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Abstract

Consider a reductive linear algebraic group G acting linearly on a polynomial ring S over an infinite field; key
examples are the general linear group, the symplectic group, the orthogonal group, and the special linear group,
with the classical representations as in Weyl’s book: For the general linear group, consider a direct sum of copies of
the standard representation and copies of the dual; in the other cases, take copies of the standard representation. The
invariant rings in the respective cases are determinantal rings, rings defined by Pfaffians of alternating matrices,
symmetric determinantal rings and the Pliicker coordinate rings of Grassmannians; these are the classical invariant
rings of the title, with SC C S being the natural embedding.

Over a field of characteristic zero, a reductive group is linearly reductive, and it follows that the invariant ring
SO is a pure subring of S, equivalently, 8Y is a direct summand of § as an $¢-module. Over fields of positive
characteristic, reductive groups are typically no longer linearly reductive. We determine, in the positive characteristic
case, precisely when the inclusion SC C § is pure. It turns out that if SC C § is pure, then either the invariant ring
SG is regular or the group G is linearly reductive.
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1. Introduction

The classical invariant rings that we study here are determinantal rings, rings defined by Pfaffians of
alternating matrices, symmetric determinantal rings and the Pliicker coordinate rings of Grassmannians.
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2 M. Hochster et al.

Over a field of characteristic zero, these are all invariant rings for classical groups as in Weyl [We]; by
[Ig, DP, Ha], these are also invariant rings for the corresponding classical groups over an infinite field
of positive characteristic. The embedding S¢ C S, for S a polynomial ring and G a classical group, is
the natural embedding of the title. We describe these in turn, for K a field of arbitrary characteristic.

(a) Let Y and Z be m X t and ¢ X n matrices of indeterminates, respectively. Set S to be the polynomial
ring K[Y,Z], and take R to be the K-subalgebra generated by the entries of the product matrix
YZ. Then R is isomorphic to the determinantal ring K [X]/I;+1(X), where X is an m X n matrix of
indeterminates, and I, (X) is the ideal generated by its size ¢ + 1 minors. The general linear group
GL;(K) acts K-linearly on S via

b}

Y +—yYM!
M:
Z +— MZ

where M € GL,(K). When the field K is infinite, R is precisely the ring of invariants; see [DP, §3]
or [Ha, Theorem 4.1].
(b) Let Y be a 2t X n matrix of indeterminates, and set S := K[Y]. Let

(01
Q= (—1 0) (1.0.1)

be the size 2¢ standard symplectic block matrix, where 1 is the size ¢ identity matrix. The K-
algebra R := K[Y"QY] is isomorphic to K[X]/Pfy;42(X), where X is an n X n alternating matrix
of indeterminates, and Pfy,,,(X) the ideal generated by its principal size 2¢ + 2 Pfaffians; see §6.
The symplectic group

Sp,, (K) := {M € GLy(K) | M"QM = Q}
acts K-linearly on S, where
M:Y+— MY for M € Sp,,(K).
It is readily seen that Y*QY +— Y*M"QMY = Y"QY for M € Sp,,(K), so the entries of the matrix
Y"QY are invariant under the action; when K is infinite, the invariant ring is precisely the ring R;
see [DP, §6] or [Ha, Theorem 5.1].

(c) Let Y be a d X n matrix of indeterminates. Set S := K[Y], and let R be the K-subalgebra generated
by the entries of Y'Y . Then R is isomorphic to K[X] /1441 (X), for X an n X n symmetric matrix of
indeterminates. The orthogonal group

04(K) :={M € GL4(K) | M"M =1}
acts K-linearly on S via

M:Y +— MY for M € O4(K).

Note that Y'Y —— YYMYMY = Y'Y for M € O4(K), so the entries of Y'Y are invariant under the
action; when the field K is infinite of characteristic other than two, the invariant ring is precisely
the subring R, as proved in [DP, §5]. When K is infinite of characteristic two, as proved in [Ri, §5],
the invariant ring has the additional generators

Yij++Ydj where 1 < j < n.
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(d) Let Y be a d X n matrix of indeterminates over K, where d < n, and set S := K[Y]. Let
R := K[{A}],

where {A} is the set of size d minors of Y. Then R is the Pliicker coordinate ring of the Grassmannian
of d-dimensional subspaces of an n-dimensional vector space. The special linear group SL;(K)
acts K-linearly on S where

M:Y +— MY for M € SL4(K).

Each size d minor of Y is fixed under the group action; when K is an infinite field, the invariant ring
is precisely R, as proved in [Ig] or [DP, §3].

If K has characteristic zero, the groups GL, (K), Sp,, (K), O4(K) and SL4(K) are linearly reductive;
it follows that, in each case, the invariant ring R is a direct summand of S as an R-module, equivalently
that R € S is pure. See §2 for the equivalence. This then implies a wealth of strong properties for R;
see [Bo, HHI, HR, Ke3]. Over fields of positive characteristic, these invariant rings maintain favorable
properties such as the Cohen—Macaulay property and F-regularity (see [HH2, Theorem 7.14]), though
the groups are typically not linearly reductive. Indeed, in positive characteristic, each of the classical
groups above admits a representation for which the invariant ring is not Cohen—Macaulay [Ko]. It is
natural to ask if the embeddings (a)—(d) are pure when K has positive characteristic. We prove:

Theorem 1.1. Let K be a field of characteristic p > 0. Fix positive integers d,m,n and t, and let R C S
denote one of the following inclusions:

(@) K[YZ] C K[Y,Z], where Y and Z are m X t and t X n matrices of indeterminates;
(b) K[Y"QY] C K[Y], where Y is a 2t X n matrix of indeterminates;

(c) K[Y"Y] C K[Y], where Y is a d X n matrix of indeterminates;

(d) K[{A}] € K[Y], where Y is a d X n matrix of indeterminates with d < n

Then R C S is pure if and only if, in the respective cases,

(a) t =1 ormin{m,n} <t;

®d) n<r+1;

(c)d=1;,d=2andpisodd; p=2andn < (d+1)/2; orpisoddandn < (d +2)/2;
d d=1ord=n.

Suppose the field K in Theorem 1.1 is infinite; in case (c) assume also that the characteristic of K
is odd. In this setting, the ring R is the invariant ring S¢ for an action of a classical group G on S, as
recorded earlier. It is notable that whenever S¢ C S is pure, either the invariant ring S¢ is regular or
the group G is linearly reductive.

In (a), SC is regular if min{m, n} < t, while if t = 1, then GL;(K) is the torus K*, which is linearly
reductive. For (b), SO is regular if n < 2t + 1, though S¢ C S is pure in the more restrictive range
n < t+ 1. In case (¢), the orthogonal group O4(K) is linearly reductive if d = 1 and also if d = 2 and
p is odd, as discussed in the proof of Theorem 7.14. The ring S€ is regular if n < d, though S¢ C S is
pure in a smaller range and one that depends on the characteristic. Lastly, in (d), S€ is regular precisely
if d equals 1,n — 1, or n.

The cases (a)—(d) of Theorem 1.1 are proven as Theorems 4.2, 6.9, 7.14 and 3.1, respectively. In each
case, this involves investigating the nullcone of the action of G on S, namely the ring S/mgc S, where
Mmga is the homogeneous maximal ideal of the invariant ring S¢ (or, more generally, the ring §/mgsS).
The study of nullcones goes back at least to Hilbert’s proof of the finite generation of invariant rings
[Hi]; more recent work includes [He, KS, KW, Sc]. Specifically, Kraft and Schwartz determine, for
classical invariant rings of characteristic zero, precisely when the nullcone is reduced or a domain [KS,
Theorem 9.1]. Our paper includes the corresponding results in the positive characteristic case.
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The easiest to settle is the SL,, (K) case: The invariant ring is the homogeneous coordinate ring for the
Pliicker embedding of a Grassmannian variety, and the nullcone is a determinantal ring, hence Cohen—
Macaulay by Hochster—Eagon [HE]. More work is needed in the other cases. For the GL,, (K) action, the
invariant rings are generic determinantal rings, but the nullcone typically fails to be Cohen—Macaulay
or even equidimensional. We use the theory of varieties of complexes as introduced by Buchsbaum—
Eisenbud [BE] and expanded by Kempf [Ke 1], De Concini—Strickland [DS] and Huneke [Hu]. We settle
the purity question by examining the irreducible components and their intersections.

In the symplectic group Sp,,,(K) case, the invariant rings are defined by the principal Pfaffians of
fixed size of an alternating matrix of indeterminates. It is worth mention that there is much amongst our
results that is new even in the case of characteristic zero: for example, for the Sp,,, (C) case, Kraft and
Schwarz [KS, Theorem 9.1.3] prove that the nullcone is irreducible and normal. We prove that it is, in
addition, Cohen—Macaulay.

Theorem 1.2. Let Y be a 2t X n matrix of indeterminates over a field K, where t and n are positive
integers. Set S := K[Y], and take B to be the ideal generated by the entries of the matrix Y QY, where
Q is the size 2t standard symplectic matrix as displayed in equation (1.0.1).

Then B is a prime ideal, and the ring S|P is Cohen—-Macaulay.

The situation is more complicated in the case of the orthogonal group O, (K); the characteristic zero
case of parts (1a) and (1b) of the following is [KS, Theorem 9.1.4]:

Theorem 1.3. Let Y be a d X n matrix of indeterminates over a field K, where d and n are positive
integers. Set S := K[Y], and take W 1o be the ideal generated by the entries of Y"Y.

(1) Suppose K has characteristic other than 2. Then:
(a) The ideal W is radical if and only if 2n < d.
(b) If K contains a primitive fourth root of unity, then W is prime if and only if 2n < d.
(¢) Ifdis odd, orif 2n < d, then S/rad W is a Cohen—Macaulay integral domain.
(d) Suppose d is even, 2n > d and K contains a primitive fourth root of unity. Then W has minimal
primes P and Q (see Definition 7.7) and the rings K[Y] /B and K[Y]/Q are Cohen—Macaulay.
(2) Suppose K has characteristic two. Then U is not radical; however, S[rad W is a Cohen—Macaulay
integral domain.

Theorem 1.2 is part of Theorem 6.8, while Theorem 1.3 is covered by Theorems 7.2, 7.12 and 7.13.
It is worth emphasizing that, in all cases (a)—(d) of Theorem 1.1, the minimal primes of mgc S—the
defining ideal of the nullcone—are perfect ideals, that is, they define Cohen—Macaulay rings. This
supports the maxim, ‘Perfection is often hunted for and usually found in generic situations’ (Bruns
[Br2]). A key technique used to establish the perfection is that of principal radical systems, introduced
by Hochster—Eagon in their study of determinantal rings [HE]. This is reviewed in §5.

Theorem 1.3 is related to work on Lovdsz—Saks—Schrijver ideals. Given a simple graph G on a vertex
set {1,...,n}, an integer d and a field K, let Y be an n X d matrix of indeterminates over K. The Lovasz—
Saks—Schrijver ideal Lg (d) is the ideal of K[Y] generated by the entries of YY' in the positions (i, j)
that are edges of G. In [HMSW] and [CW], the conditions that the ideal Lg (d) is radical, prime or a
complete intersection are related to various conditions on G and d. Notably, the restriction to simple
graphs ensures that the ideals Lg (d) are generated by elements whose initial terms are square-free,
allowing for Grobner degeneration techniques. It is easy to see that the ideal W from Theorem 1.3 has
no square-free initial ideal.

Let V be acommutative ring, and let R denote either a Pfaffian ring V[ X] /Pf;,.2(X) or a determinantal
or symmetric determinantal ring V[X]/I;+1(X). While Theorem 1.1 addresses the purity of the natural
embedding R C S when V is a field of positive characteristic, it remains unresolved whether R is a pure
subring of some polynomial ring over V. However, when V is the ring of integers or the ring of p-adic
integers, the following theorem addresses embeddings in arbitrary polynomial rings over V.
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Theorem 1.4 [JS, Theorem 9.1]. Let V denote either the ring of integers Z or a ring of p-adic integers
Z(p)- Let d,m,n and t be positive integers.

(a) Let R :=V[X]/I;+1(X), where X is an m X n matrix of indeterminates. Then R is a pure subring of
a polynomial ring over V if and only t = 1 or min{m, n} < t.

(b) Let R := V[X]/Pfy12(X), where X is an n X n alternating matrix of indeterminates. Then R is a
pure subring of a polynomial ring over V if and only if n < 2t + 1, that is, if and only if R is itself a
polynomial ring over V.

(¢) Let R :=V[X]/lan1(X), where X is a symmetric n X n matrix of indeterminates. Then R is a pure
subring of a polynomial ring over Vifand only ifn < d, ord =1, ord =2 and V = Zp, for p an
odd prime.

The formulation of the theorem in [JS] is in terms of direct summands rather than pure subrings,
but the notions are equivalent when V above is a ring of p-adic integers, from which the remaining
assertions follow. Specifically, conditions (1) and (2) in Theorem 2.1 remain equivalent when Ry = So
is, more generally, a complete local ring. The proof in this case uses [BH, Theorem 3.6.17].

Notation

For commutative rings R € S and M a matrix with entries from S, we use R[ M] to denote the R-algebra
generated by the entries of M, and (M) or (M)S to denote the ideal of S generated by the entries of M.
For a product matrix M N, one has (MN) C (M), so if N is invertible, then (MN) = (M).

We use 1 for the identity matrix, or 1, if the size needs to be specified. For a matrix M, we use M|,
to denote the submatrix consisting of the first s columns of M. This should not be confused with the
notation M, jg—used only in §7.3—for the submatrix with rows indexed by & and columns indexed by .

2. Pure, split and solid extensions

A ring homomorphism R — S is pure if R @ g M — S ®g M is injective for each R-module M. It is
readily seen that if R is a direct summand of S as an R-module, that is, if the inclusion R — § is split
in the category of R-modules, then R — S is pure.

A related notion is that of a solid algebra: Let R be an integral domain. Following [Ho2], an R-algebra
S is solid if Homg (S, R) is nonzero. If R is a direct summand of S as an R-module, it follows that S is a
solid R-algebra. More generally, we have:

Theorem 2.1 (cf. [Ho2, Corollary 2.4]). Let R — S be a degree-preserving inclusion of N-graded
normal rings that are finitely generated over a field Ry = Sy. Set mg to be the homogeneous maximal
ideal of R, and set d := dim R. Let Er denote the injective hull of R/mg in the category of graded
R-modules. Consider the following statements:

(1) The ring R is a direct summand of S as an R-module.
(2) The map R — S is pure.

(3) The induced map R Qg Egr — S ®r ER is injective.
(4) The local cohomology module HﬁltR (S) is nonzero.
(5) The R-algebra S is solid.

Then (1), (2) and (3) are equivalent, and imply the equivalent conditions (4) and (5). If R is a
polynomial ring over a field of positive characteristic, then (1)—(5) are equivalent.

Since it is an issue that will come up often, we take this opportunity to clarify a point regarding (4):
As § is an R-module, so is the local cohomology Hﬁ’m (S). This is the same R-module as considering
the S-module Hffm 5(8) and restricting scalars.
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Proof. The implications (1) = (2) = (3) are clear; for (3) = (1), applying the graded dual
Homg (—, ER) yields the surjection

Homg (S ® Eg, ER) —— Homg(ER, ER)

H H

Homg (S, R) —_ R,

where the bottom map is simply ¢ — @(1).

The equivalence of (4) and (5) is the graded version of [Ho2, Corollary 2.4]; the proof there is readily
modified using instead a homogeneous Noether normalization and duality in the graded setting.

For (2) = (4), note that the induced map

HS (R) = Reg HY (R) — S®g Hy (R) = HY . (S) (2.1.1)

is injective, where the second equality holds by the right exactness of HfflR (-).

Lastly, suppose R is the polynomial ring K [xy, ...,x4], where K is a field of positive characteristic
p, and that (4) holds. The local cohomology module H,‘fm (R) agrees with Eg up to a grading shift, so
to show that (3) holds, it suffices to verify that the map (2.1.1) is injective. Computing Hffm (R) using a
Cech complex on xy, . . ., X4, its socle is spanned by the cohomology class

1

ni=|——
xl...xd

[l

so one need only verify that the image of 17 in H% < (8) is nonzero. Indeed, if this image were zero, then
applying the Frobenius map iteratively, the elements

1 d
pe pe l € HmR (S)
l .. "xd

would be zero for each integer ¢ > 1. But these generate HffI < (8) as an S-module. O

The equivalence of the conditions in Theorem 2.1 may fail when R is a polynomial ring over a field
of characteristic zero, as we see next.

Example 2.2. Set R to be the polynomial ring Q[x, x2, x3], and S to be the hypersurface

3
QLx1,x2, X3, y1, y2, 31/ ((x1x2x3)* — Z yix)-

i=1

Consider the grading with degx; = 1 and deg y; = 3 for each i. A difficult computation of Roberts [Ro]

shows that H ?}n Xaux3) (S) is nonzero, that is, the inclusion R — S satisfies condition (4) in Theorem 2.1.

However, it does not satisfy (1) since (xx2x3)? is an element of the ideal (x3, x3, x3)$ though not of
(x‘f, xg, xg)R.

Even when R — S is an inclusion of polynomial rings over a field K, the purity may be quite subtle;
for example, it may depend on the characteristic of K. Let Y be a 2 X 3 matrix of indeterminates over a
field K, and set S := K[Y]. Let R be the K-algebra generated by the size 2 minors of Y. Since the minors
are algebraically independent over K in this case, the ring R is a polynomial ring. The inclusion R — §
is pure precisely when K has characteristic zero; this is a special case of the result of the next section, a
key ingredient being the vanishing theorem of Peskine—Szpiro, recorded below in the graded setting.
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Theorem 2.3 [PS, Proposition I11.4.1]. Let S be a polynomial ring over a field of positive characteristic.
If a is a homogeneous ideal such that S /a is Cohen—Macaulay, then

HK(S)=0  foreach k # hta.

3. Pliicker embeddings of Grassmannians

The first case of Theorem 1.1 that we address is (d), namely the case of the special linear group. This
ends up being the easiest by far, the nullcones here being the well-studied determinantal rings.

Fix integers 1 < d < n. Let Y be a d X n matrix of indeterminates over a field K, and set S := K[Y].
Let R denote the K-algebra generated by the size d minors of Y. Then R is the homogeneous coordinate
ring, under the Pliicker embedding, of the Grassmannian G (d, n) of d-dimensional subspaces of an n-
dimensional vector space. The ring R is regular when d equals 1, n — 1 or n; in other cases, the relations
between the size d minors are quadratic—these are the Pliicker relations, [HP, Chapter VII, §6]. The
ring R is a Gorenstein unique factorization domain, [Ho1, La, Mu], of dimension d(n — d) + 1.

Consider the K-linear action of the special linear group SL;(K) on S, where

M:Y+— MY for M € SL;(K).

It is readily seen that the size d minors of Y are fixed by the group action; when the field K is infinite,
the invariant ring is precisely the subring R, see [Ig] or [DP, §3]. If K is a field of characteristic zero,
then the group SL,(K) is linearly reductive, and it follows that the invariant ring R is a direct summand
of § as an R-module. In particular, the inclusion R C § is pure when K has characteristic zero. In the
case of positive characteristic, we have:

Theorem 3.1. Let K be a field of positive characteristic. Let Y be a d X n matrix of indeterminates where
1 <d < n,and set S := K[Y]. Let R be the K-algebra generated by the size d minors of Y. Then the
inclusion R C S is pure ifand only ifd = 1 or d = n.

Proof. Set mp to be the homogeneous maximal ideal of R. Since the ring R has dimension d(n—d) +1,
if the inclusion R C S is pure, then Hﬁ;"_d)ﬂ (S) must be nonzero by Theorem 2.1. But mgS equals the
determinantal ideal 7;(Y), which has height n — d + 1, and defines a Cohen—Macaulay ring K [Y]/1,4(Y);
see [EN] or [HE]. But then Theorem 2.3 implies that

dn-d)+1 = n—d+1,

sod=1ord=n.
Conversely, if d = 1 or d = n, then R is a polynomial ring and ht(mgS) = dim R, so the module

Hf,ltg:’_dm (S) is nonzero; hence, the inclusion R C S is pure by Theorem 2.1. m}

Note that when d = n — 1 in Theorem 3.1, the ring R is regular but R C S is not pure. The argument
above serves as the template for the other cases of Theorem 1.1, namely we proceed by studying the
expansion of the homogeneous maximal ideal mpg of the subring R to the ambient polynomial ring S and
analyze the local cohomology obstruction Hf‘ni? R(S).In the remaining cases, the ideal mz S may be more
subtle: In the case of determinantal rings treated next, the ideal mgS is typically not equidimensional.

4. Generic determinantal rings

Let K be a field, and let Y and Z be m X ¢ and ¢ X n matrices of indeterminates, respectively. Set
S = K[Y, Z], and take R to be the K-subalgebra of S generated by the entries of the product matrix
YZ. Then R is isomorphic to the determinantal ring K[X]/I;+1(X), where X is an m X n matrix of
indeterminates, and 7, (X) is the ideal generated by its size £+ 1 minors. The ring R is Cohen—Macaulay
by [HE]; it is regular precisely if min{m, n} < # since this corresponds to I,,;(X) = 0. Outside of the
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regular case, the ring R has dimension m? + nt — 1, class group Z by Bruns [Br1] and is Gorenstein
precisely if m equals n by Svanes [Sv].
The general linear group GL;(K) acts K-linearly on S via

Y —YM!
M:
Z — MZ,

where M € GL,;(K). When K is infinite, the ring R is precisely the ring of invariants for this action; see
[DP, §3] or [Ha, Theorem 4.1]. If, moreover, the field K has characteristic zero, then GL, (K) is linearly
reductive, so the ring extension R — S is pure.

4.1. Irreducible components of the nullcone

A complex of K-vector spaces

M, M, My,

Ko K Kbn

can be regarded as a point in affine space using the entries of the matrices M. Setting r to be the rank
of My, the matrices satisfy the rank conditions r; < bg, and r;, < by, and

Tk +Tre1 < by for 1<k<h-1.

Given sequences (by, . ..,by) and (ry, ..., r,) satisfying these rank conditions, consider matrices of
indeterminates X of size by_; X by for 1 < k < h. The corresponding variety of complexes is the
algebraic set defined by the vanishing of the entries of the matrices X Xy4; and the determinantal
ideals I, +1(Xx). When K has characteristic zero, these varieties were shown to be Cohen—Macaulay
and normal, with rational singularities, by Kempf [Ke] using [Ke2]. The Cohen—Macaulay property is
proved in arbitrary characteristic by Huneke [Hu, Theorem 6.2] using principal radical systems, and by
De Concini-Strickland [DS, Theorem 2.7] using Hodge algebra methods; however, as pointed out by
Tchernev [Tc, Example 9.2], the Hodge algebra structure of [DS] is not correct, though the assertions
can be obtained instead using Grobner bases as in [Tc]. See also [MS] and the discussion in the proof
of [CW, Theorem 8.6]. The normality is [Hu, Theorem 7.1].

Returning to our setting where Y and Z are m Xt and f Xn matrices of indeterminates, and S = K[Y, Z],
one has & = 2 and the complex at hand is

N St S".

The papers above give:

Theorem 4.1 [DS, Hu, Kel, MS, Tc]. Let K be a field. Fix positive integers m,n and t, and set
S = K|[Y,Z], where Y and Z are, respectively, m X t and t X n matrices of indeterminates. For
nonnegative integers i, j withi + j < t, set

Pij =l (Y) +111(Z) + (YZ)S,

where (YZ)S is the ideal generated by the entries of the matrix YZ. Then:

(1) Foreachi,j, the ring S/v; j is a Cohen—Macaulay normal domain.
(2) Ifi <mand j <n, thenht(p; ;) = (m—=i)(t =i)+(n—j)(t—j)+ij.
(3) The radical of (YZ)S is the intersection of the prime ideals p; ; withi + j = 1.

It is perhaps amusing to note that varieties of complexes with # = 1 give us determinantal rings, their
Cohen—Macaulay property being used in the SL;(K) case of Theorem 1.1.
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4.2. The purity of the embedding
We next settle the GL,; (K) case of Theorem 1.1.

Theorem 4.2. Let K be a field of positive characteristic. Fix positive integers m,n,t and consider
the inclusion ¢: K[YZ] — K|[Y,Z], where Y and Z are, respectively, m X t and t X n matrices of
indeterminates. Then ¢ is pure if and only ift = 1, orm < t, orn < t.

Proof. We claim that if the inclusion ¢: K[YZ] — K|[Y, Z] is pure for a fixed triple of positive
integers (m, n, t), then purity holds as well for the inclusion of the K-algebras corresponding to a triple
(m’,n’,t) withm’ < mand n’ < n.

To see this, set Y’ to be the matrix consisting of the first m’ rows of Y, and Z’ to be the matrix
consisting of the first n” columns of Z, and consider the N-grading on K [Y, Z] where the indeterminates
from the submatrices ¥’ and Z’ have degree 0, as does K, while the remaining indeterminates have
degree 1 so that K[Y,Z], = K[Y’,Z’]. Then

K[YZ], = K[Y'Z'],

so K[Y’Z'] is a pure subring of K[YZ]. Since we are assuming K[YZ] — K[Y, Z] is pure, it follows
that the composition

K[Y'Z'] € K[YZ] C K[Y,Z]

is pure as well, but then so is K[Y’Z’] C K[Y’, Z’]. This proves the claim; similar reduction arguments
will be used for other matrix families later in the paper.

Set S := K[Y, Z] and R := K[YZ]. We next prove that ¢ is pure in the cases claimed in the theorem.
When ¢ = 1, the ring R coincides with the Segre product of the polynomial rings K[Y] and K[Z], which
is a pure subring of S. For the case m < t, in light of the reduction step, it suffices to establish the purity
when m =t and n > t¢. In this case, the ring R has dimension mn, specifically the matrix entries

Xij = (YZ)ij

are algebraically independent over K and hence form a homogeneous system of parameters for R. By
Theorem 2.1, it suffices to show that Hﬂ;‘(S) is nonzero; we show that

1 mn
7| < s

is a nonzero element, equivalently that for each k > 1, one has

(l_[x,-j)k_l ¢ (xf], . ,x,’jm)S.

It is enough to show the above after specializing the entries of Y to the ¢ X ¢ identity matrix. This
specialization maps Y'Z to Z, with the image of S being the polynomial ring K[Z]. The above display
then takes the form

(H Z"f)kil ¢ (2. a)KIZ],

which is immediately seen to hold. The case n < ¢ is much the same.
Next, suppose ¢ > 2. It remains to prove that ¢: K[YZ] — K[Y,Z] isnotpure if m > t and n > t.
By the reduction step at the beginning of the proof, it suffices to show that ¢ is not pure in the case
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m =t + 1 = n. In this case, the ring R = K[YZ] is a hypersurface of dimension 12 + 2¢, so it suffices by
Theorem 2.1 to show that the local cohomology module

2
Hin ;21 ( S)
is zero, where mpg is the homogeneous maximal ideal of R. The minimal primes of the ideal mgS are
described by Theorem 4.1; in the notation of that theorem, these are the primes pg;, P11, --., Pr,0-

With cd denoting the cohomological dimension, we shall prove that for each integer k with 0 < k < 1,
one has

cd(Pos NP1 N NPryi) < i+, 4.2.1)

from which it follows that cd(mgS) < t2 +1+ 1;since > 2, one has > + 1 + 1 < 1> +2¢.
We first claim that

cd(Po,s N Pr—1 N+ N Pry—k) < max{cd(po,), cd(P1,-1), ..., cd(Pr,r—k),
cd(po,-1) = 1, cd(pr—2) = 1, ..., cd(Pr-1,-k) — 1}.  (42.2)

Quite generally, for ideals a and b of S, the Mayer—Vietoris sequence

——— Hi(S)® Hi(S) — H

wp(8) —— HIL(S) ——

a+b
shows that
cd(anb) < max{cd(a), cd(b), cd(a+b) —1}.

Using this for the ideals a := po; N P1,s—1 N+ NPk r—k and b := Pgy1 s—x—1, One has

cd([Pos NP1—1 N+ O Pkr—k] N Prati—k—1) < max{cd(po,r N Prr—1 N -+ N Prr—k),
cd(Prat,i—k-1)s cd([Po,r N P11 N =+ N Prr—ic] + Prstimk—1) — 1}

Up to taking radicals, the ideal
[P0, N P11 N N Phr—k ] + Phl,e—k—1

coincides with

(Po,r + Prs1,1-k—=1) N (P11 + Phal,1—k—=1) N ==+ O (P 1=k + Pkl 1-k—1)
= P0o,r-k-1 NPLr—k-1 N NPrt—k-1 = Pk,r-k-1,

since p;, j, + Piy,j» = Pi,j fori ;== min{iy,i>} and j := min{jy, j»}. It follows that

cd(Po,e N P1—1 N - -+ O Pl r—k—1)
< max{cd(po,s N P1—1 N+ N Prok), cd(Prat r—k—1)s cd(Pr—k-1) — 1}

Using this inductively, one obtains the inequality (4.2.2).
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Since the rings S/p;, ; are Cohen—Macaulay for i+ < ¢, Theorem 2.3 implies that cd(p; ;) = ht(p; ;).
Consequently, the inequality (4.2.2) gives

cd(po,s NP1—1 N+ NPx k) < max{ht(po,), ht(Pr,-1), ..., ht(Pk k),
ht(po,—1) — 1, ht(pr,—2) — 1, ..., ht(pr_1-1) — 1}.

Using the formula for ht(p; ;) from Theorem 4.1, it is readily verified that for each fixed integer £ with
0 < ¢ < t,one has

max{ht(po,c), ht(p1,e-1), ..., ht(peo)} = €2 — (2t + 1)l +2t(t + 1),

which then yields the inequality (4.2.1). O

5. Principal radical systems

Our approach to Theorems 1.2 and 1.3 is via the technique of principal radical systems, developed
by Hochster and Eagon in [HE]. This is a method used to prove that a given homogeneous ideal in a
polynomial ring is prime and defines a Cohen—Macaulay ring, by constructing a finite family of radical
ideals that contains the ideal of interest and inductively prove primality and the Cohen—Macaulay
property for select ideals in the family — the desired properties are first proved for larger ideals in the
family. The power of the technique was first demonstrated in proving that generic determinantal rings are
Cohen—Macaulay, a result that we used in the proof of Theorem 3.1. It was also used in Huneke’s proof
[Hu] of Theorem 4.1. Kutz [Ku] used principal radical systems to prove that symmetric determinantal
rings are Cohen—Macaulay, while the corresponding result for Pfaffians is due to Kleppe—Laksov [KL]
and independently Marinov [Mal, Ma2]. The technique uses the following lemma from [HE, Section
5]; the proof, being brief, is included for the convenience of the reader.

Lemma 5.1. Let S be an N-graded ring, finitely generated over a field Sy. Let I be a homogeneous ideal,
and P a homogenous prime ideal such that I C P. Suppose there exists a homogeneous element x of
positive degree such that x ¢ P and I + xS is a radical ideal.

(1) If xP C I, then I is radical.
2) Ifrad I =P, thenI = P.

Proof. (1) Let u be a homogeneous element in the radical of /. Then, u = i + xs for homogeneous
elements i in / and s in S. Then, xs = u — i lies in the radical of I and therefore in P. Since x does not
belong to P, the element s must. But then xs is an element of xP C I, so u =i + xs belongs to /.

(2) Replacing S by S/1, it suffices to prove that S is a domain; the prime ideal P is now the nilradical
of S. Let u be a homogeneous element in P. Since S/xS is reduced, # = xv for some v € S. But xv lies in
the prime ideal P and x does not, so v € P. Thus, P = xP which, by the graded version of Nakayama’s
lemma, implies that P is zero. O

We will also need the following elementary lemma for inductively proving the Cohen—Macaulay
property along a principal radical system.

Lemma 5.2. Let S be an N-graded ring, finitely generated over a field Sy. Let Q1 and Q, be ideals such
that S/Q1 and S/Q, are Cohen—Macaulay rings of equal dimension, say d, and such that S/(Q + Q2)
is Cohen—Macaulay of dimension d — 1. Then the ring S/(Q1 N Q») is Cohen—Macaulay of dimension d.

Proof. One has an exact sequence of the form
0 —— §/(Q1NQ) —— §/Q195/Q2 —— §/(Q1+0Q2) —— 0.

The result follows from the local cohomology exact sequence obtained by applying the functor Hy, (—),
where m is the homogeneous maximal ideal of S. O
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The following result will be used in order to employ Lemma 5.1.

Lemma 5.3. Let M be a matrix with entries from a commutative ring. Fix an integer ¢ > 0, and set M |
to be the submatrix consisting of the first ¢ columns of M. Then, for each integer b with b > ¢, one has

mip k(M) S Irp1 (M) + (myy, mia, ..., mic).

Proof. Working modulo the ideal Iz, (M) + (m11, mi2, ..., mic), we reuse the notation M and m; ; in
the quotient ring and show that m1;, annihilates the ideal I (M|.). If c is less than k, then I} (M|.) = 0.
Assume ¢ > k, and fix b and a k X k minor of M|.. If the minor involves the first row of M, it clearly
vanishes. Therefore, we may assume that the minor involves k rows other than the first row. Consider
the (k + 1) X (k + 1) submatrix of M that involves, additionally, the first row and the b-th column of M.
This matrix has determinant zero, so the result follows. O

6. Pfaffian rings

Let ¢ be a positive integer, and X a 2¢ X 2¢ alternating matrix. The Pfaffian of X is

pfX = Z SEN(T)X (1) o ()Xo (3) o (4) ** " X (2=1) o (21) 5
o

where the sum is taken over permutations of {1,2, ..., 2¢} that satisfy
oc(l)<ocB)<---<o@t—-1) and o(l)<o(2), ..., 02t—-1) <o (2).

It is readily seen that (pf X)? = det X.

For an alternating matrix X with entries from a commutative ring, we use Pf,; (X) to denote the ideal
generated by the Pfaffians of the size 2¢ principal submatrices of X.

Suppose X is an n X n alternating matrix of indeterminates over a field K. In this case, the ring
K[X]/Pfr42(X) is a Gorenstein unique factorization domain of dimension

n n—2t

2 2 )
with the convention that (}) = 0ifi < j. The ring K[X]/Pf2;42(X) is regular precisely if n < 2t + 1,
for then Pfy;,>(X) = 0. The Cohen—Macaulay property is due to [KL] and [Mal, Ma2]; the rings are

unique factorization domains by [Av], hence Gorenstein.
The ideal Pf4(X) is generated by the elements

XijXkl = XikXjl + XilXjk, for 1<i<j<k<l<n.

These are precisely the Pliicker relations for the Grassmannian G (2, n), and K[X]/Pf4(X) is isomorphic
to the homogeneous coordinate ring for G (2, n) from §3.

Let Y be a 2t X n matrix of indeterminates over a field K. Set S := K[Y], and let Q be the size 2¢
standard symplectic block matrix (1.0.1). Then Y"QY is an alternating matrix of rank min{2¢, n}. For
X an n X n alternating matrix of indeterminates, the entrywise map

X — Y QY

induces a K-algebra isomorphism between K[X]/Pf2,,2(X) and the subring R := K[Y"QY] of S. Our
goal in this section is to determine when the inclusion ¢: R — S is pure. The symplectic group
Sp,, (K) acts K-linearly on S, where

M:Yv+— MY for M € Sp,,(K).
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Since M"QM = Q for M € Sp,,(K), it follows that the entries of Y*QY are fixed by the group action;
when the field K is infinite, the invariant ring is precisely the subring R; see [DP, §6] or [Ha, Theorem
5.1]. When the field K has characteristic zero, the group Sp,, (K) is linearly reductive and it follows that
the invariant ring R is a direct summand of S as an R-module; hence, ¢: R — § is pure when K has
characteristic zero.

6.1. Symplectic forms and preliminaries

Let K be a field and V the vector space K with the standard basis. Then Q determines the bilinear
form B: VXV — K given by

(vi,v2) > VQu,. 6.0.1)

Note that B is nondegenerate and alternating, that is, B(v,v) = 0 for all v € V; in other words, B is a
symplectic form on V. One has

B(vi,v2) = —=B(va,v1) forall v; € V.

The matrix for B with respect to the chosen basis is Q, while a change of basis results in a matrix of
the form C"QC. In view of this, matrices M and N are cogredient if there exists an invertible matrix C
such that

N = Cc"MC. (6.0.2)

A vector subspace W of V is isotropic if B(wy,wz) = 0 for all w; € W, equivalently if W € W+,
Since B is nondegenerate, for any subspace W one has

rank W + rank Wt = 2r.

Hence, an isotropic subspace of V has rank at most . Any isotropic subspace of V is contained in one
that has maximal rank, which is a Lagrangian subspace.

Lemma 6.1. Let K be a field. Consider the vector space K*' equipped with a symplectic form. Let L be
a nonzero linear functional on K% and let

VicV,C---CV,

be isotropic subspaces of K> with rank Vi < jforeachj, withm < t. Let k be an integer with1 < k < m.
Suppose L vanishes on V.. Then there exist isotropic subspaces

WicWyc---CcWy,

such that, for each j, one has V; € W; and rank W; = j, and L vanishes on Wy.

Proof. It suffices to consider the case where m = t. Denote the symplectic form by B, and set H := ker L,
a codimension one subspace. We construct the subspaces W; by reverse induction on j. If V; has
dimension ¢, simply choose W; to be V; itself. If V; has dimension less than z, then dim(V}*) > ¢, so
dim(VA N H) > 1.

If k£ < ¢, take W; to be a Lagrangian subspace of K containing V;. If k = ¢, since V; C H, there
exists a nonzero vector x € (V- N H) \ V. Then

VI+K.X c (VI+KX)J_ NH.

Continuing in this manner, we can extend V; to a Lagrangian subspace of K> on which L vanishes.
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Assume that the vector spaces W1, W;,2,..., W, have been constructed satisfying the required
conditions. There are two cases: If j is different from k, simply choose W; of dimension j such that
V; € W; C W,y. This can be done since V; has dimension at most j and W, has dimension j + 1. If j
equals k, choose Wy of dimension k such that Vi, € W, C H N Wi, q; this can indeed be done since Vi
has dimension at most k, and H N Wy, has dimension at least

2=+ (k+1) -2t = k.

Finally, since any subspace of an isotropic subspace is isotropic, we are done. O

Let M be a size 21 X n matrix over K, satisfying M"QM = 0. Then the columns of M span an isotropic
subspace, so rank M < t, that is, I;41 (M) = 0. By the Nullstellensatz, if Y is a size 2t X n matrix of
indeterminates over an algebraically closed field K, then

I;1(Y) C rad (Y"QY),

where (Y'QY) is the ideal of K[Y] generated by the entries of the matrix Y*QY. We strengthen this next.

Lemma 6.2. Let Y be a size 2t X n matrix of indeterminates over a field K. Then, in the polynomial ring
K|[Y], one has

La(Y) € (Y"QY).

Proof. If n < t, there is nothing to prove. If Y’ is a truncation of Y obtained by deleting certain columns,
then the alternating matrix Y’"QY” is a truncation of the alternating matrix YQY obtained by deleting
the corresponding columns and rows; thus, it suffices to prove the lemma when Y is size 2t X (¢ + 1).
Next, note that any size 7 + 1 minor of Y equals the determinants of a matrix of the form Y#Z, where
Z is a suitable size 2¢ X (¢t — 1) matrix with entries 0 and 1, and # denotes the concatenation of matrices;

for example, for the upper size ¢ + 1 minor, one may take Z to be the block matrix (g)

Thus, it suffices to prove that for all matrices Z of size 2¢ X (¢t — 1), one has
det(Y#Z) € (Y"QY).
Since det(Y#Z) = pf(Y#Z)"Q(Y#Z)), it suffices to prove that
pf((Y#2)"Q(Y#Z)) € (Y"QY).

But (Y#Z)"Q(Y#Z) is a size 2t alternating matrix, and Y QY its upper-left size ¢+ 1 submatrix. Working
modulo the entries of Y"QY, it suffices to check that the Pfaffian of a size 2¢ alternating matrix of the

form
0 A
_ Atr B
is zero, where A and B are size t X ¢, and the first column of A is zero. This is immediate, as the
determinant of such a matrix is zero. O

When ¢t = 1 in Lemma 6.2, one has the equality I,,1(Y) = (Y'QY), as we will see in the following
discussion.

https://doi.org/10.1017/fms.2023.67 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.67

Forum of Mathematics, Sigma 15

6.2. Secant varieties of Grassmannians

Let Y be a size 2t X n matrix of indeterminates over a field K. Set B to be the ideal generated by the
entries of Y'QY. While we will prove later that 9B is prime and defines a Cohen—Macaulay ring, it is

worth mentioning that when ¢ = 1 one has
0 I)(yi1 = Yin
-10)\y21 -+ yon
Yin Yon

0 A A]3 A]n
—A1p 0 A23 Azn
— —A13 —A23 0 A3n ,

Yi1 Y21
Y'tQy =

Ay =Aoy —A3p ... 0O
that is, YYQY is an alternating matrix where, for i < j, the matrix entry (Y"QY); jis
Aij = Y1iy25 — Y1jY2i-

It follows that B coincides with the determinantal ideal /5 (Y) that has height n — 1, and defines a Cohen—
Macaulay ring K[Y]/B. The ring K[Y"QY] is the homogeneous coordinate ring of the Grassmannian
G(2, n) under the Pliicker embedding in P(3)-1.

More generally, for ¢ > 1, the ring K [Y"QY] is the homogeneous coordinate ring of the order ¢ — 1
secant variety G(2,n)'~!, which is the closure of the union of linear spaces spanned by ¢ points of
G(2,n): For 1 <i < j < n, the alternating matrix Y"QY has ij-th entry B(v;, v;), where v; and v; are
the i-th and j-th columns of Y, and B is the symplectic form (6.0.1); specifically,

(YUQY)ij = (Viiyest,j = Y1jYest,i) + o+ + (Veivoe,j — YejYor,i)-

In particular,

. 1 n n—2t
dimG(2,n)'™" = (2) ( ) ) 1.
Recall that for an irreducible closed projective variety X of dimension d in PV, the expected dimension
of the order s secant variety X* is min{N, ds+d+s}; when dim X* is less than the expected dimension,
X is defective. Using the formula above, it is readily seen that G (2, n)'~! is defective precisely if # > 2
and n > 2t+2, confer [CGG, Theorem 2.1]. The dimension and the defining equations of secant varieties
of other Grassmannians are largely unknown.

6.3. The complete intersection property

The ideal B has (;‘) minimal generators corresponding to the upper triangular entries of the alternating
matrix Y"QY. We next prove that in the case n < r + 1, these generators form a regular sequence, in
other words, that K[Y]/B is a complete intersection ring.

Theorem 6.3. Let Y be a 2t X n matrix of indeterminates over a field K, where n < t + 1. Set S := K[Y]
and P = (YUQY)S. Then S/B is a complete intersection ring.

Proof. 1t suffices to prove that K[Y]/B is a complete intersection ring after specializing the entries of
the rows indexed

1,2, ..., t+1-—n, t+1,t+2, ...,2t+1—-n
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to zero since this leaves the number of defining equations unchanged. We may hence assume that the
matrix Y has 2t —2(¢+ 1 —n) = 2n —2 rows, that is, Y is size 2(n — 1) X n, equivalently, size 2t X (¢ + 1).
Next, specialize the entries of Y to the corresponding entries of the matrix

0 Y12 y13 -+ Yir Y+l
0 0 y»i3 -+ yau Y241
0O 0 O Y3r Y31+l

0 0 0 -+ 0 yrm

Yi2 YB3 Y4 Y 0
Y23 y24 Y25 0 0
Y34 Y35 Y34 0 0

Yeur1r 0 0 - 0 0

This entails killing
t+1 t+1
+1(t+1) = 2t(t+1) -
(5! raen = 200 - 3]
linear forms in K[Y]. As K[Y]/ (?trQ?) is Artinian, K [Y]/$B is a complete intersection ring. O

Corollary 6.4. Let Y be a 2t X n matrix of indeterminates over a field K, where n < t. Set § := K[Y]
and P := (Y'QY)S. Let a be an ideal generated by k distinct entries from rows 1 and t + 1 of the matrix
Y. Then

dimS/(P +a) = 2nt — (’;) —k,

so, in particular, S/(B + a) is a complete intersection ring.

Proof. As seen in the previous proof, the generators of the ideal a form part of a system of parameters
for the ring S/B. O

The following lemma will be used to prove the irreducibility of certain algebraic sets of the form
V(B + a) in Proposition 6.6.

Lemma 6.5. Let Y be a 2t X t matrix of indeterminates over a field K. Set S := K[Y] and

I = (YtrQY)S-" ()’12,---,)’”, yt+l,1a""yt+1,t)S'

Let A be the upper t X t minor of Y. Then A is a nonzerodivisor on S/1.

Proof. Tt suffices to consider the case where the field K is algebraically closed. Since S/1 is a complete
intersection ring by the corollary above, we need to show that A does not belong to any minimal prime
of the ideal 1.

Let G be the subgroup of Sp,, (K) consisting of matrices M := (m;;) with

mip =1 =mpq 111
my; =0 =mj fori #1

Myy1,i = 0= mi r+1 fori ¢+ 1.

Deleting rows and columns 1 and 7+ 1 shows that G is isomorphic to Sp,,_, (K and is hence a connected
algebraic group. The action of G on S via M: Y —— MY induces an action on S/I and thus on the
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(necessarily finite) set of minimal primes of S//. Since G is connected the action must be trivial, that
is, G stabilizes each minimal prime of /.

Suppose a minimal prime P of / contains A. Using the fact that G stabilizes P, we shall first show
that P contains each maximal minor of Y that involves the first row. Since row 7 + 1 of Y is contained in
I, hence in P, we need only consider maximal minors of Y that involve the first row and not row ¢ + 1.
We use M - A to denote the image of A under an element M of G.

Let @ be a size ¢ subset of the row indices {1,...,2¢} suchthat 1 € @ and 7 + 1 ¢ . We use Y,, for
the square submatrix with rows «@, and set £(«@) to be the number of indices a € @ such that a < ¢ and
a +1t € a. The proof that det(Y,) € P is by induction on £(a).

For the case ¢(a) = 0, proceed by induction on the number w of a € @ with @ > . When w = 0, one
has det(Y,) = A, which is an element of P. For the inductive step, consider the 2¢ X 2t matrix M with

1 ifi=j, orif j=i+t€a,
M;j = .
0 otherwise.

Observe that M € G, and that the matrix MY is obtained from Y by the row operations where row i + ¢
is added to row i wheneveri < f and i +¢ € «. It follows that M - A is the determinant of the ¢ X  matrix
whose i-th row is the sum of rows i and i+ of Y ifi < tandi+¢ € @, and is row i of Y otherwise. By the
linearity of determinants along a row, M - A is the sum of ¢ X ¢ minors of Y, each of which is indexed by
a set of rows B with £(8) = 0. One of these is det(Y,,), while the others have fewer indices greater than
t. Using M - A € P and the inductive hypothesis, it follows that det(Y,,) € P, settling the case £(a) = 0.

Next, fix @ with £(a) > 0. Leti, j € {1,...,t} besuchthati,i+¢ € e and j, j +t ¢ @; such aj exists
by cardinality reasons. Let @’ = a \ {i, i + t}. Observe that each of

(@’ U{i,j}), €@ U{i,j+t}), €@ U{i+t,j}), (@ U{i+t,j+1})

is strictly less than £(a@). Let M be the 2 X 2¢ matrix with

1 if a=b, or (a,b)=(i,j+1t), or (a,b) =(j,i+1),
Mah = .
0 otherwise.

Note that M € G, and that the matrix MY is obtained from Y by row operations where the (j +1)-th row
is added to the i-th row, and the (i + #)-th row is added to the j-th row. Hence, up to choices of signs,
M - det(Y4uygi, 1) is the sum of

det(Yoruginjy)s  det(Youqiivy),  det(Yougy jrry),  detYorugive, jur))-

By the inductive hypothesis, det(Yuyi,j3) and det(Yqo ugisr,j+ry are elements of the prime P, as is
det(Y,uqi,j3) and hence M - det(Y,uy(i, ;). It follows that, with a sign choice, one of

det(Ya’U{i,i+t}) + det(Ya/U{j,jH}) (6.5.1)
is an element of P. We claim that there exists a Pliicker relation in K[Y] of the form

det(Yorugi,ivey) det(Yorugj jary) = det(Yougi jy) det(Yorugive, jor})
* det(Yorugi,j+ry) det(Yorugine,j3) = 0. (6.5.2)
This may be verified, for example, by passing to a dense open subset of matrices where the rows
a’ U {i,i +t} form a basis for K’, and multiplying on the right by an invertible matrix so as reduce to

the case where these rows are the standard basis for K*. The equality is now readily checked.
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Since the other terms in (6.5.2) belong to P by the induction hypothesis, one obtains
det(Yorugi,isey) det(Yorugj j4ey) € P. (6.5.3)
Combining (6.5.1) and (6.5.3), bearing in mind that P is prime, it follows that
det(Yy) = det(Yorugiiee)) € P,

completing the proof that P contains each ¢ X ¢ minor of Y that involves the first row.

If P contains y;, Corollary 6.4 gives a contradiction. It follows that the prime ideal P must contain
each size ¢ — 1 minor of the last # — 1 columns of Y.

Let Y’ be the 2(¢ — 1) X ¢ submatrix obtained by deleting rows 1 and 7 + 1 of ¥, and Q’ be the size
2t — 2 standard symplectic block matrix. Set I’ to be the ideal of K[Y’] generated by the entries of
Y’UQ’Y’ along with the size ¢ — 1 minors of the last # — 1 columns of Y’. On an open dense subset of
V(1I"), the last column belongs to the span of colums 2,3, ..., ¢ — 1. Since the dimension of the Pfaffian
nullcone corresponding to a 2(¢ — 1) X (¢ — 1) matrix is

., [t—1
2(t-1) —( ) )

by Corollary 6.4, it follows that
. ’ 2 t— 1
dimV({’) < 2(t-1)" - ) +(t-2).
Accounting for the matrix entry yy, this implies
, , [t-1 , |t
dimV(P) < 2(t-1)" - ) +(t-2)+1 = 2t - ) —21.
But then
t
dimV(P) < dimV(l) = 2¢* - (2) - (2r-1),

where the equality uses, again, Corollary 6.4. This is not possible since P is a minimal prime of . O

The following proposition serves as a building block in the proof of Theorem 6.7; the primality of
1, or I}, does not follow immediately from the proof here, in view of the initial reduction step, though
it will be obtained later as part of Theorem 6.7.

Proposition 6.6. Let Y be a 2t X n matrix of indeterminates over an algebraically closed field K, where
n<tSetS:=K[Y]and P := (Y'QY)S. ForawithO < a < n-—1, set

Lo =B+t y1a) and 1 =B+ (V115 Yin Yislids - - o5 Visloa)-
Then the algebraic sets V(1) and V(1)) are irreducible.

Proof. Since the projection map onto the first n columns provides a surjection of algebraic sets, it
suffices to prove each result in the case n = . Let A be the upper # X ¢t minor of Y.
We first consider /. In this case, Corollary 6.4 and Lemma 6.5—after permuting columns—show
that A is a nonzerodivisor modulo /,. Write Y as
gl
)
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where Y| and Y, are size ¢ X ¢. Since Y] is invertible over the ring Sa, one has Sp = K[Y], Z]a, where
the entries of ¥y and Z := Y2¥, I are algebraically independent over K. Note that

YYfl = (;)

so the ideal (Y"QY)S, is generated by the entries of

(ryyhreryh = (1 zv) (_01 g)(l) =zZ-Z"

It follows that

1,Sa = (Z=Z")Sa+ (11, -, Y1a)SA-

Since 1,5, is generated by linear forms belonging to the polynomial ring K[Y;, Z], it is a prime ideal
of Sa; as A is a nonzerodivisor modulo /,,, there is a bijection between the minimal primes of I, and
those of 1,S4. It follows that I, has a unique minimal prime, so V(1) is irreducible.

In the case of 1}, working again with n = ¢, the ring S/}, is a polynomial extension of

K[Y']/(Y'"QY’),

where Y’ is the (2¢ — 2) X t matrix of indeterminates obtained by deleting rows 1 and ¢ + 1 of Y, and
S’ := K[Y’], and Q' is the size 2t — 2 standard symplectic block matrix. It suffices to prove that the ring
S’/(Y’"Q’Y’) has a unique minimal prime. Let A’ be the upper left size ¢ — 1 minor of Y’. Lemma 6.5
implies that A’ is a nonzerodivisor on S’/(Y’"Q’Y’). Writing the matrix Y’ as

, (Y1 W
Y= (Y2 Wz)’

where Y| and Y, are square matrices of size ¢ — 1, one has

i wi\(y;h-yptwr 1 0
Y, W)\ 0 1 T \nyt W -nytw )

The entries of Y1, Wy, Z; = nY; Vand Z, =W, — nYr 'w, are algebraically independent over K, and
S’A, may be viewed as K[Y;, Wy, Z, Z;]a. Since

1 Z;r 0 1\(1 0} _(Z: —Z;r 7>
0 Zg -1 0/)\zy Z,) —Zg o)
it follows that

S J(YEQY ) = K[Y1, Wi, Zi, Zolar/(Zy = ZY, Za),

and is hence a domain. In particular, it has a unique minimal prime. O

6.4. Nullcones of Pfaffian rings are Cohen-Macaulay

We now set up the principal radical system needed to study the nullcones of Pfaffian rings. Let Y be a
2t X n matrix of indeterminates over a field K, and set B to be the ideal generated by the entries of the
matrix YTQY. Let

0 = (80,851,852, s 8m)
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be a sequence of integers with 0 < s; < n for each k, and s,,, = n. Set
Iy = g‘B +1; (Ylso) + 12(Y|s1) + 13(Y|sz) + ot Iy (Y|sm),

where I (Ylsk) denotes the ideal generated by the size k + 1 minors of the submatrix consisting of the
first s columns of Y.

In studying K[Y]/I, there is little loss of generality in assuming sy = 0 since one may replace Y by
a smaller matrix. In light of Lemma 6.2, one may also stipulate m < ¢. Note that for positive integers j
and k, one has

Lie1(Y1js1) € I (Y1),
so one may restrict to o where the entries are strictly increasing. We say o is standard if
O=spo<s1<s$<---<sp=n and m<t.

The ideal B indeed equals I, for a choice of o that is standard: Take

0,1,2,...,n—1,n) if n<t,
0,1,2,...,t—=1,n) if n>1t.

For integers a with 0 < a < n, set

Ja =1, Y120 -5 Yia)  and  J = (Vits Y12s -0 Yine Yesl,ds Vsl 2o -« Yieloa)-
Note that if o := (59, 51, 52, ..., 8,) is standard, m = ¢t and s,,_1 < a < s,,, then
Io+J, = 1o +J, for o’ 1= (50, 81,525 -« » Sn_2, @, )

since rows 1 and ¢ + 1 of Y|, are zero modulo J}, so Lemma 6.2 gives
(Y], € (Y'QY) +J,.

With this notation, we prove:

Theorem 6.7. Let Y be a 2t X n matrix of indeterminates over a field K, and set S := K|[Y]. Let

o = (50,581,525 - - -»Sm) be a sequence of integers with 0 < sy < n for each k, and s,, = n. Let a be an

integer with 0 < a < n. Then:

(1) If o is standard, then the algebraic sets V(1 +Js, ) and V(I +Jy, ) are irreducible for each k with
0<k<m.

(2) The ideals 1, +J, and 1, + J), are radical. If o is standard, then the ideals 1, + Js, and I, + J;.k
are prime for each k with 0 < k < m.

(3) Suppose o is standard. If a = sy for some kwithQ < k < m, then S/ (I +J,) is a Cohen—Macaulay
integral domain of dimension

m—1

m(2t+n—m)—k—2sj.

J=1

If a = sk for some kwith 0 < k < m — 1, then S/(1, + J}) is a Cohen—Macaulay integral domain
of dimension

m—1

m(2t+n—m—1)—k—Zsj.
=1
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Proof. Tt suffices to prove the assertions when K is algebraically closed; we indeed work under this
assumption. We begin by proving (1) for the algebraic set V (I, + Ji, ). Consider matrices B of size
2t x m for which the columns span an isotropic subspace, and the first k entries of the first row are zero.
Since m < t, Proposition 6.6 implies that the matrices B are the points of an irreducible algebraic set
that we denote V.

For 1 < j < m, let C; be a matrix of size j X (s; — sj_1), and set A to be the matrix

(B|1C1) #(BLCo) # - -+ #(B;nCpn), (6.7.1)

where # denotes the concatenation of matrices. It is readily seen that A is an element of the algebraic set
V(I +Js, ). The matrices Cy, . . ., C,,, may be regarded as the points of an affine space V; of dimension

m
Z](Sj - Sj-1),
j=1

so that the construction (6.7.1) gives a map
Vox Vi — V(s +Js).

Since the image of an irreducible algebraic set is irreducible, it suffices to verify that this map is
surjective.

Let A be a matrix in the algebraic set V(I, + Ji, ). For 1 < j < m, let V; denote the span of
the columns of the truncated matrix Als;. Consider the symplectic form (6.0.1) on K 2t and the linear
functional L that is projection to the first coordinate. By Lemma 6.1, there exist isotropic subspaces

WicWyc---CcW,

such that V; € W; for each j, and W; has rank j. Consider a size 2¢ X m matrix B such that B|; spans W;
for each j. Then the columns of A[;; belong to the column span of B|; for each j, so there exist matrices
C; using which A may be obtained as in (6.7.1).

The proof that V(I + Jg, ) is irreducible is similar: We consider instead matrices B of size 2t X m,
where the columns span an isotropic subspace, and for which the first row is zero, and the first k entries of
row t + 1 are zero. Proposition 6.6 implies that such matrices B are the points of an irreducible algebraic
set. The linear functional used when applying Lemma 6.1 is now projection to the # + 1 coordinate.

The proof of (2) is via induction, assuming the result for matrices Y of smaller size, as well as for
larger ideals in the family, and applying Lemma 5.1. Set [ to be either I, + J, or I, + J/,. In the latter
case, assume that a < n since otherwise K[Y]/(I, + J,) arises from the smaller matrix obtained by
deleting rows 1 and # + 1 of Y. To apply Lemma 5.1, choose

Yi,a+l if I=1y+J,, anda < n,
X = (V1,1 if I=1s+J,,
Yt+l,a+1 if I=1, +J£1~

Specializing x to 1 and each other entry to 0, we obtain a matrix in V(I) \ V(I + xS), from which it
follows that 7 + xS is a larger ideal in the family, and hence radical by the inductive hypothesis. If a = s
for some k, then P :=rad [ is prime by (1); since x ¢ P, Lemma 5.1 implies that / = P, so [ is prime.

In the remaining cases, there exists an integer k with sz < a < si41 and the element x is either y| 441
OF Yr41,a+1- Set

’ .
g = (S(),Sl, ey Sk—1,Ay Sk+15 - - ,Sm),

https://doi.org/10.1017/fms.2023.67 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.67

22 M. Hochster et al.

and take P to be the prime ideal /- + J, or I, + J, in the respective cases; if k = 0, then
o' =(a,s1,...,5m)

is not standard, but the primality follows nonetheless from the case of a matrix of size 2¢ X (n — a). The
specialization used earlier shows that x ¢ P. Using Lemma 5.3, one has

N

Va1t lke1(Ya) € Irso(Yar1) +Ja € Iko(Ylg,) +Ja € 1o+

and

Veelattlks1 (Ya) € Do(Ylaw) +J;, € Da(Yls,,) +J, € 1o+ J,,

so xP C [ in either case. It follows that [ is radical by Lemma 5.1.

For (3), let V denote the algebraic set V(I + J,) or V(I + J,). We first compute the dimension
of V. In each case, V has an open subset U in which each matrix has the property that the submatrix
consisting of the columns indexed

S0+], S1+1, ceey Sm_1+] (672)

has rank exactly m. Note that m < ¢ and that m < n. This open set U is nonempty, hence dense, for it
contains the matrix in which the columns indexed (6.7.2) are, respectively, the standard basis vectors

€142, €143, « -5 €tam, €141,

and all other columns are zero. The order of the standard basis vectors above accounts for the possibility
that V- may be V(I +J,_,), though it cannot be V (/- +J;,), given our hypotheses. It suffices to compute
the dimension of U.

Given a matrix A in the open set U, let B denote the 2¢ X m submatrix consisting of the columns
indexed (6.7.2). For each j with 1 < j < m, the submatrix D; of A consisting of the columns indexed
sj_1+1,...,s; can be uniquely written as a linear combination of the columns of B|;. The coefficients
needed comprise the columns of a size j X (s —s;_1) matrix that we denote C;. The first column of C; is

0,0,...,0, D"
while the other j(s; —s;_1 — 1) entries are arbitrary scalars. In the case V(I +J,), the matrices B vary
in a space of dimension
m
2mt — -k
(3]

by Corollary 6.4, and it follows that U has dimension

th—(n;)—k+l(s1—so—1)+2(s2—s1—1)+~--+m(sm—sm_1—1)
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The dimension count for V(I + J}) is similar, bearing in mind that in this case the matrices B vary in
a space of dimension

2mt—(’;)—m—k.

The proof of the Cohen—Macaulay property is again via induction, assuming the result for matrices
Y of smaller size, as well as for larger ideals in the family. Consider a prime of the form /- + Jy, , where
k < m —1.Since y| 5.+1 is a nonzerodivisor on S/ (I, + Js, ), it suffices to prove that

S/(I(T+Jsk +yl,Sk+IS) = S/(I()'+Jsk+l)

is Cohen—Macaulay. If s + 1 = si4q, then this is immediate from the inductive hypothesis. Else,
Sk + 1 < sg41, and we claim that I+ + Ji, 41 has minimal primes

O1:=1s+J5,, and Q:=Ip +Jg+1,
where
0 = (80,815 s Sk Sk + L, Skits oo s Sim);
if k =0, then ¢’ = (1,s1,...,5,) is not standard, but Q, is prime by the case of a matrix of size

2t X (n — 1), and the dimension of S/Q5 is readily computed. Since /- + Jy, +1 is radical and contained
in each Q;, it suffices to verify that

Q1Q2 - I(r+Jsk+]-

This is straightforward since

Yiolks1 (Y1) € Iia(Yls,) g1 € Lo+ 511

for each b with b < si4; by Lemma 5.3. By the inductive hypothesis, each Q; is prime, defining a
Cohen—Macaulay ring S/Q;. Moreover,

Ql + Q2 = Iy +Jsk+1
is prime, and Lemma 5.2 applies since

m—1
dim$/Qy = dim$/Qy = m(2+n—-m)—k—-1- ) s; = dim$/(Q1+Q2) +1.
j=1

This concludes the argument that
S/(Ug+Jse01) = S/(Q1NQ2)

is Cohen—-Macaulay. The proof for a prime ideal of the form /- + Jg, , with k < m — 1, is similar.
The remaining case is a prime of the form I, + J,,, where it suffices to prove that

S/(Io‘+Jn+yt+],1S) = S/(I(,—+J{)

is Cohen—Macaulay. This follows from the inductive hypothesis if s; = 1. If s; > 1, we claim that
I +J{ has minimal primes

Q] = IO- +JS’1 and Q2 = 10—+Jn+(y2], V315 - vy ygt’l)S.
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For this, it suffices to verify that Q10> C I + J{, which follows using I>(Y|s,;) C /. Note that S/Q>
and S/(Q1 + Q) are Cohen—Macaulay using the case of a smaller matrix, namely the matrix with the
first column of Y deleted. Since

m—1
dimS/Q, = dimS/Q, = m(2t+n—m—1)—l—Zsj = dimS/(Q; + Q) +1,
j=1

Lemma 5.2 allows us to conclude that

S|y +J]) = S/(Q1NQ2)
is Cohen—-Macaulay. O

We single out the main case of the previous theorem.

Theorem 6.8. Let Y be a 2t X n matrix of indeterminates over a field K, where t and n are positive
integers. Set S := K[Y] and B := (Y"QY)S, that is, B is the ideal generated by the entries of the matrix
YYQY. Then S/PB is a Cohen—Macaulay integral domain, and

2nt—; ifn<t+1,

dimS/B = 1
n[+( 2) if n>t.

Proof. The formulae for the dimension coincide when n equals ¢ or ¢ + 1.
Ifn <t,takeo =(0,1,2,...,n—1,n) in Theorem 6.7.3, to obtain

dimS/P = n(2t+n—-n)—(1+2+---+(n-1)) = Znt—(’;),
while if n > ¢, take 0 = (0, 1,2, ...,t — 1, n), in which case the theorem gives
. t+1
dimS/P = tRt+n—-t)—(1+2+---+t—-1) = nt+ 5 |
completing the proof. O

6.5. The purity of the embedding

Using this, we settle the Sp,, (K) case of Theorem 1.1.

Theorem 6.9. Let K be a field of positive characteristic. Fix positive integers n and t, and consider the
inclusion ¢: K[Y'QY]| — K|[Y], where Y is a size 2t X n matrix of indeterminates. Then ¢ is pure if
andonlyifn <t+ 1.

Proof. We claim that if the inclusion ¢: K[YTQY] — K[Y] is pure for fixed (n, t), then purity holds
as well for the inclusion of the K-algebras corresponding to (n’, t) with n’ < n.

Set Y’ := Y|, that is, Y’ is the submatrix consisting of the first n’ columns of Y. Consider the
N-grading on K[Y], where the indeterminates from Y’ have degree 0, as does K, while the remaining
indeterminates have degree 1. Then

K[Y"Qy], = K[Y'"QY’],
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so K[Y’"QY’] is a pure subring of K[Y]. It follows that the composition
K[Y'"QY’] ¢ K[Y"QY] C K[Y]

is pure as well, but then so is K[Y'"QY’] € K[Y’].

Set S := K[Y] and R := K[Y"QY]. We next prove that ¢ is pure in the case n = ¢ + 1. In this case, the
ring R is regular, with the upper triangular entries of Y"QY forming a regular homogeneous system of
parameters for R. Asdim R = ('2’) , it suffices by Theorem 2.1 to verify that the local cohomology module

1 (s)

is nonzero, where mpg is the homogeneous maximal ideal of R. This is immediate from Theorem 6.8,
which implies that mgS$ is an ideal of height (}).
It remains to prove that ¢: R — S is not pure if n > #+2. By the reduction step, this comes down to

the case n = t+2. In this case, the ring R = K [Y'"QY] is again regular, of dimension ('2’) , so by Theorem

()

2.1 it suffices to verify the vanishing of H,;’; (S). This follows from Theorem 6.8, which implies that
mgS is an ideal of height
n
-1,
)

defining a Cohen—Macaulay ring S/mgS. O

7. Symmetric determinantal rings

Let X be an n X n symmetric matrix of indeterminates over a field K. For d a positive integer, the ring
K[X]/14+1(X) is a Cohen—Macaulay normal domain of dimension

n+1 n+l-d
2 2 ’
with the convention that (;) = 0ifi < j. The Cohen—Macaulay property is due to Kutz [Ku]. The ring
K[X]/14:+1(X) is regular precisely if n < d. When that is not the case, it has class group Z/2, and is
Gorenstein precisely if n = d + 1 mod 2, [Gol, Go2].

Let Y be a d X n matrix of indeterminates over a field K, and set S := K[Y]. For X as above, the
entrywise map of matrices

X — Yy

induces a K-algebra isomorphism between K[X]/I4.1(X) and the subring R := K[Y"Y] of S. Our goal
in this section is to determine when the inclusion ¢: R — § is pure. The orthogonal group O;(K)
acts K-linearly on § via

M:Y — MY for M € O4(K).
Since MM equals the identity matrix for M € O4(K), the entries of YUY are fixed by the group action.

When the field X is infinite, of characteristic other than two, the invariant ring is precisely the subring
R, see [DP, §5]. When K is an infinite field of characteristic two, the invariant ring is

d
KIY"™y, > v | 1<) <nl,
i=1
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as proved by Richman [Ri, §5]. This corrects an error in [DP, pp. 353-354]. A presentation for the
invariant ring in this case is provided by [Ri, Proposition 23].

If K has characteristic zero, then O4(K) is linearly reductive, and it follows that the invariant ring R is
a direct summand of S as an R-module; specifically, ¢: R — S is pure when K has characteristic zero.

7.1. The complete intersection property

We work out the analogue of Theorem 6.3 in the symmetric case. The ideal (YY) has

n+1
2
minimal generators, coming from the distinct entries of the symmetric matrix YY. We next prove that

in the case n < (d + 1) /2, these generators form a regular sequence, in other words, that K[Y]/(Y"Y)
is a complete intersection ring. More generally:

Theorem 7.1. Let Y be a d Xn matrix of indeterminates over a field K, where d and n are positive integers
withn < (d +1)/2. For k < n, let a be an ideal generated by k distinct entries from the first row. Then

dimK[Y]/((Y'Y)+a) = dn— (";’ 1) -k,

so, in particular, K[Y]/((Y"Y) + a) is a complete intersection ring.

Proof. It suffices to prove the assertion after specializing the entries of the last d — 2n + 1 rows to zero.
We may hence assume that n = (d + 1) /2, that is, Y is size (2n — 1) X n.
First, suppose k = 0. Specialize the entries of Y to the corresponding entries of the matrix

Y11 0 0 0 0 0 0
yar o Y2 0 0 0 0 0
yir y» o Y3l 0 0 0 0
Y41 Y& Y42 o Y4l 0 0 0
_ Yn-1,1 Yn-1,2 Yn-13 Yn-1,4 *** Yn-12  Yn-1,1 0
Y= ym Yn2 Yn3 Yn4 Yn3 Yn2 Ynl
0 Ynt1,2 Ynel3 Ynel s **° Yneld  Yntl3  Ynsl2
0 0 Yn2,3 Yni2,4 *°0 Yn25  Yne2d Yn23
0 0 0 0 Y2n-3,n-2 Y2n-3,n-1 Y2n-3,n-2
0 0 o - 0 Y21 Y21
0 0 0 e 0 0 Y2n-1,n

A routine—albeit tedious—count shows that this specialization entails killing

3n(n—-1)/2

linear forms in K [Y]. The ideal (Y"Y) has ("] ') minimal generators; since

dimK[Y] = 2n-1)n = (n;1)+%n(n—l),
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it suffices to verify that
— —tr—.
K[Y]/(Y'Y)

2

. . .Uy . .
has dimension zero. The (1, n) entry of the matrix Y Y is yil. Modulo y,1, the (2, n) entry is Vnil2:

. . . .. —=tr—
Proceeding in this order, examining the last column of Y Y, we see that
Ynls Yn+1,2> Yn+2,35 «++s Y2n-2,n-1> Y2n-1,n

are nilpotent in K[Y]/ (7“1_/). Modulo these elements, the last column and the last two rows of Y are
zero; proceed inductively.

Since the displayed specialization Y entails killing  — 1 entries from the first row, the case 0 < k < n
follows as well. O

7.2. Nullcones of symmetric determinantal rings in characteristic two

Let Y be a matrix of indeterminates of size d X n, over a field K of characteristic two. The diagonal
entries of the product matrix Y"Y are

y%]+“'+y31’ T y%n+.“+y§n'
Working in the ring S := K[Y], the ideal
S:i=(Y")S+ i+ +Ydl, - Yin+ -+ Yan)S

agrees with (Y'Y)S up to radical. We prove next that G is a prime ideal, defining a Cohen-Macaulay
ring.

Theorem 7.2. Let Y be a dXn matrix of indeterminates over a field K of characteristic two. Set S := K[Y]
and let S be as above. Write d as 2t + 1 or 2t + 2, where t is a nonnegative integer. Then S/S is a
Cohen—Macaulay integral domain, and

1
nd_(";) fn<t+1,
. t+1 .
dimS/S = nt+( 2) ifd=2t+1and n > t,

r+1
n(z+1)+(;) ifd=2t+2and n>t.

Proof. LetY denote the upper (d — 1) X n submatrix of Y. In the ring S/S, one has

Ydi = Yiit- o +Yd-1,i

for each i, so S/ is a homomorphic image of K[Y]. Making the substitutions using the equation
displayed above, one sees that

S/G = K[Y]/(Y"WY),

https://doi.org/10.1017/fms.2023.67 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.67

28 M. Hochster et al.

where W is the (d — 1) X (d — 1) alternating matrix

011 ...
101...1

go|[110
11t 0

It is readily checked that ¥ is invertible if d — 1 is even and that it has rank d — 2 otherwise. Since
alternating matrices of the same size are cogredient as in (6.0.2) precisely if they have the same rank, if
d — 1 is even, then ¥ is cogredient to the standard symplectic block matrix Q, whereas, if d — 1 is odd,
then ¥ is cogredient to

Q0

(o)

where Q is size d — 2. This largely reduces the proof to an application of Theorem 6.8:
If d = 2t+1, thering §/& isisomorphic to K[Z]/(Z¥QZ), where Z is a 2txn matrix of indeterminates.
It follows that S/& is a Cohen—Macaulay integral domain, with

n n+l1
— = — i < S
2nt (2) nd ( ) ) if n<r+1

nt + ) if n>1t.

If d = 2t + 2, then S/S is isomorphic to a polynomial ring in n indeterminates over the ring
K[Z]/(Z"QZ), where Z is a matrix of indeterminates of size 2¢ X n. It follows that S/& is again a
Cohen—-Macaulay integral domain and that

+1
n+2nt — Z = nd—(n2 ) if n<r+1,
dim §/G = 1
n+nt+( ) if n>1t,
2
which completes the proof. O

7.3. Nullcones of symmetric determinantal rings in characteristic other than two

Throughout this section, K will denote a field of characteristic other than two. We study the nullcone
K[Y]/(Y"Y), where Y is a matrix of indeterminates of size d X n.

Let V be the vector space K¢ with the standard basis. Let B: V x V — K be the symmetric bilinear
form given by

(vi,v2) — viva. (7.2.1)

A subspace W of V is isotropic if B(wy,w;) = 0 for all w; € W. Since B is nondegenerate, an isotropic
subspace W has rank at most d/2, where V has rank d.

Let M be a size d X n matrix over K with MM = 0. Then the columns of M span an isotropic
subspace, so rank M < d/2. Setting ¢ := | d /2], it follows that I, (M) = 0. If K is algebraically closed,
the Nullstellensatz implies that

I141(Y) C rad (Y"Y)
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in the polynomial ring K[Y]. In view of this, set
S = (YY) + I, ().

When the size of Y needs to be referenced, we use the notation Sgy,,. When d is odd, we shall prove
that the ideal S is prime and defines a Cohen—Macaulay ring K[Y]/S. When d is even with d < 2n, it
turns out that G has minimal primes 9 and Q (see Definition 7.7) with the rings K[Y]/ and K[Y]/Q
being Cohen—Macaulay. All of this will be proved using principal radical systems.

The proof of the following is much the same as that of Lemma 6.1.

Lemma 7.3. Let K be a field. Consider the vector space K¢ equipped with a nondegenerate symmetric
bilinear form. Let L be a nonzero linear functional on K<, and let

VicV,C---CV,

be isotropic subspaces of K¢ with rank Vi < j for each j, where m < |d/2].
Suppose L vanishes on Vy. for some k. Then there exist isotropic subspaces

WicW,c---c W,

such that, for each j, one has V; € W; and rank W; = j, and L vanishes on Wy.

Remark 7.4. Let K be an algebraically closed field of characteristic other than two. The orthogonal
group O, (K) is the group of n X n matrices M over K with M"M = 1. It follows that O, (K) is an
algebraic group; it has two connected components, the special orthogonal group SO,,(K) consisting of
elements with determinant 1 and its complement consisting of orthogonal matrices of determinant —1.

Let W be an nxn matrix of indeterminates over K, in which case O,, (K) may be viewed as the algebraic
set V(WYW — 1). The ideal (WYW — 1) is radical in K[W], minimally generated by (";]) polynomials
that form a regular sequence; see, for example, [Pr, page 238]. Since O, (K) is nonsingular, being an
algebraic group, each irreducible component is nonsingular. By Serre’s criterion, K[W]/(WYW — 1) is
a normal ring; it is a product of normal domains corresponding to the two connected components.

For an integer k with k < n, let Z := W|; denote the submatrix consisting of the first £ columns
of W. A minimal generating set for the ideal (Z"Z — 1) extends to one for the ideal (W*W — 1), so
K[Z]/(Z"Z — 1) is also a normal complete intersection ring. The map

SO, (K) — V(Z"Z -1)

given by truncating columns is surjective since each matrix in V(Z"Z — 1) can be extended to one in
SO, (K). Since SO, (K) is irreducible, so is its image. It follows that

K|[Z]/(Z"Z - 1)

is a normal domain.

Definition 7.5. Let @ be a subset of {1, ..., n}, and @€ its complement. Set sgn(«) to be the sign of the
permutation that sends the n-tuple (1, ..., n) to the n-tuple («, @®), where the entries of each of @ and
a® are in ascending order.

For a matrix M, a subset @ of the row indices, and a subset § of the column indices, set My to
be the submatrix with rows @ and columns 8. The following lemma appears to be well known, but we
include a proof based on [Ja].

Lemma 7.6. Let Q € O, (K). Let a and 8 be subsets of {1, . .., n} of cardinality k, where 1 < k < n—1.
Then

det(Qalp) = sgn(a)sgn(B) det(Q) det(Qqepe)-
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Proof. First, consider the case @ = {1,...,k} = B. Let
A B
where A is a square matrix of size k, and D is a square matrix of size n — k. Then

Le 00} _ pou = (A B)(A" C") _ (AA™+BB" AC"+BD"
0 Lok ~ \c p)\B" D*) = \CA" + DB"™ CC" + DD")’

using which one has
A B\(1x C"\ _ (A AC"+BD"™\ (A O
C DJ\0 D*] — \C cC"+DD"| = \C 1,/
Taking determinants gives

detQdetD = detA,

which is precisely the assertion of the lemma in this case.

For arbitrary «, 8, permute the rows of Q by sending the rows indexed (a, a®) to the rows indexed
(1,...,n), and the columns indexed (B, 8°) to the columns indexed (1, . . ., ). This yields an orthogonal
matrix with determinant sgn(«) sgn(3) det(Q). The result now follows from the previous case. O

Definition 7.7. Let Y be a 2t X n matrix of indeterminates over a field K of characteristic other than
two, where ¢ < n. Assume that K contains an element i with i2 = —1.
Set P to be the ideal of K[Y] generated by S and the polynomials
det(Yqip) —i" sgn(a) det(Yoe p),

for all subsets @ C {1,...,2t} and B C {1,...,n} of size t.
Similarly, set 2 to be the ideal generated by & and the polynomials

det(Yqp) +i' sgn(a) det(Yoep),

for all @ and B as before. We use Py, and Qo;x, When the size of Y needs clarification.

It is readily seen that

P YY)+LX¥) and Q C YYV)+I(Y) (7.7.1)
in K[Y], and that setting J,, := (y11, Y12, --.», Y1in) One has
PB+J, = YN+ L X))+, = Q+J,. (7.7.2)

Lemma 7.8. Suppose M and Q are n X n matrices over a field K, where Q € O,,(K). Let « be a size n
subset of {1, ...,2n}, and af its complement. Then

det[(_ing)a] =" sgn(a)(detQ)det[(_l_AQ/IM)ac],

where ()q denotes the submatrix with rows a, and sgn(«) is as in Definition 7.5.
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Proof. Using (—iAQ/IM) = (—Ith)M , it suffices to prove the result when M is the identity matrix. First,

consider the case

a:={1,2,...,k,n+k+1,n+k+2,...,2n},

and write
I, O
1.y [ 0 1,
-iQ|] ~ |-iA —iB |
—iC —-iD

where Q = (é g) for square matrices A and D of size k and n — k respectively. Then

1, _ Iy 0 _ (_n\nh—k
det[(—iQ)a] = det(_ic —iD) = (=) " detD
and

det

1, _ 0 Ln-k)\ _ , \k(n-k) Lok 0} _ L \k(nk),_~k
(_iQ)(yC] = det(_l.A —iB) = (-1 det _ip —iAl T (-1) (=i)" det A.

The required verification is now
()" *detD = i"sgn(e)(det Q) (1) "R (—i)k det A,

which follows since sgn(a) = (—1)*"*=%) and det Q det D = det A by Lemma 7.6.
For an arbitrary «, permute rows and columns, keeping track of sign changes, so as to reduce to the
case settled above. O

The following proposition is the analogue of Proposition 6.6 in the symmetric case:

Proposition 7.9. Let d and n be positive integers withn < d /2. Let Y be a d X n matrix of indeterminates
over an algebraically closed field K of characteristic other than two. For a an integer withQ < a < n, set

Ja = (Y115 Y125 > Y1a)S
and I := (Y'Y)S + J,, where S := K[Y].

(1) Ifn <d/2and a < n, then V(I) is irreducible.
(2) Ifn=d/2 and a < n, then V(I) has irreducible components V(P + J,), V(Q + J,).

Proof. Let A be the upper n X n minor of Y. We claim that A is a nonzerodivisor on S/I. Since S/1 is
a complete intersection ring by Theorem 7.1, it suffices to show that A does not belong to any minimal
prime of 1.

Let G be a copy of SO,4-1(K), embedded in SO, (K) as

((l) g), for Q € SO4_1(K).

The action of G on S with M: Y — MY induces an action on S/I, and hence on the set of minimal
primes of S/I. Since G is connected, this action must be trivial, that is, G stabilizes each minimal prime
of S/I.
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Up to sign changes, rows of Y other than the first row may be permuted using an element of G. It
follows that under the action of G on S, each maximal minor of Y that involves the first row is in the
orbit of A, so any minimal prime of / containing A also contains each maximal minor involving the first
row. Said otherwise, if A vanishes on an irreducible component of V (1), then so does each such minor.

For a d X n matrix over K, if each maximal minor that involves the first row is zero, and some other
maximal minor is nonzero, then the first row must be zero. Hence if A vanishes on some irreducible
component of V(I), then either J,, or I,,(Y) vanishes on that component. In other words, any minimal
prime of I containing A must contain either J,, or each maximal minor of Y. Since a < n, one has

dimV(I) = dn—(n_;l)—a dimV(I+J,) = (d—l)n—(”;rl),

so no minimal prime of / contains J,,. It follows that any minimal prime of / that contains A also contains
I(Y).
Let Y’ be the submatrix consisting of the first n — 1 columns of Y, and consider the ideal

I'=X"Y)+ (i1, Yizs -+ -5 Yia)
of K[Y’]. Viewing a point of V(I’) as columns (vy,...,v,_1), the image of the map
V(') x K" — V(I +1,(Y))

(1 vnt) 5 (€1 ) = (Ve Y iv)

includes the open subset of V(I + I,,(Y)) where the first n — 1 columns are linearly independent. Hence,
dimV({I +I,(Y)) < dmV{I)+(n-1) = d(n-1) - (;) —a+(n-1) < dimV({).

It follows that a minimal prime of / cannot contain 7, (Y) and hence that A is not in any minimal prime
of 1. The completes the proof that A is a nonzerodivisor on S/I. In light of this, there is a bijection
between the minimal primes of S/I and those of Sp /1.

Y,
Write the matrix Y as (Yl)’ where Y] is the upper n X n submatrix so that A = detY;. Since Y; is an
2

invertible matrix over S, one has
Sa = K[Y1, Yala = K[Y1, Y2Y; A,

so the entries of Y>¥ !, and hence of Z := inyYr !, are algebraically independent over the fraction field

of K[Y1]. Since
Y 1
-1 _ [f1}y-1 _
= () - L)

the ideal (Y"Y)S, agrees with the ideal generated by the entries of

(rrhryryyt = (1 -iz") (—]ilZ) =1-2"2,
thatis, So /(Y"Y) = K[Y1, Z]a/(Z"Z—1). As J,, is generated by indeterminates from the matrix Y, the
minimal primes of S /I correspond to those of K[Z]/(Z"Z — 1), and it suffices to prove the theorem
in the case a = 0.

Ifn < d/2,onehasn < d—n,so K[Z]/(Z"Z — 1) is a domain by Remark 7.4, completing the proof

of (1). When n = d/2, the matrix Z is n X n, so V(Y"Y) has two irreducible components corresponding
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to the two components of O, (K) = V(Z"Z — 1), though it remains to verify that these are precisely
V(P) and V(Q).
The homomorphism
K[Y] = K[V, Y»] — K[V, Z]/(Z2%Z - 1)
with Y, — —iZY] kills (YY), giving a homomorphism

K[Yl/(Y"Y) — K11, Z]/(Z"Z - 1),

that is an isomorphism upon inverting A. Since A is nonzerodivisor in K[Y]/(Y"Y), the ideal (YY) is
radical. The homomorphism above gives a map

A" X 0,(K) — V(YY)

(4.0 (_lg A).

—ig A) lies in the algebraic set V() if O € SO, (K), and in the algebraic
set V(Q) otherwise. Hence, the map displayed above restricts to maps

Using Lemma 7.8, the matrix (

A" xS0, (K) — V(B) and A" x0,(K) \ SO (K) — V(RQ).
Since V(PB) U V(Q) contains V(YY) \ V(A), we have
PNQ € (Y'Y)K[Y]a.
Using again that A is nonzerodivisor in K[Y]/(Y"Y), it follows that B N Q = (Y'Y). O

Corollary 7.10. Let Y be a 2t X n matrix of indeterminates over an algebraically closed field of
characteristic other than two. Then the algebraic set V(YY) equals V(P) U V(RQ).

Proof. One containment is immediate as the ideals P and Q contain (Y"Y). Let M be amatrix in V (Y'Y).
If M has rank less than ¢, then it belongs to each of V() and V(RQ). In the remaining case, M has rank
exactly #; assume without loss of generality that the first # columns of M are linearly independent. Then
the 2¢ X t submatrix M|, belongs to V(B|,) or V(Q|;) by Proposition 7.9. Since the remaining columns
of M are linear combinations of the columns of M|;, it follows that M belongs to V(B) or V(Q). )

We now set up the principal radical system needed to study the ideals f, Q and S. Let Y be ad X n
matrix of indeterminates over K; recall that

S = (YY) + L (Y),

where ¢ := |d/2]. Let o := (s0, 51, 52, - - ., Sm) be a sequence of integers with 0 < s; < n for each k,
and s,, = n. Set

Iy = S +1 (Y|v0) +12(Y|s1) +I3(Y|s2) t-- +Im+l(Y|Sm)7

where, as earlier, I;4; (Ylsk) denotes the ideal generated by the size k + 1 minors of the submatrix
consisting of the first s columns of Y. If d = 2¢, set

1L =B+ 1 (Yls) + L(Yls,) + B(Y]s,) + -+ Ins1 (Yls,,)

https://doi.org/10.1017/fms.2023.67 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.67

34 M. Hochster et al.

and
I =+ (Yly) +L(Yly) + B(Y]s) + -+ L1 (Yls,,)-

Note that if m < ¢, then both I, and I}/ contain /;(Y), and hence equal /.
We say o is standard it

O=so<s1<s§<---<sp,=n, and m<t.

For integers a with 0 < a < n, set

Ja = (i1, Y125 -+ 45 Via)-
Suppose o := (89, S1, 82, - . . , S1) is standard, d = 2¢, m =t and s,,,-1 < a < §,,,. Define
’ .
0 = (850,51,52, -+ Sm=2,0, Sm).

We claim that

IL+Jg =1, +J, and I +J, = 1) +J,.

For the first equality, it suffices to verify that
L(Yla) € B+Ja,

which holds by equation (7.7.2) since the first row of Y|, is zero modulo J,,. The second is similar.
With the notation as above, we prove:

Theorem 7.11. Let Y be a d X n matrix of indeterminates over an algebraically closed field K of
characteristic other than two, and set S := K[Y]. Let o = (s9, 51, 52, - - . , Sm) be a sequence of integers
with 0 < s, < nforeachkand s, =n. Fixawith() <a <n.

(1) Suppose o is standard and a = sy, where 0 < k < m—1. Ifd is odd, then V (1, +J,) is irreducible;
ifdis even, then V(I +J,) and V(I] + J,) are irreducible.

(2) The ideal 1, + J, is radical. If d is even, the ideals I, + J, and 1] + J, are radical.

(3) Suppose o is standard and a = sy, where 0 < k < m— 1. If d is odd, then I, + J,, defines a Cohen—
Macaulay integral domain. If d is even, I+ J, and 1] + J, both define Cohen—Macaulay integral
domains. In each case, the domain has dimension

m—1

m(d+n—m—l)—k—2s]~.
j=1

Proof. Let V denote one of the algebraic sets V(I + Jg, ) or V(I + J,, ) or V(I + J,, ) under the
hypotheses of (1). We first prove that V is irreducible. Take V to be the set of d X m matrices lying in
either V(Sgxm) or V(PBaxm) or V(Qaxm), in the respective cases, with the additional condition that the
first k entries of the first row are 0. Note that m < d/2 and k < m, so V is irreducible by Proposition 7.9.

Let B be an element of V. For 1 < j < m, let C; be a matrix of size j X (s; — s;-1) and set A to be
the matrix

(Bl1C1) #(BLCo) # - - - #(B|:nCpn), (7.11.1)
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where # denotes concatenation. It is readily seen that A is an element of the algebraic set V. The matrices
Ci, ..., Cy, may be regarded as the points of an affine space V; of dimension

m
Z J(sj—sj-1)
=

so that the construction (7.11.1) gives a map Vo x V; — V. Since the image of an irreducible algebraic
set is irreducible, it suffices to verify that this map is surjective.

Let A be a matrix in the algebraic set V. For 1 < j < m, let V; denote the span of the columns of the
truncated matrix Als;. Consider the linear functional L that is projection to the first coordinate, and the
symmetric bilinear form is as defined in (7.2.1). By Lemma 7.3, there exist isotropic subspaces

WicWyc---CcWy,

such that V; C W; for each j, and W; has rank j. Consider a size d X m matrix B such that B|; spans W;
for each j. Then the columns of A[;; belong to the column span of B; for each j, so there exist matrices
C; using which A may be obtained as in (7.11.1). This concludes the proof of (1).

Set I7. tobe one of I+, 1,1 and [ := I}, + J,. To show I is radical or prime, we assume the result
for matrices Y of smaller size, as well as for larger ideals in the family, and apply Lemma 5.1. The three
families are interlaced in the inductive process, since

K[Y265n]/(Borxn +Jn) = K[Yaro1xnl/G2t-1xn = K[Yarsn]/ (Rorscn + Jn)

using equation (7.7.2), and Corollary 7.10 gives

K[Y211xnl/1ad (Sarp15n + Jn) = K[Yarxnl/rad (Porscn N Qorsen)-

Assume a < n, since otherwise K[Y]/I effectively involves a matrix of size (d — 1) X n. In applying
Lemma 5.1, set

X = Yl,a+l-

Specializing Y such that y; 4+1 — 1, and y» 4,41 — =i, and every other entry maps to 0, we obtain a
matrix in V(I) \ V(I + xS). The choice of sign in +i is relevant when d = 2 and depends on whether /
contains P or Q. It follows that / + xS is a strictly larger ideal: In particular, for a < n — 1 we have

[+xS = I' +Jau1,

and for a = n — 1 we have I + xS = I, + J,,, which effectively puts us in the case of a smaller matrix.
Hence, in each case, I + xS is radical by the inductive hypothesis. If a is as in (1), the ideal P :=rad [
is prime. Since x ¢ P, Lemma 5.1 implies that / = P, and hence that / is prime. Else, there exists an
integer k with sx < a < sg41. Set

/.
g = (SO’S], . ,Sk_],a, Sk+], . 7sm)’
and take P to be the prime / Zr +Jg;if k =0, then o’ = (a, 51, . . ., s;) is not standard, but the primality
still holds from the case of a smaller matrix. The specialization used earlier shows that x ¢ P. To

conclude that [ is radical by Lemma 5.1, it remains to verify that xP C I. For this, note that

Va1 k1 (Yla) € Lo (Ylas) +Ja €S I (Yg,,) +Ja € 1,

where the first inclusion is using Lemma 5.3.
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For a as in (3), we next compute the dimension of the algebraic set V := V(I + J,). Consider the
open subset U of V in which each matrix has the property that the submatrix consisting of the columns
indexed

so+1, si+1, ..., s +1 (7.11.2)

has rank exactly m. This open set U is nonempty hence dense, for it contains the matrix in which the
columns indexed (7.11.2) are the first m columns of the matrix

00...01
?8:::8 00...0i
00 10...00
o1 o i0...00
oi ol o |01 00]

0i 00
00 1)y

00 0

depending on whether d is odd or even, respectively, and the remaining columns are zero.

It suffices to compute the dimension of U. Given a matrix A in the U, let B denote the d X m submatrix
consisting of the columns indexed (7.11.2). For eachj with 1 < j < m, the submatrix D ; of A consisting
of the columns indexed s;_; +1, ..., s; can be uniquely written as a linear combination of the columns
of B|;. The coefficients needed comprise the columns of a size j x (s; — s;_1) matrix that we denote
C;. The first column of C; is

0,0, ...,0, D"

while the other j(s; —s;_1 — 1) entries are arbitrary scalars. By Proposition 7.9, the matrices B vary in
a space of dimension

m+1
dm — -k
m ( 2 ) '

so U has dimension

1
dm_(m; )_k+1(sl—so—1)+2(sz—51—1)+"'+m(5m_sm—l_1)

m—1

= m(d+n—m—1)—k—2sj.
j=1

It follows that V(I + J,) has the dimension as claimed. When d is even, V(I +J,) and V(I + J,)
also have the dimension displayed above.

The proof of the Cohen—Macaulay property is again via induction, assuming the result for smaller
matrices and for larger ideals in the family. Consider first a prime ideal of the form I, + J,, where
a := s < n, and d is odd. Since the element y; 44 is a nonzerodivisor on S/(I, + J,), it suffices to
verify that

S/([O' +Jq4 +y1,a+IS) = S/(Io' +Ja+1)

is a Cohen—Macaulay ring. The proof of this, for d odd, is split into five cases:
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Case (i): Suppose k < m—2.If a+1 = sg41, then S/ (I, +J4+1) is Cohen—Macaulay by the inductive
hypothesis. If a + 1 < sg41, we claim that I, + J,. is the intersection of the prime ideals

O1:=1s+Jg, and Qs:=Iy+Jg41,

where 0’ = (50, 51,5 Sk=1,a+ 1, Sg415 - - . Sm). If kK = 0, then Q5 is prime by the case of a matrix of
size d X (n — 1). Since I, + J441 is radical and contained in each Q;, it suffices to verify that

0102 C Iy +Jas,
which comes down to
Jsudlor € Io+Jasr.
This is straightforward, since for each b with b < sy, one has

Vo1 (Ylar1) € D2 (Yisyy) +Jar1 € 1o+ Jay

using Lemma 5.3. By the inductive hypothesis, each prime Q; defines a Cohen—Macaulay ring S/Q;.
Moreover,

Ql + Q2 = Iy +Jsk+1
is prime, and Lemma 5.2 applies since

m—1
dimS/Q; = dimS/Q, = m(d+n—m—1)—k—l—2sj = dimS/(Q; + Q») + 1.
j=1

It follows that
S/(Ug+Jar1) = S/(Q1NQ2)

is Cohen—Macaulay.

Case (ii): Next suppose k =m — 1, and m < |d/2] anda+ 1 =n. Set t := (d — 1)/2, and let Y’
denote the lower 2¢ X n submatrix of Y. Since /- contains the ideal 1,1 (Y) and hence I;(Y), it follows
that I, + J,, contains Bosx, (Y’) and Qs (Y7) by (7.7.1). But then

S/Ue+1n) = K[Y'1/(I;) = K[Y']/(I7),

which is Cohen—Macaulay by the case of a smaller matrix.
Case (iii): Suppose k =m — 1, and m < |d/2],and a + 1 < n. Then I, + J,4 is the intersection of
the prime ideals

Q,:=1,+J, and Q=15 +Jy41,

where 0’ = (50, 81, --.,Sk-1,a + 1, Sk41,- .., Sm). The ring §/Q1 is Cohen—Macaulay by the case of a
smaller matrix, and the proof proceeds along the lines of Case (i).
Case (iv): Suppose k =m — 1, and m = |d/2], and a + 1 = n. Then

lo+Jay1 = 1o+ Ty
is the intersection of the prime ideals

Q1:=1s+Jy+P and Qr:=I1,+J,+2Q,
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where P 1= Boyxn (YY) and Q := Qoyxn (Y'), with Y’ the lower 2m X n submatrix of Y. The rings S/Q
and S/Q, are Cohen—Macaulay by the inductive hypothesis, of dimension

m—1

m(m+n—1)—Zsj.

J=1

Moreover,
01+07 =1+ +B+Q = Io+J,+1,(Y) = 15 +Jp,
where o’ := (59, S1, - -+, Sm-2,1), 80 S/(Q1 + Q2) is Cohen—-Macaulay of dimension
m-2
(m - 1)(m+n) - Z 5.
j=1
But then

dimS§/Q1 = dimS/Q> = dimS/(Q1 +Q2) +1,

so Lemma 5.2 implies that S/(Q; N Q») is Cohen—Macaulay.
Case (v): Lastly, suppose k =m—1,and m = |d/2],and a+ 1 < n. We claim that the ideal I, + J4+1
is the intersection of three prime ideals

Oy:=1,+J,+B, O i=1,+J,+Q, Q3 =1y +J4i1,
where P := PBoyuxn (Y’) and Q := Qoppxn (Y7), with Y’ the lower 2m X n submatrix of Y, and
o’ = (50,815, Smo,a+1,5,).
Since Q1 N Qr =I5+ J, and I, + J441 is radical, it suffices to verify that
Uog +Tp)Ugr +Jar1) € 1o+ Jas1,

which is a now-routine application of Lemma 5.3.
Towards proving that S/(Q N Q> N Q3) is Cohen—Macaulay, first note that

01+03 = I+J,+PB and O0r+03 = I, +J,+2Q,
so the dimension formula proved earlier gives
dimS/Q; = dimS/Q, = dimS/Q3 = dimS/(Q1+Q3) +1 = dimS/(Q2 +Q3) + 1.
Lemma 5.2 implies that S/(Q1 N Q3) is Cohen—Macaulay. Next, we claim that
(QiNQ3)+02 = 03+0s.
Assuming the claim, one has
dimS/(Q1 N Q3) = dimS/Q> = dimS/((Q1 N Q3) +Q2) +1,

so Lemma 5.2 shows that S/(Q N Q> N Q3) is Cohen—Macaulay.
The verification of the claim reduces immediately to

03 C (Q1NQ3)+0s,
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which, in turn reduces to

In(Ylar1) € (Q1NQ3)+ 0o
Since the ideals on the right contain J,,, it suffices to show that
Ln(Y'lar1) € (Q1NQ3) + 0.
But
In(Y'las1) = Pomxart (V' |ar1) + Qomxar1 (Y']as1),
and
PBomxar1 (Y'lar1) S (Q1NQ3),  while  Qopmxar1 (Y'lar1) S Q2.
This concludes the proof that S/(1, +J,) is Cohen—-Macaulay for o standard, @ = s < n, and d odd.
When d is even, the proof that the rings S/(I/. + J,) and S/(I/] + J,) are Cohen—-Macaulay resembles

the proof in Case (i); one does not have to separately consider the cases where k = m — 1. O

We record the main consequences of Theorem 7.11.

Theorem 7.12. Let Y be a (2t + 1) X n matrix of indeterminates over a field K of characteristic other
than two. Set S := K[Y] and

S = (YUY)S + I41 (V).
Then S| is a Cohen—Macaulay integral domain, with
2m—(z) ifn<t+l,
dimS/S = e
nt + ( ) if n>t.
2

Proof. If n < t,take 0 = (0,1,2,...,n—1,n) in Theorem 7.12, so m = n and

dimS/S =n(2+ VD +n-n—-1)—(1+2+--+(n—1)) = 2nr - (;)

Ifn>t,take o =(0,1,2,...,¢t— 1,n), in which case m = ¢, and the theorem gives

dimS/S = 1((2t+ 1) +n—t-1) = (1424---+(t=1)) = m+(t;1). i

In the case of a symmetric bilinear form of even rank, that is, when the number of rows of Y is even,
we have the following theorem. Note thatif n < ¢ — 1, then P =S = Q.

Theorem 7.13. Let Y be a 2t X n matrix of indeterminates over a field K of characteristic other than
two. Set S := K[Y] and & = (YY) + 1,41 (Y), and let B and Q be as in Definition 7.7.
Ifn<t—1, then =G =Q, and S/S is a Cohen—Macaulay integral domain with

|
dimS/G = 2m—(”;’ )
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Ifn >t then S/B, S/Q, and S/ (P + Q) are Cohen—Macaulay integral domains with

I
dimS/P = m+(;) _ dimS/Q, and dimS/(B+9Q) = nt—n—l+(t; )

Proof. If n <t-1,take 0 = (0,1,2,...,n—1,n) in Theorem 7.11, so m = n and

dimS/G =nRt+n-n-1)-(1+2+---+(n-1)) = 2nt—(n;l)_

Ifn>t,takeo =(0,1,2,...,t—1,n), in which case m = ¢, and
t
dimS/P=tQ2t+n—-t-1)-(1+2+---+(-1)) = nt+(2).

The case of S/Q is similar. Next, note that
P+Q= (YY) +1,(Y)

and that, if n > ¢, taking o = (0, 1,2, ...,t —2,n) in Theorem 7.11 gives

dimS/(P+Q) = ¢t-DRt+n-¢-1D)-1)—-(1+2+---+(t-2)) = nt—n—1+(t-|2-1),

which completes the proof. O

7.4. The purity of the embedding
Finally, we are in a position to settle the O4(K) case of Theorem 1.1.

Theorem 7.14. Let K be a field of positive characteristic p. Fix positive integers d and n, and consider
the inclusion ¢: K[Y"Y] — K[Y], where Y is a size d X n matrix of indeterminates. Then ¢ is pure if
and only if

(1) d=1, or

(2) d =2 andp is odd, or

(B3) p=2andn < (d+1)/2, or
@) pisoddandn < (d +2)/2.

Proof. As with the other matrix families, if ¢: K[Y"Y] — K[Y] is pure for fixed (n, d), then purity
holds as well for the inclusion of the K-algebras corresponding to (n’, d) with n’ < n. Set § := K[Y]
and R := K[Y"Y], and note that mgS = (Y'Y)S.

When d = 1, the ring R coincides with the Veronese subring S and is hence a pure subring of S.

Next, consider the case where d = 2 and p is odd. In proving the purity, one may enlarge K so as to
assume that it is algebraically closed. The special orthogonal group SO;(K) is then isomorphic to the
torus K*, so O, (K) is the extension of Z/2 by a torus, hence linearly reductive; see also [JS, Remark
8.2]. It follows that purity holds in case (2).

When n < (d + 1)/2, Theorem 7.1 implies that the ideal mgS is generated by a regular sequence of
length ("3'). Since this is also the dimension of R, it follows that ¢ is pure.

If p = 2, suppose first that d is odd, say d = 2¢ + 1. We need to verify that ¢ is not pure if n = ¢ + 2.
This follows from Theorem 7.2 since S/(rad mgS) is Cohen—Macaulay and

1 1
dimR —htmgS$ = (n+ )—[dn—nt—(H- )

= 1. 7.14.1
) ’ ( )

https://doi.org/10.1017/fms.2023.67 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.67

Forum of Mathematics, Sigma 41

Similarly, when d = 2t + 2, it suffices to verify that ¢ is not pure in the case n = ¢ + 2. Theorem 7.2
implies that S/rad mgS is Cohen—Macaulay and that

dn—n(t+1)—(t+l)

=1,
2

I
dim R — htmgS = (”; )—

which completes the case p = 2. Specifically, the argument above is valid in the case d = 2, where one
hast = 0.

In the remaining cases, p is an odd prime, and d is at least 3. When d = 2¢ + 1, we need to check
that ¢ is not pure in the case n =t + 2. This is much the same as equation (7.14.1), with Theorem 7.12
providing the needful.

Suppose d = 2t and ¢ > 2. It suffices to verify that ¢ is pure in the case n = ¢ + 1, and that it is not
pure in the case n = ¢ + 2. In either case, the ring R is regular, with dim R = (";1), so the critical local
cohomology module is

(n+l) (S) _ H(n+1) (S)

PNQ

By Theorem 7.13, the ideals B, Q and P + Q, define Cohen—Macaulay rings, and

ht‘B:nt—(;) =htQ and ht(P+Q)=nt+n+1- (Hz-l).

When n = ¢ + 1, the Mayer—Vietoris sequence

n+l n+l +1 n+l +1 n+l +1
—— 13 s) —— BN s —— BP9 enl s —
n+l
shows that Hgg nn) (S) is nonzero since the middle term is nonzero and the term to the right vanishes.
n+l
When n = ¢ + 2, the vanishing of Hgg sz) (S) follows from the vanishing of the outer terms in the exact
sequence
n+l n+l n+l n+l +1
—— 1ol ) — 8l — Bl — . o

In the case that the ﬁeld K has characteristic two, it is also reasonable to ask when the inclusion
K[Y"Y, ¥,yij 1 1< n] C K[Y] is pure; we record the answer.

Theorem 7.15. Let K be a field of characteristic two. Fix positive integers d and n, and consider a d X n
matrix of indeterminates Y. Then the inclusion

K[Y"Y, Zyl-j |1<j<n] C K[Y]
i

is pure ifand only ifd = 1 orn < (d + 1) /2.

Proof. Thering R := K[Y"Y, X, yij | 1 < n] is an integral extension of the symmetric determi-
nantal ring K [Y"Y], and hence has the same d1mens1on as K[Y"Y]. Also, when K[Y"Y] is regular, so
is R. Set § := K[Y]. By Theorem 7.2, the ideal

mgS = (Y'V)S+(yir+--+Yal, ---» Yin+-+Yan)S
defines a Cohen—Macaulay ring S/mgS.
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If d =1, then R = S. Assume d > 2, and express d as 2t + 1 or 2t + 2, for ¢ an integer. Using the
reduction as in the proof of Theorem 7.14, it suffices to verify that R C S is pure in the case n = ¢ + 1
and that it is not pure in the case n = ¢ + 2. In either case, the ring R is regular with dim R = ("3'), and

the critical local cohomology module is H:EZSR(S)' Using Theorem 7.2, this module is nonzero in the

case n =t + | since ht mgS$ = (";l), whereas, if n = ¢ + 2, then

n(t+l)—(t+l)

=1,
2

i
dim R — htmgS = (”; )—

dim R —
so H{ "¢ (S)=0. O
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