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Abstract

Counting the number of isomers of a chemical molecule is one of the formative problems of graph theory.
However, recent progress has been slow, and the problem has largely been ignored in modern network
science. Here we provide an introduction to the mathematics of counting network structures and then
use it to derive results for two new classes of molecules. In contrast to previously studied examples, these
classes take additional chemical complexity into account and thus require the use of multivariate gener-
ating functions. The results illustrate the elegance of counting theory, highlighting it as an important tool
that should receive more attention in network science.
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1. Introduction

Modern network science is grounded in graph theory, the mathematical study of networks, which
famously dates back to Euler’s solution of the Konigsberg bridge problem. However, the usage of
the term “graph” to describe a network is younger and can be traced back to Sylvester’s work on
the number of chemical isomers with a given sum formula (Sylvester 1878).

In chemistry, the sum formula specifies the number of atoms of different chemical species that
are contained in a given molecule. For instance, the sum formula of water, H,O, shows that a
molecule of water contains one oxygen and two hydrogen atoms. Within a molecule, atoms are
held together by covalent bonds, and in stable, electrically neutral molecules each atom partici-
pates in a characteristic number of such bonds, depending on the species of atom. Hence, when
a molecule is interpreted as a network, where the atoms are nodes and chemical bonds are links,
carbon atoms have to correspond to nodes of degree four, oxygen atoms correspond to nodes of
degree two, and hydrogen atoms correspond to nodes of degree one.

To ensure reasonable stability of molecules some additional constraints are necessary.
In the context of the present paper the most important of these constraints is that any molecule
containing long chains of oxygen atoms are unstable and would rapidly decay.

For the water molecule, the rules permit only a single configuration, H> O, but in larger organic
molecules, a single sum formula can correspond to multiple and possibly very many distinct net-
work configurations. In chemistry, the different configurations corresponding to a single sum
formula are called isomers. To count how many isomers exist that are consistent with a given sum
formula, we must first define which configurations we consider to be the same and which ones we
consider to be different. One option is to consider two molecules to be identical isomers if they
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Figure 1. Illustration of different types of isomers. Chemical diagrams illustrate the structure of molecules consisting of
hydrogen (H), oxygen (0), and carbon atoms (C). The bonds between these atoms are in the plane of the figure (lines), point
toward the reader (filled triangle) or away from the reader (dashed triangle). All carbon atoms have degree 4, but following
chemical convention, the links in —CH,— and —CH3 are omitted to reduce clutter. Likewise, the link between oxygen and
hydrogen is not shown as a bond. The figure illustrates that (a) and (b) are identical structures as they differ only by rota-
tion. Molecule (c) is a stereoisomer of (a) because it is topologically identical but related to (a) by a mirror-symmetry, i.e.
(a) cannot be transformed into (c) by rotations alone. Finally (d) is a structural isomer of (a) as it has the same sum formula
but a different topology.

have the same topology, another possible choice is to consider two molecules as identical if their
atoms can be oriented in the same way in three-dimensional space. In the former case, the bonds
of an atom are completely interchangeable, and we are counting so-called structural isomers. In
the latter case, the bonds can only be interchanged by geometrical rotations, and we are counting
stereoisomers (Figure 1).

In principle, one can determine the number of configurations by explicit enumeration, i.e. by
iterating through all ways to realize the desired degree sequence. However, this approach becomes
infeasible both due to the number of possible configurations and the difficulty of deciding whether
two configurations are isomers or identical structures (Read and Corneil 1977). Moreover, note
that counting the isomers of a given degree sequence and arriving at a result that is greater than
zero demonstrates that the degree sequence can be realized as a graph. Hence the problem of
deciding whether a given degree sequence is graphical, which is a difficult problem in its own
right (Hakimi 1962), is solved as a byproduct of the isomer counting problem. This suggests that
there is no easy universal solution to the isomer counting problem. However, progress can be
made for broad classes of structures.

In mathematics, the counting of configurations of systems falls into the realm of enumeration
theory, which dates back to the works of Cayley (Cayley 1875; Lvii 1874), Redfield (1927), and,
Pélya (1937). A convenient method for counting configurations in the presence of symmetries was
proposed by Redfield (1927) and later independently rediscovered in a more convenient form by
Pélya (1937) and extended by Read (1978). Pdlya’s theorem uses generating functions to represent
the symmetries of a network, which allows, for example, efficient calculation of the number of
ways in which the nodes on an unlabeled network can be colorized with a given number of colors.
Later Harary extended Pélya’s theory to count the number of branching network structures that
obey certain constraints (Harary and Palmer 1973, ch. 3).

In the past, Harary’s extension has been used to derive counting functions for different classes
of molecules (Faulon et al. 2005, Wang et al. 2003). However, these examples focus on molecules
consisting of only carbon and hydrogen and possibly one other atom. In such molecules, the math-
ematics only needs to account for the molecule’s carbon backbone, for which univariate generating
functions are sufficient. Beyond these works in the early 2000s, the recent attention has mostly
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focused on the explicit enumeration of molecular structures using large-scale numerical efforts
(e.g. (Ruddigkeit et al. 2012).

Presently the interest in the number of isomers of molecules is being rekindled due to the
rise of microbial ecology. For unicellular organisms the diversity of chemical isomers may be an
important factor limiting metabolic rates. This is particularly interesting in the oceans where an
enormous diversity of isomers is found (Catala et al. 2021, Hawkes et al. 2018). This diversity may
prove to be the major factor that limits the rate at which bacteria can utilize dissolved organic
carbon. It might thus be this diversity of molecules which limits the re-emission of carbon into
the atmosphere in the form of CO,. However, more work is needed to understand the sources and
implications of molecular diversity in the oceans and other systems.

Here we provide a gentle introduction to the counting of network structures, aimed at network
scientists (Section 2). We then apply this approach to the counting of treelike molecules of carbon,
oxygen, and hydrogen growing from a given, possibly cyclic, root. We extend previous mathemat-
ical work by considering more complex cases (including for example double and triple bonds),
which necessitates the use of multivariate generating functions (Section 3). Finally we apply the
approach to count the number of treelike molecules with naphthalene and benzene roots, which
haven’t been studied in this way (Section 4). We conclude by discussing the application to other
classes of molecules and other potential applications in the context of network science.

2. Counting with generating functions

Let us start by revisiting Pdlya’s theory of counting and its subsequent extensions by Harary and
Palmer (1973). Our aim here is to provide an intuitive approach to the theory to complement the
mathematically rigorous formulations found in the literature.

2.1 Generating function basics

Most network scientists will be familiar with generating functions such as the degree generating
function

G(x) = Zpkxk, (1

where the pj are the elements of the degree distribution and x is an abstract variable that is
introduced for the purpose of encoding these elements in a continuous function.

One way to think of generating functions is to consider them Taylor expansions in reverse.
While the Taylor expansion transforms a continuous function into a set of coefficients, the for-
mulation of a generating function turns a set of coefficients into a continuous function. Indeed,
the Taylor expansion of a generating function recovers the sequence of coefficients, e.g. px. Thus,
the Taylor expansion and generating functions allow us to bridge between the worlds of contin-
uous and discrete mathematics and thus bring the tools of the respective other world to bear on
our problem.

There is also a different way to interpret generating functions, which starts with the observa-
tion that the algebraic ring formed by multiplication and addition on the set of real numbers is
congruent to the ring of Boolean operations on a set of discrete objects. What this means is we can
read generating functions as descriptions of sets as follows:

» Read addition (+) as “OR”
« Read multiplication (-) as “AND”

« Interpret variables (x) as the representation of objects themselves (i.e. not as variables that
contain a number).
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Thus, for the degree distribution, the variable x is no longer abstract but becomes a placeholder
for the endpoint of a link (a stub) situated on the node. So x now represents one link starting at a
node, and x> = x - x represents two links starting at a node.

For example, a network may have the degree generating function

G =0.8x+ 0.2x%, )
which we can read as

“If you pick a random node, you get a node with one link (x), with 80% probability, OR you
get a node with four links (x*), with 20% probability,”

which is consistent with our usual reading of Equation (1).

In the example, we have interpreted numbers that appear in front of terms as probabilities,
but using a different normalization, we can also interpret them as numbers. For example, if the
network from the example has 10 nodes, we might write 8x + 2x* to say that there are 8 nodes of
degree one and 2 nodes of degree four. When used in this way, we refer to generating functions as
counting functions.

2.2 Simple multivariate counting

Formulating counting functions for sets of different types of objects leads to multivariate func-
tions. For instance, a bag of marbles that contains 2 white marbles (w) and 3 gray marbles (g)
could be described by the expression w?g>. Moreover, the function

G(w,g) =14 w? + 3gw, 3)

would mean that we have five bags in total: three that contain a white marble and a gray mar-
ble (term 3gw), one bag that contains two white marbles (term w?), and one bag that contains
nothing (w’g® = 1). Once we have the generating function for our collection of marbles we can
compute some numbers of interest directly from the generating function by using a combination
of substitutions and derivatives.

This is only of minor importance for our calculation below and many readers will already be
familiar with the computation of a network’s mean degree z from the degree generating function
as z= G/(1). Let us nevertheless show some multivariate examples of simple counting problems
without detailed explanations.

A useful property of generating functions is that we can compute norms from generating
functions by evaluating them at 1. For example we can compute the total number of bags in
Equation (3) as

G(1,1) =5. (4)

Moreover, using roman indices to denote derivatives, we can write the total number of gray
marbles as

Gg(1,1)=3. (5)
The number of white marbles in bags that don’t contain gray marbles is

Gyw(1,0) =2. (6)
And the number of bags that contain an odd number of white marbles is

G(1,1)-G(—-1,1)
2

=3. (7)
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Although we evaluated the quantities for the specific example of the counting function from
Equation (3), the equations on the left-hand side compute the respective properties from arbitrary
counting functions G.

2.3 Network coloring

The example computations from Equations (4-6) are not very useful if we have direct access to
a counting function as a polynomial, such as in Equation (3). However, computing properties of
interest directly from the counting function becomes useful when we obtain counting functions as
a result of calculations. In this case, we find the counting functions often in a more compact form
that is tedious to expand into a polynomial, but can still be evaluated similarly to the examples
above.

To illustrate the derivation of a counting function, let’s consider a very simple network consist-
ing of a linked pair of nodes (0-0). Suppose we are interested in the number of configurations that
we can create if we color the nodes white or gray. To start exploring this question we might start
by stating that there are two nodes in the network:

G=n? (8)

where n now represents a node. Next, we observe that each node can either be white OR gray
which in terms of generating functions can be written as

n=w+g ©)
and hence
G=(w+g)?’ (10)

we could now expand this generating function to obtain the polynomial w? + 2wg + g2, but the
point is that we don’t have to do this as many properties of interest can be computed directly from
the compact form of Equation (10) using approaches such as Equations (4-6).

We may count the total number of configurations that we can create by evaluating G(1, 1) = 4.
Generalizing from the example, we can see that we would describe a network with N nodes by
G = n!N. If we color the network using C colors, then the equivalent of Equation (9) would equate
to a sum over C color variables. If we then set all these variables to one to count the configurations,
we find n = C, and substituting this into the generating function gives the expected number of
configurations G = CN. This is hardly a surprising result, but seeing how this simple and intuitive
result emerges from the counting function lays the foundation for the more complex counting
theory that we now revisit: counting in systems with symmetries.

In the previous paragraph, we computed the number of colorings of a network with distin-
guishable nodes. Counting colorings in networks with indistinguishable nodes is more complex
as we have to deal with symmetries that may exist in the network structure. An efficient way
to accommodate symmetries in the counting was discovered by Redfield and Pélya (Pélya 1937;
Redfield 1927).

For a simple introduction to Pélya’s counting theory, let’s again consider the coloring of the
linked pair (0-o) with white and gray. We start by following the approach from above and write
the counting function as G = (w + g)> = w? + 2wg + g*. But this counting function overcounts
the possible colorings. Specifically, it counts the colorings in which there is one white and one
gray node as two distinct configurations (2wg). However, since the nodes are indistinguishable,
we want to count this case only as one configuration.

To correct for the double counting of the 1-white-1-gray configuration we might start by divid-
ing the entire counting function by two, but this would result in an under-counting of those
configurations where the symmetric nodes are colored with the same color. Hence we add an
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additional term (X) which will repair this under-counting. The result is

(w+g)?

Goo = +X. (11)

Now we only need to determine X. Because the first term now only counts the configurations
where we have two white nodes (w?) and two gray nodes (g?) half, we need to add the two missing
halves X = (w? + g%)/2. Hence our final counting function is

(wtg)  w+g’

Go—o(W,g) = 2 2 (12)
Evaluating for the number of colorings we now find
22 2
G0—0(1’1)=?+§=3 (13)

which is the correct result for coloring of the pair of indistinguishable nodes with two colors.
If we instead consider the case of C colors, we arrive at a counting function of the form
(s1)? s
Goo= T + 5 (14)
where s; is the sum over all color variables, and s, is the sum over the squares of color variables, i.e.

all ways in which the two nodes can be colored identically. This form of the generating function is
called the cycle index and is often denoted Z, from the original German name Zyklenzeiger.

2.4 Pélya’s theorem
Our goal in this paper is to use the mathematics of coloring to count chemical structures. To safely
apply counting theory in such a complex context we need a better way to define cycle index. This
way is provided by Pdlya’s enumeration theorem.

In general counting problems, we frequently encounter terms of the form of s; and s, from the
previous section. Thus it is useful to define the general terms of this form as

C
sn=_ (15)
k=1
where the ¢; . . . ¢c are variables that are used to represent C different colors.

In typical counting problems, we compute the total number of configurations by eventually
setting all color variables to 1 (analogous to Equation 4). Hence it is interesting to note that this

substitution, c; = ¢; = ... = ¢y = 1 means that all terms of the form s,, become
C
si=y 1"=C. (16)
k=1
For example the number of ways in which we can color our indistinguishable linked pair, with
C colors is
c cC
Go-o(1, 1,...)—7—{—5. (17)

So the number of colorings of the indistinguishable pair with 1000 colors is 500500.

To deal with more complex network structures it is useful to systematize the counting of
symmetries: Mathematically speaking, a network symmetry can be conceptualized as an automor-
phism, i.e. a renumbering of nodes that leaves the adjacency matrix of the network unchanged.
For example, a given automorphism may change the numbering of the nodes as follows

1—>1,2—>3,3—>4,4— 2, (18)
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which means that the labels of nodes 2, 3, and 4 are cyclically permuted, while node 1 retains its
label. The different sets of nodes that are exchanged with each other under the automorphism
are called orbits. In a more compact notation, we collect the labels of nodes that are exchanged
in an orbit in braces in the respective order, and then list all the orbits. Hence, our example
automorphism (Equation 18) can be represented by (1)(234).

For the example of the linked pair there are two automorphisms: the trivial automorphism
where each node retains its label, and a nontrivial where the indices of the two nodes are swapped.
Hence we can write the whole set of automorphisms, the permutation group, as

§={(1)(2), (12)} (19)

where the first element (1)(2) represents the trivial automorphism and the second element, (12),
represents the swapping of the indices.

The number of elements of the permutation group |S| is also the factor by which the node for
distinguishable nodes might over-count colorings in the indistinguishable case. For the linked pair
this gives us the factor |S| = 2 that we know from above. In the following, all terms in the counting
will be divided by this factor.

We can now translate the automorphisms in terms of the counting function. We start with the
trivial automorphism which exists in every network. In this automorphism, each node is in its
own orbit. As a whole, the automorphism represents a contribution where each node is colored
independently. Hence, we now replace each of the N single-node orbits in the automorphism by
the sum over colors sy:

(DR2)(3B)...—> 518181 . .. (20)

After dividing by |S| to correct for the over-counting configurations in which symmetric nodes
are colored differently, we end up with the term s;"/|S|, where we are now under-counting the
configurations where nodes in an orbit are colored identically. This is remedied by adding terms
from the other automorphism.

The non-trivial automorphisms may contain combinations of orbits of different sizes. To cor-
rect for the under-counting we need to consider terms in which each of these orbits is colored
uniformly. Hence if the orbit contains two nodes we only want to consider the contributions from
coloring both nodes identically. So, we can add two nodes of the first or two nodes of the second
color or two nodes of the third color and so on. In terms of generating functions this choice is
represented by the sum over squares of color variables s,. In general, if an orbit contains # nodes
then the corresponding factor in the generating function is s,, e.g:

(12)(3) ... —> 5381 ... (21)

In summary Pélya’s theorem states that we can count the number of colorings in a network of
indistinguishable nodes as follows:

(1) Identify all automorphisms of the network and use them to write the symmetry group S.
(2) Turn Sinto a cycle index Z:

« Replace all orbits in S by factors s, where # is the number of nodes in the orbit.
o The cycle index Z is the sum over all automorphisms, divided by the size of the

symmetry group [S|.
(3) To count the number of colorings from the cycle index, set all s, to the number of colors,
sp=C.

Another example of this procedure is shown in Figure 2. Here we consider a three-node chain
(0-0-0). In addition to the trivial automorphism, the chain has a flip symmetry where the first
and the third node are exchanged. The figure illustrates that this flip indeed leaves the adjacency
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Figure 2. Coloring a three-node chain. There are 8 distinguishable colorings, but only 6 if nodes are indistinguishable (1).
The labeled graph (G; in Il) has an adjacency matrix that is identical to a graph where the numbers on the end nodes of the
chain are exchanged (G; in Il), which reveals that the exchanging of the end nodes is a nontrivial automorphism. However,
not every renumbering of the nodes defines an automorphism as the example of Gz shows. The nontrivial automorphism,
represented by (2)(13) leads to the term s;1s; in the counting function, whereas the trivial automorphism, (1)(2)(3), yields a
term s; 3.

matrix unchanged, whereas for instance exchanging the labels of nodes 1 and 2 leads to a different
adjacency matrix.
The symmetry group of the three-node chain is

S={1)(2)(3), (13)(2)} (22)

To find the cycle index we replace the orbits with the color sums s,,, which yields s;* for the trivial
automorphism ((1)(2)(3)), and ss; for the flip symmetry ((13)(2)). Summing over these terms
and dividing by the size of the symmetry group |S| = 2 we arrive at the cycle index
3
Zo—o0—0= w (23)
2

If we are interested in the number of ways in which the three-node chain can be colored with two
colors, we can then set s, = 2 for all n which yields the correct answer, 6.

2.5 Counting trees

The final ingredient that we need to count chemical isomers is Read’s insight that the generating
functions can be recursively defined (Read 1978). To illustrate this idea, let’s count the number of
rooted trees consisting of nodes of degrees 1 and 3 and starting from a root of degree 2.

In the generating function T that we are about to derive we represent the nodes by x. If mul-
tiplied out to polynomial form the generating function will then contain one term x" for each
possible tree that contains n nodes. Hence, it will start with

T=x>+x"+2x" +... (24)

as there is only one possible tree with three nodes, one possible tree with 5 nodes, but two distinct
trees with 7 nodes (Figure 3).

While we might thus identify the first terms of T using our intuition, it is clear that there is an
infinity of further terms as the possible size of the trees is not bounded. To derive the generating
function nevertheless, let’s first derive the generating function, B, for a branch of the network that
we enter via a link.
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(a) (c) (d)

(b)

n=5 n=7 n=9

Figure 3. Panels (a)-(d) illustrate all possible unlabeled trees of sizes 3, 5, 7 and 9, where each node has either degree one
or degree three. For example, factor 2 in front of x” in Equation (24) shows that there are two distinct tree structures with 7
nodes (panel (c)). Note that the circle with a black dot at its center in the panels represents the trees’ root.

If we follow a link we can either reach a node of degree 1 or a node of degree 3. In our generating
function, if we reach a node of degree 1, the whole branch consists of a single node and therefore
contributes x. If we reach a node of degree 3, the branch consists of this node (again represented
by x) plus all the nodes that we find in the two sub-branches starting in this node. In terms of
generating functions the “plus” in the previous sentence amounts to a multiplication of terms, so
we might represent the case where we reach a node of degree 3 by xY, where Y is a generating
function that counts the ways in which two sub-branches may add up to a given number of nodes.

Because entering a branch via a link may lead us either to a node of degree 1 or a node of degree
3 the generating function for the branch has the form

B=x+xY (25)

where the first term represents the case where we arrive at a node of degree one and the second
term represents the case where we arrive at a node of degree three.

To determine the factor Y let’s first recall that Y should be a generating function that has a term
x" for each way in which we can attach two subtrees that have n nodes in total. Let’s practice this
in some simplified cases: For example, if we only had subtrees of size one, the only option would
be to attach two subtrees that have two nodes in total and hence ¥ = x2.

Now consider the case where we have the choice between two types of subtrees, a small one,
with one node a = x, or a slightly bigger one, with three nodes b = x>. In this case, we could
attach two small subtrees, two larger subtrees, or one large and one small subtree, and hence
Y = a? + ab + b%. This expression looks exactly as if we are coloring the two links of our focal

« _»

node with two colors “a” and “b”. Indeed, we can use the same reasoning as before to write

2
s1°+s
Y= % (26)

as a result of the mirror symmetry between the two links from the focal node. The beauty of
this equation is that it holds independently of the list of subtrees that we have at our disposal. In
the case where we only have the small subtree g, this a is our only “color”, hence s; = a = x and
s;=a?=x2 (compare Equation (15) with ¢; = a). In the case where we have both a and b, we
have s; =a+ b, s, = a® + b>.

Of course in the case in which we are really interested, we have not only one or two different
subtrees at our disposal, but the set of all possible subtrees. In this case, s; becomes a sum over all
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possible subtrees, where each term x" again represents a subtree with #n nodes. We have already

given this sum a name, it is B(x), and hence s; = B(x). Similarly, s, is the sum over all possible

subtrees where the term representing each subtree is squared. Because the terms are monomials
we can write this sum as s, = B(x%). Hence we can write
B?(x) + B(x?

o P+ be%) -

Substituting back into Equation (25) we arrive at

B*(x) + B(x?)
2

which gives us an implicit equation that describes the set of potential branch structures.

To find a generating function that counts the whole set of trees we still need to deal with the

degree-two node at the root. But this is easy now: The root is just another node (x) at which two

branches start (Y), and hence it is represented by

B(x) + B(x?)
5 .

B(x)=x (1 + (28)

Glx)=xY =x (29)

2.6 Result generation
In some cases we can just solve the set of generating functions to find explicit forms. But even if
this is not possible, it is often possible to extract the information that we seek.

If we are interested in the full set of counts we could Taylor expand B and G, possibly using a
software tool for symbolic mathematics. However, a more efficient numerical solution is typically
to partially undo the generating functions by recalling their construction as

B(x) = Z bkxk, G(x) = Z gkxk. (30)
k k
Substituting them into Equation (28) yields

2
bk ) + 3 by
Xk:bkxkzx 1-1—<Z kX)2 2 b . (31)

To simplify again, we match the coefficients in front of the factor x* in this equation. On the left
the factor in front of the x¥ is simply by, but on the right there are three separate terms: The first
term is simply an x which we only have to take into account when the k we are interested in is
k = 1, hence in an equation for the factors in front of the x* terms, this term is represented by the
Kronecker delta, 8 ;.

The second term is x( > bixt)? /2 where we have changed the summation index from k to [. We
now ask which prefactor will appear in front of the term where the square over the sum results in
a factor x*. We can write

2
(Z blxl> = (Z bixi) Z bjxj = Z b,’bjxi+j (32)
I i j ij

Because the corresponding term in Equation (31) is multiplied by an additional x we are looking
for the terms in Equation (32) that contain x*~! hence we consider only those terms of the sum
where i = k — 1 — j which eliminates the summation over i. Taking the additional division by 2 in
Equation (31) into account we arrive at the factor Zj br—1-jbj/2.
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C=C—H H

/
—C — C=(c—
o N o C c\

(0) O

Figure 4. The representation of the two distinct molecular configurations formed by one hydrogen, one oxygen, and three
carbon atoms (—C30H). The structural differences arise due to variations in bonding patterns. Note that the circle with a
black dot at its center represents the root of the molecules.

The final term in Equation (31) is x 3_; bx?/2, where we have again changed the index of
summation to I. We find a factor x* for k = 21 + 1 or conversely I = (k — 1)/2. Hence the prefactor

in front of the x* term is b(k—1)/2/2 if k is odd or zero otherwise.
Putting all three contributions together, we find that Equation (31) implies

(Zj bk—l—jbj) +b—1))2
2

where the b(;_1); is zero for even values of k. This equation gives us an efficient way to find the
by, by iteration. For example

b =61+ (33)

by = 0+ (0+0)/2 =0
by = 1+ (bo® + bo)/2 =1
b, = 0+ (2bob; +0)/2 =0 (34)
by=  0+Qbb+bi*+b))2 =1
by = 0+ (2bobs +2b1b, +0)/2 =0
bs = 0+ (2bsbg + 2b1b3 + by> + by)/2 = 1
Similarly identifying the factors in front of x* term in Equation (29) leads to
gy = (E o1t b o
which yields
20=0, =0, ©£=0 g=1, @u=0 g=1,... (36)

This result shows that under the rules described above there is no way to make trees with 0, 1, 2,
or 4 nodes, but exactly 1 way to make a tree with 3 or 5 nodes.

3. Counting branching isomers

We now use the approach described above to count the number of isomers of certain classes
of chemical molecules. In particular, we are interested in organic molecules in which treelike
branches of atoms are attached to a more complex, and typically cyclic structure acting as a root.

In this section, we identify the counting function for branches and generate counts for different
branch structures starting from a single link (a monovalent bond). Going beyond previous math-
ematical work (Faulon et al. 2005), we also consider the role of oxygen and allow multiple bonds
between carbon atoms in the branches, which is appropriate in the context of the application
(Figure 4).

A consequence of allowing double bonds and oxygen is that there can be different isomers
with the same number of carbon atoms but different numbers of hydrogen or oxygen atoms.
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Term Fragment Permutation Cycle Index Counting Function
A O—H H - h
Ay O—0—H (0)(H) = oh
R
AR R)E)(R) (3) 3
A, O—C, (RyR,Ry) (i) (s3 + 2s3) 3) € (Aleo k)"t
\\ (R1R3R;) 3 2 A(c?,0%,h%))
R3
. R
As O—C\R’ (R)(R) S18; c A(c,0,h) B(c,0,h)
A, C—G=R" (R") 8y c¢T(c,0,h)
B, —0 0 = o
Ry
B, —c (R)(R) s? ¢ A(c, 0,h)?
\Rz
T === (R) 51 cA(c,0,h)

Figure 5. Possible chemical fragments attached to a rooted single bond, a double, and triple bond with the corresponding
cycle index and contribution in the generating counting function A. Trees R, R’, and R” connect to single, double, and triple
bonds, respectively. Some modeling decisions have been made to identify this list of structural building blocks. For example
we have decided to exclude cumulene structures where a carbon atom has two double bonds (see text).

In contrast to many previous works, it is therefore no longer sufficient to use univariate generating
functions that only account for the carbon skeleton of a molecule. Instead, we use multivariate
generating functions that account for carbon, oxygen, and hydrogen.

3.1 Generating function for chemical molecules

We now derive the generating function for the number of trees that start from a root via a sin-
gle bond. This function is denoted as A(c, o, h), where ¢, o, and h represent carbon, oxygen, and
hydrogen atoms, respectively. We proceed by considering the different types of atoms that can
connect to the bond at the root of the branch (Figure 5). In the derivation we consider all possible
structures that can be attached to this root, given the class of molecules that we want to count.
The simplest option that needs to be considered separately, because it contains no carbon at all
is that our initial bond connects to a single hydrogen atom. This immediately ends the tree, and
the corresponding counting function is Ao = h, where A is a placeholder for the hydrogen atom.
Our initial bond could also connect to an oxygen atom. Since the oxygen forms two bonds, this
leaves us with another free bond to which a new rest can be attached, but here a modeling deci-
sion needs to be made regarding what structures we want to count. For our application to marine
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dissolved organic matter, we know that molecules in which an oxygen atom bridges between two
carbon atoms only exist in ring structures as such oxygen bridges in tree structures are compara-
tively unstable and rapidly degraded. Hence in the present paper we only allow hydrogen atoms
to attach to the remaining bond that comes from an oxygen atom. Hence the only structure that
we allow here that starts with an oxygen atom connected via a single bond is the OH-group which
corresponds to the term A; = oh.

The root bond can also connect to a carbon atom, and in this case, it is useful to distinguish
some subcases: (a) The root link could lead to a carbon atom, where the three remaining links are
the start of three individual subbranches. (b) The carbon atom could be the start of two indepen-
dent subbranches, one starting with a double bond, and one starting with a single bond. (c) The
carbon atom could lead to a single subbranch starting with a triple bond.

The first case gives us three new bonds to which trees starting from a single bond can be
attached. We already defined the counting function for a tree starting from a single bond as
A. But now that we have three symmetric single bonds, we need to take the cycle index of the
symmetry into account, which is (s} + 2s3)/3, and hence the counting function for this case is
Ay = c(A(c, 0, h)> +2A(c3, 03, h*)) /3, in which, the multiplier ¢ accounts for the carbon atom to
which the outgoing trees are attached.

In the second case, there is no symmetry to consider because the outgoing single and double
bonds are distinguishable from each other. In this case the counting function is just the product of
the two branches and we can write it as A3 = cA(c, o, h)B(c, 0, h), where B is the counting function
for branches that start from a double bond and the factor ¢ accounts for the carbon atom.

In the third case we need to account for the carbon atom and then a branch that starts with a
triple bond. This gives us A4 = cT(c, o, h), where T is defined as a counting function for trees that
start with a triple bond. Given the construction rules, only one carbon atom with an outgoing sin-
gle bond can join this triple bond, i.e. T(c, 0, h) = cA(c, 0, h). Therefore, we obtain A4 = cA(c, 0, h)
for the last case contribution.

Ultimately, as detailed in Section 2, the generating function of our rooted chemical molecule is
equal to the sum of the counting functions of all possible chemical fragments A;, which leads to

1
A(c,o,h)=h+oh+ 56 (A(c, 0, h)3 + 2A(c3, 0, h3))
+ ¢ A(c, 0, h)B(c, 0, h) + ¢ A(c, 0, h). (37)

At this point, it is still necessary to determine the counting function B. Again we list all conceiv-
able sub-branches that start with a double bond (Figure 5). The simplest of possible sub-branch
consists of a single double-bonded oxygen atom, that has no further bonds and hence is described
by the counting function By = o.

The double bond can also connect to a carbon atom, which gives us two sub-cases: (a) The
carbon atom with two outgoing single bonds or (b) The carbon atom with one outgoing double
bond.

The first case (a) actually holds a little surprise. Based on our treatment above one could expect
that in this case there is a symmetry between the two outgoing subbranches that needs to be taken
into account. This would indeed be true if we were counting structural isomers, but for our task
of counting stereoisomers, the two outgoing bonds need to be considered as distinguishable. This
is because the bonds of the carbon atom act like rigid rods that cannot rotate around the atom.
Hence the orientation of the double-bonded carbon atom is already fixed by its double bond. If we
now imagine the plane in which the two links of the double bond lie, then one of the remaining
outgoing bonds of the carbon atom points above the plane, whereas the other points below it. Thus
the two outgoing bonds have become distinguishable and this counting function is the product of
the two generating functions A yielding B; = cA(c, 0, h)?.

The case of the double-bonded carbon is thus quite different from the case of the single-
bonded carbon, considered above, which can rotate freely around its bond such that the rotational
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symmetry between the three outgoing bonds needs to be taken into account. In the case of the
double-bonded carbon, it is interesting to ask if there could still be a symmetry between the
upward pointing and the downward pointing bond if we allow the whole molecule to be flipped.
However at least for our present application, this is not possible because the carbon atom in which
the double bond starts already breaks this symmetry.

Compared to this complicated case the only remaining case (b) is simple. The double-bonded
carbon atom has another outgoing double bond forming a so-called cumulene. If we wanted to
consider this structure we could capture it with the counting term ¢B. However cumulene struc-
tures are highly reactive and hence don’t exist in marine dissolved organic matter, so for the
present purpose we exclude this case.

In summary, the counting function for a tree that begins with a double bond is

B(c, 0, h) = 0 + cA(c, 0, h)?. (38)

Together the equations (Equations (37) and (38)) enable us to calculate the generating functions
recursively up to any given power of ¢, o, and, h.

3.2 Deriving recursive relations
In the previous section we arrived at functional equations for the generating functions A and B.
As in the introductory example from Sections 2.5 and 2.6, we now partially undo the generating
functions to find iteration rules that allow for an efficient computation of the desired numbers of
isomers.

We start by recalling that generating functions such as A can be represented by multivariate

power series, i.e.
A(c,0,h) = Z Z Z Almn do™n’, (39)

I=0 m=0 n=0
where ay,, , are coefficients representing the number of isomers with I carbon, m oxygen, and n

hydrogen atoms.
We define a similar power series for

B(c,0,h ZZZZ?[,MCO h", (40)

=0 m=0 n=0

where b;,, , are coefficients corresponding to the fragments connected to a double bond in the
acyclic organic molecule.

To establish a relation among coefficients a;,,, and by, ,, we replace every occurrence of
A(c, 0, h) and B(c, o, h) in Equations (37) and (38) by the power series in Equations (39) and (40).
For A this yields

ZZ nalmncomh”—h+oh+czz almncomh”

s,

2

+_CZ dlmnC3lO3mh3n
3 ILmmn 777

+ %c (Zl,m  Hmn€ o”’h”)
t+c (Zlm Alm,n€ Omhn> (Zlm " bl,m,nclomhn> . (41)

SN

We can now extract the coefficients a; ,, ,, by matching the powers of ¢, 0, and h. As the first two
terms on the right h and oh are the only ones that do not contain a ¢ we can see that all ag;,,, =0
except for agp; =1land ap;,; = 1.

To find an iteration rule for the remaining terms, we follow the approach from Sections 2.5
and 2.6. Because a lot of information is now contained in the indices we introduce the notations
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a1mn = [, m, n] and by, ,, = {I, m, n} which allows us to write,
2[1—1 m n
[l) m, T’l] = 81,081’}’1,0871,1 + 81,05m,18n,1 + [l —-2,m, l’l] + 5 T) E) 5

1
+3 2D l—imx—Lm—j—yn—k=zlijKlxz]

ik X2
+Y —i=1m—jn—kl{ijk) (42)
i,j,k
{Lm,n} =8,08m18n0+ Y _ [1—i—1,m—jn—kl[i,j, kl, (43)

i,k
where § is the Kronecker delta operator, and terms with negative or fractional coefficients are
considered to be zero.

The recurrence Equations (42) and (43) constitute our main results. Together with the ini-
tial conditions ag 9,1 =1, ap1,1 = 1, and by 10 = 1, these recurrence relations enable the numerical
computation of the entire sequence of isomers.

We have determined and listed the number of isomers for a given sum formula with [, m, and n
carbon, oxygen, and hydrogen atoms in Table 1. Indices [, m, and » are the exponents of placehold-
ers ¢, 0, and h in counting series, and the numbers in the second columns are their coefficients; for
instance, the rooted sum formula C¢O4H5 could have 4065 different molecular configurations.

Note that the numbers in the table indicate the number of both structural and stereoisomers;
however, one can choose to count only structural isomers by adjusting the cycle indices in terms
A; and B; (Figure 5). For instance, to only enumerate the structural isomers, the permutations
(R1)(R2R3), (R3)(R1R2), and (R2)(R3R;) must be added to the fragment A,, which means including
the term 3s; s, in the cycle index. We also need to take the symmetry of the chemical fragment B;
into account, which leads to (s% + 52)/2 as the cycle index for term B;.

As can be seen in Figure 6, the number of isomers grows explosively with the number of atoms,
due to the enormous number of possible combinatorial arrangements.

Carbon atoms, through the formation of multiple covalent bonds, drive molecular branching
and expansion, thereby generating an enormous increase in the diversity of structural configu-
rations. In contrast, oxygen and hydrogen atoms terminate the molecular tree branches. As the
number of oxygen and hydrogen atoms initially increases, the number of isomers rises sharply,
reaches a peak, and then declines. The reason for this decline at higher oxygen and hydrogen
counts is that, for a fixed number of carbon atoms, due to bonding constraints, the number of
remaining positions available for oxygen and hydrogen atoms becomes more limited.

4. Isomers for ring structures

As an application we can now use the coefficients a; ,,, ,, in Equation (42) to compute the number
of isomers for several types of cyclic compounds, such as monocyclic aromatics (molecules with
one ring, Figure 7(a)) and polycyclic aromatics (molecules with two stuck rings, Figure 7(b)).

4.1 Isomers for benzene skeleton

To construct the most general organic molecule rooted in a ring, we attach chains R; to the carbon
atoms at the corners of the hexagon (Figure 7(a)). These chains R; are the same acyclic organic
molecules formed by the combinatorial arrangements of chemical fragments shown in Figure 5 in
Section 3.

The cycle indices for each symmetry operation that may be executed on the benzene and
preserve the adjacency matrix can be found in (Faulon et al. 2005). The cycle index of the
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Table 1. Coefficients a;, , are the number of isomers for a rooted general acyclic compound with
[,m, and n carbon, oxygen, and hydrogen atoms

l,m,n Aimn l,m,n Aimn L,m,n Aimn

1,0,3 1 6,4,1 5 17,4,13 171786815460

1,1,1 1 6,4,3 377 17,4,15 744906775092

1,1,3 1 6,4,5 4065 17,4,17 2359219102802
1,2,1 1 6,4,7 15466 17,4,19 5565012462786
1,2,3 1 6,4,9 24554 17,4,21 9854769878432
1,3,3 1 6,4,11 16480 17,4,23 13073894296000
2,0,1 1 6,4,13 3814 17,4,25 12838008640602
2,0,3 1 6,5,1 5 17,4,27 9114910025258
2,0,5 1 6,5,3 325 17, 4,29 4504585195716
2,1,1 1 6,5,5 4521 17,4,31 1456704376932
2,1,3 5 6,5,7 19242 17,4,33 275056197386

2,1,5 3 6,5,9 32840 17,4,35 22861825074

3,3,7 22 11,5,7 6981764 20,5,9 74987043740

1 il 5,9 49479850 20,5,11 1030061453840

14 11,5,11 200330066 20,5,13 9328016200076

40 11,5,13 497595694 20, 5,15 59479130926080
22 11,5,15 776011070 20,5,17 278822367402127

4 11,5,17 751059478 20,5,19 988495307859024

21 11,5,19 431818480 20,5,21 2698106174051362

(a) (b) (c)
; . 3 = o 3018 =
m=5, n=5 o 1=10,n=15 . ® =20, m=10 .

,_.
=]
L ]
Isomers
L ]
Isomers

1e18|

Ln(lsomers)
G

Ote 1 0... ’ Oieesccccne® ® 0

10 15 20 25 30 2 4 6 8 10 12 14 0 10 20 30 40
Ln(Carbon Atoms) Oxygen Atoms Hydrogen Atoms

Figure 6. Panels (a), (b), and (c) illustrate the growth of isomers with respect to the number of carbon (constant m and n),
oxygen (constant [ and n), and hydrogen (constant [ and m) atoms, respectively. Note that both axes in figure (a) are plotted
on a natural logarithmic scale.
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(a) Ry (b) Ri Rs
| |
RQ\C/C\C/RG RQ\C/C C\C/Pw
) LT
C C
Rg/ \C/ Rs Rs \C C/C Re
Ry Ry Rs
Benzene Naphthalene

Figure 7. Two cyclic molecular structures. The acyclic molecules R; are attached to each corner, where the carbon atoms
at the corners of the rings are now the roots of these chains. (a) A monocyclic aromatic molecule. The permutation
(R3)(Re)(R1Rs)(R2R4), for instance, on (a) with cycle index s%s% leaves the benzene unchanged. (b) A polycyclic aromatic.
The permutation (R1R4)(R2R3)(RsRg)(ReR7), for instance, on (b) with cycle index 5‘2‘ preserves the adjacency matrix of
naphthalene.

automorphism group Z for the benzene ring is
1
Z= o (s + 256 + 253 + 453 + 3s7s3) . (44)

We define a counting function D(c, o, h) for the benzene ring as the power series
D(c,0,h) = Z Z Z Almn co™h" (45)
=0 m=0 n=0

in which coefficients d; ,,, , encode the number of isomers. We can write the benzene counting
function explicitly by substituting our previously derived counting function A(c", 0", h") in place
of each cycle index s, in Equation (44), which yields

1
D(c,0,h) = - b (A(c, 0, h)® +2A(c%, 0%, h®) + 2A(c3, 0%, h?)?
FAA(R, 0%, B2)? + 3A(c, 0, h)2A(c 0%, )2 ) (46)

where the factor ¢® counts the six carbon atoms of the ring.

Substituting Equations (45) and (39) in Equation (46), and conducting similar calculations
as in Section 2, the counting coefficients d,, ,, are connected to the counting coefficients a;, ,
recursively by the following equation:

1
A = E( Dy +Dy+ D3+ D4+ Ds ), (47)

where

Di= 30 30 30 3 X st o] (48)

wowW W vV Vg i G s, s

v, vV, vV [w, W, W[, %, x"], (49)
Dy —2 I—6 m n (50)
2 = 6 > 6)6 >
1—35s—6 m—3s n—3s"
D3 =2 ; , 55,5 51
g [ o
$,5',S
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Dy=4 Z Z [s,5,s"1[t, £, "] (52)

5,88ttt

1—2s—2t—6 m—2J =2t n—25" =21 (53)
2 ’ 2 ’ 2
Ds=3% > [y yllwu,u"1[tt,¢"]ls,s,s"]. (54)
S,S/,S// t’t/’t// u’u/,u//
where indices in coefficient a,,/,~ are
x=l—-s—t—u—v—w-—=6, (55)
X=m—s—t—u—v-w, (56)
W =n—s"—t" i =V —w, (57)
and indices in coefficient ay,, are
y=l—s—2t—2u—6, (58)
y/ =m — S/ — 2t/ — 21/1/, (59)
Y'=n—s"—2t"—24". (60)

The resulting coefficients, i.e. the number of isomers for the benzene ring for several initial
numbers of carbon, oxygen, and hydrogen, are listed in Table 2.

4.2 Isomers for naphthalene skeleton

Similar to the previous case, a naphthalene ring is now the root to whose corners the acyclic
organic molecules R; are connected. The cycle index and, therefore, the counting generating
function are

Z=— (s} +3s3), (61)

I

F(c,0,h) = iclo (A(c, 0, h)® +34(c, 0%, hz)4 ), (62)

where now
F,0m) =YY" fimnco™h" (63)
=0 m=0 n=0

is the power series of the naphthalene ring.

By substituting the power series expressions from Equations (63) and (39) into Equation (62),
and applying analogous computations as those detailed in Section 2, we derive the following
recursive relation that links the counting coefficients f; ,, , to aj, ,, as

=3 [ZX X X X 2 ayy

J I s vy J J ! i v
5,88 L uul " vy VT waw W x X yy Ly

axx/’x// aww/)w// av)v/,v// auu/’u// att/,t” aSS/’S// azz’,z”

+3 § : § : E : Ay’ " A’ Gsss” Agrly” | > (64)

5,8\ 8" b uu
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Table 2. The number of isomers for organic molecules containing one
ring (benzene) and two stuck rings (naphthalene) with [,m, and n

carbon, oxygen, and hydrogen atoms

Benzene

,m,n

Naphthalene

7,1,6
7,1,8

7,2,6

7,2,8
7,3,6

7,3,8

8,0,6

10,0,8
10,1,6
10,1,8

10,2,6

10,2,8

10,2, 10

10,2, 12

1

10

16

389

1117

1520

13
82

51

10,0, 8

10,1,8

11,3,8

11,3,10

14,2,12

14,2, 14

14,2,10

14,3,12

14,3, 14

10,2,8

11,0,10

11,1,8

11,2,8

12,3,10

1

2

14

56

128

11,2, 10 58

10

10,3, 8

11,1, 10 16

16

794

2674
7692

11184

1224

10288

30432

41456

where indices in coefficient a,,;,» are

N
Il

and indices in coefficient a,,»
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We implemented the recursive equation numerically, and the resulting coefficients for several
initial numbers of atoms are presented in Table 2. This procedure can be extended to a wide range
of polycyclic structures, such as tricyclic, tetracyclic, and even more varieties of fused rings.

5. Discussion

In this paper, we extended counting theory for chemical graphs to accommodate multiple bonds
and account for different species of atoms, which necessitated the use of multivariate generating
functions. We illustrated this approach to chemical counting with the example of two classes of
ringlike molecules growing from benzene and naphthalene roots, respectively.

We note that our intended ecological application necessitated several modeling decisions that
would have been made differently in other contexts. For instance, one might wish to allow for
cumulenes or oxygen bridges, both of which only require minor changes to the counting func-
tions. Since the main advance presented here is the multivariate extension of the counting method
rather than the actual numerical results, we have illustrated this approach with just three atomic
species. Accounting for additional elements such as nitrogen, phosphorus, sulfur, etc. increases
the complexity of the equations, but can be accomplished with the same approach we have been
following for hydrogen, oxygen and carbon.

The present approach could also easily be extended to unrooted trees, structures with other
roots, and even structures containing further isolated rings. A more interesting and perhaps more
difficult challenge is to decide which structures to count. Clearly several structures allowed by
the basic bonding rules of chemistry are extremely short-lived in solution and therefore unlikely
to be encountered in nature. Other cyclic structures may be allowed by bonding rules but are
geometrically impossible. Furthermore, compounds such as diamond and graphene are not only
allowed by chemical rules and geometry but also highly stable. However, for typical environmental
applications where we seek to explore the potential molecular diversity in soils or seawater, we
would not want to count such configurations.

The main complications that are on the horizon in this area are thus not purely mathematical.
As we gain the mathematical ability to count more and more complex structures, decisions need
to be made which classes of structures are sensible to count within the context of the application.

The need for modeling decision highlights a need to bring chemical counting from combi-
natorial graph theory into network science, where generating function calculations are routinely
combined with modeling decisions and physics approximations. Using such approximation meth-
ods, it would, for instance, be a promising next step to study the scaling behavior of molecular
diversity. We hope that the advances presented here, and also our introduction to the topic will
facilitate such studies in the future.

Acknowledgements. I acknowledge support by the Open Access publication fund of Alfred-Wegener-Institut Helmholtz-
Zentrum fiir Polar- und Meeresforschung.

Competing interests. The authors declare no competing interests.

Data availability statement. All code used to generate the results is publicly available at Zenodo [https://doi.org/10.5281/
zenodo.16638837].

Funding statement. No external funding was used for this study.

References

Catala, T. S., Shorte, S., & Dittmar, T. (2021). Marine dissolved organic matter: A vast and unexplored molecular space.
Applied Microbiology and Biotechnology, 104, 1-15.

Cayley, A. (1875). On the analytical forms called trees: With application to the theory of chemical combinations. Philosophical
Magazine, 13, 172-176.

https://doi.org/10.1017/nws.2026.10025 Published online by Cambridge University Press


https://doi.org/10.5281/zenodo.16638837
https://doi.org/10.5281/zenodo.16638837
https://doi.org/10.1017/nws.2026.10025

Network Science 21

Faulon, J.-L., Visco, D. P.Jr, & Roe, D. (2005). Enumerating molecules. Reviews in Computational Chemistry, 21, 209-286.
Hakimi, S. L. (1962). On realizability of a set of integers as degrees of the vertices of a linear graph. I. Journal of the Society for
Industrial and Applied Mathematics, 10(3), 496-506. Publisher: Society for Industrial & Applied Mathematics (SIAM).

Harary, F., & Palmer, E. M. (1973). Graphical Enumeration. Academic Press, New York.

Hawkes, J. A, Patriarca, C., Per, J. R, Sjoberg, L. ]. T., & Bergquist, J. (2018). Extreme isomeric complexity of dissolved organic
matter found across aquatic environments. Limnology and Oceanography Letters, 3(2), 21-30.

Lvii, C. (1874). On the mathematical theory of isomers. The London, Edinburgh, and Dublin Philosophical Magazine and
Journal of Science, 47(314), 444-447.

Poélya, G. (1937). Kombinatorische Anzahlbestimmungen fiir Gruppen, Graphen und chemische Verbindungen. Acta
Mathematica, 68, 145-254.

Read, R. C. (1978). Every one a winner or how to avoid isomorphism search when cataloguing combinatorial configurations.
In Alspach, B., Hell, P., & Miller, D. J., (eds). Algorithmic Aspects of Combinatorics, Vol. 2. Annals of Discrete Mathematics.
North-Holland, Amsterdam, 107-120.

Read, R. C., & Corneil, D. G. (1977). The graph isomorphism disease. Journal of Graph Theory, 1(4), 339-363.

Redfield, J. H. (1927). The theory of group-reduced distributions. American Journal of Mathematics, 49(3), 433-455.

Ruddigkeit, L., van Deursen, R., Blum, L. C., & Reymond, J.-L. (2012). Enumeration of 166 billion organic small molecules in
the chemical universe database GDB-17. Journal of Chemical Information and Modeling, 52(11), 2864-2875.

Sylvester, J. J. (1878). On an application of the new atomic theory to the graphical representation of the invariants and
covariants of binary quantics, with three appendices. American Journal of Mathematics, 1(1), 64-104.

Wang, J., Li, R., & Wang, S. (2003). Enumeration of isomers of acyclic saturated hydroxyl ethers. Journal of Mathematical
Chemistry, 33(3-4), 171-179.

Cite this article: Shojaei R. and Gross T. (2026). Counting chemical isomers with multivariate generating functions. Network
Science 14, 1-21. https://doi.org/10.1017/nws.2026.10025

https://doi.org/10.1017/nws.2026.10025 Published online by Cambridge University Press


https://doi.org/10.1017/nws.2026.10025
https://doi.org/10.1017/nws.2026.10025

	
	Introduction
	Counting with generating functions
	Generating function basics
	Simple multivariate counting
	Network coloring
	theorem

	Counting trees
	Result generation
	Counting branching isomers
	Generating function for chemical molecules
	Deriving recursive relations
	Isomers for ring structures
	Isomers for benzene skeleton
	Isomers for naphthalene skeleton
	Discussion

