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UNIFORM APPROXIMATION BY POLYNOMIALS
WITH VARIABLE EXPONENTS

PETER B. BORWEIN

Introduction. We examine questions related to approximating functions
by sums of the form

a1 > ax¥ a8, real.

i=1

We focus on approximations to functions given by the integral transfor-
mation

@ S = [ v

where y is a positive measure. Approximations to this class of functions
(Laplace transforms in the variable — Inx) are particularly well behaved
(see Theorem 1). Questions concerning existence, uniqueness and
characterization of such approximations have been thoroughly examined
in the equivalent setting of exponential sum approximations (see {3], [4],
[6] and [9]). Less well studied is the order of convergence of the
approximation. This is the problem we address. Part of the motivation for
using sums of the form (1), which we shall call Gaussian sums, stems from
the observation that all analytic functions with Taylor series expansion
having positive coefficients are of the form (2). Thus, we may ask the
apparently natural question of how well ¢ may be approximated by
Gaussian sums. We have called these approximations “Gaussian” because
of the close connection to Gaussian quadrature (see Section 4).

The first section of the paper collects together the necessary characteri-
zations of best approximants. We then derive a number of theorems that
compare Gaussian approximations to polynomial approximations and to
other Gaussian approximations. For example: if fand g are transforms of
type (2) associated with positive measures y and f8 respectively and if 8 —
y is also a positive measure then the best Gaussian approximation to f is
better than the best Gaussian approximation to g of comparable order. We
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also show that Gaussian approximations to functions of the form
fo x'dy(t) are very much better than polynominal approximations, that
such approximations to 1 + x + ... + x" are considerably better while
little improvement is to be expected in approximating functions like e*.

1. Notation. Let IT, be the real algebraic polynomials of degree at most
n. Let 9, be the set

{ > a;xa;, 8, real }

i=1
For a continuous function f let

(1) En(f: [(1, b]) = inf ”fi pn“[u,b]

pH(

and fora = 0 let

(2) Gn(.f: [a, b]) = inf ”f - gn“[a,b]
@€Y,
where || « ||, denotes the supremum norm on [a, b]. When we talk about
best approximations they will always be in this norm. The polynomial
attaining the infimum in (1) will be denoted by p* = p*(f: [a, b]). If the
infimum is attained in (2) by an element of ¥, then that element will be
denoted by g¥ = g*(f: [a, b]). The class ¥, is not closed, for example:
)

lim = 1ln x

8—0
and we cannot in general expect g to exist (see [9], pp. 42-46).
The class of functions most amenable to approximation from ¥, is the
class of functions f given by the transformation

f(x): = /0 x'dy (1), /0 dy(1) < oo

where y is a non-negative measure. We will represent the class by T'.
We will say that /' — g has an alternant of length m on [a, b] if f — g
achieves its maximum modulus on [a, b] at m + 1 points a = 7 <

T <...<T,+; = bandif
sign(f(7;) — g(7;)) = — sign(f(r;41) — g(Ti41) )

2. Existence and characterization. The first theorem guarantees the

existence and uniqueness of best approximations from ¥, to functions
in [.
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THEOREM 1. Let f be an element of T — 9, defined on [a, 1], 0 < «a
< b.

(a) There exists a unique best approximation g¥ € 9, to f on [a, 1].

(b) f — g has an alternant of length 2n. This also characterizes g¥.

(c) gt € T, that is, there exist positive a;, 6, 0 < & <...<<$§,, so
that

n
gx) = X axd

i=1
(d) fla) — gi(a) = f(1) — gx (1) = I/ — gillar)-

The above results follow from the corresponding results for approxima-
tions by sums of exponentials to completely monotonic functions via the
change of variables x = e~ . These results are all to be found in [4] (see
also [3], [6] and [7]). Conclusion (c) of the above theorem characterizes
functions in I':

THEOREM 2. A continuous function [ is an element of T if and only if for
some a € (0, 1) and for all n, g*(f: [a, 1]) is an element of T.

Proof. We need only comment on the “only if” part of this theorem. If
gr € I then

gr(x) = /0 X'dy, (1)

where v,, is a discrete positive measure and where

o0
gi(l) = ,/0 dy,(t) = 20 f a1y
It follows from Helly’s Theorem [10, p xii] that

(o]
Jfix) = f ) Xdv()
where y is a subsequential limit of the v,
Descartes’ rule of signs tells us that a sum of the form
n
2 apt with § < &
i=1

can have no more positive zeros than the sequence {qay, ..., a, } has sign
changes. It follows that, for any continuous f, if there exists g, € ¥, so
that f — g, has an alternant of length 2n on [a, 1] then g, is the unique best
approximant to f from ¢, on [a, 1]. Also, from Descartes’ rule of signs we
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can deduce that if there exist 2n + l pointsa = 7 < ... < Ty,4 = |
and g, € 9, so that

Mgn(f('rz) - gn(Ti)) = = Sign(f(7i+l) — & (Ti+1))
then we have a de la Vallée Poussin type conclusion, namely

Gfila 1) = min [ fr) = gl

=1,2,...,2n+

We are considering approximations on an interval [a, 1] where a > 0.
That the right hand endpoint of the interval be 1 is a matter of
convenience. It can be taken to be any positive number by rescaling.
However, taking & > 0 is necessary. If a = 0 then particular care must be
taken. This case corresponds to exponential approximation on [0, co) (see
[4]). In all that follows we will be assuming that « is between zero and
one.

3. Comparison theorems. The rate of approximation to a function fin I'
depends only on bounds on the measure y defining f in the following
sense.

THEOREM 3. Let f and h be elements of T where

(ee)

f(x) = 0 xX'dy(t) and h(x) = ./0 x'dp(t).
If B — v is a non-negative measure then

Gy (f: [ 1) = Gu(h: [a, 1)).

Proof. We may suppose that f, h & %,. Let g be the best approximant
to h and let 7, ..., 75, be the points in [, 1] at which & — g¥ = 0. Let
q¥ € 9, interpolate fat 7y, ..., Ty,. Such a g exists and is an element of T’
(see [4] ). Furthermore,

sign(f(x) — gi(x)) = sign(h(x) — gi(x))
at every point in [a, 1] (see [6, p. 167]). Thus, if

G, (f: [a. 1]) > G,(h: [a, 1])
then there exists ¢ > 1 so that
J = af = ch — cgr

at 2n + 1 points in [a,1]. Since ¢8 — v is a positive measure and g;f € I’
there exists a positive measure p so that

https://doi.org/10.4153/CJM-1983-031-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1983-031-7

UNIFORM APPROXIMATION 551

[ee)

ch(x) = f(x) + gi(x) = [ x'dur).
It follows that

cgi(x) — |, x'du)

has 2n + 1 zeros in [a, 1]. It is, however, not possible for an element of ¥,
to interpolate a function in I' — %, at more than 2n points. This can be
seen by replacing /80 x'du(t) by a sufficiently close interpolating approxi-
mation of the form 3a;x%, 4,8, > 0, and appealing to Descartes’ rule of
signs. (Alternatively one may use [6, p. 164].) This contradiction finishes
the proof.

COROLLARY 1. Let

f(x) = > ax' and h(x) = > bix'.

i=0 i=0
If bj = a; = 0 for all i then
G,(f(x); [a, 1)) = G,(h(x): [a, 1]).

The above theorem is really an interpolation result. We state it as such
in the next corollary.

COROLLARY 2. Let v, B and 8 — vy be non-negative measures. Let
Tly v Ty, be 2n (not necessarily distinct) points in [a,1] and let q,, g, € 9,
interpolate [3" x'dy(t) and [80 x'dB(t) respectively at 7y, . . ., Tn. Then, for
x € [a, 1]

l‘]n(X) - _/0 X’d}’([)| = |gn(x) - /0 'xtdﬁ(t) |

The proof of the corollary is virtually identical to the proof of Theorem
3. Multiple roots are handled by taking limits. The analogous results for
rational approximations to Stieltjes transforms (functions of the form
f§° 1/(x+7) dy(t)) are established in [2]. This result, of course, also
applies to exponential sum approximation to completely monotone
functions by changing variables.

The next results provide some comparisons between Gaussian and
polynomial approximations.

THEOREM 4. Let f € T and let a > 0. Then
Gy (f(x): [a, 1)) = inf || f(x) — pa(In(x) )llja, 1}-

Pan € 1y,
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THEOREM 5. Let f € T and let v > 1. Then

1
X

Gt/ (L) = (L) 0o

Proof. We first prove Theorem 4. Let g¥,, € ¥,., be the best
approximation to f(x) on [a, 1] and let p,, be any polynomial of degree 2n.
Suppose that

1 f(x) = po,(InC))lay < 11 F(x) — g 1) aur)-

Then, by Theorem 1, g¥, (x) — py,(In(x) ) has at least 2n + 2 positive
zeros and hence, gF,(¢’) — py,(y) has at least 2n + 2 real zeros.
Since

n+1

gk ix) = > ax® wherea; = 8, = 0
i=1

we arrive at the contradiction that the function

n+1
(gr1(e) = po )P = X ()" lae® >0

i=1

has a real zero.
Theorem 5 is proved analogously. We need only note that the best
approximation to f(1/x) from %, is of the form

n+1
> ax % wherea, 8, = 0

i=1

and hence, has non-vanishing derivatives of all orders.

4. Gauss-Padé approximants. Let f € T — &, be given by

h
foo = [ vav

Associated with y is the Gaussian quadrature rule with positive nodes
zy, ..., z, and positive weights wy, . . ., w, which has the property that

b n
,[o P (DY) = 2 wpan—1z), Pt € Il

i=1

In the next theorem we show that
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fx) = § wx = O((x — 1))

and derive error bounds for this Padé-type approximation
THEOREM 6. Let

I
flx) = fox’dy(t) erl

and let

n
g,,(x) = 2 wixZ’

i=1
where the w; and z; are as above. Then, for 0<x =1
(In x)*"
lf(x) - gn(x)| = 42(,,—])(2 )' dY(t)

Proof. For fixed x = 1 and any p,,-; € I,

I
[f(x) — g(x) | = 21 x" = pay—1 () o) /0 ay(1).

Since, with respect to the variable ¢,

(xt)(Zn) = (In X)Znellnx
we know that there exists p§,_; € I, so that
8 (In x)>"
Il x" = pF,—1(t) loay = )
(See [8, p. 38].)

This result is reminiscent of a similar theorem for Padé approximants
due to Baker [1, p. 191].

THEOREM 7. Let

2

then, for x > 0,

2x2n+]

2
- 2 wix = J—— t).
lf(x) [14x+V1+2xP'[142x] /" "o

i=1 1+Z,'X
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This a slight variation of Baker’s result. We include it because its proof
is identical to the proof of Theorem 6 using the fact that

) ( 1 ) (le+1] — \/c2+2c)”
bn - [052] =

x+c A+ 2¢

and as such is considerably different from Baker’s proof. It is worth noting
that this method also establishes that

n
WX

-1 1+zx

is the (n, n) Padé approximant to f.
Theorem 6 can be applied to the function (x — 1)/Inx which has an

essential singularity at zero and, hence, cannot be approximated by
polynomials on [a,1] with a rate of convergence greater than p, ".

5. Approximations to ¢* and 1 + ... + x". Let
n
T = I =2

be the n'" Cebycev polynomial shifted to the interval [a,1] and normalized
to have lead coefficient 1. Let

Tox) =ag + ...+ an_x"" '+ x",
let
Mlx.n = max {|ag| PERER lagvll}
and let
. o o
My, = min {Jagl , ..., la,— |}.
THEOREM 8.

21— o)™ 21 — o)™
ﬁ =G4+ x4 4= L7
a,2n

If c = (3 + a)/(1 — «a) then

ma‘2n42” ’
G(l+x+ ...+ x":[a1]) = l/(c + V& — 1

and if d = (1 + a)/(1—a) then -
Gn(l + x4+ ...+ x" [a, ]]) = 2/(d - \/d2 _ ])2)1.
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Proof. Consider
n—1

Tgn(\/;) = 20 agi(x)i —+ ZO agi%—l (\/})2[%‘[

= pp(x) + gh(x)

where p,, € I, and g, € 9,. By Theorem 1 part (b) —g), is the best ap-
proximation from @, to p, on [a,1]. Also,

I Pa(x) + €n(x) llag) = 201 — a)™/4™".
By Corollary 1
Gy(po/Myry: [, 1) = G, (1 + x + ... + xX": [a, 1))
= G, (pu/ma2yt e, 1))

and hence,
2(1 _ 0{)2" ’
o SO x )
_ 21
= M_
ma.2n42”
If
Il Pullia) = ¢
then
3+ 3+ 2 "
!p,,(—l)léc( S ( "‘) _1)_
l —a l—«a
This result may be found in [8, p. 43]. Thus, since
\ 2(1 _ a)z”
| Tonllia1) = —g
we have
Ma,fln = |T2n(—1)|
— 2 5 .
§2(12a)"(3+(x+ (3+a)—l)l,
4 n 1 — « 1 —a
We note that
1 — 2n o
Tou(x) = (TE) (y + \/y2 _ ])211

+ (= V= DY
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where y = (2x — (1 + «))/(1 — «). Thus,

« « [ — a)? 1 + «
my, = T2n(0) = ( 4 ) [(

] — «

(=) VESS )

This finishes the proof.

If we take & = 7 we get
1 1

(1939 )"~ (7 & Vagy»

=G, (1 + x

+ .+ X R
- 2 _ 2
o 3+ \/g)Zﬂ (33.9.. )"

By comparison
E,. (1 +x+ ...+ x"[51]) =2/8"

and we observe that Gaussian approximation is moderately more effective
than polynomial approximation in this instance.

COROLLARY 3. If f(x) = Dreo axx’ and ay Z ay ) Z 0 then

an
(3+a (3+a>2 )2'1
+ -1 .
11—« l—«

This corollary is a consequence of Corollary 1 and Theorem 8, we
need only compare the approximation of f to the approximation of
a,(1 + ...+ x").

Gy(fife, 1) =

Applying the above to ¢* on [3, 1]) shows that

G,(e": 3, 1) = 1/(193.9.. )'n!
whereas

E,_ (e 3, 1]) = 6/8"n!.
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Finally, we observe that, for small n, G, (e": [3, 1]) may be somewhat

smaller than E,(e*: [3, 1]). This is illustrated in the following table.
Theorem 4 guarantees that

Gn+l(ex: [%» 1]) = inf ”ex - p2n(1n X) ”[%, ]]

pan€lly,

Computations were done using the IMSL routine IRATCU.

n E,(e*: [3,1]) inf |le* —py,(1nx)||

1 3.3 X 102 9.7 X 103

2 14 x 1073 1.1 X 10°*

3 43 X 1073 1.0 X 107°

4 1.1 X 107° 8.1 x 107°
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