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Michael Drmota, Christian Mauduit and Joél Rivat

ABSTRACT

The main goal of this paper is to provide asymptotic expansions for the numbers
#{p < x:p prime, s4(p) = k} for k close to ((¢ — 1)/2) log, z, where s4(n) denotes the
g-ary sum-of-digits function. The proof is based on a thorough analysis of exponential
sums of the form »  _  e(asq(p)) (where the sum is restricted to p prime), for which
we have to extend a recent result by the second two authors.

1. Introduction

In this paper the letter p will denote a prime number and e(x) the exponential function 2™,

For an integer q > 2, let s4(n) denote the g-ary sum-of-digits function of a non-negative
integer n; that is, if n is given by its g-ary digital expansion n=73.., g;(n)¢’ with digits

gj(n) €{0,1,...,¢q— 1}, then
sq(n) = &;(n).

Jj=0
The statistical behaviour of the sum-of-digits function and, more generally, of g-additive functions
has been intensively studied by several authors. It is, for example, well-known (see, for instance,
the paper of Delange [Del75]) that the average sum-of-digits function is given by

1 qg—1
E Z Sq(n) = T 1qu T+ 7(10gq CL'),

where v is a continuous, nowhere-differentiable and periodic function with period 1. Similar
relations are known for higher moments (see [GKPT], as well as [Sto77] and [Coq86], for the
case ¢ = 2). Furthermore, the distribution of the sum-of-digits function can be approximated by
a normal distribution

i#{n <w:54(n) < pglog, x4 y4 /o2 log, m} =d(y) +o(1), (1)

_a-1 5 -1
fo= 5 70T T

and ®(y) denotes the normal distribution function (see [KM68]).

A local version of these results can be found in [MS97], where a uniform estimate of
#{n < ¢" :sq(n) =k} is provided for any k < p,v; also, in [FMO5] it is proved that for any

where
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fixed k£ > 1, we have

#{n <z :s4(n) = pgllog, n| +b(|log, n])} = w(q26_1)\/1:@+01{< x )

log, =
uniformly for any = > 2 and b: N — R such that |b(n)| < Kn'/* and pgn + b(n) € N for any n > 1.
The first result on the asymptotic behaviour of the sum-of-digits function restricted to prime
numbers is a consequence of the famous theorem of Copeland and Erdés in [CE46], which
concerns the normality of the real number whose g-adic representation is 0 followed by the

concatenation of the increasing sequence of prime numbers written in base ¢. Indeed, it follows
from Copeland and Erdés’s theorem that

7T(15L") > salp) = q;l log, « + o(log, ), 2)
p<zx

and it has been shown by Shiokawa in [Shi74] that
1 q—1
@ ;p sq(p) = 5 log, = + O(+/log x log log x)

(see also [Kat67] for a related result).

Interestingly, these results suggest that the overall behaviour of the sum-of-digits function
is, in principle, the same as when the average is taken over primes p < z. For example, Katai
showed in [Kat77] that

Z |5¢(P) — kg log, z|F < z(logz)F?™1 for k=1,2,...
p<w

and in [Kat86] that there is a central limit theorem similar to the statement above, namely,

1
77(3:)#{p <x:54(p) < pglog, x4 y4/02 log, x} =®(y) +o(1) (3)
(see also [KM68] for a related result).
The first aim of this paper is to prove Theorem 1.1, which is a local version of these results.

THEOREM 1.1. We have, uniformly for all integers k > 0 with (k,q— 1) =1,

- (0] €T 2
#{p<w:s,lp) =k} = (pq -1 () (exp(— (k — pql &q ) ) + O((log x)—1/2+5)>,

—1 2021
(¢—1) \/2mo2log, x Oq 08¢ ¥
(4)

where € > 0 is arbitrary but fixed.

Remark 1. The condition (k, g — 1) =1 is necessary: since s;(p) =p mod ¢ — 1, it follows that

{p<z:sqp)=k}Cc{p<z:p=kmod(qg—1)},
which is finite in the case where (k, ¢ — 1) > 1.

Such a local version of (2) or (3) was considered by Erdds to be ‘hopelessly difficult’, and
the first breakthrough in this direction was made by Mauduit and Rivat, who proved in [MR05]
the Gelfond conjecture concerning the sum of digits of prime numbers: for (m, ¢ — 1) =1, there
exists oq ,m > 0 such that for every a € Z we have

1
#{p <z, s4(p) =amodm}= %ﬂ(x) + Ogm (21~ 70m).
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However, the method involved in proving this theorem is not enough to provide a proof of
Theorem 1.1.

If we consider primes p for which the sum-of-digits function s,(p) equals precisely the
‘expected value’ |y log, p|, then we get the following result that can be deduced from
Theorem 1.1.

THEOREM 1.2. We have, as x — o0,

(1+O0:((log x)~"/2%9)), ()

o <05 5y(0) = nglog, 01} = Q1 og, @

q_

> x
(log, 2)3/2

where Q(t) denotes a positive periodic function with period 1 and € > 0 is arbitrary but fixed.

The proof of Theorem 1.1 relies on a precise analysis of the generating function
T(z) = Z »5a(P)
p<z

for complex numbers z of modulus |z| = 1 (Propositions 2.1 and 2.2). It is, however, an interesting
and probably very difficult problem to obtain, in addition, some asymptotic information on T'(z)
for z with |z| # 1. For example, we are not able to provide any non-trivial bounds for the sum

T(2) = Z 954(P)
p<w

Such bounds could be used to obtain estimates for tail distributions, i.e. bounds on the numbers

#{p <z :84(p) <c1logy(x)} and #{p<xz:s4(p)>calogy(z)}

for 0 < c1 < pg and pg < ca < 2p14, respectively. As a matter of curiosity, we mention that Fermat
primes and Mersenne primes correspond to the extremal cases in base ¢ = 2 defined, respectively,

by s2(p) =2 and s2(p) = [log, p|.

2. Plan for the proof of the main theorems

The proof of Theorem 1.1 uses two main ingredients, Propositions 2.1 and 2.2, which we prove
in §§3 and 4.

The aim of Proposition 2.1, whose proof is based on a method from [MRO05], is to provide
a bound for }_ . e(asq(p)) which is uniform in terms of & and z. This will enable us to apply
a saddle-point-type method in § 5.1 to obtain asymptotics for the numbers #{p <z : s4(p) = k}.

ProprosITION 2.1. For every fixed integer q > 2, there exists a constant ¢y > 0 such that
Z e(asq(p)) < (log :c)31:1_01”(q_1)°‘”2 (6)
p<z

uniformly for real c.

The main idea of Proposition 2.2 is to approximate the sum-of-digits function by a sum of
independent random variables. In fact, we shall adapt the moment method due to Bassily and
Katai [BK95] (see also [KM68] and [Kat77]). The difference from [BK95] is that we provide
bounds for the dth moments (of a certain random variable) that are uniform for all d > 1. Note
that the generalization of [BK95] provided in [BK96] is not sufficient for our purposes here;
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therefore we need to adapt all of the main steps. As usual, 7(x; k, g — 1) denotes the number of
primes p <z with p =k mod ¢ — 1.

PROPOSITION 2.2. Suppose that 0 <v < 1/2 and 0 <n < v/2. Then, for every k with (k,q — 1)
=1, we have

Z e(asq(p)) = m(z; k, ¢ — 1) e(apq log, )
p<z, p=k mod ¢g—1

x (7200108, %(1 1 O(a* log ) + O(la] (log 2)"))  (7)

uniformly for all real a with |a| < (log z)7~1/2.

Finally, the proof of Theorem 1.1 is obtained in § 5 by evaluating asymptotically the integral

#{p<w:s4(p) =k} = /1/2 ( 04%(1?)))6(-@’6) da, (8)

1/2
using both the analytic estimates coming from Proposition 2.1 and the probabilistic ideas
contained in Proposition 2.2.

Theorem 1.2 is then a corollary of Theorem 1.1.

3. Proof of Proposition 2.1

We denote by A(n) the von Mangoldt function defined by A(n) = log p if n = p* with p prime
and k a positive integer, and A(n) =0 otherwise.

The proof of Proposition 2.1 is based on methods from [MRO05]. More precisely, we need to
obtain a bound for } , e(asy(p)) that is uniform in terms of o and z.

First, note that by partial summation (see, for example, [MR05, Lemma 11]), it suffices
to prove that for every fixed integer g > 2 there exists a constant ¢; > 0 such that

ZA e(asqe(n))| < (log z)*z el @=Deal? (9)
n<zx
uniformly for real a.
Actually, we will prove (9) only for o with |(¢ — 1)a|| > co(log )~ /2, where ¢ >0 is a

suitably chosen constant. If ||(g — 1)a|| < cz(log z)~'/2, then (9) is trivially satisfied.

3.1 A combinatorial identity

A classical method [Hoh30, Vin54] for dealing with sums of the form ) A(n)g(n) is to transform
them into sums like

Y ai(m) - ag(ng)g(na - - ),

where nq, .. ., ng satisfy multiplicative conditions. Vaughan gave an elegant formulation of this
method [Vau80], which was later generalized by Heath-Brown [Hea82].

A drawback of these methods in their original setting is the emergence of several arithmetic
functions involving divisors, which cannot be individually majorized by a logarithmic factor. We
will use a slight variant of Vaughan’s method [IK04] which allows us to circumvent this difficulty.
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LEMMA 3.1. Let ¢>2,2>¢% 0< 1 <1/3 and 1/2 < 35 < 1. Let g be an arithmetic function.
Suppose that, uniformly for all complex numbers ay,, b, with |a,,| <1 and |b,| <1, we have

max mn)| <U for M <z (type I), 10

. > . > glmn)| < < (type I) (10)
/a<m<M t<n<z/m

‘ Z Z ambng(mn)| < U for 2% < M <™ (type II). (11)

M/q<m<M z/(gm)<n<z/m

Then
< U (log )%

Y Amg(n)

z/q<n<z

Proof. This is [MRO05, Lemma 1]. O

Thus, in order to obtain upper bounds for (9), it is sufficient to get bounds for sums of types I
and II, i.e. (10) and (11), for g(n) = e(asq(n)). The next lemma reduces the problem of bounding
type-1I sums to a slightly simpler problem.

LEMMA 3.2. Let g be an arithmetic function, and takeq >2,0<d < 1 <1/3 and1/2 < (33 < 1.
Suppose that, uniformly for all complex numbers b, with |b,| <1, we have

Z E b g(mn)| <V (12)
g~ t<m<gH ' gv~<n<q¥
whenever
7
—< ——X . 1
B 5_'u_|_l/_ﬁ2+5 (13)

Then, for © > o := max(q'/ =) ¢3/%) we have, uniformly for all M such that
P < M <z, (14)
the estimate (11) with U = (12/7)(1 4 log 2z) V.

Proof. This is [MR05, Lemma 3]. O

3.2 Type-I sums

Fortunately, type-I sums are easy to deal with because the corresponding upper bounds obtained
in [MRO5] are already uniform in « and z.

PROPOSITION 3.1. For g > 2, x > 2 and every « such that (¢ — 1)a € R\ Z, we have

max e sg(mn))| <, 21" Jog x 15
M Z z/(gm)<t<z/m Z (a sq( ))‘ q g (15)
Jq<m<M t<n<a/m
for1< M < 21/3 and
0 < rig(e) :=min(g, $(1 — 74())), (16)

where 1/2 < ~,(c) <1 is defined by

q”‘I(O‘) = I{lEaRX \/goq(oz +t) g+ qt)
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with

|sin wqt|/|sin 7t| ift e R\ Z,
pq(t) = )
q iftel.

Proof. This is [MRO05, Proposition 2]. O

3.3 Type-IT sums

To verify (11) we use Lemma 3.2, that is, we will prove the following proposition (which is a
variant of [MRO05, Proposition 1]).

PROPOSITION 3.2. For ¢ > 2 and any « with (¢ — 1)a € R\ Z, there exist 31, §2 and 0 satisfying
0<0<p1<1/3 and 1/2 < B <1 together with {,(«) > 0 such that, uniformly for all complex
numbers b, with |b,| <1, we have

>

g~ t<m<gH

S b e(asg(mn))| <q (1 -+ v)gU=6n(@)/ D) (17)

qufl <n§qu

whenever

ﬂ1—5§LS52+5.
w+v

We note that the constants (1, B2, § and {;(«) can be stated explicitly in terms of a, as
shown in (24)-(28), so that (17) is actually an explicit estimate that is uniform in «.

The proof of Proposition 3.2 is divided into several steps. We first apply the Cauchy—Schwarz
inequality and a Van der Corput-type inequality in order to smooth the sums.

For ¢ > 2 and a € R, let

f(n) = asy(n).
Further, let u, v and p be integers such that > 1, v > 1 and 0 < p <v/2, and let b,, be complex
numbers with |b,| < 1. We consider the sum

5= %

gh—l<m<gt

S ol

qufl <nSqu
By the Cauchy—Schwarz inequality,

ISP<q* >

gt t<m<gH

2

S bae(f(mn)

qu—1<n§qu

(18)

This sum will be further estimated by applying the following version of Van der
Corput’s inequality.

LeEMMA 3.3. Let z1, ..., 2Ny be complex numbers. For any integer R > 1, we have
2
N+R-1 r _
R IR S () I DR
1<n<N Ir|<R 1<n<N
1<n+r<N
Proof. See, for example, [MR05, Lemme 4]. O
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Taking R=¢’, N=¢" —¢" ' and z,=bp-1,,e(f(m(¢" ' +n))) in Lemma 3.3 and
observing that p < |v/2| <v — 1, we obtain
2

S bae(f(mn))

qu—l <n§qu

< S (1) b Bretiontn ) - ) +0))

Ir|<q? qv~1<n<gq”

where the term O(g”) comes from the removal of the condition of summation ¢"~! < n +r <¢”
introduced by Lemma 3.3. Indeed, this removal potentially gives O(g”) values of n, and each
term in the sum is of modulus less than or equal to 1, leading to an error of at most O(g”). We
separate the cases r =0 and r # 0, obtaining

1SP? < W0 4 g max Y
1<|r|<q?
q

Y. elf(mn+r))— f(mn))

gt t<m<gH

)

y—1<n§qu

where we have taken into account the fact that the contribution of O(¢?) is O(g***t¥**), which
is negligible in comparison with O(¢?#+*)=F) since p < /2.

In order to continue the proof, we will show that only the digits of low weight in the difference
f(m(n+r)) — f(mn) make a significant contribution. We therefore introduce the notion of
truncated sum of digits and show that, in sums of type II, we can replace the function f by
this truncated function.

For any integer A > 0, we define f) by the formula

)= flern) @) =a ) exln), (19)

k<A k<A

where the i (n) are integers representing the digits of n in base g. The function f is clearly
periodic with period ¢*. This truncated function appears in a different context in [DR05], where
Drmota and Rivat study some properties of fy(n?) with A being of order log n. The following
lemma is a variant of [MR05, Lemme 5].

LEMMA 3.4. For all integers u, v, p with 4 >0,v>0,0<p <wv/2 and all r € Z with |r| < ¢°, we
denote by E(r, u, v, p) the number of pairs (m,n) € Z? such that ¢"~' <m < ¢", ¢ ' <n<¢”
and

fm(n+7)) — f(mn) # fus2p(m(n+1)) = fuy2o(mn).

Then, if i and v satisfy the condition

27 7
—< ) 20
82 u+v (20)
we have
E(r, p, v, p) < (p+v)(log q) ¢ " (21)

Proof. Suppose 0 <r < ¢”. In this case, 0 < mr < ¢"™. When we compute the sum mn + mr,
the digits of the product mn with index greater than or equal to 4+ p cannot be modified unless
there is a carry propagation. Hence we must count the number of pairs (m, n) such that the digits
a; in basis g of the product a = mn satisfy a; = q — 1 for p+ p < j < pp + 2p. Therefore, grouping
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the products mn according to their value a, we obtain
E(r,mv,p)< Y 7(a)x(a);
qu+V72<a§qu+u

here 7(a) denotes the number of divisors of a, and x is defined by x(a) =1 if the digits a; in
base ¢ of a satisfy aj =q¢—1 for p+p <j<p+2p, and x(a) =0 in the opposite case, i.e. if
there exists an index j with o+ p < j < p + 2p for which a; # ¢ — 1. We deduce that

E 7’ Wy Vy p) Z Z b + (g — 1)qu+p et (q _ 1)qu+2p—l + qp,—‘erC).
b<qN+P C<qV 2p

For each fixed ¢, we apply Lemma 3.5 below with

x=q"P =14 (q— D)g"P + -+ (= DT 4 PP < gt
y=q"""

(by (20) we have 227/82 < ¢(7/82)(+v) <y < 1), to obtain
E(r, g, v, p) < 4”20 ¢" P log ¢ = (n+v)(log q)g" 7.
The same argument can be applied whenever —g¢” < r <0, counting the pairs (m,n) such

that the digits a; of the product a = mn satisfy a; = 0 for u + p < j < p + 2p, and we obtain the
same upper bound (21). O

LEMMA 3.5. For 2:27/82 <y <z, we have

Z 7(n) =O(y log x).

r—y<n<zx

Proof. Tt follows from Van der Corput’s method of exponential sums (see, for example,
[GK91, Theorem 4.6]) that

Y r(n)=zlogz + (2y — Dz + O@*"*) = / log t dt + 2y & + O(27/%2),

n<x 0

where ~ is Euler’s constant. As a consequence, we have

3 T(n):/ log t di +2vy + 0@"/%) 4 O((x — y)*/®) = O(ylog z). DO
z—y

rz—y<n<z

Using Lemma 3.4, we may now replace f in the upper bound (18) by the truncated
function f,2, defined in (19), at the price of a total error O((u + v)(log q) ¢>**+*)=°). Thus,
if (20) holds, then

1S < (1 + v)(log q) > =P 4 gtV T Sa(r, p, v, p), (22)
rI<q
where
So(r, v, p)i= Y > elfurzp(mn+71)) = fuiap(mn))|. (23)
gv~l<n<gY gt <m<gH
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The sum Sa(r, i, v, p) has been studied in [MRO5]. For ¢ > 2 and (¢ — 1)a € R\ Z, let us
introduce some notation from [MRO05]. We write

_ . loe2+v2)

2log2
3 logh\log2
=(=-- for g >
e <2 log3)logq org=s,
21
74() = min (wq, —Og(lfgq(qa)/q)) for ¢ > 2,

where ¢4(t) is defined as in Proposition 3.1; also, let
q() = min(rg(a), 1~ 7g(a)) for g>2,
where 7,4(t) is defined in Proposition 3.1. In addition, define

)5, 50) o
B := 8- 26(12043)&1(05) +0 for g=2, (25)
eq(a
B := (4= 2?23)&1(&) +9 forg>3, (26)
_1=-0(- 264())Eq () _
Bo := T ey(a) —4§ for g=2, (27)
By = 1- (62__22233)&1(05) —4§ for g>3. (28)

It was shown in [MRO05, Paragraph 7.3]
integers pu > 0 and v > 0 satisfying

ﬂ1—5<—ﬂiygﬂz+6

—+

hat 0 <0 < 1 <1/3,1/2 < B2 <1 and that for any

we have, for every p <& (a)(pn+v),

Sa(r, s v, p) g (n+v)2q 0. (29)
Let us remark that for any o € R, we have ¢4(a) < ¢"(® 5o that
21
Tq(Oé) — min <Wq, o Og(SOQ(a)/q)>
log q
21 Yq(a)—1
> min <wq, —Ogiggqq)> = min(wg, 2(1 — y4()))
and
.
§gla) = 14 min(wg, 1 — y4(a)). (30)
Furthermore, by [MRO7, Lemma 7],
2 qg—1
<1-2 272 j(g-1)al?
so that
6(0) > - minw, =L g~ 1)al) = 2a1lg — Dal? (31)
a)> —min| wy, ————||(¢ — 1) c —1a
=1y “12(q+ 1) logg" = =alilg
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for

1. 2 g-1
c1 = o m1n<4wq, 12(€7‘H)k7g61>
It follows from (22) that
12 <y (1 + v)2g2t2rr
for p < 21| (¢ — D2(s + v); 50
15| <q (1 + v) gtmerl@Dal?)uty),

which ends the proof of Proposition 3.2.

We are now able to complete the estimate for type-II sums. It follows from Proposition 3.2
that we can apply Lemma 3.2 with g(n) = e(asq(n)) and some V such that

V <y (4 v) q(lqu(tI*l)allz)(quV) <, (log z) plallle=1)al*
This shows that for = >z = max(q'/(1=%2), ¢3/%) we have, uniformly for M such that
"Eﬁl é M S 1'62,

the estimate

12
E E ambng(mn)| < == (1 4 log 22) V <, (log x)? glell@=Dal? (32)
T
M/q<m<M z/(gm)<n<z/m

It now follows from [MRO05, Paragraph 7.3] that the values of (31, $2 and § in Proposition 3.2
lead to taking xg > ¢%%(®). By (31), we have 6/&,(a) < 3/(c1]/(q — 1)a|?); thus we can take

2o 1= g3/ (@ll@=Dal?) (33)

3.4 Proof of Proposition 2.1

In order to prove Proposition 2.1, we apply Lemma 3.1. Indeed, Proposition 3.1 shows that (10)
holds for any x > 2 with some U such that

U <<q xl—nq(a) log T <<q xl_cln(q_l)aHQ log €T

(the second upper bound follows from (31), (30) and (16)), while (32) shows that (11) holds for
any x > xg with some U such that

U <, glell@all (1og 7)2.
From Lemma 3.1 it follows that for x > xg,
> An)g(n)
z/q<n<z

By (33), the condition z > z is equivalent to ||(g — 1)a| > c2(log z)~'/? with ¢y = \/3log q/c1;
so we have established (9), which completes the proof of Proposition 2.1.

4. Proof of Proposition 2.2

To prove Proposition 2.2, we will approximate the sum-of-digits function by a sum of independent
random variables.
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4.1 Approximation of sq(p) by sums of independent random variables

We fix some residue class k mod ¢ — 1 with (k, ¢ — 1) =1, and for (sufficiently large) x > 2 we
consider the set of primes

{peP:p<z, p=kmodq—1}.
The cardinality of this set is denoted by 7(x; k, g — 1), and it is well-known that asymptotically,
m(x)
elg—1)

If we assume that every prime in this set is equally likely, then the sum-of-digits function s,(p)
can be interpreted as a random variable

Se=S:(p) =s4(0) = >, &i(p)-

1 T

kg—1)= b
m(@ik g =1) ¢(q—1)logx

(1+0((logz)™")) = (1+0((logz)™)).

j<log, @

Of course, D; = D, , = ¢;, the jth digit, is also a random variable.

We can now reformulate Proposition 2.2. Set L = log, z. Then the asymptotic formula (7) is
equivalent to the relation

4
o1 (1) = B (S Lna) (LoD)/? _ —12/2 <1+0< t )) *O(Ml) 3
log z (logz)2™"

which holds uniformly for [¢t[ < (log x)". We just have to set a =t/(27o,(log, z)'/?),

For technical reasons, we need to truncate this sum-of-digits expression appropriately. Set
L'=#{jeZ:I"<j<L-L"}=L—-2L"+0O(1), where 0 < v < 1/2 is fixed, and let

Lt Y - Y D
Lv<j<L-L* Lv<j<L-L¥
First, we observe that o1 (t) and
pa(t) = E cHTs=Lna) (L) /2
do not differ essentially.

LEMMA 4.1. We have, uniformly for all real t,

1(t) — ga(0)] :o<(‘”).

log $>1/2_V

Proof. We only have to observe that |L— L'|< L, |Sy—Txlloo <<L”, ||Szllec <L and
|eft — ei$| < |t — s|. Consequently,

Sy —Lpg Ty —L'ug

(L03)1/2 (L/UZ)1/2

p1(2) — pa(t)] < [t E

IS — Telloo  |L — L] 1 1
< |t|< L1/2 + L1/2 + HSxHoo m - m
It
(log $)1/2—V'
This proves the lemma. O
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We shall now approximate T, by a sum 7', of independent random variables. Let Z; (j > 0) be

a sequence of independent random variables with range {0, 1, ..., ¢ — 1} and uniform probability
distribution
1
P{Z; =10} =-.
q
We then set

Tx = Z Zj.

Lv<j<L-L¥
Note that the expected value and the variance of T, are given exactly by
ET,=Lp, and VT,=L'o,.

Since T, is the sum of independent identically distributed random variables, it is clear that T,
satisfies a central limit theorem. For the reader’s convenience, we state the following well-known

property.

LEMMA 4.2. The characteristic function of the normalized random variable T, is given by

p3(t) :=E et (To=L a) [(L'o])/ _ o—12/2 (1 +0 <lotg4x> >’ ()
which also holds uniformly for |t| < (log x)/%.
Proof. First, note that
E ol = H Ev?i
LY<j<L—-L¥

=g A+v+0> 4 4097 H,
Now (35) follows upon setting
o — it/ (Lo
and using the Taylor expansion

14 e 4+ ... 4 eisle—1) 1
log< re fote > =ipgs — 50232 + O(s").
q

Note that there are no odd powers of s (besides the linear one), since the random variables Z;
are symmetric with respect to their mean. O

Thus, it remains to compare @2(t) and ¢3(t). To do this, we first prove the following bound.

PROPOSITION 4.1. Suppose that n and k satisfy 0 < 2n < k <v. Then we have, uniformly for
all real t with |t| < L",

l2() — @3(t)] = O(|tle™ "),

where c; is a certain positive constant that depends on n and k.

Note that e~“" < L=!. Therefore, Proposition 4.1 (together with Lemmas 4.1 and 4.2)
immediately implies (34) and hence Proposition 2.2.
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4.2 Comparision of moments

In what follows, we will use the well-known bound on exponential sums over primes given in the
next lemma.

LEMMA 4.3. Forx >0, 0< K < % log, z, () an integer with ¢ <Q<zq ¥ and A an integer
that is coprime with ), we have

> e(g p) < (logz)? z ¢ /2,

p<z

where the implied constant is absolute.

Proof. We just need to apply a partial summation and the estimate in [IK04, Theorem 13.6]. O

LEMMA 4.4. Let 0 < A <1 and

e ¢
Ua:=1[0,A]U U[A,+A] Ul —A, 1]
= L4 q
Then, for L¥ <j <L — L" and 0 < A < 1/(2q) we have, uniformly, that
;# p<z:p=kmodgqg—1 P ley < A+ el (36)
m(zk,q—1) o BUGE £

as r — 0o, where c3 Is a certain positive constant.

Proof. Tt suffices to show that the discrepancy D between the sequence (pg—7/~!), where p ranges
over all primes p < z, and p =k mod ¢ — 1 is bounded above, with D < =", The bound (36)
then follows immediately.

We use the Erdés—Turan inequality which says that

h
D<<*+Z W—) Z €<qj+1p>,

p<z,p=k mod g—1
where H >0 can be arbitrarily chosen. For our purpose here, we will use H = |e*”| (for a
suitable constant ¢ > 0).

First of all, recall that

> () Sl

p<z,p=k mod g—1 =0 p<x

Thus, we actually need to estimate exponential sums of the particular form
el|—=—+——1|p).
J+1 _
< q q—1

Let us write the rational number in the exponent as

h 4 A

g1 Q
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where (A, Q) = 1. Then Q > ¢! /H. Hence we can apply Lemma 4.3 with K = 2L" /3 and finally
obtain, with H = |¢*"/3], that

H
1 L1 v
D& —+=Y —L?zqt/3
<<H+xhz_:1h T q

1 v
<+ LigHP
< e Bl

where ¢3 < (log ¢)/3. This completes the proof of the lemma. a

The key property to be used for comparing moments of T, and T, is given in the following
lemma. Note that the essential difference from [BK95] is that the estimate in Lemma 4.5 is
uniform for all 1 <d < L'.

LEMMA 4.5. Let 1 <d <L, and let ji, jo, ..., jq and 1, {2, . .., Lq be integers satisfying
L"<j<je<-+<ja<L-L"

and
O, la, ..o lgeq{0,1,...,q—1}.

Then, uniformly, we have

1
. Ulp<z:p= e (p) =Ly ... e (p) =
g kﬂq_l)#{p_x p=kmodq—1,¢,(p)="01,...,¢5,(p)="Lq}

=q "+ O((AL") e~ "),
where ¢4 is a certain positive constant.

Remark 2. Note that Lemma 4.5 can also be interpreted as

P{Dj, o=/, Dj,0="Va}
=P{Zj, =l1,...,Zj, =La} + O((4L")%e L"), (37)

This means that the joint probability distribution of the summands of 7T, and that of the
summands of T, are very close. Note further that (37) remains valid when j1, j2, ..., jq are
not ordered and even when they are not distinct.

Proof. Let fo o(x) be defined by

Y
fg,A(m’) = A /A/2 1[g/q7 (g+1)/q]({$ + Z}) dz,

where 14 denotes the characteristic function of the set A. The Fourier coefficients of the Fourier
series fya(7) =) ,,cz dmeane(mz) are given by

1
dogn=—
q
and, for m # 0,
p _e(=ml/q) —e(-m(f+1)/q) e(mA/2) —e(—mA/2)
mha T 2rrim 2mimA '
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Note that dp, A =0 if m # 0 and m = 0 mod ¢; also note that

sl S min( ) —

min| —, —— .
mbAL = wlm|’” Amrm?2
By definition, we have 0 < fy A(z) <1 and

1 ifﬂ?E|:£+A E—A

q
1
0 ifa:E[O,l]\[f;—A ““q'+A]

fea(z) =

So if we set

tj(y1s - - - ya) H le,A< ]ZH)

where 1= (¢1,...,4q) and j = (j1, ..., ja), then we get, for A <1/(2q), that

#{p<z:p=kmodq—1,¢,(p)=1ti,...,€¢,(p) =4} — Z tij(p, - - -

p<x, p=k mod q—1

D
<d- <g:p= — [
d LV<IJH<E( Lu#{p z:p=kmodq 1,{(]] 1}GUA}

<d7(z)(A+ e =L,

The third line above follows from Lemma 4.4.

For convenience, let m = (mq, ..., my),
—ji—1 —ja—1
vi= (¢, . )

and

d
dmpa =[] dm,e.n-
i=1
Then t15(y1, - - ., yq) has Fourier series expansion

ti(yr, - ya) = Z dm,1,A €(m1q_jl_1y1 +o mdq_jd—lyd)‘

Thus, we are led to consider the exponential sum

S = Z tl,j(pa"‘ap)

p<z, p=k mod ¢g—1

- Z dm1,A Z e((mig™ 4+ mag 7 )p)
m p<z, p=k mod q—1
q—2 .
S ) S 55
r=0 p<z
Ifm=(0,...,0), then
m(x; k, g — 1)
do1,A > e(0) = B

p<z, p=k mod g—1

285

https://doi.org/10.1112/50010437X08003898 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X08003898

M. DrRMOTA, C. MAUDUIT AND J. RIVAT

which provides the leading term. Furthermore, if there exists ¢ with m; # 0 and m; =0 mod ¢,
then dy, 1 = 0. So it remains to consider the case where m # 0 and either m; = 0 or m; # 0 mod ¢
for all ¢. We write the exponent in the form

n r A
m:-v; - =
Tg-1 Q
with (A, @) = 1. In order to apply Lemma 4.3, we need a proper lower bound for Q). Note first
that m - v can be written as mq 77!, where j > j; and m # 0 mod ¢. Suppose that the prime

decompositions of ¢ and m are given by

g=p---p* and m=p]" - pltm’,
where p1, ..., pr are primes with p; < ps <--- < pg, m’ has no prime factors p1, . .., pr, and we
have e; >0 and f; >0 fori=1,..., k. Since m # 0 mod ¢, there is some ¢ with f; < e;. Thus, if
we write
i o fko A
m D1 prFm

m-vJ-

= git1 - pil(j+1) - ‘ka(jJrl)(m,)j_,_l - Q'
where (A, Q’)/; 1, then we certainly have Q' > p!“ > p]. Hence, with ¢’ = (log p1)/(log q), we
obtain Q' > ¢°7. Finally, since A/Q=A"/Q" +r/(¢g—1) and (Q',q—1)=1, it follows that
Q@ > Q' and, consequently,

Q Z qclj 2 qc/jl Z qc/Ly‘

We now apply Lemma 4.3 (with K = ¢/L") and obtain
; k, - ]. _ ATV
S:M—i—O(mLQ@ CL/2Z|dm,1,A’>‘
q m#0

Since
Y ldmpal < (2+21log(1/A))7,

m#0
it is possible to choose A = e~ 1" and so one finally gets
1
TR pteSTipskmeda— L g (p)=h. oy (p) = Lo}

_ qfd + O(d(eiLV + e*CgL”)) + O(L3(4Lu)defc’L”/2)
=q¢ *+ O((4L") e~ L")
for some constant ¢4 > 0. O

Next, we shall compare centralized moments of T, and T,.

LEMMA 4.6. We have, uniformly for 1 <d < L/,

d 7 d d
E(Tx — L’uq> _ E(Tx - L’uq> N O((‘*Q) L<1/2+u>de—C4Lv>’
1/L’Jg 1/L,Ug Oq
where ¢4 > 0 is the same constant as in Lemma 4.5.

Proof. We expand the difference

5d=E< Z (Dj,m—#q)>d—E< Z (Zj_ﬂq)>d

Lv<j<L—Lv Lv<j<L—Lv
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and compare terms with the help of (37). In fact, we have to take (¢L')? terms into account, and
thus we get

104] < ¢?4LA (4L ) e L",

Of course, this proves the lemma. O

4.3 Proof of Proposition 4.1

Finally, we are ready to complete the proof of Proposition 4.1. By Taylor’s theorem, for every
positive integer D and real u we have

u _ (iu)" |ul”
e = Z 7 +0 o)
0<d<D
Consequently, for any random variables X and Y,
4 . it)d
Ee'™X — Ee™ =) (Zd') (EX?—EY?) + O< E X[ -E[Y|°|+ 2| - rE |Y|D>
d<D

In particular, we will apply the above expansion with X = (T, — L'u,)/(L 03)1/ 2 and
Y = (T, — L’uq)/(L’03)1/2. Further, we set D = | L*] for some real x with 0 < k < v (assuming
without loss of generality that D is even) and suppose that [t| < L" with 0 < < k/2. Hence, by
applying Lemma 4.6, we obtain

Z 14 CEXT-EYY <[t ) L )(4(1) L(/24v)dg—eal”
d! Oq
1<d<D d<D
< ‘t‘ L5+ L" log(4q/oq)+(1/2+v+n)L" log L—kL" log L—c4 LY

< [tle~ (/D L”

for sufficiently large x.

The final step is to get some bound for the moments E |Y'|P. Following the proof of Lemma 4.2,
the moment generating function of Y is given by

d
E dw wY
d>0
= @3(—iw)

4
:ew2/2<1+o< v ))
log x

uniformly for |w| < (log z)'/4. Hence, the moments are given by Cauchy’s formula:

d! w? w? dw
Ey?=_—— 2140 —.
27i /|w|:w0 ( + logz ) ) wtt!

Asymptotically, these kinds of integrals can be evaluated by means of a saddle-point method,
where the saddle point wg (of the dominating part of the integrand ew?/2=dlog w) is wg = v/d. Of
course, this works only if d = o((log z)'/?), in which case we obtain directly (for even d) that

d! d?
Edei 1 .
<d/2>!2d/2( +O<log:c>>
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Thus, for (even) D = |L"| (where k <v < 1/2) and [t| < L" (where n < k/2), we have
‘t‘D n(D-1)

E|YIP <t
< ‘t’enLN log L—(kL" log L)/2 + L"/2

< ‘ﬂe—(ﬁ/2—n)L"€ log L‘

This completes the proof of Proposition 4.1.

5. Proof of Theorems 1.1 and 1.2

5.1 Proof of Theorem 1.1

As a first step, we show that the integral (8) can be reduced to an integral on the interval
[—1/(2(¢ —1)),1/(2(¢ — 1))], to which we can then apply Propositions 2.1 and 2.2. For this
purpose, we set

S(a) =Y e(asy(p)) and Si(a)= > e(asg(p))-

p<x p<z, p=k mod g—1
Since s4(n) =n mod ¢ — 1, we have

o gts)-Eromo ()

p<w

and, consequently,

Thus, Proposition 2.1 also implies the upper bound
Si(a) < (log z)? gl-ell@=Dal? (38)

Moreover, we have

1-1/(2(g—1))
#{p<xz:s5(p) =k} = / S(a)e(—ak) da

~1/(2(¢-1))
=2 r1/(2(¢-1)) / /
:Z/ S<a+ )e(—(a—{—)k‘) do
=0 /-1/(2(a-1) g—1 q—1
1/(2(g-1)) 2k
_ / S e(alsg(p) — k) - e<z 1) da
~1/(2(a-1)) p<a = N 917

(-1 /_ Ve < 3 e(asq(p))>e(—ak) do

1/(2(¢=1)) p<z, p=k mod ¢g—1

1/(2(g—1))
=(q—-1) / Si(a) e(—ak) do.
—1/(2(¢—1))
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Next, we split the integral into two parts:

/1/(2(q—1)) / /
= + .
—1/(2(g—1)) || <(log z)n—1/2 (log z)"1~1/2<|a|<1/(2(g—1))

The first integral can easily be evaluated with the aid of Proposition 2.2. We use the substitution

a=t/(2ro4,/log, x) and obtain

/ Si(a)e(—ak) da
|| <(log )71/

=m(z; kg~ 1) / e(opig log, @ — k)) e " * a8 7 (1 + O(a* log 2)) da
|o| < (log )1=1/2

+0 <7T(:E) / || (log z)” da)
|or|<(log z)7~1/2
_ W(x; ka q— 1) *

(g a) * ()

_ 7T(CU; k,q— 1) (e*Ai/Q + O((log x)71/2+11+2n))

\/2mo2 log, x

_ 1 W(l’) (e—Ai/Q + O((lOg x)—1/2+1/+277),

-1
pla—1) \/2mo2 log, x

eitAk—t2/2 dt + O(ﬂ_(x)e—27r2og(log a:)Q")

where
_ k—pglog,x

[ +2
og log,

The remaining integral can be estimated directly by using Proposition 2.1 together with (38):

AV

/ Sk() e(—ak) da < (log x) x eC1(a=1)*(log 2)*"
(log z)1=1/2<|a|<1/(2(q—1))

m(x)

log z°
Finally, if ¢ with 0 <& < 1/2 is given, then we can set v =2¢/3 and n=¢/6. Hence 0 <n < v/2
and v + 2n = ¢, and therefore Theorem 1.1 follows immediately.

5.2 Proof of Theorem 1.2
Set A (x) =#{p<wz:s.(p) =m}. Note that |[u,log,p]=m if and only if g™ < p
< ¢m*+D/ra Hence,
#{p < x: sq(p) = {Mq ]ogq pJ} = Z (Am(q(m+1)/#q) _ Am(qm/uq))
m<|pq logg z]
+ ALMq log, z] (:U) - ALuq log, z] (qlﬂq logy @ /Mq).
Now, Theorem 1.1 implies that

qm/ﬂq

A (g™Me) = CW

(L+O0(m™/*)),

289

https://doi.org/10.1112/50010437X08003898 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X08003898

M. DrRMOTA, C. MAUDUIT AND J. RIVAT
where
qg—1

CcC= .
¢(q—1)log g, /270

Similarly, we have

(m+1)/pq
Am q(mJFl)/Nq :cqi 140 m71/2+€ '
T O
Set
. log, x
= E J/ta(gl/ma _ q _ | Fa19%q
C: ¢’/ Fa (gt Ha ) and  pax : { =1 J

0Sj<q717 (j7q71):1
Then we have

qe(q_l)/y’q
> (Am(gUmtV ) — A (¢ M) = Y e / 55 C (1 + O(I~/%+9))
m<€max(q—1) 0<lmax ( (q - ]‘)/lu’q)
fmax(q—1)/p
= c C q a (1+O((log $)—1/2+5))‘

(logq g;)3/2 q(‘Z*l)/ﬂq -1
Furthermore,

L1q log, x| -1

Z (Am(q(erl)/uq) _ Am(qm/uq))
mzzmax(q_l)
. qumax(qfl)/,uq

(log a:)3/2 Z qj/uq (ql/uq —1) (1 + O((log x)_1/2+5))
q

0<j<{(pq log, z)/(q—1)}(g—1)
and, finally,
AI—“q logg ] (:E) o Al_#q log, ] (qlﬂq log, ] /H'q)

= o gy — e B (14 O((log ) /),
08y T

Putting these three estimates together, we directly obtain (5) with

—{t}(g—1
() = c<c OO e S gt 1)1 - q—{(q—l)t}/uq>7

g —
gaite =1 0<j<(a1){1}

which ends the proof of Theorem 1.2.
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