
SOME RELATIONSHIPS B E T W E E N F I L T E R S " 

Ivan Baggs 

( r ece ived November 29, 1966) 

A f i l t e r is a s e t t h e o r e t i c a l concep t and as such, i t s 
s t r u c t u r e i s i ndependen t of any topology which can be put on the 
g iven s p a c e . However , an O- f i l t e r , whose c o u n t e r p a r t in the 
t h e o r y of ne t s i s the O-ne t s of R o b e r t s o n and F r a n k l i n [2], i s 
defined with r e s p e c t to the topology on the given s p a c e . The 
p u r p o s e of th is p a p e r i s to give n e c e s s a r y and suff icient con
d i t ions for e v e r y O-f i l t e r to be an u l t r a f i l t e r and for e v e r y 
Cauchy f i l t e r to be an O- f i l t e r . 

1- Def in i t ion . A f i l t e r J on a topo log ica l space (x, i") 
i s an O-f i l t e r if and only if for e v e r y open se t G € T , e i t h e r G 

or G € 7 . 

It i s c l e a r that e v e r y u l t r a f i l t e r is an O- f i l t e r . R o b e r t s o n 
and F r a n k l i n [2] have given an e x a m p l e to show that an O- f i l t e r 
i s not n e c e s s a r i l y an u l t r a f i l t e r . 

2 . L E M M A . If e v e r y O-f i l t e r on a topo log ica l s p a c e 
( X , r ) i s an u l t r a f i l t e r then (X, r ) i s T . 

o 

P r o o f . A s s u m e (X, r ) i s not T . Th i s i m p l i e s for 

s o m e x, y € X and x | y , e ach is a l i m i t po in t of the o t h e r . 
Under th i s a s s u m p t i o n we wil l c o n s t r u c t an O-f i l te r 7 which is 
not an u l t r a f i l t e r as fo l lows : le t (i) {x, y } € Gf ; (ii) for e v e r y 

open se t G € f , if {x,. y } C G then G e ? , o t h e r w i s e G € J . 

C l e a r l y J i s an O - f i l t e r . But s ince n e i t h e r { x } nor { x } 

An e x t r a c t f r o m the a u t h o r s M a s t e r s t h e s i s . The au thor 
g ra te fu l ly acknowledges the help given by D r . S .A. N a i m p a l l y . 

Canad . Ma th . Bu l l . v o l . 10, no . 2, 1967 

257 

https://doi.org/10.4153/CMB-1967-025-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-025-4


be longs to J , 7 is not an u l t r a f i l t e r . 

3 . L E M M A . Le t (X ,T) be a topo log ica l space with a t 
l e a s t t h r e e e l e m e n t s and such tha t { z } is open for a l l ze X 
excep t z = x and z = y . If at m o s t one of x and y i s a l i m i t 
point of the o the r then e v e r y O- f i l t e r i s an u l t r a f i l t e r . 

P roo f . Without l o s s of g e n e r a l i t y we m a y a s s u m e tha t 
e v e r y open se t conta in ing y a l so con ta in s x , but t h e r e e x i s t s 
an open se t N , conta in ing x , which does not con ta in y . Le t 

T" be an O- f i l t e r on X . If 3" i s not an u l t r a f i l t e r then t h e r e 

e x i s t s A C X such tha t n e i t h e r A no r A e 3 . C l e a r l y one 
c 

of x and y i s in A and the o t h e r in A , s i nce n e i t h e r A no r 
c c 

A i s open . A s s u m e x € A and y € A 

Le t N be an a r b i t r a r y open ne ighbourhood of y . Then we 

p r o v e that both Ny and N belong to 7 . F o r , a s s u m e N e ? . 
x y 

c e c 
Then, s ince (A|J N ) C A and (A (J N ) i s open, and s i n c e 

y y 
A C i 7 , c l e a r l y A [ J N e 3 . But then (A |J N ) Pi N° , which i s 

y y y 
a s u b s e t of A , i s a l s o in J . Hence A e *J T a c o n t r a d i c t i o n . 
S i m i l a r l y N e jf . 

x 
Hence P - N P l N e ' ? . If P w e r e a s u b s e t of A or A° 

x y 

then A or A would belong to J . Hence R and S a r e non

empty w h e r e R = A fl P and S = A r i P - { x } . Since R and S 
c c c 

a r e open and conta ined in A and A r e s p e c t i v e l y , R and S 
m u s t both be long to J . Hence { x } - P l I R U s e c f , imp ly ing 
A € ?T . T h e r e f o r e 7 i s an u l t r a f i l t e r . 

Combining L e m m a s 2 and 3, we ob ta in the fo l lowing: 

4 . T H E O R E M . L e t (X, T ) be a t opo log ica l s p a c e con
ta in ing a t l e a s t t h r e e e l e m e n t s a l l of which a r e open excep t { x } 
and { y } . E v e r y O- f i l t e r on X i s an u l t r a f i l t e r if and only if 
at m o s t one of t h e s e po in t s i s a l i m i t po in t of the o t h e r . 

The following l e m m a fol lows f r o m Def in i t ion 1. 

5 . L E M M A . A f i l t e r J on a t opo log ica l s p a c e ( X , T ) 
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i s an O-f i l t e r if and only if for each cover {H. }. t of X , w h e r e 

each H is e i t h e r open or c losed , then H. e *J for s o m e i . 
l l 

It i s e a s y to c o n s t r u c t an e x a m p l e of a Cauchy f i l te r which 
i s not an O- f i l t e r ( see e . g . Baggs [ l ] ) . 

We now give a n e c e s s a r y and suff ic ient condi t ion for a 
Cauchy f i l t e r on a c o m p l e t e un i fo rm s p a c e to be an O - f i l t e r . 

6. L E M M A . E v e r y c o n v e r g e n t f i l t e r on a topologica l 
s p a c e (X, T ) i s an O-f i l t e r if and only if e v e r y open se t i s a l so 
c l o s e d . 

P roo f . Le t e v e r y c o n v e r g e n t f i l t e r be an O- f i l t e r . Le t 
c 

U be an a r b i t r a r y open s e t on X . We wil l show that U is 
open . By a s s u m p t i o n e v e r y neighbourhood f i l t e r on X is an 

Q 

O - f i l t e r . If x is an a r b i t r a r y m e m b e r of U , U i s not a m e m b e r 

of N(x) , the ne ighbourhood f i l t e r of x . Hence U € N(x). T h e r e f o r e 
c 

t h e r e e x i s t s an open s e t V such tha t x € V and V C U . Since 
c c 

th i s i s t r u e for e v e r y x e U , U is open. 

C o n v e r s e l y , le t e v e r y open s u b s e t of X be c l o s e d . Le t 
A e f and ? be a c o n v e r g e n t f i l t e r on X . F o r s o m e x € X , 
e v e r y ne ighbourhood of x i s a m e m b e r of *$ . But s ince A is 
both open and c losed , x has an open neighbourhood contained in 

e i t h e r A or A . Hence A or A € 7 . 

7. COROLLARY. In a c o m p l e t e un i fo rm space e v e r y 
Cauchy f i l t e r i s an O- f i l t e r if and only if e v e r y open se t i s 
c l o s e d . 

Fo l lowing the method of S ieber and P e r v i n [3], the fol low
ing t h e o r e m can be ea s i l y shown: 

8. T H E O R E M . Le t (X, u) be a q u a s i - u n i f o r m s p a c e . 
The following a r e equ iva len t . 

(i) (X, u) i s p r e c o m p a c t . 

(ii) E v e r y O- f i l t e r i s a Cauchy f i l t e r . 

(iii) E v e r y u l t r a f i l t e r i s a Cauchy f i l t e r . 
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