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ABSTRACT. A new now law for aniso tropic pol ycr ys ta lline ice is presented. The 
strain-ra te tenso r is related b y a geo m e trical fa c to r tensor (G ) to the stress ten sor. The 
G fa ctor tensor can be obtained from the c-axi s fabric data and stress condition . This 
new flow law d esc rib es well the direc ti on-d ependent m echani cal properties of 
anisotropic ice which ca nnot be d emonstra ted by Glen 's now law. For exampl e, th e 
new fl ow law can explain th e fac t th a t a strong sing le-m aximum fa bri c ice, such as D ye 
3 \Vi scon sin ice, can d efo rm several timcs fas ter th a n isotropic ice und er horizontal 
shear but can ha rdl y defo rm under vertica l or ho rizonta l no rm a l stress . "Ve a lso sh ow 
that a t a d eeper pa rt of a n ice sh ee t , where a single-maximum fa bric d evelo ps, a 
positi\'e \ 'e rti ca l stra in ra te can be produced with onl y a hori zonta l shea r stress. 

1. INTRODUCTION 

l ee-shee t modelling a nd studi es on ice-shee t d yna mi cs 
carri ed o u t so fa r haye bee n b ased on Glen 's now law: 

. A 11-1 I A A (Q) Eij = T0 a ij , = a exp - kT (1) 

wh ere f;ij is th e strain-ra te tensor, T" is th e erfec ti\ 'e shea r 

stress, a:j is th e d evia to ri c strrss tensor, Q is th e ac ti \'Cl ti on 

ene rgy fo r creep , k is th e Boltzm ann constanl , T is th e 

a bso lute tempera ture a nd n is a consta nt a ro und 3 . ~[ os t 

ice-shee t modellers ha \'e used thi s fl ow la w in th eir 
ca lcula ti ons, a ss uming th a t th e pre-ex ponenti a l facto r Ao 
d epends on fa bric, impurity co ncentra ti on , e tc . but not o n 
coo rdin a te-sys tem o ri f nta tion. This ass umption , howe\'e r , 

is no t rea li sti c. Since indi\'idua l ice crysta ls ha \'f a \ 'Cr y 

strong pl as ti c a ni so tropy, Aa d oes d epend on coordin a tf 

sys tem o ri ent a ti on , if th e polycrys ta llin e ice h as a 
pre ferred r -axis ori entati o n fa bri c . Gl en 's fl ow law 
(Equation ( I )) ca n be a ppli ed for o nl y isot ro pi c 

pol ycrys ta llin f ice \\'hi ch has ra nd om c-a xi s o ri f nta ti on 

fa bri c. It is no t a pplica bl e 10 a n ice shee t in whi ch a 

preferred ori enta ti on of c axes is c1 ewlo ping . 
Preferred c-a xi s o ri entatio n fa bri cs genera ll y d e\"e lo p 

in ice shef t.s. This fi\bri c d evelopm ent is ex pla in ed by th e 
c-axis ro ta ti o n due to basal-g lide dcfo rm <l ti on (Azull\ a 
a nd Higas hi. 1985 ; Alley, 1988; f\zum a , 1994) and by 

recrys talliza tion (Budd a nd J ac ka , 1989; Alley, 1992; Van 

d e l' V fe n and \Vhillans, 1994). Especiall y in a d ff p zone 
III a n ice shfe t o r a t th e marg ll1 oC an ice stream , \'fr )' 
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stron g preferred c-axis orienta tion fa brics such as a sing le 
m ax imum d evelo p. T o ex pla in th e Ll ow properti es o f such 
cha rac teri sti c fa bri c ice, it is necessa ry to cleri\'e a new 
fl ow la w which ta kes the fl o\\' ani sotropy indu ced b y 

d iffe rf n t ori en ta tions o r individ ua I ice c rys ta ls in to 

account. In a n experim ental stud y on th e deformation 
behavi o ur 0[' indi\ 'idu a l crysta ls undfr uni a xi a l stress, we 
fo und th e rf la tionships among the c-ax is o ri f ntation , 
strain a nd stress fo r indi\'idua l g ra ins (A zum a, 1995). 
Based on this res ult , a new fl ow la w fo r po lycr ys ta lline ice 

in th e principa l- axes coordina tf sys tem w as d erived 

(Azum a , 1994). 
In this pa pe r , we m odify thi s ll ow law for th e x'-y-z 

coo rdinate sys tem to be used m orf co nve ni ently in ice
sh ee t mod elling . 'Ve a lso present th f enh a ncfm ent fa cto rs 
1'0 1' d ifferf ll t d eform a ti on pa ll e rn s, fo r t hf caSf oC a sing le

maximum fa bric a nd th a t o r a sm a ll-circle girdle j~d) ri c so 

th a t m odelle rs can use th em in th eir ca lcul a ti ons. Fin ally, 
we d em onstra te th a t in a d eep er pa rt o r a n ice shee t, 
wh ere a sing le-m aximum fa bric d e\ 'C lop s, unique d clb r
m a ti on pa tte rn s co uld be p rodu ced . d e pending on th e 

mea n o ri ent a ti on o r th e caxes . This pa per is conce rn ed 

\\'ith th e e ffec ts or the fa bri c 0 11 th f co nstituti\'C la \\' o f' 

stress hut it d oes no t to uch upo n its f \·olution. 

2. A NEW FLOW LAW OF ICE 

W e take x, y a nd z as th e coordinat es corres ponding 10 

the ho ri zo nta I flow direct ion, th e tranS\'e rse dirfc ti on and 

th e \-e rric a l upward direc tion , res pecti\·ely. :'\0\\' co nsid er 
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th e stresses whi ch deform the ice crys ta ls. \Ve ass ume tha t 
the indi vid ua l crys tals in a pol ycrys ta lline aggregate 
d eform on ly by basal glide. The to tal resulta nt stress 

\"Cctor p (g) act ing on the basa l pla ne of a n individual 
g ra in is determined as foll ows: 

p (g) = O" (g) . c (g) (2) 

where O"(g) is the stress tensor act ing on a n individua l 

gra in a nd c (g) is the unit vector para llel to the c axis of the 

g rain . The subsc ript (g) designates a n indi vidua l grain. 
Therefore, the shear stress T(g) in th e glid e d irec tion m (g) 

on the basal p la ne is given by 

T(g) = p (g) . m (g) = O" (g) . c (g) . m (g) 

= O"(g),/(g) j m(g); . 

Now d efin e a second-order tenso r 

(3) 

(4) 

where ® denotes the tenso r prod uct: G (g) ,) = m (g), C(g)) . 

Then, with Equations (3) a nd (4) 

(5) 

w he re t he d o ubl e dot produ c t O" (g) : G (g) d e notes 
O"(g) ,) G (g),) . ( \ Ve shall use Einstein 's summ a ti on convention 
except where exp li citl y indicated. ) 

With th e following ass umptions, we d etermine the 

strain-ra te components in each gra in-coordinate sys tem 
a nd conve rt them to the strain-ra te components in the 
macroscopic x- y- z coordina te sys tem. 

Assumptions 

( I) Individua l g ra ins deform on ly by basal g lide. 

(2) The basa l glid e of each grain ta kes pl ace II1 th e 
m ax imum shea r-stress direc tion on the basal plane when 

the m acroscopi c stresses act on the gra in. 
In a n ea rli er st ud y (Azuma, 1994), th e glide direction 

of each gra in was ass umed to be th e closest direction to 

the macroscopic maximum shear-stress d irec tion in the 
aggrega te. In this stud y, to simplify the ca lculation in the 

x- y- z coordina tes, we assumed the above g lide direc tion. 

This glide direc tion gives the minimum tota l d eformati on 
energy a nd seems to give more reali st ic deform a tion of 
polycrys ta lline ice than the ea rli er ass umption. 

(3) The stress com ponents ac ting on a n ind i\'idua l gra in 

a nd those on the aggregate a re macroscopica ll y rela ted as 

fo ll ows: 

(no sum over i,.i = x, y, z) . 

1 NL 

where () =N L 
L 9= 1 

(6) 

G (L ),) is the local geometr ic tenso r a nd NL is the lotal 
number of g rains in the local area (L ) wh ich includ es the 
nea res t neig hbo ur gra ins of the g ra in a nd the g rain itself. 

O"ij is a mac roscopic slress tensor ac ti ng on the aggrega te. 

Azuma alld Goto-Azuma: Anisotropic flow law Jor ice-sheet ice 

Equa ti on (6) means that a la rge r stress acts on a gra in 
su rrou nded by soft! y orien ted gra i ns tha n tha t su r
round ed by Slimy orienred gra ins a nd a la rge r stress ac ts 

on the stiffer g rain. Equa tion (6) was origin a lly deriyed 
empiri call y for the case of uni axia l compression (Azuma, 
1994, 1995 ). H ere, we generali ze th e empirical equation 
to a n a rbitrary macroscopic stress condition . 

(4) Shea r-strain rate i (g) and shear stress T(g) on basa l 

pl a nes of single ice crystals are rela ted by the followin g 

power-l aw eq ua tion (W eertma n, 1983): 

i (g) = (3T(~ ) , (7) 

(3 = (30 exp ( - ~ ) 

where (30 is a constant, possibly d ependenr on impurity 
concentration a nd other va ri ab les but ind ependent of 
stress config uration . 

(5) Th e mac roscopi c stra in-ra te compo nent of the 

aggrega te Eij is equa l to the a veraged value of the 

stra in-ra te com ponents of indi vidu a l g rains E(,,) : " ') 

1 .VT 

(()) ==-L 
NT 9= 1 

(8) where 

wh ere NT is the tota l number of g ra ins in the aggregate. 
No te, in pa rticular, the d ifference between the two 
a \'erages ( ) a nd (( )). Equation (8) was originally derived 
em pirica ll y for the case of uni ax ia l compression (Azuma, 
1994, 1995 ). H ere, we ge neralize the empiri ca l equ a tion 
to a n a rbitrary m acrosco pic stress condition . 

\\,ith these ass um ptions, we now derive a Oow law for 
a ni sot ropic polycrys talline ice in the x- y- z coordi nate 
sys tem in ice sheets. 

T he unit vec tor m (g) in the basal-glide direc tion can 
be determined by ass umption (2) as fo llows : 

C(g) x T (g) 

ll(g) = 11 11 c (g) x T (g) 

T (g) = 0" . c (g) , 

ll(g) X c (g) 
m () -

g - Il ll(g) x c (g) 11 

(9) 

(10) 

(11) 

where T (g) is a tenta tive resu lta nt stress on the basal p la ne 
if th e macrosco pi c stress 0" acts on th e gra in. ll (g) is the 
unit vector norma l to a p lane on which three \'ectors 
m (g) , c (g) a nd T (g) li e. The unit vec tor m (g) can be 
determined with the stress tensor 0" a nd the unit vector 

c (g) . H ence , the G factor tenso r can be calcula ted with 
the c-axis fabric d ata and the stress conditi on. 

With assumption (3) (Equation (6)) , Equat ion (5) is 
cxp ressed as foll ows: 

T(g) = O"(g) : G (g) = L (~(L )') O"iJ) G (g)" 
ij (g),) 

= L O"ijG(L ),) = 0" : G (L ) == T (L ) (12) 
ij 

where wc d efin ed T (L) as the loca l shear stress. With 
ass umption (4 ), Equations (7) and ( 12), the shear-stra in 

203 https://doi.org/10.3189/S0260305500013458 Published online by Cambridge University Press

https://doi.org/10.3189/S0260305500013458


Azuma and Goto-Azuma: Anisotropic flow law Jor ice-sheet ice 

rate on the basal plane in the direc tion 0 (' m (g) is given as 
fo llows: 

where we d efin ed ilL) as the local shea r-strain rate. This 
result (Equation (13)) , which was brought about by 
ass umption (3), indicates th a t the shear-strain rates on 
the basal pla ne of individua l grains depends on the 
an isotropy of local regions surrounding the grai ns rather 
than the orien tations of the grains themselves. 

Assumption (I) states th a t 

i(g) 

o 
o 

(14) 

where t\g) oj is the component of €(g) in a grain-coordin a te 

sys tem e~(= c), e~(=m), e~. The components in a 
macroscopic coordinate sys tem el, e2, e3 a re given by 

where e; = aijej and hence a pq = e~ . eq . Thus, 

. ( ) I (g) 
€ (g)ij = a 2i a lj + a li a 2j 2 

= [(e; . e;)(e~ . ej) + (e~ . ei) (e; . ej)] i~) 

(15) 

= ~(miCj + e;mj)i(g) = ~(G (g) i) + G (g))i(g) . (16) 

Defin e 

G sym - l(G G T ) 
(g) =:2 (g) + (g) . (17) 

Then, more generally 

. G sym . G SYlll(.l " 
€ (g) = (g) I(g) = (g) ,..,T(£) . (18) 

VVith Equ a ti on (6) , the loca l stra in-rate tensor IS 

ex pressed as 

(19) 

For a polyc rys talline aggregate, we can substitute, as 
the first-order a pproximation, G for G (L) a nd hence T for 
T(L ) . W e then obtain the foll owing flow law of ice. 

where, for the case of reference, we repeat earli er 
d efinitions as follows 

2,J = x, y, z. (21) 

Although we showed th e stress tenso r a in Equation (20), 
we could a lso use th e devi alO ri c stress tenso r a ' instead of 
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(a) (b) 

Fig. 1. Ty pical pallems oJ a single-maximum Jabric ( a) 
and a small-circle girdle Jabric (b). The centre oJ each 
circle cOTTesponds to tlte vertical axis. The angle cP Jar the 
single maximum shows the standard deviation of the zenith 
angles oJ c axes. For the small-circle girdle pattern, the 
c axes are distributed so that the zenith angle oJ each c axis 
should be cP ± ~. 

a , as Gxx + Gyy + Gzz = O. This new Oow law (Equations 
(20) and (2 1)) d emonst rates the direc tion-dependent 
mechanical properties of aniso tropic ice, as will now be 
described in the foll owing sec tions. 

3. FLOW PROPERTIES OF CHARACTERISTIC 
FABRIC ICE 

At d epth in an ice shee t, a single max imum or a small
circle g irdle pa ttern generally d evelops, dependi ng on 
the d epth and on the stress config ura tion. The ice with 
these characteristic fabric patterns d eforms in a different 
manner from that of iso tropic ice. For example, the 
single-m aximum fabri c ice deforms eight times faster 
under simple shear, which is perpendicular to th e mean 
c-axis direc tion , than isotropic ice (Budd a nd J acka, 
1989) . Shoji and Langway (1988) a lso found ex peri
mentall y that the D ye 3 ice core, wh ich has a strong 

single-maximum fabri c, deforms easily under horizonta l 
shea r but with difli culty under ve rti cal compress ion. 
These direc tion-depend ent mecha nical properties of 
a ni so trop ic ice can never be explained by Glen 's Oow 
law (Equation ( I)) . Below we d emonstra te that these 
can be d esc ribed well by the above aniso tropic Oow la w 
(Equations (20) and (2 1)) . 

Figure I shows the typical fabri c patterns for a single 
maximum a nd a small-circle gird le. For these typ ical 
fabrics, we ca lculate the Oow-enhancemen t factors, where 
the enh ancement facto r is d efined as the ratio of the strain 

rate for a given aniso tropic ice to th a t for iso tropic ice, 
obtained by this flow law wi th random (artifi cial) c-axis 
orientation distributions. In th e case of the sing le 
maximum , the caxes are distributed as the Gauss ia n 
distribution a bout the pole. The a ngle cp for a single 
maximum shows the standard d eviation of the zenith 

angles of caxes . For a small-circle g irdle pattern , the 
caxes a re distributed so tha t the zenith angle of each 
caxis should be cp ±5°. For each a rtifi cia l c-ax is dist ribu
tion, which has 1000 c axes, the G tenso r was calcul ated 
by Equations (20), (2 1), (9), (10) and (11 ) for a give n 
stress fi eld a . Th en, th e strain-rate tenso r € was 

calcul a ted for each. For example, when uniaxia l com
pression a nd simple shear ac t on random fa bric ice, the 
stress tensor a nd the G tenso r become 
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R esults a re shown in Figure 2. The enh a ncem ent 
fac tor of th e ho ri zon tal shea r d eform a tion for a single 
maximum (HS (SM )) increases to a va lue of a bout 8 as 
the a ngle t:P dec reases . On th e other ha nd , the enha nce
m ent fac tor of the vertical compression for a sing le 

max imum (V C (SM )) d ecreases to zero as the a ng le t:P 
d ec reases . J n th e case of a sm all-circle g irdle, th e 
e nh a n cem ent fac tor fo r th e verti cal co mpress io n 
(V C (SCG)) a pproaches a valu e of 5 as t:P a pproaches 
45° a nd dec reases to zero as t:P moves away from it. These 
theoretical calcula tions by the new now la w agree well 

with the experimental results sta ted above (Budd a nd 

J acka, 1989) . 
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Fig. 2. Calculatedjlow-enhallcement Jactors by the present 
.flow law . HS( SJvl ) indicates tlte enhancement jactor jor 
horizontal shear deformation if a si7lgle-maximum jabric 
ice. VCr SM ) designates the enhancement jactor jor the 
vertical comjJression oJ a single-maximum Jabric ice. 
VCr SCC) is that Jor the vertical com/Hession oJ a small
circle girdle. 

4. FLOW ENHANCEMENT OF DYE 3 ICE 

90 

I f the stress com ponents a nd the c-axis ori enta ti on fa bric 
a t a given d epth in a n ice shee t are kn own , the strain-ra te 
components there can be ca lcula ted by this now la w 
(Equa tion (20)) . D ye 3 ice-co re fa bric d a ta (H erron a nd 
o thers, 1985; L a ngwa y a nd o th ers, 1988 ) a nd th e 

borehole survey wo rk (H a nsen a nd Gundest rup , 1988 ) 

provid e us with good da ta to examine thi now law . 

AZltlna and Goto-AZlI1lW: Allisotro/Jic }low law jar ice-sheet ice 

Figure 3 shows the enha ncement facto rs of the D ye 3 ice 
core ca lcula ted theoreti ca ll y from its fa bric d a ta by 

Equation (20) . Solid circles designa te the enha ncement 

fac tors for hori zontal shea r a nd open circles show those 
for vertical compression . Altho ugh the verti ca l strain ra tes 
were not m eas ured , the hori zontal stra in-ra te enha nce
ment facto r of D ye 3 ice, obtain ed [ro l11 th e borehole 
survey, indicates tha t Wisconsin ice below 1786 m is three 

times softer tha n Holocene ice (D a hl-Jensen a nd GUI1-

d es trup, 1987 ). This is in good agreement with the 
present th eoretical calcul a ti on as shown in Fig ure 3. This 
fac t supports the a ppli cability of the new flow la w 
(Equ a ti on (20)) for ice-shee r now. This fi gure a lso 
predi c ts tha t the enh a ncement fac tors for Wisconsin ice 

a re very sma ll for verti ca l compression . In other word s, 
Wisconsin ice is very ha rd for vertical compression . 

5. VERTICAL STRAIN RATE OF DEEP ICE 

As the magnitude of ve rti cal c-axis a li gnment increases 
(i. e. as th e a ngle t:P d ecreases ) the ve rti cal strain-rate 
enhan cem ent fac tor decreases as shown in Figure 2. This 
means th a t ice with a strong single-max imum fabri c like 
D ye 3 \ Visconsin ice cannot deform easil y under ve rti cal 

compression as shown in Fig ure 3 . 

Let us calcul a te the ve rti cal strain-ra te profile of D ye 3 
with the present anisotropic now law. W e ta ke the x, Y 
a nd z axes as the fl ow direc ti on , the tra nsver e direc ti on 
a nd the upwa rd direc ti on , respec ti ve ly. 'We ass um e pla ne
strain conditions, tha t is, th e y compo nent of the strain 
tensor is ze ro . W e a lso ass ume tha t lJ.ry a nd lJyz a re zero . 

Hence, the stress tensor a nd G tensor a re expressed as : 

I%: 
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Fig. 3. Tlze}low-ellhallcemelltjaclor ojicejrom the D)'e 3 
ice core caLCIIla ted b)1 the /Hesent }low law using observed 
Jabric data. Solid circles designate the enhancement Jactors 
Jo r the horizontal shear and open circles show those Jor 
vertical compression. 
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Fig. 4. Calculated stress comjJonents and the vertical strain-rate fJrofiles at D)le 3. The /lOrizontal slzear-slraill rate Eu and 
the shear stress a z,t ill the flow directioll al each depth are kllownJi'om the bore/wle survey and tlte suiface-illcLination dala 
( Dah/-]ensen and Gundestru/J, 1987), 

The horizonta l shea r-stra in ra te Ez.r (= 0.5du/dz ) a nd 
the vertica l stra in rate Ezz (= dw/ dz) a re given as follow s, 
where u and w denote th e horizonta l (x direction ) and 
th e vertical (z direc tion ) now velocity at a given depth, 

Thus, Equa tion (20) implies 

~~ = 2E: .1'Z= 2j3G.rz (a~'J:Gl",+ azzGzz +az.t (G,rz + Gz1·) )3 , 

(22) 

~ , - 3 
d z = c zz =j3Gzz(a .uGu + a zzGzz + a ZJ: (Gxz + Gu )) . 

(23) 

Th e hori zonta l shear-stra in rate EZ.T a nd the shea r stress 
a Z ,l' in the now direc tion at each d epth a re known from 
the borehole survey a nd th e surface inclination d a ta 

(Dahl-Jensen and Gundes trup , 1987) . W e ass ume the 
artificial c-ax is orien tation fa bric a t each depth as 
follows: cjJ = 80° at 0- 1000 m, cjJ = 50 0 at 1000- 1786 m , 
cjJ = 10° a t 1786- 2036 m . These are similar to the 
observed r~l bric developmen t a t D ye 3. \Vith thi s d a ta 
se t and ass umptions, we can de termine a plausible 

solution of an', a yy and a zz at each depth so as to sa ti sfy 
Equation (22 ) . Th en dw/dz was calc ulated from 
Equation (23 ) . The results a re shown in Figure 4. This 
calcula tion shows that the ve rti cal strain rate dras tica ll y 
decreases below 1786 m because the c axes almost a lign 
vertically. In thi s calc ul a tion, it is found tha t no 

combinations of an, ayy a nd azz sa tisfy th e jump of 
du/ dz a t 1786m, if the c-axis \'ertica lity does not 
increase suddenl y from cjJ =50° to cjJ = 10 at this d ep th. 
This fact indicates that only a sudden change in fabric 
could causc the jump in clu/clz . 

According to the iso tropic Qow law (Glen's now law), 
horizon ta l shear stress itself ne\'er prod uces a \'e rti ca l 
stra in . Vertica l strain is caused by verti cal de\'iatoric 
stress clzz . H owc\'er, in fact anisotropic ice, like singlc
max imum fa bric ice, should produce vcrtical strain a lone 
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with hori zontal shear stress. Figure 5 ill ustrates this 
fea ture. If the mean oricnta tion ofcaxes (i.e. the po le ofa 
sing le maximum ) is inclined with res pect to the ve rtica l 
axis , norm al s trai n com ponen ts (E,·.r and Ezz ) a re 
produced by horizontal shea r stress. The anisotropic now 
law (Equa tion (20)) can d emonstrate this characteristic 
flow property of anisotropic ice. \lV e discuss thi s more 
quantita tively be low. 

Fig ure 6 shows the ratio of thc \'enical strain ra te to 
the horizontal shear-stra in rate which is calcula ted by 
Equa tion (20) , by assuming that onl y horizonta l shea r 

---•• - flow direction 

mean orientation of c-axes 
shear stress - --- - - --- ---

----------- ':----' ----------
- ----~ ---- ------ ----------- -----

mean basal plane -
' annual layer 

Fig. 5. Anisotropic iceJlow at a deeper /Jart oJ all ice sheet. 
if the mean oriel/tatioll oJ C{l\es is inclined towards 
lIjJs/realll or downstream. even the horizolllal shear stress 
a/olle jJroduces vertical straill . 
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Fig . 6. The ralio of Ihe verlical strain rale 10 the 
horizonlal shear-strain raff wlzicft is cahulaled by the 

jJresent flow law, assuming that 01101 a horizontal shear 
stress acls on all ice bod)'. The ratio is shown agaillst the 
standard deviatioll of the angles between c a.\ es alld a /JOle 
ofJillgle 1I1(/.\ill7l1l17 (ep) wilh tlte lifled a/lgle)... A jJosilive 
allgle ).. mealls Ihal Ihe mea/l direelioll of c aus illclilles 
lowards downslream. A lIegatil'e angle).. means Ihal the 

mean direction oJ caxes inclines towards lIpstream. 
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stress ac ts on th e ice bod y. The ra ti o is shown aga inst th e 
sta nd a rd de\'iation or th e zen ith angles or caxes (cfJ ) for 
each inclination a ng le ).. o f th e m ea n o ri entation of caxes 

(f\IO C). The positi\'e a ng le A m eans that th e \IOC 
inclines towards downstream . This res ult clearly indica tes 

that , if the MOC inclines towa rd s upstream , th e 

hori zo nta l shea r in th e ice shee t produces positi\ 'e \ 'e rti ca l 
stra in . This m eans that, if the annual layer is horizontal, 
th e a nnu a l layer thi ckn ess in creases with time due to thc 

shea r ice flow. 

Fo r D ye 3 Wisconsin ice, we es timated th e \'e rti ca l 

strain ra te for th e in clin ed ~IOC with respect to th e Oow 
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AZlIma and Golo- / L:lIl11a: Anisolro/Jic j70w l(/ll' Jor ice-sheel ice 

direc tion. Fig ure 7 shows one example ror 1800 m d epth. 

In ice shee ts the rea l stress fi eld is complica ted. To 
simplify, we assume a plane-strain conditi o n as abovc. T o 
sa tisfy this conditi on fo r a sing le-max imum fabric iee like 
D ye 3 \\'isco nsin ice, the present flow la w requires a 

uni ax ia l s tress ( er ~ .. r = -2er;m = - 2er ~zl in a ddition to th e 

shea r stress ero,/, as can be see n in Figure 4. For three 

difTe rent inclin a ti on a ng les of \[OC (A = 0 ,5° and - 5 ). 
th e ho rizontal shear-stra in rate dv.jdz a nd the vertica l 
stra in rate cl w/dz were calc ulated fo r \ 'a ri o us \'a lues oC cr'I'.'" 
From Fig ure 7 it is round that pos iti\'e \ 'erti cal strain rates 

of th e order of 10 3 a 1 a re prod uced if A = _5°, \\·hil e 

nega ti\'e \'ertical strain rates of th e o rd er of 10-3 a 1 are 

produ ced \\·hcn ).. = 5°, This mea ns th a t the inclina tion 
a ng le o[ -:\IOC is \ 'e ry import a nt fo r dcscrib ing th e \ 'C' rt ica l 
Oow of d ee p ice, Deta il ed ice-fabric s tudi es on Dye 3 
Wisco nsin ice re\'Cal th a t th e f\IOC inc lines about 5- 15° 
rrom the core axis, d epending o n d epth (Langwa y and 

others , 1988), AI th ough th e core ax is is no t \ 'e rti ca l and 
inclin es at most 6° near th e bottom , the mea n direc ti on o[ 
r axes d efinit ely inclin es seve ral d egrees from th e \ 'C nical 
ax is. U nfo rtunatel y, due to lack of in formation on th e 
geog raphica l o ri entation of the D ye 3 co re, th e \'e rtica l 

stra in or Wi sco nsin ice cannot be di sc ussed in detail. 

At d epth , th e \'lO C \'aries slightl y in th e horizonta l and 
the \'enical directions. If thc -:\IO C \'a ri es in the \ 'C' rti ca l 
direc ti on (Fig. 8a) , th e layers with positive ).. becom e 
thinn er with tim e whi le th e layers with nega tive A becom e 

thi cker \\'ith time by hori zonta l shea r. This sugges ts a 

h eterogeneous layer thinning. Jr the \IO C \'a ries in th e 

hori zontal direc tion (Fig. 8b) , C\'C n initi a ll y hori zonta l 
layers co uld produce laye r fo lding o r boudinage. 

6. CONCLUSIONS 

The ge nerali zed Oow la ll' (Equation ( I )) . which h as been 
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~ 6 .0 
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~= 10deg I ·3 ~ 
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Fig, 7. r-erliral strain rate dw/dz and hori::,olllal shear-straill rale c1u/c1z (ca lculated ~JI the !HeseJIlj70w Imc ) 1'f)'SUS cr,;, ,]' 
al D)'e 3 1800117 de/Jtit. Results/or three different illdil/alioll angles A 0/ the .\10C are gil'fll: 0 .5 al/d -:5'0 . 
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used in a ll ice-flow ca lculations, is not appropri a te [or 
studies of ice-sheet dyna mics because the polycrys ta lline 
ice in ice shee ts has a strong plas ti c aniso tropy caused by a 
preferred c-axis orientation. In this paper, a new flow law 
for anisotropic ice observed in the deeper parts of ice 
shee ts has been derived. This flow law is simply expressed 
with the strain -rate tensor, the stress tensor and the 
geometric factor tensor (G ), which is determined by using 
the c-axis fabric data a nd the stress condition . Thi flow 
law can describe well the direction-dependent mechanical 

properties of anisotropic ice which can never be exp lained 
by Glen's flow law. The flow-enhancemen t factors [or 
aniso tropic ice calcu la ted by th is flow law agree well with 
the experimental resul ts and fi eld observations. \IV c a lso 
show that aniso trop ic ice in the deeper parts of ice sheets 

deforms in a manner different from isotropic ice. This 
may significantly affect flow-model dating of a n Ice core 
and the ice-sheet d yna mics. 
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