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Corrigendum

Connected components of affine Deligne—Lusztig
varieties in mixed characteristic
(Compositio Math. 151 (2015), 1697-1762)

Miaofen Chen, Mark Kisin and Eva Viehmann

In the proof of Theorem 1.1, the following assertion in line 4 of page 1725 is incorrect:

The kernel of the composition 71(M)" — 71(G)! is generated by the elements
ZBEQ BY, where € @y satisfies QN C # @ (C defined as in Proposition 4.1.9).

The mistake consists of a misapplication of Proposition 4.1.9, which asserts only that an
element in the kernel is a Z-linear combination of elements in the Galois orbit of C. Although
an element in the kernel is I'-invariant, in general this is not enough to imply that it is a sum of
elements of the form seq BY, where one sums over a Galois orbit 2 of an element in C. More
precisely, the assertion is incorrect in certain cases when there are Galois orbits of coroots of
different orders. This was pointed out to the authors by Sian Nie.

We replace the above argument by the proposition below. All other assertions of the paper
including the rest of the proof of Theorem 1.1 remain unchanged.

PROPOSITION 0.0.1. There exists ®% . C ®x r such that:

(i) the kernel of the map mi(M)" — 7m1(G)' is generated by the elements > peq, B’ and
ZBEQ BY, where Q € @y satisfies QN C # B and Q € <I>(])V,F;

(ii) for any element €y € (1)9\7,1“: the element Z,Beﬂo BY is mapped to 1 by the composite
m (M)" = mo( XM (b)) — mo(XS (b)).

LEMMA 0.0.2. Letxz,2’ € I:I%’G be such that ' = x+a" —a™" with a an adapted positive root in

N. Let Q be the Galois orbit of o. Then, for all ¢ M (Op,) € X%/ (b), there exist gM(Op) € X%(b)
and n € Z such that g ~ g’ and

wr(g) — Za +n2ﬁv in 7 (M).

BeQ

Proof. If 2’ — z is of immediate distance and 2’ — z = a¥ — o™V is as in Definition 4.4.8, then
for any ¢’ M(Op) € X%,(b), there exists gM (Op) € X%(b) such that g ~ ¢’ and

m—1

war(g) — o in 1 (M)
=0
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by Proposition 4.5.4 (in which there is also a sign typo in (4.5.5)) and the fact that JM(F)
acts transitively on X}!(b). Similarly, if # — 2/, then for any ¢’M(OL) € Xli\;[,(b), there exists
M(Or) € X}(b) such that g ~ ¢ and

|€2]-1

w(g') — Z o™ in m(M).

Hence,

m—1
wM(g)_wM(gl)ZZOéi Zﬁ in 71 (M).
i=0

BeN

The general case is reduced to the immediate distance case by the proof of Proposition 4.4.10. O

Proof of Proposition 0.0.1. Let S := {3 5.0 8" € T (M)T|Q € ®nr and QN C # B},

If the kernel of the composition 71 (M)' — 71(G)' is generated by the elements in S, then
take (1)9\7,1“ = ) and we are done.

Therefore, it suffices to prove the proposition under the following hypothesis.

(HYP): the kernel of the composition 71 (M)" — 71(G)" is not generated by the elements in S.

Then not all elements in ®y r have the same cardinality and hence the Dynkin diagram
of G is of type Aoni1, Dy, or Eg. Let <I>5ma“ be the subset of ® 1 consisting of the orbits of
smallest cardinality, and let q)%r%e =®Nr \@Smaﬂ Then the elements of @%flg«e are all of the same
cardinality, which is ng times the cardinality of the elements in @?{,’}I@H with ng = 2 or 3. Here,
ng = 3 only occigsgewhen the Dynkin diagram of G is of type D4. Moreover, by Proposition 4.1.9,

for every 2 € @i E", > 5eq B is contained in the subgroup of 71 (M)" generated by S. Hence,
we will define 1130 NI 8s a subset of <I>5ma“.

Case 1: the Dynkin diagram of G is of type Aony1 or of type Dy with ng = 3. One can easily
show that the kernel of the map m1(M)!' — m(G)! is generated by the elements in S and
Z/BEQ’ BY for any Q' ¢ @Smau Hence, it remains to find Qg € @ﬁ’{fnﬁn satisfying condition (2) in
the statement and to define <I>NF ={Qo}.

CrAM 1. Under hypothesis (HYP), there exist adapted positive roots o; € §; € @%flgﬂe fori=1,2
such that a; — ag = of —ad is still a root in N, where d is the number of connected components
of the Dynkin diagram of G and such that

dv

P =x+af —af —:c+a2—a2 EI

We only show Claim 1 when the Dynkin diagram is of type As,+1. The proof for the other
case of type Dy is similar and much easier and is therefore omitted. By Proposition 4.1.9, we can
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choose a connected component of the Dynkin diagram of G with the following numbering of the
simple roots.

Agpia: Oo—o0O - O O O - O O
Y-n  V-n+l1 V-1 Y0 M Yn—1"Tn

such that there exists a pair (ig, jo) € N? with
(Y—io + Y0+ - F Vjos by = — 1. (0.0.3)

Moreover, by condition (HYP) for all 0 < n, (y—i+ -+ + -+ Y, pa) # —1; therefore,
we may assume that ig > jo (possibly exchangmg the notations v; and v_;) and that

(V=io + -+ V—jo—1o ) = =1, (Vjor1 + -+ Vigs Ha) = 1.

It follows that
Q1 = Y—ig Tt Vjor Q2= V—ig T+ Vo1

are the desired elements in Claim 1.

Let Qg € q)smau be the Galois orbit of oy — a9, and ‘1>NF = {Qo}. We want to show that
> pea, B’ € 7r1(M)F is mapped to 1 under the composite 771(M) & Wo(XM(b)) — ﬂo(XG(b))
By Lemma 0.0.2, for any ¢'M(Op) € Xli\;[,(b), there exist gy M (OpL), g2 M(Or) € X]\;[(b) and
m1,mg € Z such that g1 ~ ¢’ ~ g2 and

’LUM(gl)_wM(Q)Z o] +m1z,3 in m (M),
=0 Be
d—1
(92) wM( ): a2+m Zﬁ in m M)
1=0 BEN

Taking the difference of the above two equalities, we get

Mm(g1) —war(g2) Zﬁv (m1 —ma) Zﬂ —I—anGzﬁ in w1 (M).

BEQo BeQ BeQo

Using g1 ~ g2 and the fact that JM (F) acts transitively on X % (b), the element

war(g2) — war(gr) € m(M)"

is mapped to 1 by the composite 7 (M)"' = ﬂo(X/%(b)) — ﬂo(XE(b)).

On the other hand, as Qg € @?{}hﬁ“ and € @ﬁflgﬂe, by Proposition 4.1.9, ng Y gcq, 8" €
7 (M)' and > sea, BY € w1 (M)' are both contained in the subgroup generated by S and hence
by the proof of Theorem 1.1 (more precisely the third paragraph on page 1725, which is not
affected by the gap we are discussing here), ng ZﬂeQ BY and Zﬁem BY are both mapped to 1
by the composite 1 (M)! =2 WQ(XM(b)) — Wo(XE(b)). Therefore, 50 is ) 5., 8, i.e. Qo satisfies
condition (2) of the proposition.
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Case 2: the Dynkin diagram of G is of type D,, with ng = 2. Consider any connected component
of the Dynkin diagram of G with the following numbering of the simple roots.

a1
Dni o—0—~0O O—O—O<z ,
Qo 01 Q_q

Qp—2 Qp_1

Let ©; be the Galois orbit of a; for 1 <4 < n — 2. Then the kernel of w1 (M)'' — m(G)' is

generated by the elements in S and Beq BY for 1 <i < n— 2. We will construct subsets
Oyr C Py - CONE = O C Py

such that for any 2 € @7\,}2, the element 5. Y is mapped to 1 under the composite 71 (M )" =

WO(X%(I))) — wo(Xf(b)) and, for any 1 <i<n—2,> 5. 8" is contained in the subgroup of

71 (M)" generated by the elements in S and ZﬂeQ B, where Q € <I>§V7F. Note that the orbits of

a_1 and o/_; are in @f,r%e and therefore need not be considered.

We first construct ®} .. By Proposition 4.1.9, there exists a € C such that o!(a;) < « for
some [. Without loss of generality, we assume that [ = 0. We may also assume that ) B BY
is not contained in the subgroup of w1 (M) generated by S, otherwise let @}V’F =¢. By (HYP),
the Galois orbit of a € C' is in @ﬁflgie. In particular, (a1, pz) = 0 and (a_1, p,) = —1 (possibly
exchanging a_; and o). By the existence of o and the minimality of p,, there are four

possibilities:

Case 2.1: (a1, pg) = 0, (& 1, pz) = 1;

Case 2.2: (aq, pz) = 0, {1, piz) = 0;

Case 2.3: {an, pug) = 1, (&1, piz) = —1;

Case 2.4: {aq, ) =1, (& 1, py) = 0 and there exist 2 < i < n — 2 such that

_]-7 - :i7
<a]'7:ua?> = { /

0, 2<j<i-1

In Cases 2.2 and 2.3, we have a1 +a_1+a’ ; € C. In Case 2.4, a;+---+a1+a_1+a’ ;€ C
and o;+---+a9 € C. Thus, for Cases 2.2-2.4, Zﬁeﬂl Y is contained in the subgroup of 7y (M)"
generated by S and hence these cases will not occur.

It remains to consider Case 2.1. In that case

zt+aly - =r+(asi+tar) — (@ +an)V € f%ﬁG-

The same computation as in Case 1 shows that ‘I)}V,F := {Q } satisfies the desired properties.

For general i, we apply the same discussion as above. We obtain either <I>§V7F = @Z]\?l{ or
<I>§'V,F = @1]\71{ U {Ql} with Q; the Galois orbit of a + - - - + a. Altogether, the proposition holds
in Case 2.

Case 3: the Dynkin diagram of G is of type Eg. The discussion is very similar to Case 2 and
is therefore omitted. a
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