K. Cho and K. Matsumoto
Nagoya Math. J.
Vol. 139 (1995), 67—-86

INTERSECTION THEORY FOR TWISTED COHOMOLOGIES
AND TWISTED RIEMANN’S PERIOD RELATIONS I
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Introduction

The beta function B(a, B) is defined by the following integral
Bla,p = [ e = 0,
where arg t = arg(l — H = 0, Ra, RB > 0, and the gamma function I'(a) by
re = [ " ar,

where arg t = 0, Rae > 0. By the use of the well known formulae

_ I'a)Irp)

B(a, p) = T+ R’ I'la+1) =al(a), INa)I'd—a) = 4

sin ra’

we get the following formula:

expQrila+ p) — 1 )

/1 1
Bla, DB(~a, — ) = 2mi( 5 + F> (- (exp @ria) — 1) (exp @miB) — 1)

If we regard the interval (0,1) of integration as a twisted cycle defined by the
multi-valued function t*(1 — t)ﬁ, the factor

_ expQrila+p) — 1
(exp(2mic) — 1) (exp(2mif) — 1)

is nothing but the twisted self-intersection number ([KY1]) of the cycle (0,1).'It is
quite natural to think that the factor
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(1 1)
2T (E + E
should be the “twisted self-intersection number” of the 1-form

dt dt

TrT-7p
so that the above formula should be thought of a twisted version of Riemann’s
period relation.

This paper establishes the intersection theory for twisted cocycles and the
twisted Riemann’s period relation connecting the intersection theories for twisted
cycles [KY1] and for twisted cocycles.

In the following we explain the results of this paper using as plain language
as possible; the notion and notation used are rigorously fixed in the text. Let
Zy. .., Z, be n + 1 distinct points on P’, and

w=§)a at (ia,=0,a,éN—{0}>

Tt—z \[5
a connection form. The first twisted cohomology group
H'(U, L) =H'(P', (2 (log D),V)), U:=P"'— D
with respect to the connection V = d + wA is known to be isomorphic to
', 2'log D))/C-w, Di=gzy+ - +ua,

where

L:=%ker(V|,:0,— Q2pog D) |,)

is a local system on U defined by V.

The dual of the cohomology group H'(U, L) is given by the cohomology
group with compact support HCI(U, L"), where L" is the local system defined by
the connection V' :=d— w A dual to V. We show that the dual cohomology
group is isomorphic to I'(P", 2'(log D))/C- (— w). Since there is a natural dual
pairing between the two cohomology groups H'(U, L) and H)(U, L"), there
should exist the induced bilinear form on the spaces I'(P', 2'(log D))/C* w and
I'(P', 2'(log D))/C- (— w). By using elements

_at
YT t—x -

e rpP', 2'0ogh)), 1<j<n—1,

j+1

we give bases for the spaces above by
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o] € (P, 2'(log D))/ C-w, ¢; € (P!, 2'(ogD))/C-(—w), 1 <j<n—1,

where (,D;.L and ¢; are the images of ¢; by the natural projections from F(Pl,
Q'(log D)). Our first main theorem gives explicitly the bilinear form, which turns
out to be symmetric and will be called the intersection form:

o = 2mi( L+ 1)
o;, ;7 = 2m<a, + )

2m

o], 0ra0 = @iy, @;0 = —

9
Ajiq

(o7, o> =0 if|lj—k|=2.

Our second main theorem states the relation between the three pairings: the
intersection form for twisted cohomologies, that for twisted homologies, and the
pairing of twisted homologies and twisted cohomologies, i.e. integrals. Let

7, €H(WU,L), 6 €H(WU,L, j=1,...,n—1

be any bases of twisted cycles (the notation is slightly different from that in
[KY1]) and

§ erP, 2'(logD)/Cw, j=1,...,n—1,
n, € (P, 2'0og D))/C-(—w), j=1,...,n—1,

be any bases of twisted cocycles; let I, and I, be the intersection matrices:

<T1+’ 51_> o <T1+’ 5;—-1> <§1+7 77;> ot <El+» 7);—1>
L=\ f ] L= :

gy 000 Ly, O o &y, My

The intersection matrix I, can be explicitly computed [KY1]; take for instance
bases 7; and 8, := @; as follows: let us assume for simplicity that the ;s are all
real and are arranged as 2, < x, < -+ < x,, and #, a branch of the multi-valued
function # = II(¢ — xj)a’ defined on the lower half f-plane. We define special cy-
cles by

1

- 1
7= B 400 g+ =7 S, @uy— =7 51 Buo,
j j+1

- - - C; - C; - .
7= (5 40 Quy' — 3 - 1S Qu;' + z—“_l—lsm ®uy’, ¢, = exp 2mia;,

j+1

where S, is a positively oriented circle with center x, and with starting point p,
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or g, ; see Figure.

Sj S;H
(o] (o]
X, b, q,+1 X, 41
Figure

Then the intersection matrix for these special bases turns out to be

—d,/dd, 1/d, 0 - 0 0
¢,/dy,  —dy/dydy 0 0
0 : :
I, = : : 0 ’
0 O T dn—z,n—l/dn—zdn—l 1 /dn—l
0 0 = 0 o1/ Gpy —dy 1/ dyd,

where d; = ¢; — 1, d;; = ¢;c, — 1. It is easy to see that

did,y., 665 G1Cp3lyy *° diConydy,
L did,., dyds., dypcd,.,  dy.,d,
I, = ;1:—; dd,., diydy.n d123d4~~-n d12364-~~n-—-1dn ’

dgd, dd, dipsd, 0 dygid,

where ¢;,.. = cic, ***, dj,.. = c;¢;, +++ — 1. Let us arrange the integrals (periods)
as follows:
+ + - -
[& ~ [ & [ = [ m
. " Ta-1 _ 03 On-1
P = : : , P = : :
+ + - -
ﬁ En—l o . Sn—l f_ nn—l o f_ Nn-1
et Tn-1 01 On-1

Here the integral f £ (resp. f n") of a twisted cocycle &¥ (resp. 77) over a
+ 5=

1

twisted cycle y* € H,(U, L") (resp. 6~ € H,(U, L)) is defined as follows: for a
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twisted cocycle & (resp. n7) take a representing form & (resp. 1) of (P,
2'(log D)) and for a twisted cycle 7* (resp. 07) take a representing twisted chain
3.8, Qu, (resp. =, g @u;"), where g; (resp. g) is a topological chain and ,
(resp. uﬂ) is a branch of the multi-valued function

u=T (t—z)" (resp. u™h
j=0

along g; (resp. g)); then

[emsfu [rimz [

which are independent of the choice of representatives. Our theorem reads
ty=ltp— _ . tp— 7=l ,+ __ ¢t
PP =1, ie 'PTI)p =1,

We would like to call these identities twisted Riemann’s period relations because
it resembles Riemann’s period relation for a basis of holomorphic 1-forms w,,.. .,
w, and a Z-basis of cycles 7,,..., 7, on a compact Riemann surface of genus g.
The period matrix P and the intersection matrix I, of cycles are

o [ o

j; : v o <

P= : : , I, = : : ;
fwg cee f W, <TZga Tl> o <')’2g, ')’2g>
71 T2

then Riemann’s period relations are given as follows:

fa),/\wk fa)j/\a)k /0 H
!

f&),/\wk f@,/\a),, —H 0

where H is positive definite. We remarked it not only because of the resemblance
but also because we shall in [Chol] establish a theory including both Riemann’s
period relations.

The simplest case, i.e. # = 2 is nothing but the formulae for B(a, 8)B(— «,
— f) given in the beginning; the next simplest case, i.e. # = 3 yields (§4 Example

(%) tIh—l (IPIP) —

1) the famous formula

Fla, B, 7r;0)FQ—a,1—6,2—71;2)
=Fla+1—r,B+1—r,2—r;0FG—a,r—B,7;2,
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where

Fla, B, 7;2) = %{3 ((f)) " (@, i=ala+1) - (@t n—1).

We cordially thank Professors K. Mimachi and M. Yoshida for their constant
encouragement and stimulating discussions.

§1. Preliminaries

In the following, notation is so chosen that generalizations to Riemann sur-
faces of higher genus [Chol] and to varieties of higher dimension [ChoZ] would be
smooth. Let x,,..., x, be # + 1 distinct points on Pl; put

D=z, + - +z, U:=P —D, j:UP.

Let @ be a logarithmic 1-form on P" with poles at D with residue a; at z;; note
that

M=

a; = 0.

j=0

Consider the connection V with connection form w:
V=d+ oA :0p— 2p: (log D),

where O p: is the sheaf of holomorphic functions on P', Q;;l the sheaf of holomor-
phic 1-forms on P' and .Q;)I (log D) the sheaf of meromorphic 1-forms with
logarithmic singularities only on D. Let L be a local system on U defined by

L:=ker(V|,:0,— Qp (log D) |,

where O is the sheaf of holomorphic functions on U.

We are going to present several isomorphisms for two hypercohomologies;
they shall be made explicit in the next section; the definition of hypercohomology
shall be also given in §2.2. If a; € N — {0} then the following quasi-isomorphism
[Dell] holds

R]* =~ (.Q (log D), V)

%4
0= 0pi— Qp (logD)—0 -,

which leads to
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H'(U,L) =H'(P', (2 (ogD),V))
~ (P', 2'(log D))/C w,

where the last isomorphism is derived by the (Hodge-to-logarithmic de Rham)
spectral sequence:

E!' = H'(P', 2" (log D)) = H’"(P", (2 (log D), 7)),

and EY" =0 if ¢ > 0.
On the other hand by the Poincaré-Verdier duality [EV1], (i.e. by performing
R#om( -, Cp1)) we have:

JL” = (2 (log D) (= D), 7Y
t= 0= Opi(— D) 5> Qb (log D) (— D) = Qb= 0 -+,
where V' :=d — w, and ! means the zero-extension; this leads to
H)(U, L") =H'(P', (2 (log D)(— D), V"))
= ker (V" : H'(P', O p:(— D)) = H' (P, 2p))
=ker(— w: H'(P', Op:(— D)) — H'(P', 2p)),

where H, means cohomology with compact support, and the second isomorphism is
derived by the spectral sequence:

EY = H'(P', 2’(og D) (— D)) = H"" (P!, (2 (log D)(— D), V")),

and E}*=0 if ¢ =0. Notice that the duality between (2 (logD), V) and
(2°(log D) (— D), V") holds without any condition for a; [EV2]. Notice also that
the duality above between I'(P’, .Ql(logD)/C-w and ker(— w: H' (P, Op:(— D))
— HY(P', .Q;,l)) is induced by the Serre duality. We denote by go+ (resp. ¢ ) the im-
age of ¢ € I'(P", 2'(log D)) under the natural projection to I'(P", 2" (log D)/C* w
(resp. (P, 2'(log D)/C-(— w)).

§2. Intersection theory for twisted cocycles

Consider the following exact sequence of complexes, which will be referred to
as the basic sequence:

0— (2"(log D) (— D), V)= (2 (log D), V") = (®).,C,,

xres

- ®?=0 Cz,) - 0 ;

that is
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0 0 0
! ! |
0— 06(—D) — 6 — @.,C, —0
(1) 7 l 7Y l l xres
0— Q' —> QgD —> @L,C, — 0
| ! !
0 0 0
where
X res: (¢y..., ) = (— ayCo,. .., — Q,C,).

If a; # 0 then X res is isomorphic, so we have the following isomorphism
¢:H' (P!, (2 (log D) (— D), V")) = H (P, (2 (log D), V")),
in particular,
t:ker(— w: H'(P', 0 p:i(— D)) = H'(P', Q1)) = T(P', 2'(log D))/C- (— w).

We shall explicitly give the inverse of the isomorphism ¢. We first define a homo-
morphism: 7 : I'(Q'(log D))/C- (— w) — ker(— w: H'(0(— D)) — H'(2")) and

secondly prove that this gives the inverse of the natural isomorphism ¢.

§2.1. Definition of 7
The corresponding long exact sequences of (1) read
]
—  H'® — &6, — H@-D)

l xres

s

— H@'(ogD)) — &@,C, — H'(@)

where 0 is the connecting homomorphism. Tracing the above commutative diagram,
we have

0o (X res) *Res: H(2'(log D)) — H'(6(— D)) ;
it is immediate that this induces the isomorphism

t: (R (log D))/C- (— w) = ker(— w : H'(G(— D)) = H(2Y).
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§2.2. Naturality of 7

-1
LemMMA. T7=1¢ .

Proof. Let us honestly see the homomorphism ¢, i.e. following the definition of
hypercohomologies. A fine resolution of the complex (2 (logD)(— D), V") is
given by

0— 6(—-D) — Q' —0

! !
0—> &°%—D) =5 &° — 0
7l |3
0— &(—D) =% g% — 0
! !
0 0

where &7 stands for the sheaf of smooth (p, g)-forms on P’ and &“(— D) the
sheaf of (p, ¢)-forms g on P! such that g/t; is smooth for a local parameter {;
around x; The associated single complex is

0— 6(—D Q' — 0 —0
! ! !

0— 8D > "D ®E° > g — 0.
Thus we have
ker{I'(6" (— D)) ® I —T®) .

VI E"(— D)) ’
for n € I'(P', 2'(log D)), we denote by 7" the image of 7~ € I'(2'(log D))/C
*(— w) under 7. Since the Dolbeault resolution implies

r@" (= )

or@”(— Dy’

H'(P', (2 (ogD)(— D), V")) =

I-‘(gll)
ar@"’
VY = d — w annihilates 7" means that there exists ¢ € I'(§'°) such that

(d— w)n’ = op,

H' (P!, Opi(— D)) = H'(P', 2p) =

namely,

V' +w =o0.
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This gives an explicit expression of the isomorphism
ker(V": H'(6(— D)) — H'(2")) S H'(2 (log D) (— D), V™))
_ ker{Ir'(¢" (- D)) @ I'(6") — reE")
v'r”(— D) '

Similarly a single fine resolution of (2 (log D), V") :

0— 6 2>  QWogD) — 0 —0
l | !

T D6 g D) —— &(logD) — 0

O SN 800
gives

ker{I'(§"™) @ I'(§"°(log D)) — I'(§" (log D))}

H'(P', (2 QogD), V")) =
Og er(goo)

An explicit expression of the isomorphism

I'(Q'dog D))/C- (— w)=H'(P!, (2 (ogD), V"))
- ker{I'(§") @ I'(§"°(log D)) — I'(§" (log D))}
VVF(gOO)

is given by
n ~0Dn.

Summing up, a fine resolution of the basic sequence is given as follows (pay
attention that rows and columns are reversed):

0 0 0
! ! l

0 - 800(_ D) L 801(_ D) @810 L) gll - 0
! < 1

0— & IS "®e lgDd) —— &'QogD) — 0
restr l (restr, l Res) l

0o— & Cz, e @CI} &5, @CI} (xmrl D CI} — 0
| | 1
0 0 0

Now we are going to trace back ¢. Let us give n € I'(2'(log D)). We change the
represetative 7 to
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w=n+V'h
so that (restr, Res)n’ = 0; this can be achieved by taking # € I'(§*) so that
(0, X res) - restr h = (restr, Res) 7.

Then there is a form 7 + p € I'(§™ (— D) @ £'°) which maps under ¢ to 7’; it

can be readily checked that 77 + p represents an element of

ker{I'(6" (— D)) ® I'(§") = I'E")
V'r@E”(— D)) '

Recall the connecting homomorphism 0 : €D Cx,_’ H'(@(— D)) used when defin-

ing 7 ; it is exactly the same as tracing part of the above diagram:

H'(P', (2 log D)(— D), V")) =

0 0 0
! l |
0— % — 8'C=DPE — *x —0
l “l !
0— & 5 @6 %ogD) — * — 0
restr l l l
0o— &c¢, — * — % — 0
1 l !
0 0 0
Therefore we proved that in cohomology level
p=1n" in H'(O(— D));
and so (it will be the key in §3),
(2) ' +w=n+Vh per@®, hereg.

§2.3. Intersection form for cocycles

We assume a; # 0. Let us fix an isomorphism
[:m'@)—c
by

HNQY = (@) = T6")/0r6 2 ¢~ [ tec.
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For cocycles £ and 1~ represented by &, n € I'(2'(log D)), we now define the
intersection form by the natural bilinear form (%, %) :
I'(Q'(og D))/C-w X I'Q"(log D))/C- (— w) = I'(Q'(log D))/C*w X Hy,,(6(— D))
S S gl (@) - C
€ e E e At [ AL

Since 7 € ker(— w : Hyy (G(— D)) — Hp(2")) and @’ ~ 0, it is well defined,
and is non-degenerate thanks to non-degeneracy of the Serre duality. We compute
the intersection numbers for the following forms:

(.1 1 ! .
wif_(t—-xi t_x)thI’(Q(logD)),OSH&]Sn.

Let us first explicitly write the image w,, € H'(0(— D)) under 7 of w}, in terms
. \2
of the Cech cohomology H' (U, G(— D)) with respect to the covering % = {U;}
U:=UUA{x},j=0,...,n
CLAIM.  Let (a);;)Cech be the expression of a)ivj in the Cech cohomology, then we
have

1/a;+1/a; on U,

ij

v l/a, on Uik (k ¢ i, ])
(wii)Cechz ..
—1/a om U, (k#1,7)
0 on U, (k, 1+ 1,7j),
where U;; 2= U, N U,
Here we use the convention s, = — s, for {s,} € C'(6(— D)), where s, €

U, o(= D)), s, € I'(U,,, 0(— D)).

Proof. It is easy to see that

Res

w; = (1€C,—1€C,,0€C, k+1i,j)

xRes

= (—1/a,€C,, 1/a,€ C,, 0€C,).

The connecting map 0 is given by tracing the following commutative diagram from
the right-top to the left-bottom:
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0— C'O(-D) — CO) — C@C,) — 0
l l !
0— CY(O(=D) — C'©O — C@L.C,) — 0,

where C’ denotes a space of cochains. Thus the claim follows. U]

THEOREM 1. The intersection numbers for the twisted forms are
e a1 1
{Wpgy W7 = 27i ai—(é,l, — 04 — @ 0, — 0,0 ),

where 8,, is the Kronecker delta. As a vesult, the intersection form is symmetric.

Proof. In terms of the Cech cohomology the isomorphism f CHY(R2H) S Cis
given as follows: for
(O cen = (Lo € Q' (U,) € H' (U, Y, ¢ € Hy (2D,
find meromorphic 1-forms 1, on U, such that
N, =M, =Gy on Uy,

({n,} is called a Mittag-Leffler distribution for ({)ce.), then [For] implies

(3) f(;=2m' 2. Res{n,}.

repP?

Since
(@) ceen € H'(0(— D)), w,, € I'2"(log D))
and U, N U, = U (a # b), we have
(01 ceen” Wy € H' (U, 2.
Notice that
H)y (29 2 o)) A wpy = — 0 0,, € H' @, 2Y.

If we define & = {§} by

§ = w,,/a; a meromorphic 1-form on U,
§'= — w,,/; a meromorphic 1-form on U,
§:=0 on U, ifk+1,75
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it forms a Mittag-Leffler distribution for — (w;;)Cech * w,,. Hence using the formu-
la (3), we get

{wy, w,» = 2mi 2 Res, &,

ze P!

which completes the proof. |

By using forms

_a  at
(pj_t_xi t= Zjp,

e I'(P', Q'(logD)), 1<j<n-—1,

we give bases for the spaces I'(P', 2'(log D))/C - w and I'(P', 2'(log D))/C
“(— w) by

of €I(P', 2'(logD))/C-w, ¢; € (P, 2'(logD))/C-(—w), 1<j<n—1.

COROLLARY. For the bases above, the intersection numbers are given as follows:

ol o> = 2mi (4 + o),

a; Qv
27
iy’

loj, 0> =0 iflj— k|l =2,

<(,0,-+, P = <<0;r+1» ‘pf_> ==

§3. Twisted Riemann’s period relations

In this section we assume a; & Z. Let & (resp. 9,) 1 <j < n — 1 be elements

of I'(2'(log D)) such that &' (resp 7;) forms a basis of I'@'4ogD))/C - w
(resp. I'(Q2'(log D))/C* (— w)). Recall the de Rham expression:
ker(V":I(U, 8)—>T.(U, &)}
v'r(u, &) ’

H!(L") =

the natural inclusion
ker{V":I (U, 8)— T, (U, )} < ker{I'6"(— D)) ® I'¢*) — rE™")
induces the isomorphism (here the assumption «; &N — {0} is used)

ker{V":T,(U, 8)—TI,(U, 8}
v'r(u, &)

(HNLY) =)
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~ ker{I'(6" (= D)) ® I'(") — I'(™))
v're”(— oy
For each 7, there exist (see §2 (2)) ¢; € I'(¢") and h;, € I'(€”) such that

(5 1@ tog D)/C- (— ).

r);/ +u =1+ Vvhj;
moreover by the isomorphism above there exist f, € I'(€”(— D)) such that
=+ u + V', € LLWU, 8,
which form a basis of I,(U, &Y. Let
7, € H(L"), & € H(L)

be bases of the twisted cycles. We use the following isomorphism called the Poin-
caré duality (without any condition):

6,:H(U, L") = H (I, (U, §),V").
Let us define the intersection matrices and the period matrices as follows:

Gif, 80 - Gt e &Sy o L& np

Ih - . : ’ Ich = . .
<T:_1, 51_> <T:_1, 5;_1> <€;—1’ 771_> <E;—1’ 77;—1>
L& ~ [ & Lo [ ow
gt Tn-1 01 On-1
pr=| A N P,
ﬁ 5;—1 f+ 5;—1 f_ Mpor ™ f_ Nnos
et Tn-1 01 Op-1

where the intersection for twisted cycles are defined by
GF, 67 = f(s 0.1, 7 € H (L), 6 € HD).
Then we have the twisted Riemann’s period relation:

THEOREM 2.

PYITVPT=1,, ie'PT'I)PT="I,

Proof. Let © = (6,,) be the matrix expression of 6, under the bases above:
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0. (Tj+) = Zk: ﬁkjnkc'
The intersection numbers for twisted cycles are computed as follows:
Grooyi= [ 0.6 = [ 20,
55 5% a

=20, [+ Vh V=26, [ 0
that is
I, ="'epP".

The (k, j)-components ,; of @ are computed as follows:
fa=Joahre=[Zonrs
=36, [ G +m+ VR AE
k
=36, [0/ A &= T <&, 000,
k k

that is
P'=1,6.

Eliminating © from the two equalities above, we get the relation.

§4. Examples

ExampLE 1. Quadric relations for the Gauss hypergeometric functions.
For

n=3,x,=x,=°,x,=0,5,=1,z,=1/20<zx<1),
og=a,,=r—a,a,=—B,a,=8—7,
put
u=t"0—0""A —zp~,

_( dt  dt >_ dt _( dt  at )_—xdt
DT \t—x, t—x) A0 \i—z, 2,/ 1—at

7, T2 € H(U, L") and 77, 75 € H,(U, L), (see Figure), then we have
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1 CJ 1 oo
f U, f u o, _ f u_lqol f u_l‘px
P 0 1z

P+= 0 1/z —
1 0 ’ 1 )
-1 -1
A UQP; LIuQDs j(: U @3 Lzu 7z
/ 0 —
1h=—(d‘2 - >,Ic,,=2m'(1/“+1/(7 @ 0 )
0 dy,/dyd, 0 —-1/8+1/B—17

By the help of the well-known formulae

1
j; ug,=Bla, 1 — a)F(a, B, 1;2),

o

J:/Iugol = — (=D B@—1+1, —B+1
XFB—rv+1L,a—7+1,2—71;2,

the identity

PP =1,

leads quadratic identities for hypergeometric functions in [SY]: the (1,2)-
component yields the formula presented in Introduction

Fla, B, 1;0F(1 —a,1-8,2—17;2
=Fat+l-78+1-72-70FG-a =872,

and the (1, 1)-component yields
Fla, B, 7;0)F(—a, — B, —7;1) — 1

_aBG - =P
PG+ 1DGE—1)

FE—r+1l,a—7+1, —7+2;2
XFr—B+1,r—a+1lr+2;2.

ExaMPLE 2. Quadric relations for Lauricella’s hypergeometric function.
Lauricella’s hypergeometric function Fy, of m-variable is defined by
Fp(a', B, T;Z) = i (a)”l+"'+"m(ﬁl)”1”.(Bm)"m ML g

z ’
By Mgy My =0 (T)”1+"'+"m(1)”1. v (1)"m 1 m

where

zZ = (zl'-“'zm)v B= (Bln-‘rﬁm);

the series admits the integral representation
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Fole, B, 732) = s f = 7 = ) (L= 2,0
0

T Iy —a)
Put
n=m+2,x,=%°,15=0,z=1u12,=1/21<j<m),
A= =B+ F+B,—r, =, ,=r—a,a,=—F1=<j<m),
wu=t"A—0""A — 2™ - A — 2,07,
g = (t_lxl - t_lxm)dt, n, = (t_lxm - t_lxo)dt A<j<m+1),

r,~+, H(U, L),y € H(U, L (1 <j<m), (see Figure).
The (1,1)-component of
tp- Ic;l pt= tIh’

reads

<_/: Wiy, .., j;l u_lan) I} t(j: ué,..., j: “5m+1> =1,1,1).

Since the (1,1)-component of I, is — @™ — 1)/ — 1) (*™ ™ — 1)), and

a—ry 0 0 - 0
. 1 0 Bz 0 - 0
=g 00 fa 0 )
0 0 - 0 B
we have the following formula:

Fyla, B, 7;90F,1—a, — B, —r+1;2 —1

=ﬁ—zlﬁjszD(a’B+ep T+1;Z)FD("‘(X+1’ _B+ej}_r+2;2),
j=

where

Remark. Once the inversion formula for the beta function is obtained as an
example of the twisted Riemann’s period relations, the inversion formula for the
gamma function can be obtained as a special case of beta’s as follows:
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I'ao)I'(—a) = Bla, —a/2)B(— a, a/2)

_ —2m  exp (wia)
T a expQ@mia) —1

T
sin e’

_1
a

namely I'(@)I'(1 — @) = n/sin ma. Since the gamma function can be thought of a
confluent beta function (see the integral representations of these functions in the

beginning of Introduction), this formula suggests a confluent version of our in-
tersection theory.

[Aom1]
[Aom2]
(Chol]
[Cho2]
[CY]
[Dell]
[Del2]
[EV1]

[EV2]
[ESV]

[For]
(GH]

(IK1]

(K2
[IKSY]

[Kit]

[(KM]
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