)):l

k<N j#k

<) m (DY gk 1, £ G k).

J=<N k>N

Choosing N > v and using Assumption B (iv), we can obtain

Yo () =G fG))

jsN

.
<D m DY gkl @+ Y m (DY gk 1), frGNu R

j<® k>N j=i41 k>N
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=D m (Y akl i fr GV ®)

j<b k>N
N N+w oo
+ D m (] D gkl o+ D qk | froNut k)
Jj=v+l k=N+1 k=N+1+w
< omF Y qk i, frGNuR)
j<u k>N
’ N+w N 00
+ 3 Y mfakli frow e+ Y BEC
k=N+1j=0+1 k=N+1+w
N+ BN
=Y mFY D gk i FrONw®R + Y malf e Hut (k) + :
j=<v k>N k=N+1 (1 - ﬂ)

» By Assumption B (ii), we can obtain ), cq(k | j, f*(j))u*(k) < co. So the first
and last terms on the right-hand side of the above formula tend to zero as N — oo.
Since 3 ;s (f*) = 1, we have that

N+w
g <) m(FIrGL. ) +liminf Y mu(f Wt (gu(F).
jes k=N+1

To prove that liminfy_, » Zf:,:,z’ w1 Ta(f Hur(k)qe(f*) = 0, it is enough to show that,
given € > 0, there exist infinitely many values of N for which

N+w

3 maf R <e.

k=N+1
Suppose, for contradiction, that we can find an integer [ > & such that

N+w

D ma(f W RG> €

k=N +1

for N = lw, (I + Dw, .... Then Assumption B (iii) shows that

N+w N+w
D mafHrk £r00) = Y () QR
k=N +1 k=N+1
N+w
> Z T (f )@ (f U (K)o = €Pnia
k=N+1

for N = lw, I+ Dw, .... It follows that 3, s wic(f )r(k, f* (k) = € 372 | ja
Since {@;} is a decreasing sequence and ), . ¢; = 00, we have 3 2, #;5 = 00.
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Hence sts i (f *)rk, f *(k)) = oo. This contradiction shows that

N+
lianigf i (f e (f (k) = 0.
4 k=N+1

So we have proved that ), <7, (f*)r(j, f*(j)) = g*. By Lemma 6, we have
V({* i) = g*.

Forany f € F,i € S,by(4.1), wehave g* < r(i,f(i))+zjesq(j | i, f (D))u*().
Similarly, we can prove g* < V(f,i),f € F.

Second, ifforsomei € S, f € F, ZU ;i (f ) < 1, by Assumption C and Lemma 6,
we have V(f, i) = oo > g*. Hence we have

V(f,i)>g*, f€F, ies. (4.9)

On the other hand, since g* = r(i, f*(D)) + X ;59U | &, F*(Dw*(j), i € S, by
Lemma 6, we can have

V(f*,iy<g*, ie€S.
By (4.8) and (4.9), we have
V(f*, i)=g*< V(f,i), i€S, feF.

This means that (ii) is valid. Similarly, we can prove (iii).

5. Examples

In this section we will apply the results of previous sections to demonstrate the
existence of optimal policies in two examples. One is an admission control queue
model with unbounded cost and bounded transition rates. The other is controlled birth
and death processes with unbounded cost and unbounded transition rates.

EXAMPLE 1. We observe continuously an admission control model for a queuing
system. The system behaves as a single-server queuing system MX/M/1. Let
Pk =0,1,..., K < 00, denote the arrival probability of k tasks, p, > O and
>k o Pi = 1. The arrival rate of the system is A. Let  denote the exponential service
rate of the system. At any arrival time, the controller decides whether to admit the
arrival tasks. Rejected tasks are lost. Each accepted task generates a reward R. A
non-decreasing function r(i) denotes the cost rate for serving i tasks. Letp > 0

denote the cost rate of serving a single task. Hence we have r(i) = pi.
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We formulate this model as continuous time Markov decision processes. The
system state i denotes the number of tasks available for service in the system at any time
(that is, the queue length). So § = {0, 1,2,...}. Foreachi € §,i >0, A({) = {0, 1}
with action O corresponding to rejecting and action 1 corresponding to accepting arrival
tasks. The cost rate function r satisfies r(i, 0) = r(i), r(i, 1) = r(i) — Ri. By the
definition of average criterion, the cost function (i, a) may be increased by adding any
constant without affecting the discussion of the average optimality. So we may take
that r(i, 0) = r(i) + RA, r(i, 1) = r(i). The transition rates satisfy: q(0 | 0, 0) = 0,
qgli—114,0 =pu,q@|i,00) = —u, i >0, qk|0,1) =2, k=1,...,K,
g0 0,1) = —=@Ap1+ -+ Apx)s gl ~ 1 | i,1) = pu, qi + k| i,1) = Apy,
k=1,...,K,q(i|i1)=—(+Ap+ -+ Apg), i > 0. This model has the
following properties:

(1) Assumption A holds. In fact, we let w; (i)=pi + 1+ RA, wz(i)zpl(z,f:l kpy),
i € S. By Lemma 2, we can verify Assumption A.
(2) Assumption B holds. In fact, by Lemma 3 (iii), we have, for any @ > 0,

av2() =argg){r(i, D+ 240 |i,a)v;(i)]

Sr, 0 +uV;i—-D—-uVy@), i>0.

So we have

r(i, 0) < r(i, 0) + ri—1,0)

v s =2 va-n + V- 2)
0 w

i 0 G+ 1 ‘R
<D gy 2 2D IR g,
—~ u 2u 5

Hence we may take kg = O and thus u, (i) < pi(i +1)/QCu) + iRA/1 = h(i),
ie€S, a>0 Totake m(i) = A +u, i € S, by Lemma 4, we have that V}
is an increasing function on §. Hence we have u,(i) > 0, fori € S, a > 0.
So Assumptions B (i) and B (ii) hold. To verify Assumption B (iii), let # = 1,
QW) =p+rie Sthusd; = pu/((k+2)(p + RA)(i+1)), i € S and thus we
can obtain that Assumption B (iii) holds. Letting C =0, v = 0, w = K, we can
verify Assumption B (iv). Obviously Assumption C holds. Hence by Theorem 1, we
have the following conclusion:

For this admission control queue model, there must exist an average cost optimal
stationary policy.

EXAMPLE 2. We consider controlled birth and death processes as follows: Let
§=1{0,12,...}, A(G) = (0,1}, i € §, q(0] 0,0) =0, q(—1) i0) = ui,
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q(i | 4,0) = —ui, i >0,49(0]0,1) = —v,q(1 |0,1) =v,q(i = 1|, 1) = ui,
gl L) == +pi—-v,qi+1|LD)=rAi4+v,u=x>0 Letr(i,0) =
ai+ayi+c,r(i,1) = bi2+bi,i € S, (c—2a)(A+u) <vQ@Ba+ay),c,a, by >0,
ay, by > 0.

Both cost and transition rates in this model are unbounded. Moreover, we can
derive that:
(1) Assumption A holds. We shall now verify this conclusion. Let w, (i) = (a; +b,){?,
i€S. Thenwehave Y, g |i,0)w,(j) <0,ie S;and

Y qG 10, Dwi() =vi@+b) < (@ +b)(u+r+30) +(@+b), i=0;

JjEs

D 4G i, Dwi()

'€ =piw (i — 1) = piw, Q) = Aiw (@) +riw, i+ D) +vuwy (i +1) —vw, (i)
=2(a+b)(—pu+N) ¥+ (@ +b)(r+A)i+v(a;+b)Q2i+1)
<{(ai+b)(p+HA+3v)+(a+ b)) +1), i=1. 5.1)

Let wy(i) = ((a; + b)) (e + A+ 3v) + (a; + b2))(i + 1), i € S, then we have

Y40 li@wi() <w () and ) q( 1i,0w() <0, i€, aef0,1)
JjeS jes
and

Y qG 10, Dwy() = v((a + b + A +3v) + (@2 + b)), i=0;

jes

Y a0 i, Dwa()

15 = s = 1) = piwa(i) — Miwy (i) + Aiws (i + 1) + vwaGi + 1) — v (i)
= ((a; + b)) (1 + A + 3v) + (a; + b)) (—pi + Ai)
+v((a + b))+ A +3v) + (@ + b))
<v((@+b)m+ArA+30)+ (a2 +b)), i=1 (52)

Let wi(i) = v((a; + b))+ A +3v) + (a; + b)) + ¢+ 1, i € §, then we have

Y qG li@)w, () < ws(@), €S, aef0,1) (5.3)
J€S
and

Y qG i, @)ws() <0, i€S, ae(0,1).

jes

Hence from (5.1), (5.2) and (5.3), Assumption 1 holds.
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Similarly, we can verify that the function QR on § satisfies Assumption 1. Here
R = w; +w,; + w;. By Lemma 2, we can obtain that Assumption 2 holds. Obviously,
R>1landr <R. ‘

Combining the above conclusions, we have that Assumption A holds. Here, we
take m(0) =2(A + u +v), m(i)) = 2(A+ u+)i+v),i > 1.
(2) The functions m(i), r(i, a)/(m(i) + ) and g(k | i, a) are all increasing in i on S,
for any o > 0, a € {0, 1}. In fact, obviously, m is an increasing function on S. By the
condition (¢ - 2a;)(A + u) < v(3a, + a,), we can verify that r(i,a)/(m(i) + «) is
increasing in i on S, for any @ > 0, a € {0, 1}. By the definition of §(k | i, @), we can
also verify that g(k | i, a) is increasingin i on S, forany o > 0,a € {0, 1}, k € S.
(3) The difference u, (i) > 0, here ky = 0. In fact, by Lemma 4 and (2), we have that
V(i) is increasing in i on S. Hence u,(i) > 0.
@ Leth(i)) = (@ +0o)i/u+ai(i+1)/2un), i € S. Then we have u, (i) < h(i),
i€S,a>0 BylLemma3, wehave 0 <aV}'(0) <r(0,0) =c,and, fori > 1,

a V() < r(i,0) +in Vi — 1) —ip V2 @).

Hence

a+c

o | |
HOPs )+V:(:—1)s%+ V-1

< i(a; +¢) + ai(i+1)
7 2p

Also u, (i) = V(i) — V;(0) < i(ax + o)/ + a)i(i + 1)/ 2u) = h(i).

(5) Assumption B holds. By (3) and (4), we only need to verify Assumptions B (iii)

andB@Gv). Letu=1,v =0, w = 2,

+ V2 0).

— #min{alv bl}
T @+t +u+v)i+1)

¢

Then we have that Assumptions B (iii) and B (iv) are valid.
(6) Assumption C holds. In fact, this is obvious.

Hence by (1), (5), (6) and Theorem 1, we have the following conclusion:

For these controlled birth and death processes, there must exist an average cost
optimal stationary policy.
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