Check for
updates

Forum of Mathematics, Sigma (2024), Vol. 12:¢28 1-22
doi:10.1017/fms.2024.22 CAMBRIDGE

UNIVERSITY PRESS

RESEARCH ARTICLE

Nef cones of fiber products and an application to the cone
conjecture

Cécile Gachet ~ !, Hsueh-Yung Lin"~ % and Long Wang?

I'Université Cote d’Azur, CNRS, LJAD, France; Institut fiir Mathematik, Humboldt-Universitiit zu Berlin, Unter den Linden 6,
10099 Berlin, Germany; E-mail: cecile.gachet@hu-berlin.de.

2Department of Mathematics, National Taiwan University, and National Center for Theoretical Sciences, Taipei, Taiwan;
E-mail: hsuehyunglin@ntu.edu.tw.

3Shanghai Institute for Mathematics and Interdisciplinary Sciences, 657 Songhu Road, Shanghai, 200433, China; Shanghai Center
for Mathematical Sciences, Fudan University, Jiangwan Campus, Shanghai, 200438, China; Graduate School of Mathematical
Sciences, the University of Tokyo, 3-8-1 Komaba, Meguro-Ku, Tokyo 153-8914, Japan; E-mail: wanglll@fudan.edu.cn.

Received: 18 October 2022; Revised: 12 June 2023; Accepted: 4 February 2024
2020 Mathematics subject classification: Primary — 14J32; Secondary — 14E30, 14J27, 14J50

Dedicated to Professor Keiji Oguiso, on the occasion of his sixtieth birthday

Abstract

We prove a decomposition theorem for the nef cone of smooth fiber products over curves, subject to the necessary
condition that their Néron—Severi space decomposes. We apply it to describe the nef cone of so-called Schoen
varieties, which are the higher-dimensional analogues of the Calabi—Yau threefolds constructed by Schoen. Schoen
varieties give rise to Calabi—Yau pairs, and in each dimension at least three, there exist Schoen varieties with
nonpolyhedral nef cone. We prove the Kawamata—Morrison—Totaro cone conjecture for the nef cones of Schoen
varieties, which generalizes the work by Grassi and Morrison.

1. Introduction
1.1. Cone conjecture

To understand the geometry of a smooth projective variety X, studying the Mori cone of curves NE(X)
and its dual, the nef cone Nef(X), is central, especially from the viewpoint of the minimal model
program (MMP).

An important part of the relationship between the Mori cone and the MMP is captured by the cone
theorem, and the contraction theorem. These theorems assert that the Kx -negative part of the Mori cone
of a smooth projective variety X is rational polyhedral away from the Kx-trivial hyperplane, and the
extremal rays of the Kx-negative part correspond to some morphisms from X involved in the MMP. In
particular, when X is a Fano variety (namely, —Kx is ample), the cone Nef(X) is a rational polyhedral
cone, and its extremal rays are generated by semiample classes. In general, however, it is difficult to
describe the whole Mori cone, or dually the whole nef cone, even under the slightly weaker assumption
that —Kx is semiample. For instance, if X is the blowup of P? at the base points of a general pencil of
cubic curves in P2, then —Kx is semiample but Nef(X) is not rational polyhedral.

When X is K-trivial, we expect nevertheless that some essential parts of the nef cone of X are rational
polyhedral, up to the action of Aut(X). A precise statement, known as the cone conjecture, was first

© The Author(s), 2024. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2024.22 Published online by Cambridge University Press


doi:10.1017/fms.2024.22
https://orcid.org/0000-0003-2134-1018
https://orcid.org/0000-0001-8672-7742
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2024.22&domain=pdf
https://doi.org/10.1017/fms.2024.22

2 C. Gachet, H.-Y. Lin and L. Wang

formulated by Morrison [35] and Kawamata [22]. It was later generalized by Totaro [48] to kit Calabi—
Yau pairs (X, A) (see Section 2.2), thus including many more examples, already in dimension 2. When
stated by these authors, the cone conjecture comprises predictions both on the nef cone and on the
movable cone of varieties and has both an absolute and a relative version. In what follows, we will only
consider the absolute cone conjecture for nef cones of certain Calabi—Yau pairs.

Let us recall the statement formulated by Totaro in [48, Conjecture 2.1], starting with some notations.
For a pair (X, A), we define

Aut(X,A) := {f € Aut(X)| f(supp(A)) = supp(A)}.
We also define the nef effective cone Nef®(X) as
Nef¢(X) := Nef(X) N Eff(X),

where Eff (X) is the effective cone of X.

Conjecture 1.1 (Kawamata—Morrison—Totaro cone conjecture). Let (X, A) be a kit Calabi—Yau pair.
There exists a rational polyhedral cone 11 in Nef® (X) which is a fundamental domain for the action of
Aut(X, A) on Nef®(X), in the sense that

Nef¢(X) = U ¢TI,
geAut(X,A)

and I1° N (g*I)° = @ unless g* = id.

An important prediction of the cone conjecture for the MMP is that the number of Aut(X,A)-
equivalence classes of faces of the nef effective cone Nef® (X) corresponding to birational contractions
or fiber space structures is finite (see, e.g., [48, p.243]).

Note that it is standard to replace Conjecture 1.1 by the a priori stronger following conjecture. Let
Nef*(X) denote the convex hull of

Nef(X) N N'(X)g,
where N (X )o is the rational Néron—Severi space of X.
Conjecture 1.2. Let (X, A) be a kit Calabi-Yau pair. Then the following statements hold.

1. There exists a rational polyhedral cone in Nef* (X) which is a fundamental domain for the action of
Aut(X,A) on Nef* (X).
2. We have
Nef*(X) = Nef®(X).

Thanks to the fundamental work of Looijenga [32], we prove that the two conjectures are equivalent
(see Corollary 2.6).

1.2. Nef cones of fiber products

The starting point of this work is a decomposition theorem for the nef cone of a fiber product over a curve.

It begins with the following general question. Let W; and W, be projective varieties, and let ¢ :
Wi — B and ¢, : Wy — B be surjective morphisms over a base B. Assume that the fiber product
W := W) xg W, is irreducible.

Question 1.3. Denote by p; : W — W; the natural projections. When do we have
piNef (W) + p3Nef(W,) = Nef(W)? 1.1

As the nef cone of a projective variety linearly spans the whole space of numerical classes of
R-divisors on the variety, the nef cone decomposition (1.1) exists only if
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PIN' (Wi + ps3N' (Wa)r = N (W)a. (1.2)

We may then ask which fiber products satisfying the decomposition (1.2) also have the decomposition
(1.1).

When B is a point, it is not hard to see that Equation (1.2) implies Equation (1.1). In this case, indeed,
the decomposition (1.2) is a direct sum. Every divisor D decomposes uniquely as p} D1 + p5Ds, where
D1 = Dwx(pty and D2 = D |peyxws, - If D is nef, then so are its restrictions, and hence Equation (1.1)
follows. When B is P! and the varieties W; are certain rational elliptic surfaces, the decomposition (1.1)
was proven in [14, Proposition 3.1]. We show that the implication (1.2) = (1.1) continues to hold for
an arbitrary irreducible fiber product over a curve.

Theorem 1.4. Fori = 1,2, let ¢; : W; — B be a surjective morphism from a projective variety to a
projective curve B. Assume that

1. The fiber product W = Wy xg W, is irreducible.
2. We have

PIN' (Wi)z + psN' (Wa)e = N (W)a.

Then
piNef(W1) + p3Nef(W,) = Nef(W).

As a consequence, we also have py Amp(Wy) + p; Amp(W>) = Amp(W).

In Examples 3.5, 3.6 and 3.7, we build examples of fiber products over bases of higher dimension,
that fail the implication (1.2) = (1.1). In Remark 3.8, we recall a classical example emphasizing that a
similar decomposition does not hold for the movable cone of divisors of a fiber product over a curve.

We establish the following corollary to this first theorem.

Corollary 1.5. Keep the notations and assumptions of Theorem 1.4. Then the extremal rays of the convex
cone Nef (W) are exactly the pullbacks of the extremal rays of the two cones Nef (W) and Nef(W5). In
particular, the cone Nef(W) is rational polyhedral if and only if the cones Nef (W) and Nef(W,) are
both rational polyhedral.

This corollary can be seen as a means to construct fiber products over curves, whose nef cones are
not rational polyhedral.

1.3. Cone conjecture for Schoen varieties

Among the strict Calabi—Yau manifolds (see Definition 2.2) whose nef cones are known to not be
rational polyhedral, to our knowledge, the cone conjecture is only known so far in two special cases.
One of them is the desingularized Horrocks—Mumford quintics, studied by Borcea in [4] (see also [12]);
the other is the fiber product of two general rational elliptic surfaces with sections over P!, constructed
by Schoen in [44] and investigated by Namikawa and Grassi—-Morrison [37, 14]. Both examples are of
dimension three.

The main goal of this paper is to prove the cone conjecture for generalizations of Schoen’s Calabi—Yau
threefolds, typically Calabi—Yau pairs, but also higher-dimensional strict Calabi—Yau varieties. In both
cases, the underlying varieties, which we call Schoen varieties, are constructed as fiber products over P'.

Let us first summarize our construction defining Schoen varieties; we refer to Subsections 4.1 and 4.2
for more details. We start with Fano manifolds Z; and Z, of dimension at least two, which respectively
admit an ample and globally generated divisor D; (i = 1, 2), such that —(Kz, + D;) is globally generated.
We take W; ¢ P! x Z; to be a general member in the linear system |Opi (1) ® Oz (D;)|. There is a
fibration ¢; : W; — P!. We put another mild condition on the fibrations ¢; and ¢, to be general with
respect to one another (see the second paragraph of Subsection 4.2 for a precise statement). Consider
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the following fiber product over P!
¢: X =W Xpi W2—>P1.

Under our assumptions, the variety X is smooth and projective. All varieties obtained through this
procedure are called Schoen varieties.

It follows from the construction that —Kx is globally generated, so many effective Q-divisors are
Q-linearly equivalent to —Kx. Any such Q-divisor A yields a Calabi—Yau pair (X, A), that we call a
Schoen pair.

We prove the following result.

Theorem 1.6. Let (X, A) be a Schoen pair. Then there exists a rational polyhedral fundamental domain
for the action of Aut(X, A) on Nef¢(X) = Nef*(X) = Nef(X).

Note that, by Corollary 1.5, the cone Nef(X) is not rational polyhedral as soon as one of the cones
Nef(W;) (i = 1,2) is not, typically if one of the factors W; is a rational elliptic surface with Z; ~ P2
and D; = Op2(3). Using this remark, we provide in Example 5.6 the first series of strict Calabi—Yau
manifolds (and Calabi-Yau pairs) of arbitrary dimension for which the cone conjecture holds, with nef
cones that are not rational polyhedral.

We finally mention two unsurprising consequences of Theorem 1.6 (see Corollary 5.7): The finite
presentation of the group of components mgAut(X) and the finiteness of real forms on X, up to isomor-
phism.

1.4. Relation to other work

1.4.1. Cone conjecture

We refer to [30] and the references therein for a survey of the cone conjecture for varieties (as opposed to
pairs). As for the cone conjecture for Calabi—Yau pairs, its two-dimensional case was proven by Totaro
[48]. Kopper [27] also proved the cone conjecture for Calabi—Yau pairs arising from Hilbert schemes
of points on certain rational elliptic surfaces; the underlying varieties in his work may have non rational
polyhedral nef cones, but they only appear in even dimensions. The references [11, 31] also contain
some recent results.

1.4.2. Cone conjectures for varieties with rational polyhedral nef cones

One way of proving the cone conjecture for a smooth projective variety X is to show that Nef(X) is a
rational polyhedral cone and that Nef(X) = Nef®(X) (see, e.g., [29, Proposition 6.5]). This is the case
whenever X is a smooth anticanonical hypersurface in a Fano manifold Y of dimension at least 4, by the
following theorem, due to Kolldr [3, Appendix].

Theorem 1.7. Let D be a smooth anticanonical hypersurface in a smooth Fano variety Y of dimension at
least 4. Then the natural restriction map Nef(Y) — Nef (D) is an isomorphism. In particular, Nef (D)
is a rational polyhedral cone, generated by classes of semiample divisors.

Other Calabi—Yau pairs (X, A) for which Nef(X) = Nef®(X) is rational polyhedral are described in
the work of Coskun and Prendergast-Smith [40, 8, 9].

1.4.3. Fiber product constructions

Constructing Calabi—Yau threefolds as fiber products of two general rational elliptic surfaces with
sections over P! was first considered and investigated by Schoen [44]. It recently came back to light
as Suzuki considered a certain higher-dimensional generalization of Schoen’s construction and studied
its arithmetic properties in [46]. Similar ideas are also involved in Sano’s constructions of non-Kéhler
Calabi—Yau manifolds with arbitrarily large second Betti number in [42].
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1.4.4. Cone conjecture for movable cones

We have already mentioned that there is a part of the cone conjecture concerned with movable cones [48,
Conjecture 2.1.(2)]. It predicts that a Calabi—Yau variety should have finitely many minimal models, up
to isomorphism [7, Theorem 2.14]). See [36, 22, 48, 30] for related references. This part of the cone
conjecture was verified for some cases. Notably, in [6], Cantat and Oguiso produced the first series of
strict Calabi—Yau manifolds in arbitrary dimension whose movable cones are not rational polyhedral
and for which the cone conjecture for movable cones holds. We refer to [17, 20, 28, 50] and references
therein for more results.

In [37], Namikawa showed that a certain strict Calabi—Yau threefold, constructed as a Schoen variety,
has finitely many minimal models, up to isomorphism. Nonetheless, the cone conjecture is still unknown
for the movable cone of divisors of this Calabi—Yau threefold. The cone conjecture for the nef cones
of each of these minimal models is not known either. Similar questions could be asked for the Schoen
varieties of higher dimension constructed here.

1.5. Structure of the paper

Section 2 is devoted to some preliminaries and fundamental results. We prove Theorem 1.4 in Section 3.
After constructing Schoen varieties and Schoen pairs in Section 4, we prove Theorem 1.6 in Section 5.
2. Preliminaries

We work over the field C of complex numbers throughout this paper. For notions of birational geometry,
we refer to [26].

2.1. Notations

Let X be a projective variety. We write N'(X) for the free abelian group generated by the classes of
Cartier divisors modulo numerical equivalence.

Inside the vector space N! (X)z := N'(X) ® R, we denote by Nef(X) the nef cone, that is, the closure
of the ample cone Amp(X), and by Eff (X) the effective cone. The nef effective cone Nef® (X) is defined
as

Nef(X) := Nef(X) N Eff(X).
et Nef™ (X) denote the convex hull o
Let Nef* (X) d h hull of
Nef(X) N N'(X)g,

where N!(X)g := N'(X)®Q. We denote by N; (X) the group of 1-cycles modulo numerical equivalence.
The intersection product defines a perfect pairing between the two vector spaces N! (X)g and N (X)z.
Under this pairing, the nef cone Nef(X) is dual to the Mori cone NE(X), which is by definition the
closure of the convex cone of effective 1-cycles in Nj(X)g.

The group of automorphisms of X is denoted by Aut(X) and acts on N'(X) by pullback. This action

o : Aut(X) = GL(N' (X))

linearly extends to N'!(X)g, preserving the cones Nef®(X) and Nef* (X). The connected component of
the identity in Aut(X) is a normal subgroup Aut’(X), which acts trivially on N'(X) [5, Lemma 2.8].

2.2. Klt Calabi-Yau pairs

A pair is the data (X, A) of a normal projective variety X together with an effective R-divisor A on X
such that Kx + A is R-Cartier.
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Definition 2.1. Following [48], we say that a pair (X, A) is Calabi-Yau if X is Q-factorial and Kx + A
is numerically trivial.

Let us briefly recall the definition of a Kawamata log terminal (kIt) pair. We start with a notation.
For any pair (X, A) and any birational morphism u : X — X, there exists a unique R-divisor A on X
such that

Kz +A =u"(Kx +A) and u,A = A.

A pair (X, A) is called kit if, for any birational morphism y : X — X, when defining the divisor A
as above, each irreducible component of A has coeflicient less than one. _

Note that if we can find one resolution of singularities u : X — X whose corresponding divisor A has
simple normal crossings, with irreducible components of coefficients less than one, then (X, A) is klt.

Definition 2.2. Let X be a smooth projective variety. We say that X is a Calabi—Yau manifold if its
canonical line bundle K is trivial and 4 (X, Ox) = 0 for any 0 < i < dim X. If in addition, X is simply
connected, we call it a strict Calabi—Yau manifold.

2.3. Looijenga’s result
The following result is crucial in this paper.

Proposition 2.3. Let X be a projective variety, and let H < Aut(X) be a subgroup. Assume that there is
a rational polyhedral cone I1 C Nef*(X) such that Amp(X) C H - I1. Then

1. H-TI = Nef*(X), and the H-action on Nef*(X) has a rational polyhedral fundamental domain.
2. The group p(H) is finitely presented.

This result should be well known to experts, but we include a proof for the sake of completeness. It
relies on the fundamental results due to Looijenga [32, Proposition 4.1, Application 4.14, and Corollary
4.15], which we extract and formulate here as Lemma 2.4. Recall that a convex cone C C Ny in a finite
dimensional R-vector space Ny is called strict if its closure Cc Ng contains no line.

Lemma 2.4. Let N be a finitely generated free Z-module, and let C be a strict convex open cone in the
R-vector space Ny := N ® R. Let C* be the convex hull of C N Nq. Let (C¥)° C Ny be the interior of
the dual cone of C. Let T be a subgroup of GL(N) which preserves the cone C. Suppose that

o there is a rational polyhedral cone I1 C C* such that C c T - I1;
o there exists an element ¢ € (C¥)° ﬂN(E/2 whose stabilizer in T (with respect to the dual action T’ O Né )
is trivial.

Then T -1 = C* and the T'-action on C* has a rational polyhedral fundamental domain. Moreover, the
group T is finitely presented.

To prove Proposition 2.3, it is key to connect abstract convex geometry as in Lemma 2.4 with the
specifics of an automorphism group acting on an ample cone. That is the goal of the next lemma.

Lemma 2.5. Let X be a projective variety. Then there exists an ample Cartier divisor on X, whose
numerical classn € N'(X) satisfies: For every g € Aut(X), if g*n = n, then g* is the identity on N' (X).

Proof. Our proof is inspired by the argument of [29, Proposition 6.5].

Let T' := p(Aut(X)) < GL(N'(X)). For every 8 € N!(X)g, let I’y denote the subgroup of T
stabilizing . We want to find an element € Amp(X) N N'(X) such that I';, is trivial. By linearity, it
is sufficient to find such an element in Amp(X) N N' (X )o-

By Fujiki-Liebermann’s theorem [5, Theorem 2.10], for every element 6 in Amp(X) N N'(X)q, the
stabilizer T'g is finite. Pick an element 7 € Amp(X) N N'(X)g such that I';; has the smallest possible
order. Since the discrete set N!(X) is preserved by the action of I, there is an open neighborhood
U c Amp(X) of 5 such that, for every y € I" \ I';, the intersection yU N U is empty. In particular, for
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every # e UNNY(X )o, we have 'y C T';;, so 'y = I';, by the minimality assumption on 7. Hence, we
have
YIUNN!'(X)g = idUle(x)Q’
which extends by linearity to y = id. So the stabilizer I';; is trivial, which concludes the proof. [
We can now establish Proposition 2.3.

Proof of Proposition 2.3. Letusset N = N'(X), C = Amp(X) and I" = p(H). To apply Lemma 2.4 in
this setup, it suffices to construct an element & € (C¥)° N Né with trivial stabilizer with respect to the
dually induced T"-action. Start by picking any & € (C¥)° N Né.

The idea is to find a minimizer 7 for the linear functional £ on the set

Y :={n e Cn NIl is trivial}

and to relate the stabilizer of i (which is then trivial by construction) to the stabilizer of & (which we
want to be trivial).

Note that ¥ is nonempty by Lemma 2.5 and discrete. By definition, the linear form ¢ takes positive
values on the whole convex set C \ {0}. Picking a large enough positive integer r, the intersection

Tn{xeC|&x) <r}

is now nonempty and finite. Minimizing & on this finite set is equivalent to minimizing it on X, and thus
¢ has finitely many minimizers in X.

Since C N N is discrete, we can now perturb & into a new linear form & € (C¥)° N Né, which has
exactly one minimizer 77 on 2. As the set X is I'-invariant and as I';, is trivial, we have, for any nontrivial
v €T, that yn € X \ {n}, and in particular

(véo0) () = éo(yn) > Eo(n).

So the stabilizer of & in I is trivial. )
We prove a simple corollary of Proposition 2.3.
Corollary 2.6. Conjecture 1.1 and Conjecture 1.2 are equivalent.

Proof. Clearly, Conjecture 1.2 implies Conjecture 1.1. Now, fix a pair (X, A) for which Conjecture 1.1
holds. Let IT c Nef®(X) be a rational polyhedral fundamental domain for the action of Aut(X,A) on
Nef(X). Then IT ¢ Nef*(X) by definition of Nef* (X). By Proposition 2.3.(1),

Nef¢(X) = Aut(X,A) - II = Nef*(X).

So Conjecture 1.2 holds. |

3. The nef cone of a fiber product over a curve

In this section, we prove Theorem 1.4. Let us recall the notations. For i = 1,2, the map ¢; : W; — Bis
a surjective morphism from a projective variety to a projective curve B. We consider the fiber product

W=W; xg W,

W] p Wz .

B
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and work under the following assumptions:

1. The fiber product W = W xp W, is irreducible;
2. Forevery D € N'(W)g, there exist D; € N'(W))g and D, € N'(W>)g such that

D = piD\ + p;D>.
Proof of Theorem 1.4. Let us fix D € Nef(W) and consider a decomposition in real classes
D =piDi+p;D2 € N' (W

as in Assumption (2) right above. We prove three lemmas regarding the positivity of these two summands
Dy and D>.

Lemma 3.1. Fixi = 1,2. Let C; be a curve contained in a fiber of ¢p; : W; — B. Then D; - C; > 0.

Proof. By symmetry, we can focus on i = 1. Fix any point s € ¢, '(¢1(C1)) and consider the fiber
product a := C) X {s}, which can be seen as a curve in W;. We have

0< D'aZ (pTDl +p;D2)~a=D] -pl*a+D2-p2*a=D1 'Cl.
This proves the lemma. O

Lemma 3.2. Either D\ or D is nef.

Proof. Assume by contradiction that both D and D, are not nef. Then for each i, there exists a curve
C; in W; such that D; - C; < 0. Note that since the fiber product W is assumed to be irreducible, the base
B is also irreducible. Hence, and by Lemma 3.1, we have ¢;(C;) = B. So the (possibly reducible) fiber
product C; xXp C, contains a curve c dominating B. Let 81, 82 € Z~( be such that pi*g = BiC;. Then
on one hand,

BiD1 - Ci+ 2Dy - Cy <0,
and on the other hand,
BiDy - Ci+aDy-Ca= (piDy+piD2)-C=D-C > 0.
This is a contradiction. O

For the third lemma, we fix a point b € B.

Lemma 3.3. Fix i = 1,2. Then there exists N; € R such that for any real number n > N, the divisor
D; +n¢:Op(b) is nef.

Proof. By symmetry, we can focus on i = 2. Let C; be a curve in W such that ¢;(C;) = B. Set
D,-C
Ny = =t ¢l
deg(C BAN B)
and consider the following classes

D; =D — N2¢1O0p(b) and D’ = D) + N»¢505p(D).

By construction, we have D} - C; =0 and D = p]D| + p;D’,.
We want to show that D is nef. Let C; be a curve in W,. If it is contained in a fiber of ¢», then
D/ -Cy > 0by Lemma 3.1. Suppose now that ¢ (C>) = B, let C be a curve in the fiber product C; Xp C>

https://doi.org/10.1017/fms.2024.22 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.22

Forum of Mathematics, Sigma 9

dominating B, and define 81, 82 € Z- such that pi*g = B;C;. We have
B2D} - Cr =D} -Ci+ 2D} - Co
= (piD} +p3D3) - C
=D-C>0.
So Dé is nef. A fortiori, for n > N,, the following class
D3 +n¢50p(b) = Dj + (n = N2)$,0p(b)
is also nef. o

Let us resume the proof of Theorem 1.4. For any ¢ € R, let
Di(1) :== Dy —t$10p(b) and D,(1) := D> +1¢,0p(b).
By Lemma 3.3, we can define intervals
Iy =] =00, =Ny min] and I = [N2,min, +o0[
such that D;(¢) is nef if and only if # € I;. Since we have for all 7 € R,
D = piDi(t) + p3Dx(t),

Lemma 3.2 shows that either D (¢) or D, (?) is nef, that is, I} U I = R. Hence, I} N I, is nonempty and
fixing an element 7 in this intersection, both D (¢) and D (¢) are now nef, giving a desired decomposition.

The decomposition of the ample cone of W finally follows from the decomposition of the nef cone
by [41, Corollary 6.6.2]. O

Remark 3.4. In the setup of Theorem 1.4, we also have a decomposition of the relative nef cone
Nef(W/B) = pNef(W,/B) + p;Nef(W»/B)

by the projection formula — this is exactly Lemma 3.1.
As a consequence of Theorem 1.4, we prove Corollary 1.5.

Proof of Corollary 1.5. First, consider E € Nef(W) spanning an extremal ray of Nef(W). Then by
Theorem 1.4, there is a decomposition E = p’l‘El + pZEz, with E; € Nef(W;), and either E| or E»
is nonzero. By extremality, E is thus either in piNef(Wy), or in pSNef(W;). By symmetry, we can
assume that £ = p}D, for some D € Nef(W)). Let us show that D spans an extremal ray in Nef(W,).
Let D = F + F’ be any decomposition with F, F" € Nef(W;). Then E = piD = p{F + p{F’ with
piF,piF’ € Nef(W), and thus by extremality, p}F and pjF’ are proportional. Since p7 : NY(W))e —
N!(W)g is injective, F and F’ are proportional as well. This shows that D spans an extremal ray.

We thus know that every extremal ray of Nef(W) is obtained by pulling back an extremal ray of
either Nef(W)) or Nef(W;).

Next, assume that D € Nef(W)) is extremal, and let us prove that p}D is extremal in Nef(W). Let
piD=E+ E’ be a decomposition with E, E’ € Nef(W). Up to adding terms to E’, we can assume that
E spans an extremal ray of Nef(W). By Theorem 1.4, we can write

E =plE| +p5E,, and E’ = p{E| + p3E;

with E;, E l’ € Nef(W;). As E is extremal, the divisors E, p’l‘E1 and p;EQ are proportional. Moreover
pi(D—E|—E]) = p;(Ey+E]) € Nef(W). Hence, by the projection formula, D — E| — E7 is nef. But D
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is extremal in the cone Nef(W;), so D, E|, and E { are proportional. In particular, pTD, p*l‘E 1 pTE { and
p5E> are all proportional, which shows that E and E” are proportional and thus concludes the proof. O

We now construct various fiber products showing that Theorem 1.4 fails in general over bases B
of dimension at least 2. Two types of constructions are provided: In Example 3.5, the surjective maps
¢1 and ¢, are birational morphisms; in Example 3.6, they are smooth fibrations. The first construction
simply involves (—1)-curves on blow-ups of P?; the second construction uses Serre’s construction of
vector bundles of rank two.

Example 3.5. Take S := P2, and take four points Py, P>, P3, P4 in S so that no three of them lie on a
line. Let £; be the line through P;, P, and let ¢, be the line through P3, P4. Take

W] = BlPl,PZ(S) and W2 = B1P3,P4(S)'

We let
W =W xg W,.

As the blown-up points are distinct, W is isomorphic to Blp, p, p,.p,(S), which is smooth. Moreover,
the decomposition of the Picard group

Pic(W) = p Pic(W) + p5Pic(W>)

clearly holds.
Denote by ¢ and ¢} the strict transforms of ¢; and £, in Wy and W», respectively. Then ¢/ is an
effective non-nef divisor on W; as (¢/)? = —1. Let

D := pit] + p3t;.

We show that D is nef; this also shows that Lemma 3.2 fails when dim B > 2. As D is effective, it
is enough to check that its intersections with its components are all nonnegative. By symmetry, it is
enough to compute

D-pil]=(E)*+6- g5t =-1+1=0.

* *

So D is nef and has vanishing intersection with the curves p¢| and p3(;.
Now, assume by contradiction that D has another decomposition D = piD; + p;D, with D; €
Nef (W;). Then we have

pi(l; = Dy) = p5(Dy - 03).

As p”l‘Nl (W N p;Nl (W1)r clearly has dimension one, it equals R[p*Op2(1)], where p is the natural
projection W — §. Hence, for some ¢ € R, we have

pi(¢; = Dy) = p5(Dy = £)) = cp*Op2(1).

Since * i !’ * * pl *x pl
piD1-pili+p3Dy-piti =D - p;it; =0,

l
and both p Dy and p3D; are nef, we have p;D; - pit; = 0. Thus,
-1 =pit - pi(t] = D) =cpit] - p*Op(1) =c
and similarly,

1 =p3t; - p5(Dy =) =cp3ty - p"Op (1) = ¢,

which is a contradiction.
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Example 3.6. Take S := P?. Let us fix a closed subscheme Z, of P? consisting of two distinct (reduced)
points. We fix another closed subscheme Z; of P? consisting of two distinct (reduced) points, chosen
generally with respect to Z.

For each i = 1,2, Serre’s construction (see, e.g., [19, Theorem 5.1.1]) produces a locally free sheaf
E; of rank 2 on P?, which fits into the short exact sequence

0—Op = E = Iz(3i)—0. 3.1

Set W; := P(E;); see [16, Definition in p.162]. Consider

W =W xXs W,
— T
Wy = P(E]) p W, = P(Ez) .
¢1\A\S—P2%

As a projectivized vector bundle, each W; is endowed with a tautological line bundle {; satisfying
¢:.¢i = E;. In particular, this line bundle has a distinguished section given by the inclusion morphism
in Equation (3.1), whose zero locus we denote by S;. We will describe the geometry of S; later.

Note that the Néron—Severi space of W decomposes. Indeed, the smooth fibration p; : W — W
identifies with the projectivization of the vector bundle ¢]E> over Wy, which has tautological line bundle
P3la. 50

N'(W)e = piN' (Wi)r +R - p3[4]
=R-pi[&]+p* N (S +R- p3[L]
= piN'(Wy) + psN' (W).

Define the line bundle
D=pli+p50

on W. It is effective, as the {; both are. To prove that D is nef, let us describe the geometry of the zero
loci §;.

By [15, Proposition 3.6.2], and since the closed subschemes Z; are locally complete intersections,
each zero locus S; is in fact a (reduced irreducible) surface, isomorphic to Blz,P? ~ P(Zz, (i)) naturally
embedded in P(E;) through the surjection in Equation (3.1). Through this identification, the restricted
line bundle {;|s, corresponds to the tautological line bundle of P(Z (i)), which in Blz, P? corresponds
to the dual of the exceptional line bundle twisted by ¢7Op2 (7). For i = 1, this line bundle corresponds
to the divisor obtained by strict transform of the line ¢; passing through the two points of Z; with the
following properties:

o It is effective and has a unique section which is irreducible;
o It has negative square.

Fori = 2, itis the strict transform of any conic through the two points of Z, with the following properties:
o It is effective and admits an irreducible section;
o It has positive square.

Let us summarize: On one hand, {; has exactly one negative curve £ ]’ on W, which is contained in
S and has negative square there. On the other hand, ¢> is nef on W.

We now prove that D is nef, arguing by contradiction: Assume that there is a curve C in W such that
D - C < 0. We just proved that p3{5 is nef, so {1 - p1,C < 0, and so there is a positive integer m such
that p,C = m{{; moreover, C must lie in pl‘1 (7). The restricted map ¢ : £{ — ¢y is an isomorphism,
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so its base change p; : pl‘l(fi) - (1551(51) =~ P(E3|¢,) is an isomorphism too. Thus, p»,C is a reduced
curve C; in Wy, and ¢,,C> = m{;. By the projection formula,

D-C=m( ~€;+{2-C2.

We have gl‘sl = ff, so {1 - ff = —1. Moreover, by [39, Example 1 in §5.2, Chapter 1], and since we
chose Z; generally with respect to Z,, we have

Ezjg, = Opi (1) @ Opi (1), (3.2)
$0 Ea)¢, ® Op, (—1) is nef, in particular {5 - C2 > ¢50¢, (1) - C = m. Hence, we finally have 0 > D - C >
—m + m = 0, contradiction. So D is nef.

We conclude this example by picking a decomposition of D as piD + p;D, with D; € N H(Wig,

and proving that at least one of the D; is not nef. Since the intersection of p{N L(W))g with )29 L(Wo)r
is the subspace R - p*[Op2(1)], and since we already have D = p}{| + p3{>, there exists a € R such that

Dy =01 +a¢Op(1), Dy =0 —ag,0p(1).

In particular,
D, fll =0 f]/ +a0]p2(1) : (]51*5]’ =-1+a.

Moreover, by [39, Example 1 in §5.2, Chapter 1] again, there exists a line ¢, in P2 such that
Ez g, = Opt ® Opi (2), (3.3)
and so there is a section ¢] of the fibration ¢, : P(Ezs,) — & such that £, - £ = 0. In particular,
Dy )= -0 —aly - ¢r,05 = —a.
Since at least one of the two numbers a — 1 and —a is negative, D and D, cannot both be nef.

We now use Examples 3.5 and 3.6 to build similar counterexamples over bases of higher dimension.

Example 3.7. Take W, Wi, W; and S as in Example 3.5 or Example 3.6. Note that they all are rationally
connected: It is clear in Example 3.5 and follows from [13, Corollary 1.3] in Example 3.6. Introduce

WXT = (W) XT) X(sxry (W2 XT),

where T is an arbitrary smooth projective variety. Since W, W; and W, are rationally connected and
smooth, they have trivial irregularity so that

N'(Zx Ty = pyN'(Z)r @ pp N (T)s,
for Z = W, Wi or W,. This implies that
N' (WX T)p = (p1 xidr)* N (W X T)z + (p2 X idg ) "N (Wa X T)z.
Note that by the projection formula,
Nef(Z xT) = p;,Nef(Z) & p7Nef(T),
for Z = W, W or W,. So, if we assume by contradiction that
Nef(W xT) = (p1 xidp)*Nef(W; X T) + (pp X idy)*Nef (W, x T),

we get Nef(W) = piNef(W,) + p;Nef(W>), which contradicts Example 3.5 or Example 3.6.
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Remark 3.8. We note that Theorem 1.4 also fails if the nef cones are replaced by the movable cones. In
general, let X be a smooth projective variety and recall that a divisor D on X is called movable, if there
is a positive integer m such that mD is effective and the base locus of the linear system |Ox (mD)| has
no component of codimension 1. The closed movable cone Mov(X) is then defined as the closure of the
convex cone in N' (X)r generated by the classes of movable divisors. It always holds Nef(X) ¢ Mov(X),
and, if moreover X is a surface, then Nef(X) = Mov(X).

Take a general fiber product W = Wy xp1 Wa of two very general rational elliptic surfaces W; — P!
and W, — P! with sections. Then W is a strict Calabi—Yau threefold and has nontrivial algebraic flops
(see [37]). Thus, Nef(W) ¢ Mov(W). But since the W; are surfaces, we have

piMov(W1) + p;Mov(W>) = piNef(W) + p;Nef(W,) = Nef(W) ¢ Mov(W),

where the second equality follows from Theorem 1.4.
Even in this particular case, the version of the cone conjecture stated in [48, Conjecture 2.1.(2)] is
not known.

We conclude this section with a corollary of Theorem 1.4 that will be key in the proof of Theorem 1.6.
For a morphism 7 : X — Y, we define

Aut(X/Y)={g € Aut(X) | mo g = m}.

Corollary 3.9. For i = 1,2, let ¢; : W; — B be a surjective morphism from a projective variety to a
projective curve B; let H; be a subgroup of Aut(W;/B). Assume that

1. The fiber product W = Wy Xp W, is irreducible;
2. It holds

PIN' (Wi)r + psN' (Wa)p = NY(W)g,

where p; denotes the projection from W onto W;;
3. Foreachi = 1,2, there exists a rational polyhedral cone I1; in Nef* (W;) such that Amp(W;) C H;-II;.

Then, for any subgroup H of Aut(W) containing H, X H», there is a rational polyhedral fundamental
domain for the H-action on Nef*(W).

Proof. Let I1 be the convex hull of piII; + p3I1;. Then II is a rational polyhedral cone contained in
Nef*(W). Moreover,

Amp(W) ¢ (Hy xH,) -Tlc H-TI

as pjAmp(W;) + pSAmp(W>) = Amp(W) by Theorem 1.4. The existence of a rational polyhedral
fundamental domain then follows from Proposition 2.3.(1). m]

4. Construction of Schoen varieties

Schoen varieties are constructed as fiber products of two fibrations over P'. Let us first construct these
fibrations.

4.1. The factor W with a fibration over P'

This construction relies on a pencil of ample hypersurfaces in a Fano manifold.

Let Z be a Fano manifold of dimension at least 2, and let D be an ample divisor in Z such that both
Oz (D) and Oz(-Kz — D) are globally generated. Note that Oz (—K7) is then globally generated as
well.
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Example 4.1. Take any toric Fano manifold Z of dimension at least 2. Since nef line bundles on a
projective toric manifold are globally generated, any decomposition —Kz = D + D’ as the sum of an
ample divisor D and a nef divisor D’ yields a pair (Z, D) satisfying the above condition.

Let W c P'xZ be a general member of the ample and basepoint-free linear system |Oz1 (1)® Oz (D).
We have a fibration ¢ : W — P! via the first projection, and the second projection £ : W — Z is the
blow-up of Z along the smooth subvariety Y of codimension two cut out by the members of the pencil in
|D| defined by W. Since Z is Fano, W is rationally connected. By construction, any point y € Y defines
a rational curve ' (y) which is a section of ¢ : W — P!.

By the adjunction formula,

Ow (=Kw) = (Opi (1) ® Oz(-Kz — D))|w, 4.1

so Ow (—Kyw ) is globally generated, a fortiori nef and effective.

If Z is chosen to be a del Pezzo surface, then the surface W is described by the following lemma.
Recall that a smooth projective surface S is called weak del Pezzo if its anticanonical divisor —K is nef
and big.

Lemma 4.2. If Z has dimension 2, then either D € | — Kz| and W ﬁ P! is a rational elliptic surface
with globally generated anticanonical line bundle, or W is a weak del Pezzo surface.

Proof. Since W is rationally connected and dim W = 2, we know that W is rational. If D € | — Kz|,
then Ow (—Kw) = ¢*Opi (1), which is globally generated, and which makes W into a rational elliptic
surface.

Suppose now that D ¢ | — Kz|. As —Kz — D is effective and nontrivial, and as —Kz and D are ample,
we have —Kz(—Kz — D) > 0 and D(-Kz — D) > 0, and thus,

K% >-Kz-D> D%

As W is the blowup of Z at (D?) points, we have K, = K% — D* > 0. Since —Ky is nef, W is a weak
del Pezzo surface. O

Remark 4.3. Note that, in the case where W is a rational elliptic surface, the fact that it has a section
and that it is chosen general in its pencil on P! x Z implies that it is isomorphic to P?> blown-up in the
base locus of a general pencil of cubics. In particular, W has topological Euler characteristics 12, the
canonical fibration W — P! has some singular fibers but no multiple fibers. The fact that the rational
elliptic surface W is general implies that the singular fibers of W — P! are exactly 12 nodal rational
curves ([34, p.8]).

Considering the j-invariant in family for the fibration W — P!, we obtain a proper surjective map
j : P! — P! which is finite of degree 12 and has 12 simple poles which occur at the 12 image points of
the 12 singular fibers ([34, Lemma (IV.4.1), Corollary (IV.4.2)]).

In general, the construction of W described above ensures the following properties.

Proposition 4.4. We have
Nef¢(W) = Nef* (W) = Nef(W).

Moreover, if dimW > 3 or if W is a weak del Pezzo surface, then the cone Nef (W) is rational polyhedral,
spanned by classes of semiample divisors.

Proof. We start with the ‘moreover’ part. It is a corollary of some known results. If W is a weak del
Pezzo surface, then W is log Fano (see, e.g., [33, Proposition 2.6]). Hence, by the cone theorem [26,
Theorem 3.7], its nef cone is a rational polyhedral cone spanned by classes of semiample divisors.
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Assume that dim W > 3. Since P! x Z is a smooth Fano variety of dimension at least four, and since
W c P! x Z is a smooth ample divisor such that

Opixz(=Kpixz = W) = Oz(-Kz - D) & Op:i (1)
is nef, we can apply [, Proposition 3.5] (which generalizes [3, Appendix]). It yields an isomorphism
j« : NE(W)SNE(P! x Z)
induced by the inclusion j : W < P! x Z. Dually, we obtain an isomorphism
j* : Nef(P' x Z)Nef(W).

As Nef (P! x Z) is rational polyhedral and spanned by classes of semiample divisors, so is Nef(W).

We now prove the equality of the three cones Nef® (W), Nef* (W), and Nef (W). If dim W > 3 orif W
is a weak del Pezzo surface, the equality clearly follows from the fact that Nef (W) is rational polyhedral,
spanned by classes of semiample divisors. So by Lemma 4.2, we can focus on the case where W is a
rational elliptic surface.

Clearly, Nef® (W) and Nef*(W) are subcones of Nef(W). Moreover, Nef* (W) c Nef¢(W) by [48,
Lemma 4.2]. We only need to show that Nef (W) = Nef* (W). By [38, Corollary 3.3. (c)], the cone NE(W)
is generated by curve classes, so dually, Nef (W) is spanned by Cartier divisors. So Nef(W) = Nef™ (W)
indeed. O

Let us conclude the description of W by describing the general fiber of ¢ : W — P!, under the
assumption that D € | — Kz]|.

Lemma 4.5. Suppose that D € | — Kz|. Then the general fiber F of ¢ : W — P! is a Calabi—Yau
manifold (as in Definition 2.2).

Proof. Since D € | — K|, the general fiber F is linearly equivalent to the anticanonical divisor —Kw
by Equation (4.1). By adjunction, F has trivial canonical bundle. We also have an exact sequence

Since W is rationally connected, we have
R WEH(W, —Kw ) = BY (W, Ow) =0

fori > 1. Hence, h'(F,Or) = 0 whenever 1 <i < dimW -2 =dimF - 1. o

4.2. The fiber product X = Wi xpi W,

We are ready to generalize Schoen’s construction and obtain Calabi—Yau pairs in arbitrary dimension.
Fori =1,2,let Z;, D;, W; be as in §4.1. We denote by ¢; : W; — P! the associated fibration and recall
that it has a section.

We add one assumption, which is automatically satisfied by taking the fibrations ¢; fori = 1,2 to be
general with respect to one another:

For every t € P, the fiber of at least one of the ¢; above t is smooth.

In the case where both W; are rational elliptic surfaces, this assumption has an important consequence.

Lemma 4.6. Let Wi and W, be general rational elliptic surfaces, with their canonical fibrations
#; : Wi — P!, each admitting a section. Assume that for every t € P, there is i such that the fiber ¢L._1 (1)
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is smooth. Then, for a very general point t € P', the fibers ¢1_1 (1) and ¢51 (t) are smooth, nonisogenous
elliptic curves.

Proof. Fori = 1,2, consider the finite morphism j; : P! — P! induced by the j-invariant of the elliptic
fibration ¢; (see Remark 4.3). Define the morphism J := (ji,j») : P! — P! x P!, Its image is an
irreducible curve in P! x P!

For each positive integer n, let F,,(x, y) € Z[x, y] be the polynomial as in [45, Theorem 6.3 in p.146].
Then by [45, Exercise 2.19. (a) in p.182], we have F,(j(¢;' (1)), j(¢5' (1)) = 0 if and only if there is
an isogeny ¢I1 (t) —» ¢51 (r) of degree n. By [45, Exercise 2.18. (e) in p.181], each F,(x, y) is a product
of some polynomials ®,, (x, y) indexed by positive integers. By the expression in [45, Exercise 2.18 in
p.181], each @,,(x, y) viewed as a polynomial in the single variable x has leading coeflicient 1. Together
with [45, Exercise 2.18.(b) in p.181], we obtain the irreducibility of ®,,(x,y) in C[x, y].

Let 2,, ¢ P! x P! be the irreducible curve defined by the homogenization of ®,,(x, y) using x = s/t
and y = u/v. We claim that J(P') intersects with each ¥, at finitely many points. Indeed, by our
assumption, we can take 7 € P! such that the fiber ¢ (¢) is singular, while the fiber ¢! (¢) is an elliptic
curve, so J(¢) = ([1 : 0], [a : 1]) for some @ € C. As we mentioned before, each ®,,(x, y) viewed as
a polynomial in the single variable x has leading coefficient 1, so ([1 : O], [@ : 1]) ¢ X,,. This implies
J(P') # %,,,, and the claim holds because both £, and J(P') are irreducible.

Let £ c P! x P! be the union of the countably many curves X,,. Then the set P! \(ZyUZ, U
J~Y(J(P') N X)) is nonempty with the property that each of its elements is a very general point, say 7,
satisfying that the fibers ¢l‘1 () and ¢; 1(¢) are smooth, nonisogenous elliptic curves. O

Now that we better understand the fibrations ¢; relatively to one another, we can consider the fiber
product over P!

X =W Xp Ws

BN

Wi [ W, .

As for every 1 € P!, the fiber of at least one of the ¢; above t is smooth, the variety X is smooth too.
We can also view X as a complete intersection of two hypersurfaces in P! x Z; x Z,, given by general
members in the linear systems

|Op1 (1) @ Oz, (D1) ® Oz,| and |Opi (1) ® Oz, ® Oz, (D2)|.

By adjunction, we obtain that

Ox(-Kx) = (Op R Oz, (-Kz, - D1) R Oz,(-Kz, — D2))|x, 4.2)

which is globally generated, hence nef and effective.

Definition 4.7. A smooth projective variety X constructed as above is called a Schoen variety. A pair
(X,A) is called a Schoen pair if X is a Schoen variety, and A is an effective Q-divisor such that
Kx +A ~q0.

Any Schoen variety X can be associated many Schoen pairs (X, A) as long as —Kx is nontrivial.
Every Schoen pair is by definition a Calabi—Yau pair (as in Definition 2.1). Moreover, if (X,A) is a
Schoen pair, then there exists a positive integer m such that

1
A= _Am,X, with Am,X € | —me|. “4.3)
m
If m > 2and A, x €| —mKx| is general, the Calabi—Yau pair (X, A) is klt.
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To conclude this section, we prove that, if for both i = 1, 2, the divisor D; chosen when constructing
W; is in the linear system | — Kz, |, then the Schoen variety X is a strict Calabi—Yau manifold.

Lemma 4.8. Any Schoen variety X is simply connected.

Proof. The proof is similar to [43, Lemma 1] and [46, Lemma 2.1].

Let U c P! be the open subset over which the morphism ¢ : X — P! is smooth, and set V := ¢~ (U).
Leti:V < Xand j : U < P! be the natural inclusions. The restriction ¢’ := ¢ly : V — U is
topologically locally trivial with a fiber, say F. Since both ¢; and ¢, have sections, ¢ : X — P! also
admits a section o : P! — X. Consider the commutative diagram

1 1 (F) V) mU) ——1

(4
: |
o,

m(X) o m(P.

(B

Here, the first row is exact by the homotopy long exact sequence, and i.. : 7;(V) — m;(X) is surjective
by [25, Proposition 2.10.1].

We claim that the image of 7;(F) in my(X) equals 7 (X). Indeed, since my(P!) is trivial, the
composition i, o oy, = 0% © J. is trivial. Using that i, is surjective, that this composition is trivial and
that 711 (V) is generated by the union of its subgroups 7| (F) and oy .71 (U), we obtain

m(X) =i, (V) =i (F).

We are now left to show that the image of 7| (F) in 7y (X) is trivial. Write F = F| X F,, where F; is
a general fiber of ¢; : W; — P! fori = 1,2. Since 1 (F) = ny(F}) X m1(F,), it is enough to show that
the image of 71 (F;) in 71 (X) is trivial, which we prove for i = 1.

A section of ¢, : W, — P! gives rise to a section s of p; : X — W;. By construction, the
homomorphism 7y (F}) — 71(X) is induced by F; — W, 5 X, thus factors through 71 (W7). Since it
is rationally connected, W is simply connected and hence the image of 71 (F}) in 71 (X) is trivial. O

Proposition 4.9. Suppose that D; € | — Kz,| for both i = 1,2. Then the Schoen variety X is a strict
Calabi-Yau manifold (see Definition 2.2).

Proof. By Equation (4.2) and Lemma 4.8, X has trivial canonical bundle and trivial fundamental group.
We are left showing that 27 (X, Ox) = 0 for every 0 < p < dim X.

Lemma 4.10. Let g : & — Y be a surjective morphism between smooth projective varieties. Assume
that a general fiber F of g is a Calabi-Yau manifold and that the canonical line bundle wg is trivial.
Then, for every positive integer q, we have

Rig.Oy = wy, ifqg=dmZ -dim¥,
0, otherwise.

Proof. Setr :=dimZ —dim %. By [23, Theorem 2.1. (i)] and [24, Corollary 3.9], the sheaf RYg.wy =
R2g.O« is reflexive. Since % is smooth, the invertibility of R?g,Og follows provided it has rank
one. Its rank is explicitly given by the dimension of H?(F, OF), which is one if ¢ = 0 or r, and zero
otherwise. Hence, we have

Rig, Oy = aline bundle, if g =0orr, @.4)
0, otherwise.
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By Grothendieck—Verdier duality [18, Theorem 3.34], we have

Rg.Og ~ Rg.wg = RHom(Rg.Og, wy[-r]).
The Grothendieck spectral sequence gives

Ey T = Ext? (R18,.0q,wy) = RP™ 17 g,0g

(see, e.g., [18, Example 2.70.ii)]). But by Equation (4.4), the page E, has exactly two nonzero entries,
namely Eg’o = wy, and E(Z)’_r. So Lemma 4.10 follows. m]

We return to our Schoen variety X. For i = 1,2, we let w; := dimW;. By Lemma 4.5, and as
p2 : X — W, is a base change of ¢; : W; — P!, the general fiber of p, is a Calabi—Yau manifold. We
can thus apply Lemma 4.10 to p,, and obtain that

Ow,, ifg =0,
Rips.wx = R1p>,0x = Jww,, if ¢ =dimw; — 1,
0, otherwise.

Together with [24, Corollary 3.2], this yields
hP (X, 0x) = h? (W2, Ow,) + hP ™ (Wa, ww,)
for all 0 < p < dim X. Since W, is rationally connected, this is zero as soon as p # 0 and p <

wi+wy—1=dimX. O

5. Application to the cone conjecture

In this section, we prove Theorem 1.6. The setup and the notations were defined in Section 4: We consider
a Schoen variety X, fitting in a Schoen pair (X, A). Let us recall the Cartesian diagram defining X:

X =W Xp Wy

e

Lemma 5.1. We have

PIN' (Wi)e + p3N' (Wa)e = N' (X).
Proof. Let p € P! be a very general point, and let F; := gbi‘l(p) cW.
Claim 5.2. The map

¥ : Pic(F)) x Pic(F,) — Pic(F) X F»)

defined by W (L, M) = L ® M is an isomorphism.

Proof. First, suppose that W; and W, are not both rational elliptic surfaces. If there is i such that Z;
has dimension at least 3, then F; is a smooth ample hypersurface in Z;, and so by Lefschetz hyperplane
theorem, F; has trivial irregularity. If there is i such that Z; is a surface and D; ¢ | — Kz, |, then F; is a
smooth curve in Z;, and by adjunction, it is in fact a rational curve, which again has trivial irregularity.
In any case, Claim 5.2 follows from [16, Exercise II1.12.6].
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Assume now that both W and W, are rational elliptic surfaces. Then, by Lemma 4.6, the fibers F;
and F, are smooth, nonisogenous elliptic curves. We have a short exact sequence of abelian groups
[2, Theorem 11.5.1]

0 — Pic(F) X Pic(Fy) — Pic(F, X F») — Hom(Fy, Fy) — 0,

where Hom(F), F,) denotes the group of homomorphisms from F) to F, preserving both the variety and
the group structure. Since F; and F, are nonisogenous, Hom(Fy, F») = 0, which proves Claim 5.2. O

Let L be a line bundle on X. Claim 5.2 implies that

Lig-1(p) = LiFix{u} ® Li{vyxp,,

for any points u € F» and v € F].
For each i = 1,2, we choose a section s; : P! — W; and let oy : W; — X be the induced section:

o (wy) = (wi, 52(p1(w1))) € Wy Xp1 Wa,

and similarly for o». We have

Lig1(p) = LiFix{si ()} B Li{s1(p) P>
=~ (oyL)F, B (05 L)|F,
= (pTO'ikL ®p§0’;L)|¢—l(p).

Since p € P! is very general, by applying [49, Theorem 3.1 and Remark 3.3] to the smooth part of the
fibration ¢ : X — P!, we obtain

L ~Q pYO’l*L ®p;0';L ® Ox(D),

for a divisor D whose support is contained in a finite union of fibers of ¢ : X — P!. Note that an
irreducible component R of a fiber of ¢ embeds in the product ¢I] (¢(R)) X ¢£l (¢(R)), of which at least
one factor ¢l.‘1 (¢(R)) is smooth, hence irreducible. It follows that there is an irreducible component R’
of ¢]‘.1 (¢(R)) with j = {1,2} \ {i} such that R = p;.R’. Applying this to the irreducible components of
D, we obtain that

Pitp;
N' (Wig x N (Wa)e — NY(X)r

is surjective. ]
Lemma 5.3. For every D € Nef(X), one can write D = p{D| + p;D,, where D; € Nef(W;).
Proof. Lemma 5.3 follows from Lemma 5.1 and Theorem 1[.4. m]

Theorem 5.4 (= Theorem 1.6). Let (X, A) be a Schoen pair. Then
Nef(X) = Nef*(X) = Nef®(X),

and moreover, there exists a rational polyhedral fundamental domain for the action of Aut(X,A) on
Nef®(X).

Proof. Since Nef(W;) = Nef*(W;) = Nef¢(W;) by Proposition 4.4, we have, by Lemma 5.3, Nef(X) =
PiNef"(Wy) + p5Nef*(W,) € Nef*(X), so Nef(X) = Nef™(X). Similarly, we have Nef (X) = Nef¢(X).
This proves the first assertion.
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Define the subgroups H; < Aut(W;) by
_ | Aut(W;/ P'), if W; is a rational elliptic surface,
e {idw, }, otherwise.

Then there exists a rational polyhedral cone I1; C Nef*(W;) such that H; - I1; contains Amp(W;). Indeed,
the case where W; is a rational elliptic surface with —Ky, semiample follows from [47, Theorem 8.2],
and the other cases follow from Proposition 4.4.

We claim that H; X Hy < Aut(X, A). Note that there exists a positive integer m such that

1
A=—Anx
m

for some A, x € | —mKx|. If neither W; nor W, is a rational elliptic surface, then H; X H> is trivial by
definition. If both W; and W, are rational elliptic surfaces, then A, x = 0 and clearly, H; X Hy < Aut(X).
Finally, if one of the W;, say Wi, is a rational elliptic surface, and the other, say W,, is not, then
Ox (=Kx) = p50w,(—=Kz, — D»). Since p» is proper surjective with connected fibers, the pullback p3
induces an isomorphism

H(X, p30w,(-m(Kz, + D3))) = H(Wa, Ow, (-m(Kz, + D>))).

S0 Apx = p5Am.w,, for some divisor A, w, € | = m(Kz, + D2)|. Since H = {idw,} in this case, it
follows that A, x is invariant under H; X H,. This proves the claim.

It then follows from Corollary 3.9 that Nef®(X) = Nef*(X) has a rational polyhedral fundamental
domain IT for the Aut(X, A)-action. O

Remark 5.5. In [14], the authors verified the cone conjecture for a strict Calabi—Yau threefold X =
Wi xp1 W,, where both W; are general rational elliptic surfaces with sections. They use the following
identification shown by Namikawa [37, Proposition 2.2 and Corollary 2.3]

Aut(X) = Aut(W)) x Aut(W,),

which our proof bypasses, using Looijenga’s result (Lemma 2.4) instead.

Example 5.6. Fix an integer n > 3. Let us explain how to choose Z;,Z,, D, and D, so that our
construction produces a strict Calabi—Yau manifold X of dimension » such that Nef(X) admits infinitely
many extremal rays and X satisfies the cone conjecture. We take Z; = P2 and D, = Op2(3) so that W
is a general rational elliptic surface. We take Z, to be a Fano variety of dimension n — 1 with =Kz,
globally generated (for example, Z; = P" 1), and we take D, = —K Z-

The Schoen variety X obtained from these choices is a strict Calabi—Yau manifold by Proposition
4.9, and Nef(X) admits infinitely many extremal rays by Lemma 5.1, by the fact that Nef(W;) admits
infinitely extremal rays already, and by Corollary 1.5.

We conclude with an unsurprising corollary of the fact that Schoen varieties satisfy the cone conjec-
ture.

Corollary 5.7. Let X be a Schoen variety. Then the group moAut(X) is finitely presented, and there are
at most finitely many real forms for X, up to isomorphism.

Proof. The linear action p : Aut(X) — GL(N'(X)) induces and factorizes through an action
P : moAut(X) — GL(N'(X)).

We let Aut*(X) = p(Aut(X)) = p(mpAut(X)).
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Choose an effective Q-divisor A on X such that (X, A) is a Schoen pair. By Theorem 1.6, there exists
a rational polyhedral cone IT C Nef*(X) such that

Amp(X) C Aut(X,A) - IT C Aut*(X) - I1.

It follows from Proposition 2.3 that there is a rational polyhedral fundamental domain for the Aut*(X)-
action on Nef* (X), and that the group Aut*(X) is finitely presented. By Fujiki—Liebermann’s theorem
[5, Corollary 2.11], the kernel Ker(p) is finite, and so the first claim follows from [21, Corollary 10.2].

The second claim follows from Theorem 5.8 below. O

Theorem 5.8 [10, Theorem 1.6]. Let V be a smooth complex projective variety. Assume that Nef* (V)
contains a rational polyhedral cone 11 such that

Amp(V) c Aut(V) - II.

Then V has at most finitely many mutually nonisomorphic real forms.
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