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ABSTRACT. l\' e t acc umula ti o n ra tes at th e Greenland summit ha ve bee n in fe rred 
using laye r-thi c kn ess d a ta fro m th e GI S P2 ice co re with correc ti o ns Lo r stra in using a 
no n-lin ea r , o ne-dim e nsio na l now m od el o f' a n ice shee t. The now m odel acco unts ro r 
thickn ess cha nges in ice-shee t in res po nse to m ass-ba la nce \·a ri a ti o ns. The mod el is 
used to im'es tiga te how ne t a cc umul a ti on-ra te c ha nges a fTC:'c t th e tim e evoluti o n o r: (1) 
th e ice-shee t thi ckn ess, (2 ) th e \'C' rti cal st ra in ra te, a nd (3 ) th e co rres ponding inte rnal 
annu a l-l aye r stru c ture . Th e m od e l, pa ra m e teri zed to fit th e prese lll net acc umul a ti o n 
ra te a nd thi c kn ess o f th e Gree nl a nd ice-shee t summit , has a c ha rac teristi c tim e 
co nsta nt fo r adjustm ent to acc umula ti on-ra te c ha nges o f a bout 6000 a a nd yie lds a n 
ice shee t 200- 400 m thinne r th a n its prC:'se nt thi c kn ess during th e las t glac ia l period . 

Acc umul a tion-ra te hi sto ri es inferred fro m GISP2 laye r-thi c kn ess d a ta using bo th a 
co nsta nt- a nd a \ 'a ri a ble-thickn ess m odel a re compa red. The \'a ri a ble-thickness m od el 
predi c ts acc umula ti o n ra tes a bo ut 25% lo wer tha n th e co nsta nt-thi c kn ess m od el. Our 
res ults a lso indica te th a t hi gh-freque ncy ch a nges in acc umula ti o n ra tes (i.e . a fte r th e 
Yo un ge r Dryas event ) a re co nsis tent w ith ea rli er a na lyses. H O\\'e \ 'e r , se nsiti\' it y tes ts 
indi ca te th a t th e acc umula ti on-ra te hi sto ry cann o t be prec ise ly d e termined. Our 
a na lys is d efines a n e nve lo pe or likely acc umul a ti o n hi sto ri es bo und ed a bove by th e 
acc umula tio n hi sto ry infe rred b y th e co nsta nt-thi ckn ess m od el. Predi ctions becom e 
increas ing ly unce rta in fo r o ld ice beca use o f ( I ) in trinsic diffi c ulti es assoc ia ted \Vi rh this 
im'e rse pro ble m , a nd (2) d ec reased acc uracy o f' th e d a ta . 

INTRODUCTION of acc umula ti on Q\'C r centra l Gree nl a nd to d a te . 

Info rm a ti o n a bo ut ne t acc umula ti on in po la r regio ns m ay 

be prese n 'ed in layers fo und in ice shee ts. So urces o f 
informa ti o n inc l ud e lOBe (R a isbec k a nd Yiou , 1985 ) , 
d a ted vo lca ni c-d ebri s a nd bomb-fa ll o ut laye rs a nd th e 
thickn ess o f' a nnu a l ice laye rs (P a rerso n a nd \\ 'addin gro n , 

1984; R eeh , 1990) . Dust a nd o th er a tm os ph eri c co nstitu

ents a re mi xed with th e prec ipita tio n that fa ll s o n th e ice

shee t surface . \Vh en rirn compacts to ice, a nnu al \ 'a ri a ti o ns 
in th ese qua ntiti es a rc prese n 'ed in th e ice , a ll o win g 
a nnua l laye rs to be ide ntifi ed. A d e ta iled , continuo us 

reco rd of' a nnua l layer thi ckn esses nea r th e Gree nl a nd 

summit has been o bta ined fro m th e GfSP2 ice co re to 

50000 B P ( ~Ieese a nd o th ers, 1994) . Long-term ave rage 

laye r thi ckn esses fo r ice old er th a n 50 000 BP ca n be 
d ete rmin ed fro m a d epth- age sca le based o n th e \ 'osto k 
ice-co re ti me sca lc a nd sea-sedi m e n t reco rd s (Bend e r a nd 
oth e rs, 1994) . F ro m this combined laye r-thi ckn ess record , 

it is poss ibl e 10 o bta in th e mos t d e ta il ed , long-term his to ry 

26 

The thi ckn ess o f a g ive n a nnua l laye r in a n ice shee t is 

d C:' termin ed by th e net a nnua l acc umula ti o n a t th e tim e o f 

d epos iti o n a nd th e a m o unt o f stra in th e laye r has ex pe
ri e nced fro m ice 110 w. The stra in-ra te pa tte rn in a n ice 
shee t a t a give n tim e is in turn d e termin ed by th e 
geo me try a nd rh eo logical pro pe rti es o r th e ice shee t. 

:"10cl els th a t ha \ 'e bee n used to infe r acc umul a ti o n ra tes 

from laye r thickn esses (e.g . R ee h, 1989; All ey a nd othe rs, 

1993; Da hl-J ense n a nd o th e rs, 1993 ) ass ume th a t th e ice 
shee t m a intains a co nsta nt thi c kn ess ove r tim e because th e 
no n-lin ear na ture o f ice 11 011' m a kes th e ice-shee t thi c kn ess 

ra th e r inse n siti\'e to c h a nges in th e m ass b a la nce 

(Pa lerso n , 198 1, p . 157 ) . All ey a nd o th ers ( 1993 ) used 

thi s me th od to a na lyze th e GISP2 laye r-th ickn ess reco rd 

bac k to 17000 BP. [n thi s p a p er, we examin e th e e fTcc t of 
ice-shee t thi ckn ess c ha nges o n ice no w a nd th e laye r
thi c kn ess pa ttern. 

\ \ 'e hm 'e d e\'e lopec\ a non-linea r , o nc-dim ensio na l 

m od el to in ves tiga te th e evo lutio n o f ice-shee t thi c kn ess , 
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the ve rti ca l stra in ra te a nd th e a nnua l laye r thi c kn esses in 

re -po nse to cha ng ing acc umula ti o n ra tes . Th e m od e l has 

three key ass umptio ns: 

(i) The ra te or cha nge in ice-shee t thi ckn ess ca n be deter
min ed li'o m th e acc umulati o n ra te an d \-e rti ca l \·e loeity. 

(ii ) As it res po nds to c ha nges in acc umulation , the ice 
shee t evo h 'es thro ug h a se ri es o r profi les that 

co rres po nd to stead y-state shapes . 

(iii ) Th e sha pe o f the d e pth nHia ti o n in ve rti ca l stra in 

ra te is co nsta nt o \'er tim e. 
\\'e infe r a n acc umul a tion hi sLOry fo r GISP2 [i 'o m la\'e r
thi c kn ess d a ta using thi s \'a ri a ble-thic kn ess mod el. 

THEORY 

C o nsid er lh e beha\ 'io r oCa la rge ice shee t at som e tim e. t , 
with ce nte r thi c kn ess H at x = 0 a nd hat .1' =I 0, with an 

acc umul a ti o n ra te, b, a nd with ice mO\ 'ing \ 'e rti cally 

d ownwa rd a nd hori zo ntall y with \ 'Cloc ity compo nents v 
a nd u (Fig . I ) . W e ass um e th a t th e surface a nd bed slo pe 
nea r th e summit a re esse nti a ll\' fl a t so th a t lu~/,',1 « u. 
Ass umptio n (i) a \)o \'e can be s ta ted as : 

clH 
- = b-v. 
clt 

b~ 

TT V 

H Y 

11 
r-- X 

I L 
Fig. I. Pr~Jl/e oJ a s/I71/)le ice sheet. /-Jori;coll lal and 
vertical veloc/~l ' tom/Jo l/ ellls are re/Jrese!lted I~l ' 11 al/d I'. 
resjJect/veLl'. 11/ steac{y state , the acwl/llIla tiol/ ra/e . b, is 
illde/NI/del/ l if /Jositioll, \', and equal /0 lhe jlllJaa I'ertira/ 

velari£), , v( h} . 

(1) 

Accordin g to this ex press io n o r m ass co nse rn llio n , if th e 
acc umula ti o n ra te increases/d ecreases with respect LO a 
stead y-sla te \ 'a lue, t hen th e ice shee t ge ts thi c ker / thinne r. 

T o re la te th e geometry of th e ice shee t to th e sUl·fa ce 

ve rti ca l ve loc ity, we consid e r th e co nfi g uration or a two

dim e nsio n a l ice shee t. Based o n th e s ta nd a rd ass ump

ti o ns (a ) th a t th e ice sh ee t is (i'ozen to its bed , (b ) th a t 
shea r s tress T }'!J increases linea r'" \I'ith d e pth fro m 0 a t 
th e surface to Tb a t th e bed , (c ) th a t th e surface slope is 
sm a ll , a nd (d ) th a t th ere a rc no ho ri zonta l s tress 

g radi ents, th e n 

y 8h 
T.ry = Tb h and Tit = pgh Eh: . (2) 

In additi on , we ass ume th a t ice d efo rms acco rdin g to 

Gle n 's fl ow la w so th a t ~ = 2 Ar:,.j' , th a t n = 3. a nd tha t 

th e te mpera ture a nd stru cture o r th e ice a re suc h th a t th e 
fl o \\'-I a w pa ra m eter, A , is ind e pe nd e nt o r d e pth , y. \\ ' ith 

Clltler ({ I/ d atltns: .,lcmmll/atioll Itistol)' .fi-01l7 GISP2 /co'er tizirklles,)es 

th ese assumptio ns, th e d epth-a\ 'C raged ho ri zo ntal \ 'e loc it\· 

1L IS g l\'e n b\ ' 

_ 2A 11 

11 =-- II TI> . 
n + 2 

(3) 

rr we furth er ass um e th a t loca l \ 'ariati o ns in th e sha pe 

o r th e ice-shee t surface pro fil e (ca used by transient fl O\\' 

eflec ts) dirT'LI se <l\\'a v qui c kl y so th a t th e sha pe o f' th e ice 

sh ee t is sm oo th and th e s uriace \'C rti ca l \ 'e loc itv , 
v( h ) = v( I-I ), is ind e pend e nt o r pos iti o n. :r. th en a t a n\' 
g l\ 'C n installl , continuity 0 (' ice m ass requires th a t 

v( h).I.: = fi lL (4) 

whe re h is th e thi c kn ess a t .,c, a nd u is th e d epth-a \'e raged 
ho rizo n ta l \ 'C loc i t y . 

C o mbining Equ a ti o ns (3 ) and (4·) . and integra tin g 

fi'om th e ed ge wh ere h = 0 to th e di\ 'id e whe re h = H , 

yields a n ice-sheet shape . If'th e ice sheeL \\-ere in stead\' 

state \I ' ith 11( 17 ) = b. then thi s sha pe \I'o uld co rres po nd to 
th e stcach '-sta tc p l'O fil e cic-ri w'd b y \ ' ia lo \' a nd d escribed 
in Pa tcrso ll 198 1. p. 154 157 ) . Our 111 0 re ge ne ra l 

ap proac h a ll o \\'s th e ice shee t to c ha nge its thickness 

\\'hile m a inta ining a shape a t a m ' g i\ 'C Il ins ta nt th a t 

co rres po nds to a \ ' ia lo\' stea d y-sta te p ro fil e assoc ia ted 

\I'ith 11( 17, ) rath e r than b (ass umption (ii ) above ) . 
At th e cli\'icl e (:1' = 0 ), Ihis shape gives th e fo ll ow ing 

rela ti onship be t\l'Ce n H , th e ice-shce t thi ckn ess a t th e di\' icl e, 
L . th e h a lf~\\' idth. a nd v( H ), th e s url~t ce \'C rti ca l \'e locit y: 

(5) 

\I 'herc f d epends o n 11 a nd A . Fo r 11 = 3, th e 1/8 pO\l'Cr in 
Equ a ti o n (5 ) sho \l's th a t th e thi c kn ess is rela ti\ 'e ly 

iIlsc nsiti\'e to c ha nges in m ass ba la nce. I f the thi ckn ess 

cha nges, th e \ 'e loc ity al so c ha nges so as to oppose th e 

thi ckn ess c ha nge. 

Sincc th e thi ckn ess o f th e Gree nl a nd ice shee t a t th e 
G rSP2 sit e is esse ntiall y th e sa m c as th e thi c kn ess a t th e 
di \ 'ide, we o nl y nced LO ca lcul a te F[ (I) , a nclthe pro bl cm is 
reduced to o ne dime nsio n . If' \I 'C rurth e r ass um e th a t th e 

m a rg ins a rc fi xed (L = co nsta nt ), tha t th e (lO\l' la \l' 

pa ra m ete r , A, does no t ' cha nge onT tim e. a nd th a t th e 

prese nt geo m e try at GISP2 represc nts a stead\'-state 
gco m c trv, th e ll f is a con sta nt \I 'hi ch ca n be d e te rmined 
b)' pa ra m c tcri z ing Equa ti o n (5 ) fo r th e prese nt condirio ns 

a t G ISP2. Th e ice thi c kn ess th ere is a bo ut 3025 m (ice 

equi\ 'al e nt ) , a nd th e surface \ 'C rti ca l \ 'C loc it y ca n be ta ken 

to be equ a l to th e present acc umul a ti o n ra te o f 0.24 m a I 

ice eq ui\ 'ale nt (Bolza n a nd Stro be \, 1 99-~ ) . 

I::qu a ti o n (5 , d escribes hO\l' th e surface \ 'e rti ca l \·eloc it\· 
is rela ted LO [he ice-shee t thi c kn ess . T o describe th e s tra in 
ra te a t depth . \I'C a ppl y ass ump tio n (iii ) abo\ 'C : th e no n

d ime nsio na l sha pe or a g i\'C n \'Cr ti ca l \'c loc it y p rofil e th a t is 

c ha rac tc ri s ti c o r o fT~di\ ' id e ice ( fl a nk 11 0 \\' ) is tim e

ind epend ent. This ass umpti on is based o n theo reti ca l a nd 
ex pe rim enta l a rg um ents sh(JI\' ing that th e sha pes of\ Tloc it y 
pro lilcs in ice sheets with unifo rm rh eo logica l pro perties a re 

insc nsiti w LO sma ll c ha nges in s urf~lce geo me try (R aym o nd, 

1983; Hindma rsh. 1990 ). Th e vc loc ity a t depth is th en 

sca led to th e \ 'C rti ca l \ 'eloc it\· a t th e surface acco rding to a 

non-dim ensio na l sha pe, </> (fI) . so tha t 
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u(y, t ) = u( H,t )cjJ (~ ). (6) 

Equat io ns , 1), (.5 ) a nd (6) toge th e r d esc ribe th e e Oc Cl 

or acc umul at io n-rate c hanges on the icc-sheet thi c kn css 

and th c \ 'Cl'li ca l st r a in-ratc di stributi on. 

H o\\'(' \ 'C r , sin ce th c fl ow la\\' in rcal ice shee ts is not 
uniform o r tim e-indepe ndent , the \ 'e ni ca l \ 'e loc it y profilc 

does not actua l'" maintain a gi\'Cn shape O\'C r time . T o 

estim atc th e crror from assump ti on (iii ) , we compa re the 

model results usin g three distinct , non-d im cnsio n a li zcd 

\Trt ica l \·cloc it \· profi les: onc gc nerated by a finit e-e lement 
mod el o f' the G RIP C lSP2 f1 o\\' lin e (Schott and o thers, 
1992 1: o ne ca lcul a ted ana lyt ical'" fo r a fl ow enh a ncement 
(ice " softn ess" ca used by impuriti es and /o r de\'e lopment 

o f a c-a:\ is [ ~lhri c ) a nd tcmperature di s tributi o n character

istic of int e rg lacia l co nditi o ns; a nd o ne calcu la ted [o r a n 

enh ance m c nt a nd temperature distribution ch a racte ri sti c 
o f' g lacia l conditions (Fig. 2 ). D e tai ls of' th ese calc ul at io ns 
are prO\ 'id ed in a la te r sec tion. 

NUMERICAL METHODS 

To run th e Ill odel for\\'ard in tim e, \IT ta ke a prescribed 
accumu latio n his ton' a nd ca lc ul a te a thi ckness cha nge a nd 

a \'('rtical \·c loc it \· distributi on at cac h (50 a ) tim e step. 

H o ri zo ns are t racked as th ey m O\'c deeper in lO the ice shcc t. 

This (o r\\,ard mod el produces a laye r-thi ckn ess pa tte rn a nd 

an icc-s hee t thickness hi stol,\,. Th e cha ractc ristic response 
ti me ofa g lac ier o r ice shec t to m ass-ba lance changes shou ld 
be on th e o rd er or H / IJ U 6 ha n nesso n a nd o th ers. 1989 ), o r 

abo ut 10ka fo r G ISP2. Our mod el, when testcd \\'ith 

sinuso ida ll y \'<Hying accu mul atio n-ra te hi sto ri es. g i\'cs a 

response time \I'ith th c correc t magnitude. abo ut 6 ka . 
Th e il1\ 'e rse problem req uires ca lculatioll o r ne t

acc umul atio n-rate a ncl th ick n ess hi sto ri es g i\'en a layer

thickncss pallern such as the one rrom th e G IS P2 ice co re . 

Simply runmn g th e forward m odc l bac kwa rd a nd un 

stra in ing thc layers a t eac h tim e step is unstab le . In th e 
forward m odel, the th ic kn ess responsc to a m ass-ba la n ce 

impulse decays ex po n ent ia ll y with tim e. \\' hcn th e mode l 

is run ba c kwa rd , thi s res p o nse to m ass balance is 

exp ressed as a g rowing ex po ne nti a l th a t lead s to a n 

unsta b le thi c kn ess pred ictio n. T o avo id th is in sta bi lity, we 

couplc th e fo rward a nd backward ca lcu lations a nd use a n 
i te rati\'C method. \ \ ' e start \\·i th a cons tan t-th ic kn css 
hi sto ry a nd calcu la te a co rrespondin g accumulation 

hi slO ry Iw ul1straining th e layers from th e G I S P 2 core 

(m o\' in g backward in tim e ) . T h is acc umu la ti o n hi sto ry is 

used to caieu la te a new th ickn ess h isto r y by runn ing the 
model fonn1l'd ill time. This ne\\' thi ck n ess h isto ry is th en 
used to calc ul a le a ne\\' acc ull1u la tion histo ry from th e 

G IS P2 layers b y runnin g the mod e l backward in timc, 

a nd so o n. \ Ve ite ra tc until a cons istent accumu lation and 

thi c kn ess histo r y is ob ta ined (abo ut fi ve it crat io ns) . 

Figure 3 ill ustrates thi s co upl ed process. To summ a ri ze, 
model inputs a nd o utputs a re t he fo ll owing: 

Model inputs 

1. Annual layer thickness profi lc fro m G ISP 2 . 

2. :\on-dime nsio n a l \'Cnica l \ 'e loc ity profile . 

3. R eferellce conditions for thi c kn ess, ha lf-width . and 
suriace \ 'ertical \'C loc ity ( to defi ne th e paramete r f in 

Equatio n (5 )) . 

4. Initial thickness hi sto r y. 

Model outputs 

I . A cc umu la tio n hi sto ry . 
2. Thickness hi s tory. 

RESUL TS AND DISCUSSION 

\\'e ap pli ed t hi s mode l to layer-thi c kn css d a ta frol11 th e 
GISP2 ice co re. From 105000 to 50000 BP, th e data a rc 

Vertical Velocity Shape Temperature Enhancement 
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bet) 

Forward calculation for H(t): 

.-----_~v(H,n- l ) v(H,n) 
r---" 

ben-I) b(n+l ) 

H(n-1) H(n) H(n+l ) 
time ) 

H(n) = H(n-l ) - v(H, n-l ) + ben) 

Inverse calculation for bet): 

v(H, n- I) v(H, n) 
,-----,... 

b(n+ 1) 

y 

H(n- l ) H(n) H(n+ l) 

time ) 
ben) = H(n + 1) - ben + I) + v(H, n) 
yen) = yen + 1) + v(y, n) 

H (t) 

Fig, 3, fl luslra tioll of Ih e ileralive melliod u,led ill Ihe 
lIIodel , Each reclangular bO I rejJ reseII ls the ice coll/ lIln, 

Represen/alive illle/jaces are illdica/ed ~JI /t ori::,oll la/ lilies , 
Bo/d arrows illdiwte the direction of (alw/atiolls. alld 11 

illdicates Ihe time ste/) , A prescribed thickness histOl)'. 
j-J ( I). wilh ({II assumed verlical l'eloci{J' distribulion, l{r). 
is ajJjJ/ied to lite G'ISP2 h~) '{' r- Ih ick/'less dal ({ 10 ralCIIlale all 
({(cl/nw/a/ioll -rale hislol)'. b( I) , T his accumu/({Iioll-rale 

hislOl), is the/! used /0 ca /(ulale Cl lieU' thicklless hisIOI) I. :1 
cO llsistent ({(cumzda tioll-rale and ice-Ihickll ess histol), IS 

achielled cuter abollt jive iteratiolls , 

based o n a 12 po inr tim e-scal e obtained I'ro m th e 
Vosto k tinK -sea le a nd sea-sedime nt reco rds (Be nder 

a nd o th e rs, 1994) , .'-lo re rcccn tl y th a n 50 000 BP, th e 

d a ta are b ased o n th e id e ntifi cati o n a nd co unting o f 

a nnu a l laye rs in the core (M cese a nd o thers, 1994) , T o 
reduce n o ise. th ese a nnu a l layer-thi c kn ess d a ta we re 
a ve ragcd ove r 2 111, 

Th e so lid curve in Fig ure 4a shows th e infe rred 

acc ul11ul a tion ra tes a fter u\'e itera ti ons o f' th e m od e l. Fo r 

thi s ca lcul a tion we used th e \'e rti ca l \ 'eloc ity pro fil e fi'om a 

finit e-e lem ent ca lcula tion a long th e GRIP- GISP2 (1 0 \1 '

lin e (Scho tt a nd o th c rs, 1992 ) , Th e ha lf-width L was fix ed 
a t its present \ 'a lue or about 400 km, The d o rted cUl'\'e in 
th e fi g urc is th e acc umulation-ra te hi sto ry in fe rred 

ass uming no thi ckn ess cha ngc . T o sec th e lo ng time

scale diITe rences be twee n th e acc umul a ti on hi stori es 

predicted b y th e cons ta n t-thi ckn ess m od e l a nd th e 
va ri a bl e-thi ckn ess m od el, bo th curvcs shown in Fig ure 
4a ha \'e bee n , m oo th ed with a 500 a running a\'C rage , 

Cllller alld olhen: .1eCIIIIIII/alioll itislol)',jiolll C;ISP2IrO'f/' litickll("u (',; 

C onsequ enth- . th e a mplitud e o f' \'en ' hi g h-fi'equ enn ' 

\·a rti a ti ons in acc umul a ti o n ra te a rc sO lll e\\'har redu ced, 
Th e sharp peaks in bo th cunTS at a bo ut 55000, 8 1000 
a llci 86000 111' a rc ca useci \) \' di scontinu iti es in slope of th e 

coa rse d ep th age CUI'\ 'C p ri o r to - 0000 BP, Th e \'ar ia b le

thi CKn ess mod e l predi c ts acc umul a ti o n ra tes a bout 20 

2.5°A, IO\I 'C r th a n th e co nsta nt-thi c Kn ess predi ct ion fo r th e 

pre-H olocF Il C reco rd, Th e \ a ri a ble-thi ckn ess m odel a lso 
preSe l'\TS th e hi g h-li-eq uenc\ ' \ 'a ri at ions ill acc umul a t ion 
rates, Th e co rres pond i ng ice-shect thi ckn ess hi sto ri es , liT 

5hOll'l1 in Fi g u re 4 b, 

Validity and uniqueness 

The re a re tll'O m a in so urces of un ce rt a illt \, th a t beco lll c 
increasin g- h ' sig nili ca nt i() r o ld e r ice: I I ) o \ 'e r-sim plifi

ca ti o ns in th e th eo ry , and (2 ) e rro rs in th e da ta , First, 

un ce rta inti es in \ 'e rti ca l stra in ra tes becom e la rge ft) r 

d ee pe r a nd o ld er ice , Secondl y, the thi c kn ess prediC'li o n 

fo r th e o ld es t tim es is suspec t beca use th e m od e l ice 
sh eel d oes no t kn o \\· its a c(' umu l,lti o n o r thi c kn ess pri o r 
to LilC' tim e th e m od e l beg ins ( 105000 BP ) , Since it ta kes 

se\'e ra l tim e consta nts (6 ka ) fo r th e ice-shee t thi ckn ess 

to fo rge t its initi a l conditi ons, rcs ults pri o r to a bo ut 

90000 BP d e pc nd o n th e initi a l conditi o ns a nd a rc no t 
sho \\'11 in Fig ure { , Thirdh'. e rro rs in the re la ti \'{' 
pos i t io n or m ea su red la yer h o ri zo ns lI'o uld lead to so m e 
a rliii c ia lh' thi c k la ye rs and so m e co rr es p o ndin g 

artifi c ia ll y thin layers, The fi 'an io na l e r ro r in th ese 

laye r thi ckn esses \\'o uld be prese l'\'ed in th e m od e l a nd 

wo uld lead to hi g her-ampl itud e no isc in th e infe rred 

acc umul a ti o n hi sto ry fo r th e o ld er and d ee per ice , 
H OII'('\'C r. th e lo ng -te rm a " ~Tag-e \\ 'o ulcl be p l'ese l'\ 'Cci, 
Since er ro rs in th e HTti ca l stra in ra te a nd Lil e d a ta a re 

pro ba bl y sm a ller nea r th e upper pa rt o f' th e ice co re, 

res ults (o r th e m os t recent pa rt o f' th e reco rd a rc th e 

m os t reli a ble, 
I t is no t imnwdiate lv d ea r th a t til e thi ckn ess a nd 

acc umul a ti o n hi sto ri es ITco\'(' red by thi s m od e l arc 
unique , Th e co nsta nt-thi ckn ess ea leul a ti on produces (l nc 

acc umulati on hi ston ' th a t is co nsistent I\'ith th e la\'(' r-
, , 

thi CKn ess pa tt ern a t G rSP2, Our ne\\ me th ocl, whi ch 

em p loys difk ren t ph\ 's ica l ass umptio ns. produ ces a no th e r 
acc umul a ti o n a nd thi ckn ess hi sto ry th a t is co nsistent ", ith 
th e layer-thi ckn ess pa tt ern , HOIIT \T r. is it p lausible th a t. 
g- in' n til e sam e ph ys ica l ass umptio ns, this mod e l mi g ht 

g i\'C t\I 'O o r m ore distin ct so luti ons fo r thi CKn ess a nd 

acc u mul a ti o n hi sto ri es tha t a re co nsisten 1 Il'i th th e G I S P2 

laye r-thi ckn ess d a ta? T o test thi s ques ti on, \I 'C crea ted 
synth et ic-l aye r pro file s usin g- th e 1() I'\\'a rd me th od with a 
prescribed pe ri odi c ( 100 ka ) acc umula ti on hi sto ry, \\ 'c 

th en a ttempted LO reconstru c t th e acc umul a ti on hi ston ' 
b y o ur itera ti\'e bac b\'a rd calc ul a ti o n , Th e m od e l 

reco\'e recl th e o ri g in a l acc umul a ti o n hi sto ry a lm os t 

exact h ' , In a no th e r tes t. white no ise o f' a spec ifi ed 

max imum a mplitud e \I'as add ed to a s:'lllhe ti c-I 'l\T I' 
thi ckn ess pro lile , The inferreci acc umulatio n from the 
baC'k\\'a rd ite ra ti\T ca lculation prese n 'Cd th e fi'ac ti ona l 

e rro rs introduced by th e noise: it did no t a mplify th e lll, "'e co nclud e th a t hi g h-frequ ency , 'a ri a ti ons in the 
in IC rrecl acc ulllulatio n hi sLO n ' a rc recon' IT d \\'ith <I n 
a cc uran' co ntro ll ed b y th e f'ra c ti o n a l er ro r 0 1' th e 
Ill eas ured la ye r thi ckn esses , \\'e a rc co nlid en t tha t th e 
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Culler and olhers: Accllllwlalioll hislol), ji-oll7 G' ISP2 IrI) 'er Ihicknesses 
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Fig. 4. (a) ACClIIIIllLalioll-rale ltiS(01)1 ill miaa './or (,' lSP2 using Ihis modeL (solid Line) com/Jared to the in/erred 
aallllluialioll hislol)1 in./erred assumillg (ollstanl Ihicklless ( dashed fille ) . These calcuLalions assume the verliea! veLocity 
shalJe givell b)l a fillile -elemenl 1I10del (Se/lOll alld olhers. 1992) and a Jixed haif-widlh, L. To show long-Lime scale 
differences. both curves have been smoothed with a 500 a rullning average. The sharp peaks ill accumulation rales al about 

55000 . 81000 ([lid 86000 RP are caused b)' discolltilluities ill Ihe slo})e of the coarse de/)th~age curve l)I"ior 10 50000 BP. 
These ({((ll/nulalion -rale hislories define lite eIIvelo/Je oj1l70s1 IJlallsible accu1l1uia lionitistories al G1SP2. (b) Correspollding 
ice-sheel Ihickness histories. AJarinlllll1 IhickllfSS redllclioll./or Ihe variable-thickness calcuLalion is aboul 450111. 

so lutions ca lcu la ted by th is mod el are sta bl e and un Iqu e 

g ive n o ur ass umpti ons. 

COInparis on _ith other Inodels 

Our calcul cll ions, ass uming a fi xed ha lf-width L , predi ct a 

max imum thi ckn ess reduc ti on of abo ut 450 m for the last 

g lac ia l cyc le. M ore complex models of th e Greenland ice 
shee t (Hu ybrec hts a nd o th ers, 199 1; Letreg uill y a nd 
othe rs, 199 1) predict more modest va lues fo r thi ckness 
change. L et regu ill y a nd others ( 199 1) pred ic t a max imum 
thi ckn ess reduction of abo ut 200 m a t th e summit, using a n 

accu mula ti on calc ul ated from a temperature hi story 

d eri ved II'om oxygen-i sotope measurements a t th e Pa kit
soq ma rgin. Those measurements predict hig her temper
a tures and th erefo re more precipitation during th e las t 
glac ia l cyc le (~ 0.14 m a I ) th a n th e G IS P2 laye r data 
seem to indi cate. This dirTe rence in accumu la tion hi story 

a ffec ts the thi ckn ess-cha nge pred ic tion . W hen we used the 

30 

same acc umu lation ra tes as Le treg ui ll y a nd others (1991 ), 

o ur model predicted a thi ckn ess reduction of 250 m , in 

reasonab le agreeme nt w ith their res ult. Th ese mo re 
complex mod els a lso assumed as we d id th a t th e ma rgins 
of th e ice shee t were pinned a t th eir present pos ition ove r 
time. The di sc repancy in the predicted thi ckn ess cha nge, 

then , arises from d ifferen ces in th e accumu la ti on histo ry 

used in th e models ra th er th a n fundamenta l diffe rences in 
model cha rac teri sti cs a nd parameterization. 

The effect of a non-steady vertical velocity profile 

The calcu la ti o n shown in Fig ure 4a ass umes that th e 

sha pe of the verti ca l ve locity p rofi le is not a ltered by 
evo lvi ng tempera tu re a nd ice-softn ess (enh a ncemen t) 
d istributions in the ice co lumn. \ Ve attempted to 

d e termin e th e sensiti vit y or th e inferred acc umu lation 
rates to changes in the ve rti cal veloci ty profi le shape b y 

running th e mod el with va ri o us distin c t ve locity profiles. 
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On e profile (used in Fig ure ·I'a ) lI'as ge n erat ed b y a fi nit e
cl e m e nt calculati o n o f ice fl o w near the Green land 

summit (Se h o tt and o th e rs, 1992 ) , Two additi o nal 

pro fi les \I 'e re calcul a ted a n a ly ti ca ll y from simple m od e ls 

o f a tll'o-dim ensio n a l ice sla b, .-\n enh a nce m ent facto r , 

E(y), lI'as used to includ e the dTec t o fOo\\' - lall' \ 'a ri a ti o ns 
ca used b y th e dn"(' lo pment o r a crys ta l fabri c o r c hanges 
in impuri ty co n ce ntrati o ns, This f~l c tor lI'as tak e n to be 3 
fo r so ft e r g lac ia l ice and 1 fo r inte rg lac ia l ice (Pa te rso n , 

199 1), One o f th e t\l'O a dditi o n a l \ 'el oc it ), pro fil es \I'as 

calculated fo r a tempera ture a nd enh a ncem ent-fac to r 

di stribution , T (y) and E (y), c h a ra c te ri stic of inter,g la c ial 
conditi o ns, a nd th e o th er fo r a te mperature a nd fabri c 
di stributi o n c ha ra c te ri stic o f g lac ia l conditi o ns \Fig , 3 ) , 

The h o ri zo ntal \T loc it y pro fil e, 'U,(y), ca n be o bt a incd b y 

integra tin g th e OOlI'-lall' equati o n 

~u = 2E(y)A (y)( pgy sin ot 
uy 

(7) 

\\'h e re y = 0 at th e s Ul' fa ce a nd y = H a t th e bed, Th e 

Oow -Ia ll' p a ram e te r A (y) = Ao cxp( - m~y) )' \\'h e re Q is 

th e ac ti\'ation e nergy , R is th e gas cons ta nt. 17 = 3 , a nd Cl 

is th e su rface slo pe (Pa te rso n . 198 1) , Th e ho ri zon ta l 
\T loc it y, u (x , V), can be a pprox im a ted as : 

1/,(X , Y) = (3('');)E (~)- (8) 

\ 'e rti ca l l't'l oc it )', v( y), can In turn be o btained b\' 
cO lllinuit>,: 

ou 
Eh: 

-uv 
uy (9) 

Th e t\\' o para m e te rs, d{3/dx a nd th e co ns ta nt o r 
integra ti o n, arc d e te rmin ed b y th e bound a ry conditi o ns: 
v(O) = 0 a nd v( H ) = b, Fig ure 2 shows th e cal c ulated 

\ 'e rti cal \T loc i t y p ro fil e shapes a nd th e co rres po nding 

tempera ture a nd e nh a n ce m e nt di stribu t io ns, 

Predi c ted m ass -ba lan ce hi s to ri es ca lc ul a ted u sin g 

th ese \'a ri o us \"(' ni ca I \ 'eloci t y pro fil e sha pes \ 'a l'\ ' by 
abo ut 10 % , Al l calculat io ns a rc within th e e l1\ 'C lo pe 
sho wn in Fig u re 4a, 

The effect of changing ice-sheet margins 

\ Ve ass um ed that th e ice-shee t margins we re fi xed in most 
o f o ur calcu la ti o ns , H OWc\ 'C L th e m a rg ins 0 [' th e Green
la nd ice shee t a re not fi xed; th e h a lf-width ma y hill e 

ex pa nd ed b~ ' a bo ut 25 lOO km [rom th e present positi o n 

during th e las t g lac ia l cycl e (R ee h 1984 ; An a ndakri shn a n 

a nd others, 1994 ) , E x panding th c m a rgins wo uld decrea se 

th e slo pe of th e ice-shee t pro file a nd all o \\' th e ice sheet to 
thi c ke n , e \ 'e n durin g pe ri od s o f lOll' acc umul a ti o n, 
Ass umin g th a t th e m a rg in-positi o n . L(t ), a nd m ass
ba la n ce ch a nges a re ro ug hl y 180 o ut o r phase , th e n a 
c h a ng ing m a rg in positi o n \\'O ttld m a ke th e ice-she e t 

thickn ess less sensiti\ 'e to mass-bal a nce c ha nges a nd lead 

to inferred acc umul a ti on ra tes m o re like th ose infe rred 
lI' ith th e co ns ta nt-thi ckn ess ass umptio n, T o d e termin e th e 

sensiti\ 'ity of m od e l res ults to ch a ng ing m a rg lll pos iti o n . 

th e m odel \\ 'as m odifi ed to acco unt [o r a c rud e marg in-

CII//er and o//zers : . Iccll ll lllla/ioll !Iis/or)' )iolll (;/SP2 Ir~rer //Zidille,\.\f,\ 

pos iti o n his to r>, . \ Ith o ug h it is m os t like l>' that th e m a rg in 
ex pan sio n f(JI ' Greenl a nd lI'as as \' l11m e tri c durin g th e la st 

g lac ia l pe ri od (R ee h 198+: .\nand a kri shn <l n a nd o th ers 

199+, \IT ass um ed a sy mm e tri c c h a nge in m a rg in 

pos iti on , ro ug hl y 180 o ut of ph ase lI'ilh th e lo ng-t e rm 

tempe ra ture c hange , W c spec ifi ed L(t ) to be co nsta nt a t 
4-.10 km durin g th e las t g lac ial pe ri od, ci ccreas ing linearll 
rrOI11 12000 to 5000 8P to th e approxim a tc prcscllll eng th 
or 4-00 km, a nd co nsta nt to th e prese nt. This ca lcul a ti o n 

predi c ts a thi ckn ess c hange of a bo ul 250 m 101' th e L as t 

Gl a cial .\ l ax imum , a nd th e acc umul a ti o n hi sto ry infe rred 

is a bo ut 10 15 °/" 10\1'(')' th a n th e co nsta nt-thi c kn ess 
predicti o n, \\ ' he n a marg in expa nsio n or 100 kill is 
prescribed, the inre rrecl acc umul a ti o n hi s tor y c1 ose h ' 

m a tch es liw p redi c ti o n ass umin g co ns ta nt thi c kn ess , a nd 

th e ice-sh ee t thi c kn ess c ha nge ra nges fi 'om + 300 to 

100 m durin g th e las t g lac ia l period , 

The effect of flow description 

:\s a fin a l sc nsiti\ 'it y tes t. liT used th e Ill od el to inre r a n 

acc umulati o n histo l'\' fo r an ice shee t \I 'h e re defo rmati o n 

is conce nlra ted at th e base , suc h that th e ho ri ZOIlla l 

\T loeit\" u(y). is ind epend e nt o r d epth a nd propo rti o na l 
to th e base s tress to a pOIIT r III = 2 :\ ye . 1959 ' This 
lea d s to a thi c kn ess pro file th a t is Ill o re se nsiti\'e to 

c h a nges in mass b a la n ce : H ex bin , Thi s increased 

se nsi ti\ 'i t\ ' pred ic ts a larger ice-shee t th ic kn ess red union 

(700 m . 10 ll'e r acc umul a ti o n ra tes durin g th e las t g la c ia l 

period a bo ut 30 350/0 10 1l'(' r th a n th e eOllS ta nt-thi c kn e,s 
predict io n \ a nd a m o re g ra du a l increa se in acc umulati o n 
ra tes sincc th e Yo un ge r Drya s, H OII,(, \ '('r , sin ce it is 

be lie\('d that th e Gree nland ice shee t is fi 'oze n to its bed 

a nd d oes n o t fl o ll' b y basa l sliding Fires to n e a nd o th ers, 

1990 ) , I\'e co nsid er th is aCC Llm ul a ti o n h iston' to be o u tsid e 

th e e ll\ 'C lo pe o r pl a usible hi sto ri es i()r th e G [SP2 sit e , 

CONCLUSIONS 

,-\ m odel th a t acco unts fo r th e effect o f'i ce-shee t lhickll ess 

c ha nge on the \'C rti cal stra inin g of ice laye rs predi cts a n 
acc umul a tion hi stor \, from G ISP2 laye r-thickn ess da ta th a t 
is different rrom th a t predicted ass umin g co ns tant ice-shec t 
thi ckn ess , \ 'a ri o us tes ts sho\l' tha t th e acc umul a ti on hi slOn' 

is sensiti\ 'e to o th e r facto rs in cluding: th e sha pe of th e 

\T rti cal \'(' Ioc it\, profile lI'hi ch is a ITec ted by th e tempera ture 

and stru cture o f' th e ice, (2 ) the cha nge in marg in pos iti o n 
O\T r tim e, a nd 3 ) th e d escription o r ice fl o \\' le ,g , \'i a lo \' \ ' S 

:\\'C mod els, Th ese tes ts a rc summ a ri zed in T a ble I, 

H ence , it is no t poss ibl e to id en tify a " tru e" acc umul a ti o n 

hi sto n fo r GlSP2 with thi s m od el, but an c l1\'e lope o f 

pl a usibl e a cc umulati o n hi stori es can be d efin ed (Fig , ·~a 1. 
The upper bo und [o r thi s e Jl\ 'Clo pe is g il 'en b\' th e infCrred 
acc umul a ti on ra tes ass umin g co nsta nt ice-shee t thi ckn css , 
The 101l'Cr bo und is gi\'C n b y th e \'a ri a ble-thic kn ess mod el 

ass uming a th a t ice fl o ll's b y inte rn a l d efo rm a tio n ra th er 

th a n basa l sliding . (b ) ih a t th e ice-shee t marg ins rem a in 

fix ed , a nd (c ) th a t a I'l" ni ca l \'e loc it y shape is g iw n b\' a 

finite-e lem ent calcul a ti on Scho tt a nd o th ers, 1992 , Since 
th e m os t rea li sti c sce na ri o fo r th e Gree nl a nd ice shee t 
i Jl\ 'ok es a ni ncreased h a 1f~II ' iclt h cl u ri ng g lac ia l pe ri od s. a nd 

sin ce th e infe rred acc umul a ti o n hi sto ry co nsid erin g thi s 
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ClIller alld olherJ: . /cwllwlalion hislol] .lrolll (; lSP2 h~)'er IhicklleJJes 

T able I. Summal)' rij sensiliz'i{)1 lesls ( all 1'allles are a/J/Jro.l imale) 

FLow desai/Jlioll r 'erlical 1'elociO' prrijile E.l /reme Ihickness 
change 

Change in b( /) from (onsla ll l
Ih ic/mess /Jrediclion 

m % 

Consta nt thi ckn ess Finite e lem en t o o 
\ ' ia lo \' no \\': in ternal d efo rm a ti on 

M a rg ins ri xed 

:'Ifa rg in ex p a nsIOn: 50 km 

t\f a rgin ex p a nsIOn: 100 km 

Fi n i te elcm en t 
In te rg lacia l calc ul a tion 

Glacia l calcu la ti on 

Finite e lem ent 

Finite e lem ent 

450 
~450 

450 

~250 to + 100 
~ IOO to + 300 

20 25 
15 
15 

1 0~ 1 5 

<5 

N ye now: basa l sliding 
(;"Ia rg ins ri xed ) Finite cl em ent 

cha nge in ma rgin pos Iti on li es Il ea l' th e uppe r extrem e o r 
th e e1l\'elope, th e e1l\T lope or mos t pl a usible acc umula ti on 
histori es fo r th e G ree nl a nd G TSP2 site is proba bly na rro \\'(' r 

th a n th e el1\'c1 ope shO\\'n in Fig ure 4a by a bout 10%. 
Th e infe rred acc umulat ion hi sto ry fo r th e old es t a nd 

d ee p es t ice is un ce rt a in fo r a \'a ri e ty of reaso ns. 
S pecifi ca ll y , th e acc umul a ti o n-ra te hi sto r\, inferred from 
d eep ice laye rs is espec ia ll y sensit i\ e 10 cha nges in th e 
\'erti ca l s tra in-ra te pa tte rn. This simplc th eo ry m a)' no t 

ad equ a tely d escribe th e ye rti ca l stra in ra te fo r d ee p Ice. 

Al so , d ec rea sed acc uracy o f' th e d a ta Cor o ld e r Ice 

contributes to errors in th e inre rred acc umula tion ra te. 
T o fu rt her constra in th e acc umul a ti o n hi sto ry nca r th e 
G ree nl a nd summit. th e nex t step wo uld be to compa re 

-th ese results to th e acc umul a ti on histo ry inferred from th e 

G RIP co re, loca ted a bo ut 30krn eas t o f GISP2 (D a hl

J ense n a nd o th e rs. 1993 ) . Pe rh a ps such a compa ri so n 
wo uld yield info rm a ti on a bo ut acc umula ti on va ri a bilit y 
nea r th e Summit region 0\'(' 1' tim e a nd prm' id e c lues 
a bo ut past cha nges in g loba l c ircul a ti on pa tterns. 
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