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On Effective Witt Decomposition and the
Cartan—-Dieudonné Theorem

Lenny Fukshansky

Abstract. Let K be a number field, and let F be a symmetric bilinear form in 2N variables over K.
Let Z be a subspace of KN. A classical theorem of Witt states that the bilinear space (Z, F) can be
decomposed into an orthogonal sum of hyperbolic planes and singular and anisotropic components.
We prove the existence of such a decomposition of small height, where all bounds on height are explicit
in terms of heights of F and Z. We also prove a special version of Siegel’s lemma for a bilinear space,
which provides a small-height orthogonal decomposition into one-dimensional subspaces. Finally, we
prove an effective version of the Cartan—Dieudonné theorem. Namely, we show that every isometry
o of a regular bilinear space (Z, F) can be represented as a product of reflections of bounded heights
with an explicit bound on heights in terms of heights of F, Z, and 0.

1 Introduction and Notation

Let K be a number field, N > 1 an integer. Let

N N
FX,Y) =) > fiXY;,

i=1 j=1

be a symmetric bilinear form in 2N variables with coefficients f;; = f;; in K. We will
write F(X) = F(X, X) for the associated quadratic form in N variables, and will
also use F to denote the symmetric N x N matrix (fi;)1<i j<n. Let Z C KN bean L-
dimensional subspace, 2 < L < N. Then F is also defined on Z, and we write (Z, F)
for the bilinear space. Let M be the Witt index of (Z, F). With this basic notation
we can recall the classical Witt decomposition theorem. We give a brief overview of
required definitions and basic results on bilinear spaces in Section 3.

Theorem 1.1  Suppose that (Z, F) is a bilinear space as above. Then there exists an
orthogonal decomposition of (Z, F) of the form

(1.1) Z=Z1H,L--- LHy LV,
where Z+ = {x € Z : F(z,z) = 0V z € Z} is the singular component, H; are

hyperbolic planes, and V is the anisotropic component, which is uniquely determined up
to isometry.
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Theorem 1.1 can easily be obtained by combining Theorem 3.8 with Corollary 5.11
of [10, p. 9, p. 17]. The first objective of this paper is to make this theorem effective,
namely to prove that there exists a decomposition like (1.1) with hyperbolic planes,
singular and anisotropic components having relatively small height for an appropri-
ately defined notion of height. By Northcott’s theorem, there are only finitely many
subspaces of fixed dimension over K whose height is bounded above by a given con-
stant. Hence our result produces a “search bound” on components of Witt decom-
position for a bilinear space (see [7] for a discussion of search bounds). This result is
also related to the vast collection of results on small-height zeros of quadratic forms.
The subject originates in a classical paper of Cassels [2], where he proved that an
isotropic rational quadratic form has a zero of relatively small height, producing an
explicit bound on height in terms of the height of the quadratic form. Cassels’ theo-
rem has been extended and generalized in a number of different ways (see [3, 7, 13]
for more information on this). Our first main result can also be viewed in the context
of those results; we will discuss this approach in more detail in Section 3.

Another direction we pursue here is the investigation of the effective structure of
the isometry group of a regular symmetric bilinear space (Z, F) over K. Masser [7]
proposed a version of the following question. Let F and G be two symmetric bilinear
forms on K¥ such that there exists A € GLy(K) with F(AX,AY) = G(X,Y). Can
we prove that there exists such an A of bounded height, where the bound would be in
terms of heights of F and G? In our context F = G, and so we can ask for an element
of bounded height in the isometry group of the space (Z, F). This question is quite
easy to answer (see Corollary 5.3 below); however one can consider the following
generalization. Let O(Z, F) be the group of isometries of (Z, F). We recall a classical
theorem of Cartan and Dieudonné (see [10, Theorem 5, p. 15] or [8, Theorem 43:3,
p- 102]). We review the required definitions in Section 5.

Theorem 1.2 Let (Z,F) be a regular symmetric bilinear space over K with Z C KN
of dimension L, 1 < L < N. Let o € O(Z, F). Then o can be represented as a product
of at most L reflections.

The identity element of O(Z, F) is thought of here as the product of zero reflec-
tions. We will be interested in proving a slightly weaker effective version of this the-
orem, namely given a ¢ € O(Z, F), we will prove that it can be represented as a
product of at most 2L — 1 reflections of bounded height, where the bound on height
is in terms of heights of F, Z, and o.

We start with some notation. We write d for degree of K over (), Ok for its ring
of integers, Dg for its discriminant, and M(K) for its set of places. For each place
v € M(K), we write K, for the completion of K at v and let d, = [K, :Q),] be the local
degree of K at v, so that for each u € M(Q)

> odo=d

vEM(K),v|u

For each place v € M(K) we define the absolute value || - ||, to be the unique absolute
value on K, that extends either the usual absolute value on R or C if v| oo, or the
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usual p-adic absolute value on Q) if v| p, where p is a prime. We also define the

second absolute value | - |, for each place v by |a|, = ||a|\f”/d forall a € K. Then for
each non-zero a € K the product formula reads

(1.2) H la], = 1.

vEM(K)

For each finite place v € M(K), v t oo, we define the local ring of v-adic integers
O, = {x € K : |x|, < 1}, whose unique maximal ideal is P, = {x € K : |x|, < 1}.
Then Ox =, O,. For each v| 0o and each positive integer j, define as in [13]

vioo

(i) — 72T /2+ DY ifv| oo is real,
T @r) VARG + )Y if v | oo is complex.

It will be useful to define a field constant

Cx(j) = 2| D[ T ro )™/

v]joo

We extend absolute values to vectors by defining the local heights. For each v € M(K)
define a local height H, on K by

H () max<;j<n |%ily if v 1 oo,
wW\T) = d,/2d
(3 I1il12) ifv| oo,

for each € K. We define the following global height function on K¥

H@) = [[ H/(@),

vEM(K)

for each x € KN. We also define an inhomogeneous height function on vectors
by h(x) = H(1,x). A basic property of heights that we will use states that for
my,...,my € Zand x,,...,x; € KV,

L

(13) h(ZL: @) < (X 2)1/2]£[h( )
. 2 mjx; | < m; Il ;).

i=1

We extend height to polynomials by viewing it as height function of the coefficient
vector of a given polynomial. Hence for our quadratic form F, H(F) is the height of
the matrix (f;;)1<i j<n viewed as a vector in K¥. In general, for an M x N ma-
trix A, we define H(A) by viewing A as a vector in KM, the same way we defined the
height of F. This way we also have height defined on elements of the isometry group
O(KN, F), since they can be represented by N x N matrices, and each such matrix can
be viewed as a vector in KN’ For each element o of the isometry group O(Z, F) of a
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regular bilinear space, we will select an extension & € O(K™, F) of minimal possible
height, and we will define H(c) to be H(7). We will explain in more detail how this
is done in Section 5.

We also define another height on matrices, which is the same as the height func-
tion on subspaces of KN. Let V. C K~ be a subspace of dimension J, 1 < J < N.
Choose a basis ¢y, ...,x; for V, and write X = (x; - - - ) for the corresponding
N x ] basis matrix. Then V. = {Xt : £ € K’}. On the other hand, there exists an
(N — J) x N matrix A with entries in K such that V = {x € KN : Az = 0}. Let J be
the collection of all subsets I of {1,..., N} of cardinality J. For each I € JletI’ be
its complement, i.e., I’ = {1,...,N} \ I,and letJ’ = {I’ : T € J}. Then

=)~ ) o

For each I € J, write X] for the J x J submatrix of X consisting of all those rows of X
which are indexed by I, and ;A for the (N — J) x (N — J) submatrix of A consisting
of all those columns of A which are indexed by I’. By the duality principle of Brill-
Gordan [4] (see also [5, Theorem 1, p. 294]), there exists a non-zero constant vy € K
such that

(1.4) det(X;) = (=1)"Vy det(;1A),

where e(I) = ) ., i. Define the vectors of Grassmann coordinates of X and A respec-
tively to be

Gr(X) = (det(X)))ie5 € Kl Gr(A) = (det(;/A))preg: € K.
Define
H(X) = H(Gr(X)), H(A) = H(Gr(A)),

and so by (1.4) and (1.2), H(X) = H(A). Define height of V denoted by H(V) to be
this common value. Hence the height of a matrix is the height of its row (or column)
space, which is equal to the height of its nullspace. Also notice that Gr(X) can be
identified with «; A - - - A &}, where A stands for the wedge product, viewed under
the cannonical lexicographic embedding into K (7). Therefore we can also write

H(V)=H(x; N--- ANxj).

This definition is legitimate, since it does not depend on the choice of the basis for
V:lety,...,y;beanother basis for V over K. Then there exists C € GLy(K) such
thaty; = Cx; foreach 1 < i < ], and so

H(y, A---Ayy) = H(Cz A--- AC)

= (I 14exC)),) Hea A~ Awp)

veEM(K)
:H($1 /\"'/\II?]),

by the product formula. We are now ready to state our main results. First is an
effective version of Witt’s decomposition Theorem 1.1.
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Theorem 1.3  Let F be a symmetric bilinear form on KN. Let Z C KY be a subspace
of dimension L, 2 < L < N, and Wittindex M > 1. Let F have rankron Z, 1 < r < L.
There exists an orthogonal decomposition of the bilinear space (Z, F) of the form (1.1)
with

H(Z*) < Cx(n)"H(F)"*H(2),

(M+1)(M+2)/2
max{H(H,), H(V)} < A(N, L, M) {HE #2011 (Z) }

3

foreach 1 <i < M, where

Ag(N,L,M) = {(22M+1CK(L)2)L(N|DK‘1/d)M+5L}M(M+3)/8.

Next is an effective version of the Cartan—Dieudonné Theorem 1.2.

Theorem 1.4  Let (Z,F) be a regular symmetric bilinear space over K with Z C KN
of dimension L, 1 < L < N, N > 2. Let o € O(Z,F). Then either o is the identity,
or there exist an integer 1 < | < 2L — 1 and reflections 1y, ..., 71 € O(Z, F) such that
oc=T0---0oT,andforeach1 <i <],

(1.5) H(r) < { @N?|D| /¥ PH(F)P H(Z)M? H(U)}SL".

This paper is structured as follows. In Section 2 we discuss a related problem of
producing an orthogonal basis of small height for a bilinear space. This can actually
be viewed as a version of Siegel’s lemma for a bilinear space, and provides a decom-
position of a bilinear space into an orthogonal sum of one-dimensional subspaces of
small height — a result of independent interest. In Section 3 we recall some basic
lemmas on the properties of bilinear spaces, review a result of Vaaler on a maximal
totally isotropic subspace of a bilinear space of small height, and prove an effective
decomposition lemma for a bilinear space into a singular and regular components
of small height. In Section 4 we prove Theorem 1.3. In Section 5 we develop some
notation and preliminary lemmas on the effective structure of the isometry group.
In particular, we prove two simple lemmas of independent interest: one on the exis-
tence of a small-height isometry of a bilinear space, and the other on the bound for
the height of the invariant subspace of an isometry. We use these lemmas in Section 6
to prove Theorem 1.4.

2 Siegel’s Lemma for a Bilinear Space

In this section we prove a certain analogue of Siegel’s lemma for a bilinear space. First
we recall the Bombieri—Vaaler formulation of a general Siegel’s lemma.

Theorem 2.1 ([1])  Let U be a J-dimensional subspace of KN, ] < N. Then there

exists a basis xy, ..., x; € KN for U such that
J J 12

(2.1) H(z;) < [[ @) < {N|Dx["} " HU).
i=1 i=1
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We will also need the following simple technical lemmas.
Lemma 2.2 Let Uy and U, be subspaces of KN. Then H(U, N U,) < H(U,)H(U,).
This well-known fact is an immediate corollary of [12, Theorem 1 ].

Lemma 2.3 Let X be a ] x N matrix over K with row vectors x, . .., xj, and let F be
a symmetric bilinear form in N variables over K, as above (we also write F for its N x N
coefficient matrix). Then H(XF) < H(F)’ Hi[:1 H(x;).

Proof By [9, Lemma4.7]

]
i=1

Foreach1 <i < ],

N N
t
.’IZiF: ( E f}lx,‘j,..., E ijxij),
j=1 j=1

and so for v 1 oo,
(2.3) H,(z;F) < H,(F)H,(;),

and for v | 0o, by the Cauchy-Schwarz inequality,

co i = {3 S}
k=1 j=1

N N N d,/2d
{0 1d) (X Isl2) } o = B ).
j=1

k=1 j=1

Therefore foreach 1 <i < J,
(2.5) H(x}F) < H(x;)H(F).

The lemma follows by combining (2.2) with (2.5). [ |

Next we will use Theorem 2.1 to produce a small-height orthogonal basis for a
subspace of a bilinear space. Specifically, we prove the following theorem.

Theorem 2.4  Let U be a J-dimensional subspace of (KN, F), ] < N. Then there exists
abasisxy,...,x; € KN for U such that F(x;, z;) = 0 for all i # j, and

]
(2.6) HH(wi) < (N‘DK|)(]2+172)/4H(F)](]+1)/2H(U)].

i=1
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Proof We argue by induction on J. First suppose that J = 1; then pick any 0 #
x; € U and observe that H(x;) = H(U). Now assume that J > 1 and the theorem
istrueforall 1 < j < J. Let 0 # x; € U be a vector guaranteed by Theorem 2.1 so
that

(2.7) H(z,) < {N|Dg|V}' /2 H(U).
First assume that x; is a non-singular point in U. Then
U ={yecU:aFy =0} = {x,}* nU,

has dimension J — 1; here {z,}* = {y € K : 2/ Fy = 0}. Then by Lemma 2.2,
Lemma 2.3, and (2.7), we obtain
(2.8)

H(U)) < H(@|F)H(U) < H(F)H(@1)H(U) < (N|Dx|")/*HE)HU)D.

Since dimg(U;) = ] — 1, the induction hypothesis implies that there exists a basis
T, ...,z for U such that F(x;, ;) = 0forall2 <i# j < J,and

]
29  [[H@) < (N|Dg[VHT =2 HE I 2HU, )
i=2

< (N|DK|1/d)(’2+f‘4)/4H(F)”2”‘2)/2H(U)”2‘1)/’,

where the last inequality follows by (2.8). Combining (2.7) and (2.9) we see that
T1,...,x; is a basis for U satisfying (2.6) such that F(z;,x;) = 0forall1 < i #
i<

Now assume that @; is a singular point in U. Since &; # 0, it must be true that
x1j # 0forsomel < j < N.LetU = UN{x € KN : x; = 0}. Thenz, ¢ U,
U =Kz, L Uj,and

(2.10) H(U,) < H(U),

by Lemma 2.2. Since dimg(U;) = J — 1, we can apply induction hypothesis to Uy,
and proceed in the same way as in the non-singular case above. Since the upper
bound of (2.10) is smaller than that of (2.8), the result follows. [ |

Notice that Theorem 2.4 can be reformulated by saying that there exists a de-
composition of the bilinear space (U, F) into an orthogonal sum of one-dimensional
subspaces, the product of heights of which is bounded above by (2.6). Therefore The-
orem 2.4 can also be viewed as a result on effective orthogonal decomposition of a
bilinear space, which is the subject of this paper.
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3 Small Zeros of Quadratic Forms

Let F be a symmetric bilinear form in 2N variables over K, as above. Let Z C KN
be a subspace of dimension 2 < L < N. We write (Z, F) for the bilinear space
on Z with the bilinear form F restricted to Z. In this section we review some basic
results on bilinear spaces and set up the notation that will later be used in the proof
of Theorem 1.3.

We start by giving a brief overview of required notation (see [10, Ch. 1] for a
detailed introduction into the subject). A totally isotropic subspace W of (Z, F) is
a subspace such that for all z,y € W, F(z,y) = 0. All maximal totally isotropic
subspaces of (Z, F) have the same dimension. It is called the Witt index of (Z, F)
and we denote it by M. A subspace U of (Z, F) is anisotropic if F(x) # 0 for all
0 # x € U. A subspace U of (Z,F) is called regular if for each 0 # = € U
there exists y € U so that F(x,y) # 0. For each subspace U of (Z, F) we define
Ut ={x € Z:F(x,y) =0, Vy € U}. If two subspaces U, and U, of (Z, F) are
orthogonal, we write U; L U, for their orthogonal sum. If U is a regular subspace of
(Z,F),thenZ=U 1L Ut andUNU* = {0}.

Two vectors ¢,y € Z are called a hyperbolic pair if F(x) = F(y) = 0, F(z,y) =
1; the subspace H(x,y) = spang{x,y} is regular and is called a hyperbolic plane.
An orthogonal sum of hyperbolic planes is called a hyperbolic space. Every hyper-
bolic space is regular.

We now state a result of Vaaler [13] (see also [11]) on the existence of a maximal
totally isotropic subspace of (Z, F) of small height, which we later use in the proof of
Theorem 1.3.

Theorem 3.1 ([13]) Let M > 1 be the Witt index of (Z, F) over K. Then there exists
a subspace W of (Z, F) of dimension M such that F(x) = 0 forallz € W and

(3.1) H(W) < {22M'Cr(L — M*H(F)} =2 H(Z).

Notice that subspace W of Theorem 3.1 is indeed maximal totally isotropic. Max-
imality is by construction. Also, for each x,y € W,z +y € W, hence

0=F(x+y)=F(x)+F(y) +2F(x,y) = 2F(x,y).

A consequence of a related theorem of Vaaler is the following simple decomposi-
tion lemma in the case when (Z, F) is not a regular space.

Lemma 3.2 Let F have rank r on Z, and assume that 1 < r < L. Then the bilinear
space (Z, F) can be represented as

(3.2) Z=7+1w,
where W is a regular subspace of Z, with
(33) H(Z*) < Cx(n'H(F)*H(2),

(3.4) HW) < {N|De|} P H(z).
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Proof The fact that Z' satisfies (3.3) is guaranteed by [14, Theorem 2]. Now let
z1,..., 21 be the basis for Z guranteed by Theorem 2.1. Then

L
(3.5) [[HGz) < {NDc]/4} " Hz).

i=1
Notice that dimg (Z+) = L — r. We can now pick r vectors z;,, . . ., z;, from our basis
for Z such that spang {Z+, z;,,...,2;,} = Z. Let W = spang{z;,...,2;}. Then

Z =71+ @ W. This implies, by [10, Theorem 3.8, p. 9], that Z = 7L 1 W, Wis
regular and unique up to isometry. Also, combining [9, Lemma 4.7] with (3.5), we
obtain

HW) =H(z;, A+ Az) < [[H(z) < {N|DK\1/"’}L/2 H(2).
j=1

This completes the proof. u

Notice that we can immediately deduce a version of Cassels’ theorem on small
zeros of quadratic form F over K from Theorem 3.1. Namely, if F is isotropic over K,
then there exists 0 # @ € Vi (F) = {t € KY : F(t) = 0} such that

(3.6) H(x) <xn HEF)N-V/2,
The exponent (N — 1)/2 on H(F) is proved to be the best possible. In fact, if Vg (F)
contains a nonsingular point, then by [3, Corollary 1.2] there exists such a point sat-

isfying (3.6). A similar statement about singular points of small height in V¢ (F) can
be deduced from Lemma 3.2.

Corollary 3.3  Suppose that Vi (F) = {t € KN : F(t) = 0} contains a singular point
x # 0,501 < r=1k(F) < N. Then there exists such a point x with

H(a:) < \/N|DK‘1/2dCK(r)r/(N—r)H(F)r/Z(N—r).
Proof LetZof Lemma3.2beKN. Then H(Z) = 1,L = N, and dimg(Z1) = N—r.
Clearly Z+ C Vi (F), and all points of 7L are singular in Vg (F). By Theorem 2.1,
there must exist 0 # x € Z* such that
H(Il?) S \/ﬁ|.:DK|1/2dH(ZL)1/(N—r) S \/N|®K|1/2dCK(r)r/(N—r)H(F)r/Z(N—r)’
where the last inequality follows by (3.3). ]
Notice that Corollary 3.3 suggests that in this context the singular case can be

simpler than the nonsingular one. This unusual phenomenon has already been ob-
served [3,6]. We are now ready to prove Theorem 1.3.
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4 Proof of Theorem 1.3

We first prove a version of our theorem for a regular bilinear space. We remark that
everywhere in our arguments, if m < n, then )" is taken to mean 0 and []}" is
taken to mean 1.

Theorem 4.1  Let F be a symmetric bilinear form on K~. Let Z C K" be a subspace of
dimension L, 2 < L < N, such that the bilinear space (Z, F) is regular, i.e., 7+ = {0}.
Let M > 1 be the Witt index of (Z, F). There exists an orthogonal decomposition of
(Z,F) of theformZ =H; L --- L Hy L V, where H; are hyperbolic planes, V is the
anisotropic component, and

M+1)(M+2)/2

max{H(H,), H(V)} < Ag(N, L, M){ H(E)*")/*H(2)} :

foreach 1 < i < M, where

AK(N, L, M) _ {(22M+1CK(L)2)L(N|'DK|l/d)M+L}M(M+3)/8.

Proof Let W be a maximal totally isotropic subspace of (Z, F) satisfying (3.1) and
let @1,...,x)y be the basis for W guaranteed by Theorem 2.1. Notice that
F(xi,z;) = 0forall 1 < i,j < M, since W is a totally isotropic subspace. Let
Y1, - .., YL be the basis for Z guaranteed by Theorem 2.1, ordered so that H(y;) <
H(y,) < --- < H(yr). Foreach 1 < i < M let j; be the smallest index such that
F(x;,yj,) # 0. Such j; exists for each i, since otherwise x; would be a singular point,
contradicting regularity of (Z, F). By reordering x;, . . ., &) if necessary, we can as-
sume without loss of generality that 1 < jy < jy—1 < --- < j; < L. Moreover, for
each1 <i < M, wehave j; <L —1i+1,since
spang {1, ..., Yr_in1} ¢ spang{x@,...,x;} ",

and so H(y;;) < H(yr—i+1) by our ordering of y, . . ., y;. Therefore, by (2.1),

M M
[[H@)HHY;) < [[H@)HyL i)

i=1 i=1

M M
= (H H(xi)) (H H(yL—iH))
i=1 i=1

< {N|DE[V} M W) H(Z),
In particular, for some 1 < i < M, we must have
(4.1) H(z;)H(yj,) < {N|Dg|"/4} MM (W) H(Z)™M,

Define H; = spang{«;,y;, } for this choice of i. Since F(x;) = 0 and F(x;,y;,) # 0,
H is a regular subspace of Z with Witt index equal to one, hence it is a hyperbolic
plane. Notice that by combining (4.1) and (3.1), we have

(4.2) H(H,) < H(x;)H(y;,) < Bx(N, L, M)H(F)\t=M/2M g (7)2/M
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where
(43) BN, L M) = { @M1C(L — MP)EM(N| Dy |y} M,

Define
Z=Hi ={z€KN:F(z,z) =0Vx c H,} N Z,

so dimg(Z;) = L —2,and Z = H; L Z;. Notice that by combining Lemma 2.2,
Lemma 2.3, and (4.2), we have

(4.4)  H(Z) < H(H)H(Z)H(F)* < Bg(N, L, M)H(F)“3M/2M g (7)(M+2)/M,

We continue by induction on M. If M = 1, we are done. If M > 2, assume that
the theorem holds for a bilinear space of Witt index smaller than M. In particular, it
holds for (Z;, F), a bilinear space of dimension L — 2 and Witt index M — 1. Then
there exists a decomposition Z; = H, L --- L Hj L V, where V, the anisotropic
component of Zj, is the same as that of Z, and combining the induction hypothesis
with (4.4) and (4.3), for each 2 < i < M we obtain

max{H(H,), HV)} < Ax(N,L — 2, M — 1){H(F)L2M=4/4F (7)) }MM+D/2
< Ag(N,L—2,M — 1)Bg(N, L, M)MM+D/2

% { H(F)(L+2M—4)/4+(L+3M)/2MH(Z)(M+2)/M } MM+1)/2
S AK(N, L, M){H(F)(L+2M)/4H(Z)}(M+1)(M+2)/2
This completes the proof. u

Proof of Theorem 1.3 If (Z, F) is regular, then Z- = {0}, and we are done by
Theorem 4.1. Let r be rank of F on Z, and assume that 1 < r < L. By Lemma 3.2,
there exists a decomposition of Z of the form (3.2) with H(Z*) and H(W) bounded
asin (3.3) and (3.4), respectively. Now W is a regular subspace of Z, so we can apply
Theorem 4.1 to the bilinear space (W, F). The result follows. [ |

5 Isometries of a Bilinear Space

In this section we develop the preliminaries needed for the proof of Theorem 1.4.
We start with some definitions and then prove a few technical lemmas. Let F be a
symmetric bilinear form as above, and let Z be an L-dimensional subspace of K,
1 < L <N, N > 2, such that the bilinear space (Z, F) is regular, and thus KN =
Z 1L Z+«v, where Zt«v = {x € KN : F(z,2) = 0V z € Z}. Let O(Z, F) be the
group of isometries of (Z, F), and write id; for its identity element. Also let —idy
be the element of O(Z, F) that takes « to —x for each € Z. Each element o of the
isometry group O(KY, F) is uniquely represented by an N x N matrix A € GLy(K),
and so we can define H(o) = H(A), where H(A) is defined by viewing A as a vector
in KN as we did in Section 1.
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Notice that each ¢ € O(Z, F) can be extended to an isometry of & € O(KN, F)
by selecting an isometry o’ € O(Z+«¥,F). For each ¢ € O(Z, F), choose such an
extension : KN — K so that H() is minimal, and define H(c) = H(&) for this
choice of &. This definition of height in particular insures that for each 0 € O(Z, F)

(5.1) H(o) = H(~0),
where —0 = — id; oo. Moreover, if A is the matrix of &, then
det(A) = det(c) = det(d|2) det(T] 1) = det(o) det(c’) = +£1.

We will also refer to this matrix A as the matrix of o.
For each x € Z such that F(x) # 0 we can define an element of O(Z, F), 7: Z —
Z, given by

_ U@y
F(x)

which is a reflection in the hyperplane {z}* = {z € Z : F(z,2) = 0}. Itis not
difficult to see that the matrix of such a reflection is of the form (7;(x))i<; j<n,

=(y) =y

where 5
1]— —— Zszl fikxixk lfl = j,
_ F(x)
7ij(x) = ) v -
_% Yo fikxixx ifi # j.
For each reflection 7, det(7,) = —1. We say that o is a rotation if det(c) = +1.

Lemma 5.1 Letx € Z be anisotropic and 7., € O(Z, F) be the corresponding reflec-
tion. Then

(5.2) H(7,) < N*(N + 2)H(F)H(z)?.

Proof By the product formula, H(7,) = H(F(x)7s). If v € M(K) is such that
v{oo,thenforeach1 <i=j <N

N
@) @), = |F@) =2 fu|
k=1

N N N
=32 ot — 2 fuixi| < HAPH, @),
v
I=1 m=1

k=1

since |2|, < 1, and similarly when i # j, so H,(F(x)7,) < H,(F)H,(z)*. If v| oo,
thenforeach1 <i=j; <N

N N N
IE@)7i; @)y <0 [ fumxtmlle + 2> || firxixlly
I=1 m=1

k=1

<SNN+2) max || finXixm|l
1<l,m<N

< N(N + 2){H,(F)H,(x)*}%/*,
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and similarly when i # j, therefore H,(F(x)7,) < {N*(N + 2)}*/?H,(F)H,(z)>.
The result follows by taking a product over all places of K. ]

Lemma 5.2 Let o € O(Z,F). There exists an anisotropic vector y in Z such that
o(y) £ y is also anisotropic for some choice of £, and

(5.3) H(y) < h(y) < 2VI{N|Dx|"//} -2/ H(z) B2

Proof IfL = 1, then Z = Ky for some 0 # y € KV, and since (Z,F) is regular,
F(y) # 0, H(y) = H(Z), O(Z,F) = {idz}, and clearly id;z(y) + y = 2y is also

anisotropic. Hence assume L > 2. Let x,...,x be a basis for Z which satisfies
(2.1), ordered so that h(x;) < h(x;) < --- < h(xy). Let m be the the smallest index
such that the restriction of F to U = spang{«, . .., &, } is not identically zero. Since

(Z, F) is regular, we must have 1 < m < [ﬂ + 1, and therefore, by (2.1)

(54) Hh(wl) < {NlDK|1/d}m/2H(Z)m/L < {N|DK|l/d}(L+2)/4H(Z)(L+2)/2L.

i=1

Notice that for every vector « € Z, F(o(x) — ) + F(o(x) + ) = 4F(x). Since F is
not identically zero on U, it must therefore be true that at least one of F o (¢ % idy)
is not identically zero on U. Assume for instance that F o (¢ — id) is not identically
zero on U. Then the homogeneous polynomial of degree four in m variables

m m m
P(al,...,am) :F(Zaiwi)F(a(Zmazi) — Za,’ﬂ')i) € K[al,...,am]
i—1 i=1 i=1

is not identically zero on U. Therefore there exist 5,...,03, € {-2,—1,0,1,2}
such that P(3y, ..., B,) # 0. Lety = > | B;; for this choice of {1, . .., Bn. Then
y € U is precisely the vector we are looking for. Combining (1.3) and (5.4) we obtain

H(y) < h(y) < /4(L2+ 2) Hh(fﬂi) < WVIL{N| Dy |/ D/ (7))L,
i=1

since L > 2. This completes the proof. ]
An immediate consequence of Lemma 5.1 and Lemma 5.2 is the following state-
ment on the existence of isometries of (Z, F) of small height. This is related to a
question of Masser in [7] (see the discussion on this in Section 1).
Corollary 5.3  There exists a reflection T € O(Z, F) with
H(7) < ALNU2(N 4+ 2)| Dy | 224 g (R H(Z) D/

Proof Let x be an anisotropic point in Z guaranteed by Lemma 5.2. Let 7 = 7.
The result follows by combining (5.2) with (5.3). ]
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Lemma 5.4 Let A € GLN(K) be such that det(A) = %1, and write Iy for the N x N
identity matrix. Then H(A &+ Iy) < 2H(A).

Proof Letay,...,ay berow vectors of A. Then for each v € M(K)

N .
HHv(ai) > | det(A)], =1 ?fvfoo,
P | det(A)|l, =1 ifv]|oo,

by Hadamard’s inequality. Therefore, if v { 0o, we have
H,(A) = max {H,(ai)} > 1,
and so
(5.5) H,(A % Iy) < max{1, H,(A)} = H,(A).

Ifv| oo,

IN

- d/d N 1 = d/d,
1 S (HHv(ai) / V) NZHV(ai) /d.
i=1 i=1

IN

B

1 a1 d/d,
N(;Hv(a» ) = @,

where the last inequality follows by Cauchy—Schwarz. Hence H,(A)¥/% > \/N, and
s0, by the triangle inequality,

(5.6) H,(A+Iy)Y* < H,(A)Y* + H,(Iy)"* < H,(A)¥* + VN < 2H,(A)"*.

The result follows by combining (5.5) with (5.6) and taking a product over all places
of K. ]

The following simple corollary of Lemma 5.4 provides a bound on the height of
the invariant subspace of an isometry, which is an object of interest in the algebraic
theory of quadratic forms.

Corollary5.5 Let 0 € O(Z,F). Let U be the invariant subspace of o, ie.,
U={z€Z:0(z)==z}. Let ] = dimg(U) < L. Then HU) < {2H(o)}N"'H(Z).

Proof Write A for the N x N matrix of o and Iy for the N x N identity matrix.
Notice that U = {z € Z : (A — Iy)z = 0}. Let B be a submatrix of A — Iy
which consists of N — J linearly independent rows of A — Iy. Hence rows of B are of
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the form a;, —e;,,...,a;,_, — e;,_, forsomei,...,iy_; € {1,...,N}. Then by
[9, Lemma 4.7],

(5.7) H(B) = H(((J,il — eil) FANKIERIVAN (a,‘N7] — eiN7])>

N—]J
<[] H(ai, —e;) < HA - 1) < @HA))Y,
j=1

where the last inequality follows by Lemma 5.4. Combining (5.7) with Lemma 2.2,
we obtain H(U) < H(B)H(Z) < {2H(A)}N"'H(Z).
This finishes the proof, since H(o) = H(A) by definition. [ |

The following lemma bounds the height of a product of two matrices.

Lemma 5.6 Let A and B be two N X N matrices with entries in K. Then H(AB) <

H(A)H(B).

Proof Write A = (a,---an)', ie, al, ..., al are row vectors of A. Then we can
think of AB = (a!B, ..., a\B)" as a vector in KN, Hence for each v € M(K) such
that v t 0o

H,(AB) = max {Hv(aﬁB)} < H,(B) max {Hv(ai)} = HV(A)HV(B)7
1<i<N 1<i<N

by (2.3). For each v | 0o, we have

d,/2d

N d,/2d N
H(AB) = { 3" Hy(aB* 1" < HyB){ 3 Hila/* }
=1 i=1
= HV(A)HV(B)a
by (2.4). The conclusion follows by taking a product. u

6 Effective Version of the Cartan-Dieudonné Theorem

In this section we will prove Theorem 1.4. Let all the notation be as in Section 5. We
argue by induction on L. When L = 1, Z = Kz for some anisotropic vector ¢ € K,
since (Z, F) is regular. Then 0 = £idz, where —id; = 74, and H(o) = \/be (5.1).

Then assume L > 1. Write A for the N x N matrix of o, and Iy for the N x N
identity matrix, so in particular H(c) = H(A). Notice that for each € Z,

Flo(x) — x,0(x) + x) = 0.

Let x € Z be the anisotropic vector guaranteed by Lemma 5.2 with o(x) £ « also
anisotropic. For this choice of &£, T,(z)+4 fixes o(x) F = and maps o(x) £+ x to
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—(o(x) £ x). Then 20(x) = (o(x)) + (o(x) — ) will be mapped to (o(x) F x) —
(o(x) & &) = F2x. We can therefore observe that if o(x) — x is anisotropic, then
(6.1) 0 = To(@)-xo00

fixes x. If, on the other hand, o(x) + x is anisotropic, then

(6.2) 0’ = To(@)im O To(@) © O

fixes . In any case, o’ defined either by (6.1) or (6.2) is an isometry of the
(L — 1)-dimensional regular bilinear space ({z}*,F), where {z}* = {2z € Z :
F(zx, z) = 0}. Then, by the induction hypothesis, 0’ = 7y o - - - o 7, for some reflec-
tions 7, ...,ywith1 <1 <2L—3and

(L—1)*/2
)

(63) H(Ti) < { (ZNZ‘DK‘I/Z(JI H(F)(L—l)/SH({:B}J_)(L—l)/zH(o_,)}5L*27

foreachl1 <i <l andsooc =o' o1 0---07,forthesame7,...,7and o’/ =
To(@)—z OF 0" = To(x)+a © To(z)> depending on which of o(x) £  is anisotropic, so
o is a product of at most 2L — 1 reflections. Next we are going to produce bounds
on their heights. Combining Lemma 5.1 with an argument identical to the proof of
Lemma 2.3 and Lemma 5.2, we obtain

(6.4) H(Ty(w)) < 4ALNES2(N 4 2)| Di| P22 H(F)H(Z) P2/ H(0)2.
Therefore 7,(4) satisfies (1.5). Also by Lemma 5.1,
(6.5) H(Ty@)te) < N°(N +2)H(F)H(o(z) + )*.

Notice that o(x) £ * = (A £ Iy)x. Then, once again, by an argument identical to
the proof of Lemma 2.3,

(6.6)

H(o(x) + o) < Hx)H(A + Iy) < 2VL{N|Dg |V U/ Z) DL (A + Iy),

where the last inequality follows by (5.3). Combining (6.6) with Lemma 5.4, we
obtain

(6.7) H(o(x) + x) < 4VL{N|Dg |V} ED/AH(Z) L2/l (A).
Combining (6.5) and (6.7), we obtain
(6.8)  H(Tya)ra) < IGLNE/2(N 4 2)| Dy | L 224H(F)H(Z) 2P H (o )?,

hence 7,(z)+ satisfies (1.5). By combining (6.1), (6.2), (5.1), Lemma 5.6, (6.4), and
(6.8), we have

(6.9)  H(o') < 64AL’N""8(N +2)*| Dg| "2/ H(F)2H(Z) /P H(o)°.
By Lemma 2.2, Lemma 2.3, and (5.3)
(6.10) H{z}') < HF)H(x)H(Z) < 2VL{N|Dg|/ DR H(Z)PH/2E

Then bound (1.5) follows upon combining (6.3) with (6.9) and (6.10) while keeping
in mind that 2 < L < N and N + 2 < 2N. This completes the proof.
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