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A Note on the Height of the
Formal Brauer Group of a
K3 Surface

Yasuhiro Goto

Abstract. Using weighted Delsarte surfaces, we give examples of K3 surfaces in positive characteristic
whose formal Brauer groups have height equal to 5, 8 or 9. These are among the four values of the
height left open in the article of Yui [11].

1 Introduction

Let k be an algebraically closed field of characteristic p > 0. Let X be a K3 surface
over k (i.e. a smooth projective surface over k with a trivial canonical sheaf and irreg-
ularity 0). In [2], Artin and Mazur defined the formal Brauer group Bry of X as the
one-dimensional formal group representing the following functor on the category of
finite local k-algebras A with residue field &:

Brx(A) = ker(HZ (X4, Gp) — HZ(X, Gy))

where X4 = X x Spec A and G, is the sheaf of multiplicative groups. By the p-rank of
the kernel of the multiplication-by-p map on Bry, one defines the height b := ht Bry
of the formal Brauer group of X:

p" = #ker([p]: Bry — Bry).

Since X is a K3 surface, its second Betti number is 22. Hence p(X) < 22 — 2hifhis
finite (cf. [2]), where p(X) is the Picard number of X (i.e. the Z-rank of the Néron-
Severi group of X). As p(X) and h are positive integers, the above inequality implies
h < 10; in fact, it is proved in [1] that & takes all the integer values between 1 and 10
if h < o0.

In [11], Yui gave concrete examples of K3 surfaces with h = 1,2,3,4,6 or 10.
These K3 surfaces are obtained by using weighted diagonal or quasi-diagonal K3
surfaces. Such surfaces are quotients of Fermat surfaces by finite group actions and
are special classes of weighted Delsarte K3 surfaces [6].

In this paper, we generalize the results of [11] to weighted Delsarte K3 surfaces
and realize three (out of four) values of 4 missing in [11]. First we describe a general
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algorithm for computing the height of the formal Brauer groups of weighted Del-
sarte K3 surfaces. Then with this algorithm, we carry out calculations numerically to
obtain K3 surfaces with h = 5,8 and 9.
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2 Weighted Delsarte Surfaces

We summarize some geometric properties of weighted Delsarte surfaces. All the facts
given in this section are proved in [6].

Let Q = (40,941,492, 93) be a quadruple of positive integers such that p { ¢;
(0 <i < 3)and ged(ga,qs,9,) = 1 for every triple {a, 3,7} C {0,1,2,3}. The
weighted projective 3-space over k of type Q, denoted by IP?(Q), is the projective
variety P?(Q) := Proj k[xo, x1, X2, x3], where the polynomial algebra is graded by
deg(x;) = g; for 0 < i < 3 (cf. [5]).

Let m be a positive integer such that p { m. Let A = (a;;) be a 4 x 4 matrix of
integer entries satisfying the conditions

(i) aij > 0and p 1 a;; for every (i, j),
(i) p1detA,

(iii) D7, qja; =mfor0<i<3,
(iv) given j, a;; = 0 for some i.

We define a weighted Delsarte surface in P*(Q) of degree m with matrix A (cf. [3], [7],
[6]) to be the surface

3
Xa: Zx(“)""x’f“x;’"zxg’s =0 CP(Q).
i=0

We say that X, is quasi-smooth (cf. [5]) if its affine quasi-cone is smooth outside the
origin and that Xy is in general position relative to ]P’3(Q)sing if

codimy (X NP*(Q)sing) > 2,

where P?(Q)sing denotes the singular locus of P*(Q).

Weighted Delsarte surfaces are, in general, singular surfaces; they have cyclic quo-
tient singularities of type A. Throughout the paper, we write X, for the minimal
resolution (of singularities) of X,.

Lemma 2.1 Let X, be a weighted Delsarte surface in P>(Q) of degree m with matrix
A. Assume that X, is quasi-smooth and in general position relative to ]P)3(Q)Sing. Then

the minimal resolution X, of X4 is a K3 surface if and only if m = qo + q1 + @2 + q5-

Proof See [4] and [5]. [ |
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Definition 2.1 A weighted Delsarte surface X, satisfying the assumptions and con-
dition m = qo +4; +¢q2 +g3 of Lemma 2.1 will be called a weighted Delsarte K3 surface
in P*(Q) of degree m with matrix A.

It should be noted that weighted Delsarte surfaces are birational to finite quotients
of Fermat surfaces and many properties about their cohomology groups are derived
from those of Fermat surfaces (see [6], Section 2). In fact, if d = | det A, then X, is
covered (rationally) by the Fermat surface of degree d:

Fd:xg+xf+x§+x§ =0.

This covering induces a dominant rational map F; — X,. Applying suitable bira-
tional transformations on F,, we obtain a dominant morphism F; — X,, where F; is
a smooth surface birational to F;. Through this morphism, the cohomology groups
of X4 can be embedded into those of F;. For instance, the crystalline cohomology
HZ..(Xa/W) can be described similarly to that of a Fermat surface; specifically

Hz (Xa/W) 2 E®V(0) @ @ V(a)
acA(Xy)

where the isomorphism is given over the ring W of Witt vectors, E is a submodule of
H?2. (X4/W) corresponding to exceptional divisors, V (0) and V (@) are W-modules
of rank 1 defined in [6] and

3
W(X,) = {a = (g, a1, az, a3) € U(Fy) ‘ Zaijai =0(modd) for0 < j< 3}
i=0

3
U(Fy) = {a = (o, 0n,00,03) | 0 €2/dZ,ci #0(0<i<3), Y a; =0}
i=0

(recall that a;;’s are entries of matrix A = (a;;)).
For each & = (a, a1, 2, 3) € A(Xy), define an integer

] =i<%> -1

i=0

where (o; /d) denotes the fractional part of v; /d. Then, since X, is K3, there exists a
unique element e, = (o, a1, ay, az3) € W(X,) such that ||a|| = 0; equivalently, if
we choose every a; as 1 < «; < d, then a; is the element satisfying

ai A =(0,0,0,0) (modd) and ap+a;+ar+as=d.

Given such an a,; = (o, 0, 02, a3), we define

d

2.1 = .
( ) “ ng(OLO7O[17O[27O[37d)

Then many properties of X, can be determined by arithmetic conditions modulo e,4.
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Proposition 2.2 Let X5 be a weighted Delsarte K3 surface with matrix A. Then the
minimal resolution X, of X, is a supersingular K3 surface (i.e. p(Xa) = 22) if and only
if p* = —1 (mod ey) for some integer > 1.

Proof See [6], Lemma 2.2. [ |

Remark 2.1 For Fermat surfaces and their finite quotients, the slopes of their New-
ton polygons can be calculated using quantities related with A(F;) or A(Xy4) (cf. [10],
[11]). These slopes determine the height of the formal Brauer groups of K3 surfaces
(cf. 121, [11]).

On the other hand, as we see in Proposition 2.2, the set A(X,) also contains the
information about X, being supersingular (i.e. p = 22) or not; this is based on the
characterization of supersingular Fermat surfaces given in [9]. Combining these two
data, one sees that a K3 surface X4 is supersingular if and only if the height of its
formal Brauer group is infinite.

3 Height of the Formal Brauer Groups

We apply the results of Yui [11] to compute the height of the formal Brauer groups of
weighted Delsarte K3 surfaces. Our algorithm of computing the height is essentially
the same as in [11]; thus, we explain only the additional content relevant to our
surfaces. For details about the algorithm, the reader is referred to [11].

Recall that p is the characteristic of the ground field k, e is the element in A(X,)
with ||as|| = 0 and that e4 is the integer defined in (2.1). Write d = | det A|. Let f;
be the order of p modulo d. Put

H={p' (modd)|0<ix< f}.

For a = (ag, ay, ap, a3) € A(X4), define

An(@) = it

teH

Lemma 3.1 Let X, be a weighted Delsarte K3 surface with matrix A. Let f; and f, be
the orders of p modulo d and ey, respectively. Then

fa if p = —1 (mod eq) for some
A ss) = .
(@) {%(fe — 1) otherwise.

Proof For (t,d) = 1, we have
0 ift=1 (mod d)

ltas|| =<1 ift# +1 (mod d)
2 ift = —1 (mod d)
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From the definition of ey, p'a = ta if and only if p' =t (mod e4). Hence

fcz_:l ||Pi04 | = f if p# = —1 (mod e,) for some p
1=0 N fg —1

otherwise.

Therefore the asserted formula follows from the equality:
fi
AH(ass) = _d Z ||plass‘|' n
£ &

Theorem 3.2 Let X4 be a weighted Delsarte K3 surface with matrix A. Write X4 for
the minimal resolution of X4. Assume that there is no integer (v > 1 such that p* = —1
(mod ey). Then the height of the formal Brauer group of X, is equal to the order of p
modulo ey.

Proof Write h for the height of the formal Brauer group of X4. By Proposition 2.2,
the non-existence of 1 > 1 with p# = —1 (mod e4) implies that X4 is not supersin-
gular. Hence h is finite (¢f. Remark 2.1) and h can be calculated in the same way as
[11] (see Proposition 4.6.1) by the formula

h= fa/(fa — An(a))

where fj is the order of p modulo d = | det A|. If f, denotes the order of p modulo
e4, then Lemma 3.1 gives Ay (a) = fa(f, — 1)/ f.. Hence we obtain h = f,. [ |

4 Examples

We give examples of K3 surfaces with h = 5,8 and 9. The height 7 can not be realized
by this method; see Remark 4.1 for its arithmetic explanations.

Example 4.1 (h=>5). Assume p # 2,3,5.Let Q= (1,1,1,3), m = 6 and

oS O O w
S O Ul =
S W = O
N = O O

Then X, is a weighted Delsarte surface in P3(1, 1, 1, 3) defined by the equation
xox1 + 0% + 6563 + x5 =0

of degree 6. We see that X, is quasi-smooth and in general position relative to
P3(Q)sing- As P?(Q)sing N X4 = &, X, is already smooth. The equality m = 6 =
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qo + q1 + g2 + g3 then implies that X, = X, is a K3 surface. (This surface is also
considered in [6], Example 3.2.) As in [6], we find e4 = 52. Hence

- 2 ifp=1,6,11,16,21 (mod 25)
p(X) = b=
22 otherwise.

When p(X4) = 2, the formal Brauer group of X4 has a finite height. Using Theo-
rem 3.2, we obtain

I 1 ifp=1 (mod 25)
|5 ifp=6,11,16,21 (mod 25)

Example 4.2 (h =8) Assume p #2,3. LetQ = (1,1,3,4), m =9 and

—_— o O o
S O N~
S W = O
N O OO

Then X, is a weighted Delsarte surface in P3(Q) defined by the equation
x5+ x5x; + 3 + x3x9 = 0

of degree 9. It can be seen that X, is quasi-smooth and in general position relative to
P3(Q)sing. Since m = 9 = qo + q1 + q» + g3, the minimal resolution X, of X4 is a K3
surface. We find e, = 2°. Hence

o 6 ifp# —1 (mod 32)
X =
PI%a) {22 if p=—1 (mod 32).

When p(X4) = 6, the formal Brauer group of X4 has a finite height. Using Theo-
rem 3.2, we obtain

if p=1 (mod 32)

if p=+£15 (mod 32)

if p=47,£9 (mod 32)

if p=43,45,+11,+13 (mod 32).

o N =

Example 4.3 (h =9) Assume p # 2,3. LetQ = (1,1,1,1), m = 4 and

S O =
S = W o
— W o o
w o O O
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Then X, is a (weighted) Delsarte surface in the usual projective space P? defined by
the equation:

x5 + X0X; + X156 + %05 = 0.
We see that X, is smooth in P? and X, = X4 is a K3 surface. (This surface is also

considered in [8], Example 6.) We find e, = 3. Hence

4 ifp=1,4,7,10,13,16,19,22,25 (mod 27)
p(Xy) = )
22 otherwise.

When p(X,4) = 4, the formal Brauer group of X, has a finite height. Using Theo-
rem 3.2, we obtain

1 ifp=1 (mod 27)
h=4¢3 ifp=10,19 (mod 27)
9 ifp=4,7,13,16,22,25 (mod 27).

We give another K3 surface with h = 9, for which the condition on the modulus
of p is different from the case above.

Example 4.4 (h =9) Assume p # 2,3,5,19.Let Q = (1,1,1,2), m = 5and

—_— O O
SO =
S W= O
o= O O

Then X, is a weighted Delsarte surface in P*(Q) defined by the equation:
X351 + XX + 26505 + X3x9 = 0.
We can check that X, is a weighted Delsarte K3 surface and find e4 = 19. Hence

S(Ey) = 4 ifp= 1.,4,5,6,7,9,11,16, 17 (mod 19)
22 otherwise.

When p(X4) = 4, the formal Brauer group of X4 has a finite height. Using Theo-
rem 3.2, we obtain

1 ifp=1 (mod 19)
h=4¢3 ifp=7,11 (mod 19)
9 ifp=4,56,9,16,17 (mod 19).

Remark 4.1 The case h = 7 may not be realized by this method since there is no
integer d satisfying the following two conditions: (i) ¢(d) < 20, where ¢ is Euler’s
¢-function, (ii) there is some prime p having the order 7 in the multiplicative group
(7./d7)* (i.e. ¢(d) is divisible by 7).
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